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1 | INTRODUCTION

Abstract

The deformability of blood vessels in one-dimensional blood flow models is typically
described through a pressure-area relation, known as the tube law. The most used
tube laws take into account the elastic and viscous components of the tension of
the vessel wall. Accurately parametrizing the tube laws is vital for replicating pres-
sure and flow wave propagation phenomena. Here, we present a novel
mathematical-property-preserving approach for the estimation of the parameters of
the elastic and viscoelastic tube laws. Our goal was to estimate the parameters by
using ovine and human in vitro data, while constraining them to meet prescribed
mathematical properties. Results show that both elastic and viscoelastic tube laws
accurately describe experimental pressure-area data concerning both quantitative
and qualitative aspects. Additionally, the viscoelastic tube law can provide a qualita-
tive explanation for the observed hysteresis cycles. The two models were evaluated
using two approaches: (i) allowing all parameters to freely vary within their respec-
tive ranges and (ii) fixing some of the parameters. The former approach was found

to be the most suitable for reproducing pressure-area curves.
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In silico models have become increasingly important in modern medical research as a means of simulating and quanti-
fying pressure and flow pulse waveforms in the circulatory system,' since they can simulate the behavior of the circula-
tory system under both healthy and pathological conditions.>®> Among all the mathematical models used to describe
the cardiovascular system, an important role is played by one-dimensional (1D) models, which have shown to provide
accurate prediction of pressure and flow wave propagation on large arterial and venous networks.’”” These models are
governed by systems of evolutionary partial differential equations (PDEs) of hyperbolic or hyperbolic-dominant type,
and provide a reasonable balance between computational cost and accuracy.®

These models consider the deformability of blood vessels by incorporating the so-called tube law, which relates the
blood pressure to the wall tension. In turn, wall tension is normally described in terms of strain, for purely elastic
models, and in terms of strain and strain rate for viscoelastic models.” This coupling of fluid dynamics with vessel's
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mechanical properties depends on the composition of the vessel wall, which in turn is determined by its function.*
While tube laws used in 1D models can consider several different phenomena contributing to the wall tension,'" in this
work we focus on elastic and viscoelastic tube laws, which in turn are the most common used ones. Elastic tube laws
(elastic models) consider a purely elastic response to the vessel wall to deformation,”'*'* while viscoelastic tube
laws (viscoelastic models) consider a viscoelastic response, incorporating the viscous properties of the vessel wall
neglected in elastic models.”"'*1?

Both elastic and viscoelastic tube laws are characterized by parameters that represent vessels' geometrical
and mechanical properties.”'® These parameters are typically derived from more complex models,'” or by ana-
lyzing temporal data for pressure-area dynamics, which are obtained from in vitro or in vivo experiments. By
utilizing this data, it is possible to extract the values of the parameters associated with a specific formulation
(either elastic or viscoelastic) and use them to evaluate the model's ability to reproduce real wave patterns™’
and study structural and functional differences among vessels."®?° However, parameter values cannot be arbi-
trary. Certain constrains are derived from physical considerations, while others might be needed if specific
mathematical properties of the 1D blood flow model are required. Elastic models are typically governed by
quasi-linear first-order PDE systems, where the parameters of the tube law are chosen such that the model is
of hyperbolic type,'>*"** allowing for the use of numerical methods of the Godunov type.”® Other approaches
are also available. Elastic models can indeed be linearized and a solution, either analytical or semi-analytical,
can be found in terms of Fourier series expansions.”*** Viscoelastic models are usually governed by quasi-
linear second-orders PDEs systems of parabolic type®'' and can be solved applying different numerical
approaches. One approach consists in using the Galerkin method, where the solution is expanded in terms of
a set of basis functions, and the equations are projected onto these functions to obtain a system of algebraic
equations.**® Another approach consists in using the operator splitting technique, where the original problem
is split into a convective and a diffusive subproblem that are solved sequentially.'"*> A third alternative
approach is to transform the initial parabolic problem into an hyperbolic problem using the Cattaneo's relaxa-
tion approach.?” This third method has been effectively applied to viscoelastic models,?*** and enables the use
of standard Godunov-type numerical methods.

In this work we assess how constraining tube law parameters to obtain certain mathematical properties of 1D blood
flow model affects the capacity of the tube law to fit experimental data. Specifically, we consider two widely employed
tube laws, the elastic tube law as described in Pedley et al.'*> and the viscoelastic tube law as described in Alastruey
et al.* For the estimation procedure we use in vitro pressure and area time series extracted from ovine and human
donors. These estimates must not only satisfy physiological requirements to correctly reproduce pressure waveforms,
but also ensure that the mathematical nature (namely hyperbolicity and genuine non-linearity characteristic fields)** of
the 1D blood flow model is preserved. To this end, since elastic and viscoelastic tube laws give rise to hyperbolic and
parabolic systems of PDESs, respectively, we reformulate the parabolic problem as an hyperbolic system following
Montecinos et al.*® We then study the mathematical properties of the two systems of PDEs and ensure that the struc-
ture of the PDE systems is strictly hyperbolic with genuinely non-linear and/or linearly degenerate characteristic fields.
These properties ensure the well posedness of certain initial- and initial-boundary value problems involving these 1D
blood flow models.*

2 | MATERIALS AND METHODS
2.1 | Mathematical model for blood flow in collapsible tubes

We consider the impermeable and deformable tubular control volume showed in Figure 1 and assume a Newtonian
incompressible fluid flowing in the axial direction x with an axisymmetric velocity profile. In such conditions, 1D blood
flow in major vessels is described by two PDEs, representing mass conservation and momentum balance. The model
reads

a[A + axq = O,
2

ey A
atq+ ax (Z) ;axp —f,
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FIGURE 1 Vessel configuration. Axially symmetric vessel configuration in three space dimensions at time ¢, with an indication of the
cross-sectional area A(x,t). The vessel wall consists of three layers: the tunica intima (in brown), the tunica media (light red) and the tunica
adventitia (in red). Each of these layers has a specific role. The function of the tunica media is to supply mechanical strength and contractile
power to the vessel. Therefore, it is predominantly composed of smooth muscle cells, immersed in a matrix of elastin and collagen fibers.
More details about the tunica media can be found in Levick® and in Burton, together with more information on the roles of the other
layers and their composition.

where x is the axial coordinate along the vessel (Figure 1) and ¢ is the time. The unknowns are the cross-sectional area
of the vessel lumen A(x,t) € R ~{0}, the flow rate g(x,t) € R and the cross-sectional averaged internal pressure
p(x,t) €R. The friction term f, depends on the local velocity profile which is assumed a priori, while p is the blood
density.

System (1) has more unknowns than equations, hence a closure condition must be introduced. This closure condi-
tion is given by the tube law, which relates the averaged internal pressure p(x,¢) to the cross-sectional area A(x,t).

2.2 | The elastic model

12,13,22,32

Here we adopt an elastic tube law of the form

P(X,t) = Py (X, 1) + W (A(x,1); Ao, K, m,1,py ), (2)

where p,,,(x,t) is the external pressure, assumed equal to zero. w(A(x,t);Ao,K,m,n,p,) represents the elastic compo-
nent of the tube law and is given by

w(A(x,1);A0,K,m,n,py) = K$(A(x,1); Ao, m, n) + py, e
with
S o) KAE:(;O> _(Aic;ﬂ) ] (4)

In this work, all the parameters are considered constant in space and time. Particularly, Ao € R* \ {0} denotes the
cross-sectional area at equilibrium, K € R* « {0} represents the stiffness coefficient of the vessel wall, p, € R is the refer-
ence cross-sectional averaged pressure, while parameters m € R and n € R intend to mimic the hyperelastic nature of
vessel walls and the behavior during collapse, respectively.

The adopted tube law allows to describe experimentally observed pressure-area relations over a wide pressure range.
These relations are determined by the biological composition of the wall of vessels,'® which contains elastine, collagen
fibers and smooth muscle cells. It is well known that, for increasing positive transmural pressures
(D (x,t) =p(x,t) — py), the stiffness of vessels raise, due to the gradual recruitment of collagen fibers, determining a
characteristic hyperelastic behavior. On the other hand, for negative transmural pressures, vessels will undergo col-
lapse, resulting in the buckling of the vessel wall and the consequent increment in stiffening for decreasing transmural
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pressures. The intermediate region between the collapse-related buckling region and the hyperelastic one, is a range
where the vessel exhibits maximum compliance (or minimal stiffness). Further details on this subject are available in
Caro® and Fung.**

2.2.1 | Governing equations
We consider a mathematical model consisting of system (1), along with tube law (2). Since we are interested in the

eigenstructure of the resulting system, we will restrict our study to the homogeneous case. The resulting system can be
written in quasi-linear form as follows

9:Q+B(Q)JxQ=0, (5)
where the vector of unknowns Q is
Q=[Aq €Q, (6)
with
Q={(4,9) eR"~{0} xR}. (7)
The matrix of coefficients B(Q) is given by
B(Q)= 0 ! 8
( )_[céuz 2u] (®)
where u=q/A, and
A
Cg = ;K&A(ﬁ (9)

is the wave speed. Next we study some mathematical properties of system (5).

2.2.2 | Eigenstructure

The eigenstructure of system (5) is given by the eigenvalues and the corresponding eigenvectors of coefficient matrix
(8). Eigenvalues of matrix (8) are

M=u—cg and L,=u-+cg. (10)

The corresponding right eigenvectors are

o= " | e re=, ]| (1)

[M—CE U-+cg

The mathematical nature of this model depends on parameters m and n of the elastic tube law (2).%'** System (5) is
strictly hyperbolic if 4; and A, are real and distinct. Since u € R, we need to check if cg € R™ \ {0}. Therefore, we need
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to verify that the argument of the squared root of the wave speed (9) is positive. Since A >0, p >0, K >0 for physical
reasons, we only need to verify that

dag>0. (12)

Simple manipulations give

(2 o)

Introducing a = A/A,, we write inequality (13) as
m(a)™ >n(a)". (14)
We see that
« ifa<1, then

D) if m,n > 0, then for a given m, Jv;,v, € RT~ {0} s.t. n € (0,v;) U (v,,+00),
II) if m <0,n >0, then there is no solution,

I10) if m,n <0, then inequality (14) holds true only if n < m,

IV) if m > 0,n <0, then inequality (14) holds always true,

o ifa>1, then

I) if m,n > 0, then inequality (14) holds true only if n < m,

II) if m <0,n >0, then there is no solution,

I10) if m,n <0, then for a given m, Jv;,vs € R™~ {0} s.t. n € [v3,V4],
IV) if m > 0,n <0, then inequality (14) holds always true,

o ifa=1, then

I) if m,n > 0, then inequality (14) holds true only if n < m,
II) if m <0,n >0, then there is no solution,

I10) if m,n <0, then inequality (14) holds true only if n < m,
IV) if m > 0,n <0, then inequality (14) holds always true.

Figure 2 displays a graphical example of the previous cases, while the full derivation of the above conclusions can
be seen in Colombo.*” Figure 2 shows contour plots with binary output of the function y(m,n;a) =m(a)” —n(a)",
where the black regions represent the sectors where inequality (14) holds true for the given a > 0 and the given combi-
nation of m and n. Since inequality (14) must hold true Va > 0, all the previous cases must be satisfied simultaneously.

Combining them (Figure 2F), we obtain that our system is strictly hyperbolic when

m>0 and n<0. (15)

2.2.3 | Characteristic fields

Parameters m and n control which are the families of waves present in the solution of system (5). In particular, genu-
inely non-linear characteristic fields will give rise to shocks or rarefactions, while linearly degenerate characteristic
fields generate contact discontinuities.”> Genuine non-linearity is a desirable property of hyperbolic systems of conser-
vation laws. In fact, problems involving genuinely non-linear characteristic fields are significantly easier to analyze and

ASUDOI'T SUOWIWO)) dANEAI)) d[qearjdde oy Aq PAUIIA0T dIE SIPIIE V() 98N JO SI[NI J0J ATRIQIT JUIUQ KI[IAL UO (SUONIPUOI-PUE-SULId)/W09" AAIMKIRIQI[RUI[UO//:sdNY) SUONIPUO)) PUB SWLAY, oY) 98 *[9207/L0/1T] U0 AreiqrT suru Ad[ip ‘AenSnin) aueigoo) £q £08¢ wud,Z001°0/10p/wod KL AreIqraur[uoy/:sdny woxy papeoiumod ‘v “$70T ‘Lr6L0v0T



6 of 34 WI LEY COLOMBO Er AL.
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FIGURE 2 Contour plots with binary output. Panels (A)—(E) display different contour plots with binary output of the function
y(m,n;a) =m(a)™ —n(a)" for 5 given a > 0. Panel (F) displays a contour plot with binary output obtained by intersecting the previous

5 panels. Black sections are regions where y(m,n;a) > 0. It is worth remarking that the mismatch between the analytical solution and the
results in panel (F) (small spots in quadrants I and IIT) is due to the particular choice we made for a. A perfect match could be obtained by
selecting a — 0 and a — 0.

discretize with respect to problems that present non genuinely non-linear characteristic fields. As a consequence, most
general well-posedness results for initial value problems regarding hyperbolic systems of partial differential equations
are available for systems having either genuinely non-linear or linearly degenerate characteristic fields.* Characteristic
fields are said to be genuinely non-linear if the following inequalities are fulfilled

VA(Q)-Ry(Q) <0 VQeQ, (16a)
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Vi2(Q)-Rx(Q)>0 VQEQ, (16b)

where V;(Q) is the gradient of 4;. Particularly, for the problem under consideration the following holds

Vi(Q)-Ri(Q)= (%ﬂi-l-/liaiqﬂi) , i=1,2. (17)

Expressing the partial derivatives, relation (17) becomes

Under the assumption that m >0, n<0, since K>0, p>0, cg>0, A>0, Ay >0, we need to solve the following
inequality

m(m-+2) (;)m —n(n+2) (;)n >0. (19)

0 0
Introducing again a = A/A,, we write inequality (19) as

m(m+2)(a)" —n(n+2)(a)" > 0. (20)
It is possible to show that

« ifa <1, then for a given m, Jvs € [-m —2,—2) s.t. n € [vs,0],
« ifa>1, then for a given m, Jvg < —2 s.t. n € (v4,0],
« if a=1, then for a given m, n € [-m —2,0].

These three cases must be satisfied simultaneously, thus their combination gives
m>0 and ne[-2,0]. (21)

Conditions (21) for parameters m and n guarantee that the 1D elastic model is strictly hyperbolic and its characteris-
tic fields are genuinely non-linear.

2.3 | The viscoelastic model

Here we adopt the following viscoelastic tube law™! "'

P(X,£) = Py, (%, 1)+ (A(x, £); A0, K, m, 1, ) + @ (A(x, £);A0,T) 9, A, (22)
where the term involving J;A with

P(A(x,1):A40,T) = zﬁw (23)

represents its viscous component. I' € R™ is a parameter related to the viscosity of the vessel wall,* assumed constant in
space and time.
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2.3.1 | Governing equations
We consider the 1D blood flow model consisting of system (1), along with tube law (22). The resulting system can be
reformulated following the procedure exposed in Montecinos et al*®**° to obtain an hyperbolic system of PDEs. Specifi-

cally, we introduce a new variable ¥ € R and a relaxation parameter e € R™ \ {0} as well as the following additional
evolutionary equation for ¥

I =(3.:9- ). (24)

This results in the following property
¥ J.q, ase—0, (25)

so that one can recover the original parabolic problem for small relaxation parameter e. We then formulate the visco-
elastic tube law (22) as

PX.L) = P (5, 1) + Y (A, ) Agu K11, py) — p(A(x,1); A, D). (26)

Finally we write the system in quasi-linear form as in (5). The vector of unknowns is

Q=[4,q.¥", (27)
and the matrix of coefficients is
0 1 0
G —u* 2u —=
B(Q) = 71, (28)
1
0 -
&
where
¥ A ¥
cy=4/C: 4+ = |—Kdsp -+ 29
\/E 2p \//’ 2 (29)

is the wave speed. System (5) with (24) and (25) constitutes a relaxation system whose solutions approximate those of
the original viscoelastic system.
2.3.2 | FEigenstructure

The eigenstructure of the system is given by the eigenvalues of matrix (28) and the corresponding eigenvectors. The
eigenvalues are

/11:u—5, 22:(), /13:u+5, (30)

where the wave speed is
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~ A A Y A
C\/C%/+—¢\/—K0’)A§/)+¢—+—? (31)
PE P 2p  pe
The right eigenvectors are
1 1 1
~ 0 ~
Rl (Q): u—c|, R2<Q) - 2 2 ’ R3(Q): M+C . (32)
—1/e (& — ) —1/e
PpA

The eigenstructure allows us to study the hyperbolicity of the system, as we did for the elastic model. Specifically, it
is possible to prove that the system of conservation laws is strictly hyperbolic, that is, the eigenvalues are real and dis-
tinct, if

A ¥ A
Zkoap+2=+"2 0. (33)
P 2p  pe

After some algebraic manipulations, we obtain that inequality (33) is equivalent to

dp 1dp
R TR (34)

However we cannot identify any mathematical constrains on the parameters since relation (34) has not a closed
form. We observe that if ¢ > 0, then

Jp

Thus, we can always choose a ¢ >0 small enough such that inequality (34) is satisfied and the system is strictly
hyperbolic, independently of the sign of g—ﬁ. Additionally, since the viscoelastic tube law (22) is an extension of the elas-
tic tube law (2), we also observe that we are able to resume the properties of the elastic model when the viscoelasticity
coefficient is set to zero. Specifically, we have that the elastic component of the viscoelastic tube law is a monotonically
increasing function of the cross-sectional area A, that is,

dp 1dp _dp _dy
(aA gaqf) LO_&A A K0ad>0 (36)

which is equivalent to condition (12).

2.3.3 | Characteristic fields

Here we analyze the nature of the characteristic fields. It is easy to see that A,-characteristic field is linearly degenerate.
Instead, it is possible to prove that 1;-, A;-characteristic fields are genuinely non-linear. It holds

J J 17 .
Vi(Q)-Ri(Q) = <ﬂﬂi+ﬂi(9—qﬂi —ga—q‘li), i=1,3. (37)

Computing the partial derivatives, relation (37) becomes
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Jc ¢ 1dc )
wi<Q)~Ri(Q>—i(g+;—;a—\P>’ i=13. (38)
If we rewrite the expression of ¢ (31) as follows
¥ A(p Adp Adp A dp
c= Ko — = 2 - 75
\/p abto, 2p pE \/p JA ped¥ v pe 0¥ (39)
expression (38) becomes
ecydey 1 1dp 1A p ¢ 1leydey .
ViQ) RQ) =%t =—=———F————= , i=1 A
4(Q)-Ri(Q) (c JA 20ped¥ 2WpedYoA A e ¢ oV ' 3 (40)
Noting that
2
dev_1 A 9p (41)
oY 2cy p dP0A
and that
d___ P _w (42)
W 7 9w9A 24
we obtain
Vi(Q) R(Q) =+ (L TV (@)
' T\ 9Aa A)
Since ¢> 0, we need to prove that
9CV ~2
Vst 7> (44

Recalling the expression of the wave speed ¢ (31), where it appears as denominator the relaxation parameter e,
we conclude that, under the assumption that the system is strictly hyperbolic, we can always choose ¢ > 0 small enough
such that inequality (44) is fulfilled and 4;-, 43-characteristic fields are genuinely non-linear. Hence, the parameters
have no explicit mathematical constraints, only needing to satisfy physiological ones. As a result, we can reduce
the hypotheses on the fitting parameters, with respect to the elastic model, because the viscoelastic model
preserves its nature even when we relax conditions (12) (or equivalently (15)) and consider meR
and n € R.

2.4 | Tube law parameter estimation
We are interested in estimating parameters K,m,n,I" of tube laws (2) and (22) by fitting ovine and human in vitro data.

Here, we introduce the in vitro data and we describe the methodology that we used for the evaluation of the
parameters.
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24.1 | Invitro data

%1837 consist of multiple sets of pressure-diameter time series acquired from

The experimental data used in this study
12 adult sheep and from 15 humans.

All protocols applied to record the data were approved by the Research and Development Council of the
Universidad de la Republica (Uruguay) and were conducted in accordance with the guide for the care and use of labora-
tory animals.*®

For all the data (ovine and human), pressure values (in mmHg) have been recorded through the usage of a solid-
state microtransducer (Model P2.5, 1200 Hz frequency response; Konigsberg Instruments, Pasadena, CA, USA). Vascu-
lar diameters have been measured with a pair of ultrasonic gauges (5 MHz; 2 mm diameter) sutured to the adventitia.
A sonomicrometer (Triton Technology Inc., San Diego, CA, USA) has been used to convert transit time (1580 m/s) to
distance.

The measures of ovine data have been taken in different vessels: seven arteries of the systemic circulation, that is,
carotid artery (CA), brachiocephalic trunk (BT), ascending aorta (AA), proximal descending aorta (PDA), medial des-
cending aorta (MDA), distal descending aorta (DDA) and femoral artery (FA), two arteries of the pulmonary circula-
tion, that is, main pulmonary artery (PT) and left pulmonary artery (LPA), and four veins, that is, inferior vena cava
(VCI), superior vena cava (VCS), jugular vein (VJ) and femoral vein (VF) (Figure 3). In vitro tests for ovine arteries have
been carried out at physiological pressure, while ovine veins have been tested under both low (L—physiological) and
high (H—arterial values range) pressure.”*’ The aforementioned prefixes shall be utilized henceforth in the text, tables,
and illustrations to specify the data that is being referenced. The methodology used to record ovine data can be divided
into two parts.”*”° Firstly, the animals have been anesthetized and segments of the selected vessels have been del-
imited in vivo using two suture stitches. Following this, pressure and diameter sensors have been instrumented on each
segment before excision, and in vivo data have been subsequently collected. During the second phase, the sheep have
been euthanized and their instrumented segments have been carefully removed and mounted in custom cannulae
within the flow circuit (in vitro system). They have been then immersed and perfused with oxygenated Tyrode's solu-
tion at a temperature of 37°C and a pH of 7.4. The same in vivo vessels' length has been maintained in the process.
After a period of adaptation of 15 min, in vitro measures of pressure and diameter have been gathered. Pressure and
diameter signals from 10 to 20 consecutive cycles have been sampled simultaneously every 5 ms (sampling
rate = 200 Hz). Pressure levels and stretch rates (“heart rate”) similar to those observed in sheep have been chosen.
The previously acquired in vivo data have been used to confirm the adequate quality of the diameter and pressure sig-
nals and to generate in vitro pressure waveforms that simulate the morphology of the pressure waveforms found
in vivo.

For both human and sheep data, pressure values (in mmHg) and diameter values (in mm) were recorded under
dynamic conditions. The recordings for human data have been done for two types of vessels at high pressure: saphe-
nous vein (Saf) and femoral artery (Fem). These segments have been obtained from donors in a condition of brain
death with aseptic surgical techniques, during multiple organ and tissue harvesting.'® The methodology utilized to
record this data is comparable to that used for ovine data.” Prior to vessels removal, the segments have been measured
and marked with two suture stitches. Subsequently, they have been cut off and fitted onto the same in vitro setup for
biomechanical testing. Throughout this process, efforts have been made to maintain the length of the in vivo vessels.

—

E\ oy
g VA | VF
) PDA MDA DDA N
:CA/BT\Q\ AR A nght atrium

AA
(A) Ovine systemic arterial network (B) Ovine veins’ network

FIGURE 3 Schematic representation of the ovine vessels’ network, with the indication of the main vessels. Panel (A) on the
left, the ovine systemic arterial network. AA, ascending aorta; BT, brachiocephalic trunk; CA, carotid artery; DDA, distal descending aorta;
FA, femoral artery; MDA, medial descending aorta; PDA, proximal descending aorta. Panel (B) on the right, the ovine veins' network. VCI,
inferior vena cava; VCS, superior vena cava; VF, femoral vein; VJ, jugular vein. Adapted from Battista et al.'® and Zécalo et al.>’
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Pressure and diameter signals from 10 to 20 consecutive cycles have been simultaneously sampled every 5 ms (sampling
rate = 200 Hz), using pressure levels and stretch rates (“heart rate”) similar to those observed in humans.
A typical example of the acquired in vitro data is shown in Figure 4A.

(A) Acquired in vitro data
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FIGURE 4 Conceptual scheme of the methodology used for the parameter estimation process. Overview of the process
showing the input, which is an example of acquired in vitro data (A), the estimation procedure (B) to pass from the input to the output, and
the output, which is the final fitting result (C). The estimation procedure (B) is composed of different steps. A phase of preprocessing of the
acquired in-vitro data is used to obtain the averaged experimental data (b1). Instead the mathematical analysis (b2) of the two considered
models is used to ensure that the mathematical properties of the models in which we are interested are preserved, through mathematical
constrains (b3) on the parameters that must be fulfilled. All these steps are then used in the fitting process (B4) that gives us the final results.
Specifically, it focuses on two aspects. Firstly, we fix A and p, to enhance the identifiability of the other parameters. Secondly, the other
parameters, which are represented by the vector Z = [K,m,n,I'|, were determined through minimizing the root mean squared errors (RMSE).
The range { within which the parameters must fall is outlined in Table 2.
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TABLE 1 Statistics of Ay and py.

A0 [mm?] p0 [mmHg]

Vess. Num.?* Min. Avg. Max. Min. Avg. Max.
Sheep systemic arteries

AA 12 289.58 365.01 415.86 63.01 68.65 77.88

BT 11 248.83 304.80 489.15 60.79 66.78 74.08

CA 11 39.11 53.13 65.14 61.47 66.28 71.67

DDA 11 221.77 230.98 247.27 55.99 63.33 68.53

FA 11 21.87 26.60 32.64 61.63 67.97 72.84

MDA 11 247.50 267.49 279.74 54.88 63.52 69.43

PDA 11 263.78 284.87 294.97 59.28 65.31 71.68
Sheep pulmonary arteries

LPA 11 138.93 179.45 242.89 9.91 12.14 14.85

PT 10 327.43 399.00 459.56 9.92 12.18 15.07
Sheep veins at high (H) pressure

HVCI 5 255.39 318.32 377.11 63.32 70.12 74.31

HVCS 8 203.59 239.32 258.09 63.86 75.81 90.23

HVF 5 25.81 28.32 31.73 78.80 83.42 87.23

HVIJ 8 67.99 152.54 258.11 67.14 79.96 101.16
Sheep veins at low (L) pressure

LVCI 10 174.35 271.30 372.28 —2.13 1.73 4.07

LVCS 12 76.09 128.65 227.40 —0.68 2.39 6.97

LVF 30 19.62 27.32 42.22 0.55 10.39 28.64

Lv] 10 28.54 75.18 148.47 0.12 3.57 12.07
Human vessels

Fem 30 23.69 43.90 55.53 54.93 73.58 107.24

Saf 20 27.11 41.37 48.46 52.81 68.61 102.03

Note: Minimum, average and maximum values in the averaged trough of the parameters A, and p, for all the vessel types (Vess.).
*Number of available sets of data for each type of vessel.

2.4.2 | Estimation procedure setup

Here, we detail the procedure utilized in our study to derive parameter estimates from in vitro data. Figure 4 shows a
conceptual scheme of this process.

Starting from the acquired in vitro data (Figure 4A), we preprocessed all the pressure-diameter time series. Specifi-
cally, for each type of vessel we had several datasets containing the samples acquired (Table 1). Each of these datasets
consisted of a time series of pressure and diameter values for more than a single cycle. For all the time series we have
identified the peaks (red dots in Figure 4A) and the troughs (red crosses in Figure 4A) in the curves. The peaks are the
moments of maximum pressure (diameter), while the troughs are the moments of minimum pressure (diameter). By
identifying the peaks and troughs in the pressure-diameter time series, we extracted the data associated with individual
cycles. We then calculated the mathematical mean over multiple cycles to obtain average signals. These averages are
represented by an area-pressure loop, obtained considering the extracted pressures and the circular areas, whose diame-
ters correspond to the extracted ones. These loops describe on average the behavior of the vessels along a single cardiac
cycle. An example of such loops can be seen in Figure 4B1, where the gray curve represents the raw in vitro data, the
black curve is the average signal, the red cross is the averaged trough, and the red dot is the averaged peak. The des-
cending branch, connecting the averaged peak to the averaged trough, represents the relaxation phase. Here we observe
a steep decrease of both pressure and vessel area. The ascending branch, connecting the averaged trough to the
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TABLE 2 Parameter estimations summary.

Elastic tube law

Case K m n r
El K>0 m>0 nel[-2,0] r=o0
E2 K>0 m = 10.0 n=-—1.5 =0
E3 K>0 m = 0.5 n=0.0 I'=0
E4 K>0 me R neR =0
Viscoelastic tube law

Case K m n r
A% K>0 m>0 nel[-2,0] >0
V2 K>0 m = 10.0 n=-15 r>o
V3 K>0 m = 0.5 n=0.0 >0
V4 K>0 meR neR >0

Note: The performed estimations have been summarized, with each case being identified by a specific name. The elastic tube law is represented by the letter E,
while the viscoelastic tube law is represented by the letter V.

averaged peak, represents the loading phase. During this phase, pressure and area initially increase slowly due to ves-
sel's compliance, then the increase becomes steep, as the vessels stiffen when subjected to higher pressures. The
obtained averaged experimental data (Figure 4B1) were then saved and the fitting process (Figure 4B4) was applied to
these averaged curves.

We now introduce the constrains derived from the mathematical analysis. Recalling that our goal is to fit experi-
mental data while ensuring that the use of such parameters in 1D blood flow models results in hyperbolic mathematical
problems with genuine nonlinear characteristic fields (Figure 4B3). As outlined in Sections 2.2.2 and 2.2.3, the parame-
ters of the elastic tube law (2) have to satisfy the following mathematical constrains

K>0, m>0 and ne[-2,0]. (45)

Similarly, in Sections 2.3.2 and 2.3.3, we demonstrated that the parameters of the viscoelastic tube law (22) have to
fulfill the following constrains

K>0, meR, neR and I'>0. (46)

The fitting process is the final step of the estimation procedure setup (Figure 4B4) and it takes advantage of all the
previous steps. Here, we used the constrained least squares technique to identify the parameters that best fit tube laws
(2) and (22) to the observed in vitro data. Additionally, we fixed Ay and p, to increase the identifiability of the
remaining parameters, making the estimation process more accurate. We extracted the values of Ay and p, in the aver-
aged troughs (red cross in Figure 4B1) to ensure that these values were as precise as possible, given the minimal motion
of the vessels at those points in the cycle. To provide an overview of the obtained results, Table 1 displays the values for
Ap and p, in terms of minimum, average and maximum for every type of vessel. The decision to fix A, and p, is based
on two main reasons. Firstly, it is a common practice in hemodynamics to fix these parameters as Ay and p, can be
derived from experimental area-pressure data. Secondly, a local sensitivity and collinearity analysis (results not reported
here)’® showed that pressure p(x,t) is very sensitive to changes in A. Therefore, we fixed it to avoid that the estimation
problem was affected by inaccurate A, estimates.

The constrained least squares problem (Figure 4B4) reads

Find Z € { such that f(Z) is minimized. (47)

Z is the vector representing the parameters to estimate. For the elastic tube law (2), Z = [K, m, n|, while for the visco-
elastic tube law (22), Z=[K,m,n,I']. { is a subset of either R* (elastic tube law) or R* (viscoelastic tube law)
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representing the parameter space. f(Z) is the objective function we need to minimize, whose expression is determined
by the residual vector r(Z). Its i-th component is given by

ri(z) :pexp(ti) _papprox(Z;ti>’ (48)

where p,,,(t) is the experimental area-pressure relation V¢ € R*, obtained from the averaged experimental data (black
curve in Figure 4B1), while pappmx(Z; t) is the pressure curve that we want to parametrize and that must satisfy relation
(2) or (22). We decided to evaluate the accuracy of the estimation process computing the root mean squared error
(RMSE) between p,,,(t) and pyp,..(Z;t), normalized with respect to the pressure range. Thus, the objective function
reads

LS (@)

ny i=1

£(Z) =RMSE = , (49)
X [P (1]~ 10in, [P (1]

..... ny s

where n, is the size of r(Z). We solved the constrained least squares problem applying a constrained non-linear optimi-
zation technique, called Trust Region Reflective.””*' This method produces a solution only when the convergence con-
ditions have been met. Specifically, we have implemented a termination tolerance for both cost function modification
and change in independent variables, set at 10 1°.

We performed 4 estimations for each tube law (Table 2) using the described setup. For each estimation we per-
formed 100 optimizations, defining each time a new random uniformly distributed initial guess, to ensure the conver-
gence of the optimization process. Our aim was to compare the models, and investigate any differences between values
of the parameters found in literature®'"'*** and those obtained from our multiple estimations. Cases E1 and V1 are
derived from constraints (45), while cases E4 and V4 come from constraints (46). Cases E2, E3, V2, and V3 are based on
literature examples,®*"****> where m and n are fixed, and K and I are allowed to vary. The different cases define the
subset (.

3 | RESULTS

Quantitative results are displayed in Figure 5 for each vessel type in terms of average (central dot), minimum (lower
whisker) and maximum (upper whisker) RMSEs. The 5 panels on the left display the results for the estimations
obtained using the elastic tube law (cases E1-E4), while the 5 panels on the right display the estimations for the visco-
elastic tube law (cases V1-V4). Additionally, Table 3 reports the values assumed by the averaged RMSEs for the differ-
ent vessel types and the different estimation cases.

Qualitative results are shown in Figures 6 and 7 in terms of fitted pressure curves (pyp.,)- These curves were
derived by using the estimated parameters as input data for tube laws (2) and (22), in addition to the cross-sectional
areas obtained from the experiments. Additionally, the time derivative in the viscoelastic tube law (22) has been dis-
cretized using the forward finite difference approximation. In each plot we have reported in black the considered exper-
imental area-pressure curve, in blue the fitted pressure curve obtained with the elastic estimation cases E1-E4 and in
red the fitted pressure curve obtained with the viscoelastic estimation cases V1-V4. The experimental area-pressure
curve refer to HVCI for Figure 6 and to LVCI for Figure 7. Additionally, Figures A1-A3 of appendix show qualitative
results for AA, LPA and Fem, respectively.

Finally, Figure 8 displays the values of the estimated parameters for six selected vessel types and for all the four vis-
coelastic estimation cases V1-V4, in terms of average (central dot), minimum (lower whisker) and maximum (upper
whisker) values. The exact values of the average estimated parameters for case V1 and all vessel types are reported in
Table 4. Whereas in appendix, Tables A1-A3 report the exact values of the averaged estimated parameters for estima-
tion cases V2-V4, and Tables A4-A7 report the exact values of the averaged estimated parameters for estimation cases
E1-E4.

ASUDOI'T SUOWIWO)) dANEAI)) d[qearjdde oy Aq PAUIIA0T dIE SIPIIE V() 98N JO SI[NI J0J ATRIQIT JUIUQ KI[IAL UO (SUONIPUOI-PUE-SULId)/W09" AAIMKIRIQI[RUI[UO//:sdNY) SUONIPUO)) PUB SWLAY, oY) 98 *[9207/L0/1T] U0 AreiqrT suru Ad[ip ‘AenSnin) aueigoo) £q £08¢ wud,Z001°0/10p/wod KL AreIqraur[uoy/:sdny woxy papeoiumod ‘v “$70T ‘Lr6L0v0T



16 of 34 WI LEY

COLOMBO Er AL.

Sheep systemic arteries

Sheep systemic arteries

0.35 0.35
e Ei o E3 e Vi e V3
0.30 = E2 <« E4 0.30 . V2 <« V4
0.25 0.25
% 0.20 % 0.20
% 015 1 % 015
; . ; !
010 **Te *T T emed emta emes 0BT 4aty 0.10 .« s .t .
. T n® 7 < em o
0.05 0.05] ¢ 1 eme, * < emeg
0.00 0.00
AA BT CA DDA FA MDA PDA AA BT CA DDA FA MDA PDA
Sheep pulmonary arteries Sheep pulmonary arteries
0.35 2l y 0.35 EP y
¢ E1 e E3 * Vi e V3
0301 w B2 <« E4 0301 w v2 <« va
w 0.25 % 0.25
0 0.20 i I 20.20
0 0.151 < * " <« @ 0.15 4 .
0.10 0.10 ]
0.05 005 * 1 t 1
0.0g LPA PT Qe LPA PT
558 Sheep veins at high pressure G55 Sheep veins at high pressure
’ e E1 e E3 ' * Vi o V3
0.30 s E2 « E4 0.30 = V2 <« V4
i 0.25 L(},J 0.25
2020 2 0.20
@ 0.15 @ 0.15
0107 o u o < o m o < * B e L P 0.10
0.05 0051 o = o 4 o m o e = R * " * o
0.00
0.00 HVCI HVCS HVF HVJ HVCI HVCS HVF HVJ
0.35 Sheep veins at low pressure G55 Sheep veins at low pressure
’ e E1 e E3 ' V1 . V3
0301 o E2 <« E4 0301 w v2 <« va
(i 0.25 " 0.25
@ 0.20 ] @ 0.20 .
= n 1 . . 3
@ 0.15 i i 4 * @ 0.15 . .
* < . P * « . L
0.10 . ) 0.10 7 . " 1 I I . " I
0.05 0.05
0.00
990 LVCI LVCS LVF LVJ LVCI LvVCS LVF LVJ
Human vessels Human vessels
0.35 0.35
¢ E1 e E3 e VI e V3
0.30 s E2 « E4 0.30 n V2 <« V4
w 0.25 i 0.25
g 0.20 g 0.20
T 0.15 s . il ! @ 0.15
0.10 | 0.10 | X . . J
0.05{ ¢ « 0.05] o <
0.00 = = 0.00 Sat Fem
FIGURE 5 RMSE:s for all the vessel types and for both the elastic and the viscoelastic tube laws. Average (central dot),

minimum (lower whisker) and maximum (upper whisker) RMSEs for each vessel type. On the left, results of the four estimates with the
elastic tube law (cases E1-E4). On the right, results of the four estimates with the viscoelastic tube law (cases V1-V4).

4 | DISCUSSION

41 | Accuracy

This section presents a comprehensive evaluation of the obtained results, with emphasis on accuracy and reliability of
the parameter estimations made. After examining Figure 5 and Table 3, it becomes apparent that there is a noticeable
pattern when comparing E1 to E4, as well as V1 to V4. These cases, which are based on constraints (45) and (46), dem-
onstrate relatively similar average RMSEs for all types of vessels. This suggests that constraining m and n, as we did in
E1 and V1 cases, has not a big impact on the accuracy of the estimations. The parameters consistently adopt the optimal
configuration of values to achieve the lowest RMSE. More importantly, this aspect allowed us to verify the influence of
constraints on estimations, particularly for the elastic tube law (2). Upon analyzing the results in Table A7, that report
the obtained estimates of parameters for case E4, we can clearly observe that the estimates of n are always below —2 or
above 0. This implies that constraints (45) are never met. Hence, the phenomenon we describe using parameters
obtained from this fitting (case E4) might lead to the generation of waves that are not present in the cardiovascular
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TABLE 3 Averaged RMSEs.

Vess. Num.” Averaged RMSE

El E2 E3 E4 V1 V2 V3 va

Sheep systemic arteries

AA 12 0.11 0.11 0.13 0.11 0.06 0.06 0.09 0.05
BT 11 0.12 0.13 0.17 0.12 0.07 0.09 0.13 0.07
CA 11 0.11 0.11 0.11 0.10 0.04 0.04 0.04 0.04
DDA 11 0.11 0.12 0.12 0.11 0.06 0.06 0.07 0.06
FA 11 0.12 0.12 0.12 0.11 0.05 0.06 0.06 0.04
MDA 11 0.12 0.13 0.14 0.12 0.08 0.08 0.10 0.08
PDA 11 0.11 0.11 0.13 0.11 0.07 0.07 0.10 0.07

Sheep pulmonary arteries
LPA 11 0.15 0.18 0.21 0.15 0.06 0.13 0.16 0.06
PT 10 0.14 0.16 0.18 0.14 0.07 0.09 0.13 0.07
Sheep veins at high (H) pressure

HVCI 5 0.08 0.09 0.08 0.08 0.03 0.04 0.04 0.03
HVCS 8 0.08 0.08 0.08 0.08 0.02 0.03 0.03 0.02
HVF 5 0.10 0.10 0.10 0.09 0.05 0.06 0.05 0.04
HVI 8 0.08 0.08 0.08 0.08 0.03 0.04 0.04 0.03

Sheep veins at low (L) pressure

LVCI 10 0.12 0.17 0.20 0.12 0.10 0.16 0.19 0.10
LVCS 12 0.11 0.13 0.16 0.11 0.07 0.09 0.13 0.07
LVF 30 0.09 0.12 0.17 0.09 0.07 0.11 0.15 0.07
LV] 10 0.12 0.13 0.15 0.12 0.08 0.09 0.13 0.08

Human vessels
Fem 30 0.13 0.13 0.13 0.13 0.08 0.08 0.08 0.08
Saf 20 0.05 0.07 0.07 0.05 0.04 0.06 0.07 0.04

Note: Averaged RMSE:s for all the estimation cases (E1-E4 and V1-V4) and for all the vessel types (Vess.).
*Number of available sets of data for each type of vessel.

system. It is evident that while constraining m and n is not essential when dealing with the viscoelastic tube law (23), it
is crucial when we use the elastic tube law (2).

Our results (see Figure 5 and Table 3) show also that average RMSEs for cases E2, E3 and V2, V3 are higher com-
pared to those for cases E1, E4, and V1, V4. By allowing for estimation of m and n in a tube law (cases E1, E4, and V1,
V4), we enhance the precision of the parameter estimation. The greater weight of uncertainty and errors in cases E2,
E3, and V2, V3 is due to the limited number of adjustable parameters (K and I') in these cases. Conversely, in cases E1,
E4, and V1, V4, all parameters can vary freely and reach the optimal configuration, resulting in smaller RMSEs. Addi-
tionally, the cases that present the highest errors are always E3 and V3. Therefore, if m and n cannot be estimated, but
they have to be fixed, then values m =10.0 and n=—1.5 (E2 and V2 cases) should be used instead of m=0.5 and
n=0.0 (E3 and V3 cases).

Finally, if we compare average RMSEs for elastic cases E1-E4 (Figure 5 left panels) with average RMSEs for visco-
elastic cases V1-V4 (Figure 5 right panels), for all the vessel types, we observe that average RMSEs for the viscoelastic
cases are lower than those of the elastic cases. Therefore viscoelasticity cannot be neglected and the viscoelastic tube
law should be used instead of the elastic tube law, whenever possible.

Studying now qualitative results, if we compare Figure 6A (7A) with Figure 6D (7D), namely the curves obtained
considering cases E1 (V1) and E4 (V4), we cannot see any clear distinction among them. This is in agreement with the
previous results, where we showed that averaged RMSEs for these cases are similar. Although the pressure curves fitted
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Averaged pressure curves for HVCI
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FIGURE 6 Fitted pressure curves for HVCI. Comparison between experimental and fitted pressure curves for all the estimation

cases of an example dataset of VCI at high (H) pressure. Black solid lines represent averaged experimental area-pressure and time-pressure

curves, blue dash-dot lines represent the fitted curves obtained considering the elastic cases E1-E4, while red dashed lines represent the
fitted curves obtain considering the viscoelastic cases V1-V4.
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Averaged pressure curves for LVCI
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FIGURE 7 Fitted pressure curves for LVCI. Comparison between experimental and fitted pressure curves for all the estimation cases
of an example dataset of VCI at low (L) pressure. Black solid lines represent averaged experimental area-pressure and time-pressure curves,
blue dash-dot lines represent the fitted curves obtained considering the elastic cases E1-E4, while red dashed lines represent the fitted curves
obtain considering the viscoelastic cases V1-V4.
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Averaged estimated parameters
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FIGURE 8 Averaged estimated parameters of the viscoelastic tube law. Averaged (central dot), minimum (lower whisker) and
maximum (upper whisker) estimated parameters of the viscoelastic tube law for six selected vessel types and for all the viscoelastic
estimation cases V1-V4,

for case E4 showed in Figures 6D and 7D resemble the experimental pressure curves, it is important to note that this
outcome may not be replicated in more complex vessel networks. Instead, when comparing panels (A) and (D) with
panels (B) and (C), it is evident that the fitted pressure curves obtained from cases E1, E4, and V1, V4 (with m and n
allowed to vary) better approximate the experimental area-pressure curves, particularly in the case of LVCI (Figure 7).
By fixing m and n in cases E2, E3, and V2, V3, we limit the ability to capture the non-linearity of the curve to only K
and I'. If all four parameters are allowed to change, as expected a better fit can be found. This scenario corresponds to
what we have underlined previously in terms of averaged RMSEs, even though the differences between E2 (V2) and E3
(V3) cases are not qualitatively detectable. The pressure curves in panels (B) and (C) of both Figures 6 and 7 are very
similar.

Finally, if we look at Figures 6 and 7, it is clear that the hysteresis cycles are better captured by the red dashed lines,
which are the fitted curves obtained using the viscoelastic tube law. The agreement between these curves and the exper-
imental area-pressure curves is satisfactory, especially in V1 and V4 cases. Instead the blue lines, which represent the
fitted curves obtained with the elastic tube law, approximate the hysteresis with straight lines and slightly overestimate
the pressure peaks in the pressure-time curves. These final considerations are significant because they confirm again
our quantitative results and because similar observations have been made also by other authors.*'®

Before proceeding further, a remark has to be made. Among all the datasets that we used for this study, we observed
that some of them present averaged experimental area-pressure curves with squeezed or twisted hysteresis cycles.
Despite the particular shape of these averaged experimental data, the estimation process was only slightly affected. The
obtained RMSEs for these particular datasets all belong to the upper whiskers (Figure 5) of the vessel types the datasets

ASUDOI'T SUOWIWO)) dANEAI)) d[qearjdde oy Aq PAUIIA0T dIE SIPIIE V() 98N JO SI[NI J0J ATRIQIT JUIUQ KI[IAL UO (SUONIPUOI-PUE-SULId)/W09" AAIMKIRIQI[RUI[UO//:sdNY) SUONIPUO)) PUB SWLAY, oY) 98 *[9207/L0/1T] U0 AreiqrT suru Ad[ip ‘AenSnin) aueigoo) £q £08¢ wud,Z001°0/10p/wod KL AreIqraur[uoy/:sdny woxy papeoiumod ‘v “$70T ‘Lr6L0v0T



COLOMBO Er AL. WI L EY 21 o0f 34

TABLE 4 Averaged estimated parameters of the viscoelastic tube law for V1 estimation case.
Vess. Num.? K [kPa] m[—] nl[-] I' [Pa s m]

Sheep systemic arteries

AA 12 1.78 8.31 —0.83 13.69
BT 11 1.13 14.80 -1.27 19.26
CA 11 202.74 14.21 —-1.27 93.89
DDA 11 8.68 11.85 —0.55 41.89
FA 11 40.16 9.30 -0.91 22.61
MDA 11 4.27 8.67 —1.36 19.66
PDA 11 2.02 10.96 —-1.64 16.01

Sheep pulmonary arteries
LPA 11 0.02 35.78 —0.00 4.66
PT 10 0.13 20.85 —0.00 4.86
Sheep veins at high (H) pressure

HVCI 5 274.83 7.98 —1.60 214.50
HVCS 8 88.23 14.25 —0.25 140.46
HVF 5 97.18 6.22 —2.00 28.44
HV] 8 36.47 20.31 —0.50 70.88

Sheep veins at low (L) pressure

LVCI 10 19.29 64.22 —0.80 7.04
LVCS 12 0.75 15.34 —-1.33 8.70
LVF 30 3.45 21.54 —0.87 4.16
LV] 10 0.65 19.78 —0.40 8.09

Human vessels
Fem 30 62.07 21.54 -0.93 49.12
Saf 20 41.73 42.41 —1.20 10.52

“Number of available sets of data for each type of vessel.

refer to. However, they never assume the maximum RMSE value. Therefore, we decided to maintain these datasets as
part of the study. Nevertheless, it means that the tube laws we are considering are not able to reproduce this kind of
waveforms. A more sophisticated tube law that encompasses additional physical factors should be examined, such as
the tube laws utilized in Bertaglia et al."* or in Valdez-Jasso et al."’

4.2 | Averaged estimated parameters

The ability of the viscoelastic tube law (22) to better approximate the behavior of the experimental area-pressure rela-
tions has been demonstrated in the previous section, where quantitative and qualitative comparisons between elastic
and viscoelastic models have been made. Nevertheless, the elastic tube law is still widely used, thanks to its simpler for-
mulation and its good representation of the dominating effect, the elastic response to vessel wall's deformations. How-
ever, predictably, when modeling hysteresis cycles, viscoelasticity is crucial. This is also confirmed by the averaged
estimated parameters obtained with the viscoelastic tube law. If we examine the last panel in Figure 8, which shows the
results obtained for the viscoelasticity parameter I, it is worth noting that the average estimates across all cases and
those specific to individual vessel types are nearly indistinguishable, despite the variability of the estimates of the differ-
ent datasets of a specific vessel type can be significant. This observation is confirmed by results reported in Tables 4 and
A1-A3, which clearly show that I" values for individual vessel types are very similar. This indicates that I' is distinct for
a specific vessel type and can be accurately estimated. Additionally, if we study the differences between vessel types, we
observe how I' estimated values have an order of magnitude of difference between pulmonary and systemic arteries.
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Our results show that the viscoelasticity of LPA and PT is lower than the viscoelasticity of the systemic arteries and
assume a value around 4.76 Pa s m. Conversely, systemic arteries range between 13.69 and 93.89 Pa s m, with an
increase in I' from AA towards DDA. This is in agreement with the observations made by Bia et al,” where the authors
showed that the increase in the viscoelasticity depends on the amounts of collagen and smooth muscle cells, compo-
nents of the vessel walls.'®3! As for the ovine veins, rather different values of I" have been obtained for the same type of
veins at low and high pressure. Particularly, results for data regarding high pressure veins produced a viscoelasticity
coefficient that is at least one order of magnitude greater than low pressure veins. This is in agreement with different
studies,?® where it has been observed that veins viscoelasticity has the functional role of energy dissipation and adaptive
response to hemodynamic overload conditions.

Observing now the panels for K, m and n parameters of Figure 8, we see that the values of the three parameters can
change and modify themselves to always have the best approximation of the experimental data. Nevertheless, analyzing
Tables 4 and A3, we note how the estimated values of the stiffness coefficient K increase from AA towards DDA. Differ-
ent studies on arterial wall composition’ show that the quantity of elastin directly influences arterial wall compliance
and that there is an increase in compliance from peripheral arteries to the aortic root, thus the increase we observed in
K aligns with such physiological observations. Moreover, we observe that the values of K are higher for muscular arter-
ies, such as the peripheral arteries CA and FA, compared to other ovine arteries. This is noteworthy as K is proportional
to the Young's elastic modulus, to the vessel wall thickness and to the inverse of the vessel radius.* Thus, since CA and
FA have smaller diameters respect the other considered arteries, the small radius can lead to higher values of K in these
two cases. The higher values of CA and FA are also coherent with the fact that external vessels have thicker walls than
inner vessels because they must be able to resist also to external forces that could deform them.?' Instead, ovine veins
exhibit even higher estimated values of K compared to arteries. But in this case the explanation of high values is con-
nected with the presence of collagen. Veins indeed are more compliant at low pressure values than arteries, but for high
pressures they become very stiff.*

Regarding the other two parameters (m and n), central panels of Figure 8 show that the obtained averaged esti-
mated m and n for cases V1 and V4 differ from the literature values that we were considering (V2, V3 cases). Specifi-
cally, it can be read in Tables 4 and A3 how all the estimated values of m range between 6.22 and 64.22, and this is in
line with the fact that for m > 1 vessels tend to become stiffer as deformations grow, as it happens for real vessels. When
a value of m <1 is assumed, the described behavior is the opposite. Vessels tend to be softer for high pressure values,
but this is against physiological observations. Thus, this is a further confirmation that case V3 (m =0.5 and n=0.0) and
in general any value of m < 1, should not be adopted if large vessel deformations are to be modeled.

5 | CONCLUSION

In this work, we estimated the parameters of elastic and viscoelastic tube laws using in vitro data from ovine and
human sources. Our methodology involved constraining the parameters to specific ranges in order to maintain pre-
scribed mathematical properties.

The results we obtained demonstrate that both the elastic and the viscoelastic tube laws can replicate the in vitro
experimental data. Nevertheless, we noted that the elastic tube law cannot depict the experimentally observed hystere-
sis cycles owing to the absence of the viscous term in its formulation. Furthermore, it has been noted that the viscoelas-
tic tube law provides a quantitative and qualitative description of all in vitro data utilized in this study. However, the
law's viscous component requires improvement to represent more tightly or twisted hysteresis cycles effectively. A
dependency on pressure, similar to the one proposed in Bertaglia et al.,"* should be included to achieve better capture
of these particular hysteresis cycles.

Within this study, it was demonstrated that the constraining procedure is essential for obtaining accurate estimates
that can be utilized in more complex blood vessel networks, particularly when considering the elastic tube law. The cal-
ibrated models are appropriate for representing the pressure-area relationship under experimentally observed pressure
conditions. If specific phenomena, such as vessels' collapse or stiffening, need to be described, new parameterizations of
the tube laws are necessary. In fact, the tube laws we are currently considering are incomplete. Proper generalization
of both low and high-pressure regimes can be achieved simultaneously by adding new non-linear terms to the mathe-
matical formulation of the tube laws or by coupling the models we are considering with other specific models to
describe the particular phenomena.
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Finally, we also tested the two tube laws by allowing all their parameters to vary freely within their respective

ranges and by fixing some of their parameters. We observed that it is desirable to adopt the first approach (“leaving the
parameters free”) to ensure that the experimental pressure-area curves are reproduced adequately. Nevertheless, we
also observed that anyhow it is possible to fix some of the parameters of the tube laws, but careful consideration must
be given to the chosen values.
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APPENDIX A

TABLE A1 Averaged estimated parameters of the viscoelastic tube law for V2 estimation case.

m[-]

Vess. Num.

Sheep systemic arteries

AA 12
BT 11
CA 11
DDA 11
FA 11
MDA 11
PDA 11

Sheep pulmonary arteries

LPA 11

PT 10
Sheep veins at high (H) pressure

HVCI 5
HVCS 8
HVF 5
HVI] 8

Sheep veins at low (L) pressure

LVCI 10
LVCS 12
LVF 30
Lv] 10

Human vessels
Fem 30
Saf 20

*Number of available sets of data for each type of vessel.

a

K [kPa]

1.04
1.90
46.23
7.78
11.25
248
2.01

0.35
0.31

60.10
38.96
22.62
30.38

7.26
1.73
5.10
2.45

27.00
26.19

10.00
10.00
10.00
10.00
10.00
10.00
10.00

10.00
10.00

10.00
10.00
10.00
10.00

10.00
10.00
10.00
10.00

10.00
10.00

—1.50
—1.50
-1.50
—1.50
—-1.50
—1.50
—1.50

—1.50
—1.50

—-1.50
—1.50
—1.50
-1.50

—1.50
—1.50
—1.50
—1.50

-1.50
—1.50

I' [Pas m]

13.75
18.96
93.91
41.83
22.63
19.72
15.98

4.63
4.82

214.30
140.23
28.46
70.87

6.85
8.61
4.12
7.84

49.02
10.36
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TABLE A2 Averaged estimated parameters of the viscoelastic tube law for V3 estimation case.

m[-]

Vess. Num.

Sheep systemic arteries

AA 12
BT 11
CA 11
DDA 11
FA 11
MDA 11
PDA 11

Sheep pulmonary arteries

LPA 11

PT 10
Sheep veins at high (H) pressure

HVCI 5
HVCS 3
HVF 5
HvJ 8

Sheep veins at low (L) pressure

LVCI 10
LVCS 12
LVF 30
LV] 10

Human vessels
Fem 30
Saf 20

“Number of available sets of data for each type of vessel.

a

K [kPa]

61.73
77.13
1118.40
231.43
309.42
104.99
90.48

12.33
11.34

1443.86
954.26
566.34
739.41

186.58
60.95
134.18
82.20

654.62
636.63

0.50
0.50
0.50
0.50
0.50
0.50
0.50

0.50
0.50

0.50
0.50
0.50
0.50

0.50
0.50
0.50
0.50

0.50
0.50

0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00

I [Pas m]

13.25
18.55
93.83
41.53
22.57
19.29
15.55

4.62
4.80

214.01
139.84
28.41
70.80

6.74
8.49
4.07
7.65

48.91
10.30
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TABLE A3 Averaged estimated parameters of the viscoelastic tube law for V4 estimation case.

Vess. Num.? K [kPa] m[—] nl[-] I' [Pas m]

Sheep systemic arteries

AA 12 2107.74 7.37 —7.24 13.69
BT 11 1656.61 13.24 —5.01 19.24
CA 11 1642.17 50.06 —119.39 93.80
DDA 11 3165.27 9.62 0.52 41.89
FA 11 2709.82 13.85 —29.50 22.58
MDA 11 1309.26 9.89 —18.53 19.70
PDA 11 857.79 12.47 —19.24 16.07

Sheep pulmonary arteries
LPA 11 3426.68 26.59 26.59 4.66
PT 10 3779.99 14.26 14.26 4.86
Sheep veins at high (H) pressure

HVCI 5 2708.33 20.35 —49.90 214.15
HVCS 8 3932.77 12.38 —1.06 140.48
HVF 5 866.30 36.36 —128.80 28.39
HV] 8 4066.46 15.74 —1.30 70.86

Sheep veins at low (L) pressure

LVCI 10 2906.49 53.66 —10.16 7.04
LVCS 12 1042.70 14.71 —15.95 8.70
LVF 30 2074.47 20.11 —61.35 4.17
LV] 10 1367.72 16.60 5.65 8.08

Human vessels
Fem 30 3390.90 35.58 —61.58 49.14
Saf 20 2030.91 52.48 —53.74 10.50

“Number of available sets of data for each type of vessel.
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TABLE A4 Averaged estimated parameters of the elastic tube law for E1 estimation case.

m[-]

Vess. Num.?

Sheep systemic arteries

AA 12
BT 11
CA 11
DDA 11
FA 11
MDA 11
PDA 11

Sheep pulmonary arteries

LPA 11

PT 10
Sheep veins at high (H) pressure

HVCI 5
HVCS 8
HVF 5
HvJ 8

Sheep veins at low (L) pressure

LVCI 10
LVCS 12
LVF 30
LV] 10

Human vessels
Fem 30
Saf 20

“Number of available sets of data for each type of vessel.

K [kPa]

1.92
1.18
231.98
9.88
43.01
5.09
2.19

0.02
0.13

274.17
90.53
97.90
38.02

19.30
0.93
3.96
0.73

79.48
41.94

7.94
14.46
13.89
11.14

8.95

8.14
10.56

35.74
20.56

7.53
12.92
5.58
20.02

64.05
14.78
21.19
18.69

18.04
4213

-0.71
-1.09
—1.48
—0.18
-0.91
—1.09
—-1.64

0.00
0.00

—1.60
—-0.25
—2.00
—0.50

—0.80
—-1.33
—0.80
—0.40

—0.97
—-1.20

I' [Pa s m]

0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00
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TABLE A5 Averaged estimated parameters of the elastic tube law for E2 estimation case.

m[-]

Vess. Num.?

Sheep systemic arteries

AA 12
BT 11
CA 11
DDA 11
FA 11
MDA 11
PDA 11

Sheep pulmonary arteries

LPA 11

PT 10
Sheep veins at high (H) pressure

HVCI 5
HVCS 3
HVF 5
HvJ 8

Sheep veins at low (L) pressure

LVCI 10
LVCS 12
LVF 30
LV] 10

Human vessels
Fem 30
Saf 20

“Number of available sets of data for each type of vessel.

K [kPa]

1.03
1.88
46.13
7.74
11.21
2.46
1.99

0.35
0.31

59.90
38.87
22.56
30.29

7.25
1.70
5.09
242

26.79
26.17

10.00
10.00
10.00
10.00
10.00
10.00
10.00

10.00
10.00

10.00
10.00
10.00
10.00

10.00
10.00
10.00
10.00

10.00
10.00

—-1.50
—-1.50
—-1.50
—-1.50
-1.50
—1.50
—-1.50

—1.50
—1.50

—-1.50
—1.50
—-1.50
—1.50

—1.50
—1.50
—1.50
—1.50

—1.50
—1.50

I' [Pa s m]

0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00
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TABLE A6 Averaged estimated parameters of the elastic tube law for E3 estimation case.

m[-]

Vess. Num.?

Sheep systemic arteries

AA 12
BT 11
CA 11
DDA 11
FA 11
MDA 11
PDA 11

Sheep pulmonary arteries

LPA 11

PT 10
Sheep veins at high (H) pressure

HVCI 5
HVCS 8
HVF 5
HviJ 8

Sheep veins at low (L) pressure

LVCI 10
LVCS 12
LVF 30
LV] 10

Human vessels
Fem 30
Saf 20

“Number of available sets of data for each type of vessel.

K [kPa]

61.36
76.75
1116.08
230.46
308.58
104.32
89.98

12.29
11.31

1439.15
951.97
564.91
737.28

186.43
60.23
133.82
81.41

649.82
636.01

0.50
0.50
0.50
0.50
0.50
0.50
0.50

0.50
0.50

0.50
0.50
0.50
0.50

0.50
0.50
0.50
0.50

0.50
0.50

0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00

I [Pas m]

0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00
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TABLE A7 Averaged estimated parameters of the elastic tube law for E4 estimation case.

m[-]

Vess. Num.?

Sheep systemic arteries

AA 12
BT 11
CA 11
DDA 11
FA 11
MDA 11
PDA 11

Sheep pulmonary arteries

LPA 11

PT 10
Sheep veins at high (H) pressure

HVCI 5
HVCS 3
HVF 5
HvJ 8

Sheep veins at low (L) pressure

LVCI 10
LVCS 12
LVF 30
LV] 10

Human vessels
Fem 30
Saf 20

“Number of available sets of data for each type of vessel.

K [kPa]

2697.51
2242.90
1613.42
4071.37
2720.88
1768.51

869.77

2982.01
4031.61

2789.18
3984.47

834.91
3879.75

2312.49
1285.00
2288.13
1931.50

3482.06
2087.20

6.85
12.31
46.08

7.57
13.43

9.13
12.00

26.56
14.02

18.67
11.20
35.58
15.59

56.40
14.37
19.42
15.73

30.97
49.14

-7.11
—2.30
—118.27
2.69
—28.23
—-15.11
—15.81

26.56
14.02

—51.56
—0.40
—128.05
—2.21

—135.08
—16.75
—76.38

5.68

—56.81
—48.32

I [Pas m]

0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00

0.00
0.00
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Averaged pressure curves for AA
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FIGURE A1l Fitted pressure curves for AA. Comparison between experimental and fitted pressure curves for all the estimation cases

of an example dataset of AA. Black solid lines represent averaged experimental area-pressure and time-pressure curves, blue dash-dot lines

represent the fitted curves obtained considering the elastic cases E1-E4, while red dashed lines represent the fitted curves obtain considering

the viscoelastic cases V1-V4.
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Averaged pressure curves for LPA
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FIGURE A2 Fitted pressure curves for LPA. Comparison between experimental and fitted pressure curves for all the estimation
cases of an example dataset of LPA. Black solid lines represent averaged experimental area-pressure and time—pressure curves, blue dash-dot
lines represent the fitted curves obtained considering the elastic cases E1-E4, while red dashed lines represent the fitted curves obtain
considering the viscoelastic cases V1-V4.
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Averaged pressure curves for Fem
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FIGURE A3 Fitted pressure curves for Fem. Comparison between experimental and fitted pressure curves for all the estimation

cases of an example dataset of Fem. Black solid lines represent averaged experimental area-pressure and time-pressure curves, blue dash-dot
lines represent the fitted curves obtained considering the elastic cases E1-E4, while red dashed lines represent the fitted curves obtain

considering the viscoelastic cases V1-V4.
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