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Instituto de Computación, Facultad de Ingenieŕıa
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Frequency optimization

in public transportation

with strict capacity constraints.

A bilevel programming approach.

Agust́ın Arizti

agustin.arizti@gmail.com

Octubre de 2024

Supervisor: Antonio Mauttone

Orientadores de tesis: Antonio Mauttone y Maŕıa E. Urquhart
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Resumen

En la presente tesis se considera el problema de optimización de frecuencias en sistemas
de transporte público basados en ómnibus. El objetivo del problema es determinar el
intervalo de tiempo entre pasadas de ómnibus consecutivos para un conjunto de ĺıneas.
Las soluciones deben satisfacer una demanda origen-destino dada y a su vez considerar
el interés tanto de los usuarios como de los operadores, en un contexto de restricciones
asociadas a la infraestructura subyacente, presupuesto y nivel de servicio ofrecido.

A efectos de considerar eventos de congestión sobre las ĺıneas de transporte (esto es,
cuando las ĺıneas operan al ĺımite de su capacidad en relación a la demanda que atraen),
se extiende un modelo existente agregando una restricción de capacidad en los ómnibus,
utilizando un sub-modelo que asigna la demanda de forma de respetar la decisión de los
usuarios en cuanto a la elección de las distintas ĺıneas. La formulación obtenida de esta
forma es binivel, y mediante una reformulación del segundo nivel usando las condiciones
de optimalidad, es convertida a una formulación lineal entera mixta (MILP) que puede
resolverse de forma óptima para instancias de pequeñas dimensiones utilizando técnicas
del estado del arte empleadas para los MILP.

Para estudiar el comportamiento del modelo propuesto se exploran diversas variantes
de esta última formulación. Con el propósito de comparar distintas soluciones, y evaluar
la factibilidad de implementarlas en escenarios reales, se aplica el modelo propuesto a un
caso de pequeñas dimensiones, aśı como a un caso real que ha sido estudiado en otras
publicaciones. A efectos de brindar un mejor nivel de servicio a los usuarios del sistema,
se estudian los efectos de añadir a la formulación una restricción de tiempo de espera
máximo de los usuarios en las paradas.

Se concluye que un enfoque binivel es necesario toda vez que se consideren capacidades
en los ómnibus. Esto supone la necesidad de contar con modelos que incorporen tanto el
comportamiento de los usuarios, como capacidades y el tiempo de espera en las paradas.
La inclusión simultánea de todos estos aspectos en una formulación de programación
matemática constituye una novedad en la literatura. A su vez, mediante un caso de
estudio correspondiente a una ciudad real, se exploran algunas de las dificultades que
surgen al tener en cuenta capacidades y distintos tamaños de flota. Gracias al estudio de
distintas medidas, como las capacidades de las ĺıneas, y tiempos máximos de espera en
las paradas, con la ayuda de una inspección visual, es posible identificar los sectores más
problemáticos de una red de transporte, permitiendo de esta forma una discusión detallada
de los desaf́ıos que pueden surgir en contextos reales de operación y contribuyendo de esta
manera en el diseño de soluciones alternativas.

Finalmente, se analiza el ĺımite en cuanto al tamaño de instancias susceptibles de ser
resueltas de forma exacta utilizando el modelo propuesto.

Palabras clave: Transporte, Transporte público con capacidades, Optimización de frecuen-
cias, Programación lineal entera mixta, Programación binivel.
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Abstract

In this thesis, we consider the problem of frequency optimization in public transit
systems based on buses. The objective of the problem is to determine the time interval
between subsequent buses for a set of transportation lines. The solutions should satisfy a
given origin-destination demand while considering the interests of users and operators in
the context of constraints pertaining to infrastructure, budget, and service performance.

To consider congestion on the transportation lines (that is, when the lines operate at
the limit of their capacities in relation to the attracted demand), we extend an existing
model by adding a constraint on bus capacities while respecting user choice on the lines
that can drive users to their destinations. The resulting formulation is bilevel and is then
transformed, by means of applying optimality conditions on the lower level, into a mixed
integer linear programming formulation (MILP) that can be solved to optimality over
small instances using state-of-the-art MILP techniques.

To study the nature of the model, we analyze different variants of the proposed bilevel
formulation. Furthermore, we compare solutions and evaluate their feasibility of being
applied to real-world scenarios. In order to do that, we apply the model to a small test
case and to a real one published in the literature. To provide a better level of service
to the users of the system, we study the effects of adding to the proposed formulation a
constraint on the maximum waiting times of the users allowed at the bus stops.

We conclude that a bilevel approach should be considered whenever bus capacities are
contemplated; thus, there is a need for models that incorporate the behavior of the users,
the waiting times at the stops, and bus capacities. To the best of our knowledge, the
simultaneous inclusion of all of the aforementioned aspects in a single mathematical pro-
gramming formulation has not been studied. Moreover, by using a test case corresponding
to an actual city, we explore some underlying issues that arise whenever bus capacities
and different fleet sizes are considered. By studying measures such as line capacities and
maximum waiting times, with the aid of visual inspection, problematic sectors of the line
network can be quickly identified. This allows a more thorough discussion of the issues
that could arise in real-life contexts and helps devise alternative solutions.

Finally, we analyze the limit regarding the size of the instances that can be resolved
by the proposed model.

Keywords: Transportation, Public transport capacity, Transit frequency optimization,
Mixed integer linear programming, Bilevel programming.
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Chapter 1

Introduction

1.1 Problem introduction

Public transportation systems are essential to most cities of the world, enabling their
inhabitants to travel along the different parts of a city. This thesis is about models for the
optimal assignment of frequencies to lines in such urban public transportation systems.

The main actors that participate in a public transportation system are [14]:

• Users: the passengers of the bus lines, that is, any person with specific transport
needs who can use the system.

• Operators: the companies that provide the transport services, including the eco-
nomic resources for the operation of vehicles, fuel, crew, and general maintenance.

The design of a public transportation system needs to consider monetary costs, which
range from fixed costs due to the construction of the infrastructure to variable costs due to
the operation of the services [57]. Generally, governments are in charge of the construction
of the underlying infrastructure, while the operators (usually private companies) provide
the services (lines), and users pay a given fare to use the transportation system [25].

As well as monetary costs, public transportation systems must also consider the users’
interest, e.g., in providing reasonable travel times, waiting times, and number of transfers.
The frequency setting directly affects both concerns, influencing the level of service offered
to the users (waiting time, the capacity of the lines) and the costs that planners need to
incur to run the system, since the frequency of the lines determines the fleet size [25].

Due to the complexity of the design of public transportation systems, which involves
several different decisions and conflicting objectives, the problem is usually approached
in a series of steps. In that sense, a division of planning stages, defined according to
the planning horizon of each, is helpful [14]. There are different stages for the design of a
public transportation system based on buses. Assuming that the underlying infrastructure
( street networks, stops) is already available, the literature identifies five stages [14] that
are usually performed sequentially in real systems:

• Route network design, the number of lines, and their topology.
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• Frequency setting, where the problem is to determine the time interval between
subsequent buses of each line.

• Timetable design, to decide on the departure and arrival time of each bus in every
line.

• Fleet assignment, where considering constraints of available fleet and depot location,
the problem is to decide the itinerary of trips that each bus must take.

• Crew assignment, where, subject to contraints of working rules, drivers and possibly
other staff are assigned to operate each bus.

The decisions made at each stage influence the decisions at later stages, and they are
approached considering different planning horizons, depending on whether the context of
the planning is strategic (long term), tactical (medium term), or operational (short term).
Frequency setting decisions are usually part of tactical planning [25], even though an initial
frequency setting is necessary to evaluate the decisions made during route network design,
which happens on a strategic basis.

The user of a public transportation system usually behaves in an egoistic way, that
is, in such a manner as to minimize its individual total travel time (on-board time plus
waiting time) [43]. Therefore, to measure a transportation system’s performance from the
users’ viewpoint, models should consider how users behave when faced with the choice
of a specific bus line from a set of candidate lines that can drive them to their destina-
tions. Such is the responsibility of an assignment sub-model, a model that, by applying
a set of hypotheses on how users behave, selects the appropriate lines in order to satisfy
travel demands. The assignment model is in itself an optimization problem, usually hav-
ing mathematical formulations which are difficult to address with effective and efficient
solution methods, particularly when the influence of bus capacity is considered in the mod-
elling of user behavior [15]. Therefore, the difficulty of the overall frequency optimization
model is strongly determined by the complexity of the underlying assignment sub-model.

Due to the challenges described above, some proposals in the literature avoid to con-
sider bus capacities at the same time as user behavior, which often results in models that
do not represent appropriately situations where the bus capacity constraint is an issue.
When considering bus capacity constraints, existing models might dismiss user behavior:
in those cases, planners freely assign demand to the different lines in order to minimize the
total overall travel time of the users, among other objectives and constraints. This assign-
ment is usually unrealistic when bus capacities are considered because it expects users to
behave in ways conflicting with their personal interests. Then again, when user behavior
is represented through an assignment sub-model, bus capacities are usually avoided in the
context of frequency optimization. Moreover, different assignment sub-models exhibit dif-
ferent degrees of realism reflected by the hypothesis considered and the context in which
they are applied to [37].

Including the bus capacity constraint alongside an assignment sub-model changes the
nature of frequency optimization, turning an uncapacitated single-level formulation into
a bilevel one [7]. In bilevel optimization problems, exactly two decision-makers exist, and
their objectives do not necessarily coincide. Furthermore, the individual decisions each one
can make influence the decisions of the other. A sequential order is imposed, in which the



1.1 Problem introduction 3

agent that comes first is called the leader, while the agent that reacts to the leader’s actions
is called the follower. It is important to stress that, even though the individual decisions
of each agent can affect the other, there are no cooperation mechanisms whatsoever: each
agent makes its decision in regard to its individual benefit (objective function).

In bilevel problems, there is a constraint that establishes that one or several decision
variables must be part of the optimal solution of yet another optimization problem (known
as the lower-level problem), as can be seen in [7, 18].

The bilevel nature of the frequency optimization problem is explained by the fact that
the direct addition of bus capacities to the model, involving variables that affect both the
planner and the users of the system, would disrupt the underlying assignment sub-model
by forcing users to take sub-optimal paths to reach their destination. This topic will be
further explained in the following chapters.

This thesis assumes the following hypothesis, which limits the scope of the proposed
models:

• We do not consider other modes of public transportation (i.e., train systems) or any
private means of transportation such as private cars.

• The set of users is fixed, without other alternatives for traveling (captive clients,
inelastic demand).

• The fare charged for using the service is not considered, which means users are
oblivious to fares when using the system.

• Advanced traveler information systems (ATIS) are not taken into account, so user
behavior is considered independent of such assistance.

• In transportation systems that present certain characteristics (high frequency, special
infrastructure, etc.), the waiting time and transfers are not perceived as negatively
from the users’ point of view. This work assumes that users are sensitive to waiting
times. Transfers are considered implicitly by means of the waiting time for the next
line; they are not penalized explicitly.

The remainder of this thesis is organized as follows. In Section 1.2, we present a
review of related literature and the contributions of this work. The proposed mathematical
programming formulation is presented in Chapter 3. In Chapter 4, we show computational
experiments using different test cases. We begin by applying the model to a simple test
case, exploring alternative formulations and the bilevel nature of the problem. We then
tackle an instance of a larger size used in the literature and for which solutions have
been reported. We also conduct computational experiments over this instance to explore
the model’s sensitivity to certain parameters. Finally, we explore the scalability of the
proposed formulation by trying to solve a bigger case corresponding to an actual city. We
conclude the work and refer to future research directions in Chapter 5.



4 Introduction

1.2 Related literature and statement of contribution

1.2.1 Literature review

In this section, we review relevant literature on frequency optimization in public trans-
portation systems, with a particular focus in works that have incorporated either the
behavior of the users explicitly (i.e., by means of an assignment sub-model) or the effect
of congestion using bus capacities.

The majority of the models in frequency optimization represent the demand between
different zones of a city by means of an origin-destination (OD) matrix, where each positive
element is called an OD pair. Generally, the matrix indices represent special nodes called
centroids that act as a proxy of the different zones of a city [23]. A given origin-destination
matrix expresses the number of trips per person that should be satisfied between nodes in
a specific period of the day.

The infrastructure (street and bus stops) is typically formulated in terms of a graph,
with nodes representing bus stops, centroids, and street endpoints. Arcs usually represent
segments of a line’s path or specific events or actions like waiting for a given line or
performing a transfer. In some models, walking arcs are incorporated, which typically
connect a centroid node to a bus stop (and vice versa), while some models merge both
concepts and assume that the demand is originated at the bus stops [23].

Several works related to models and algorithms for frequency optimization in public
transportation systems present approximate methods, based on heuristics or metaheuris-
tics [12] without considering explicit formulations. In some cases, an explicit formulation
is proposed (that is, a formulation defined by mathematical expressions representing deci-
sion variables, constraints, and objective functions), but where the assignment sub-model
that represents user behavior is not explicit, forcing users to behave as to optimize some
global optimum according to the objectives considered [65].

Since frequencies impact the total travel time of users of the system, some works
consider both route design and frequency assignment in a single problem, as at least an
initial frequency setting is required in order to evaluate a set of routes [40, 65]. Moreover,
frequencies determine whether the transportation system has enough capacity. More often,
the problem is decomposed into subproblems, first solving the design of the routes and,
later, setting frequencies for each of the lines.

Due to the interaction among the different lines and since the waiting time is inversely
proportional to the frequencies, nonlinear models are frequent in the literature. When
included, existing models consider assignment sub-models with varying degrees of realism.
The size of the test cases considered also varies, from artificial and small-sized instances
to medium-sized cases representing real cities comprising up to 100 lines, approximately
[76].

In [65], an explicit formulation is defined for the line planning problem in public trans-
port that models both line design and frequency setting. A column-generation approach
is proposed, and the authors demonstrate that their proposed model is NP-Hard. The
waiting time of users and transfers are not considered. The behavior of the users is not
explicitly stated, so they will choose lines in order to minimize a global optimum that
considers the travel time of all of the users of the system and, at the same time, the cost
of operation of the services.
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In [70], the main concepts related to route planning and frequency setting are pre-
sented, as well as many of the mathematical models and solution methods proposed in the
literature up to the date of publication.

Frequency optimization is also studied in [69]. The problem is formulated as a nonlinear
programming in the form of a compound minimization problem. It attempts to minimize
the users’ walking, on-board, and waiting times. It also considers bus capacities as a
constraint. There is no explicit assignment sub-model; the demand is divided among the
different lines according to entropy and bus capacities. An iterative algorithm to solve
the problem is proposed. The algorithm is tested with a case study representing the bus
network in the town of Linköping (Sweden).

In [44], the problem addressed is that of allocating a fleet of buses among routes in net-
works characterized by having extensively overlapping routes and where buses frequently
operate at, or close to, capacity. Since the intention is to alleviate congestion on heavily
used lines, the objective function states the minimization of the occupancy level at the
most heavily loaded point on any route in the system. Bus capacities and user behavior
are considered, albeit the latter in a non-explicit manner by encoding a set of preferences
and rules that users follow. A heuristic method is proposed, and a small case comprising
6 nodes and 3 routes is reported.

In [20], a nonlinear bilevel formulation for frequency optimization is proposed. It
incorporates an explicit assignment model [72] in the lower level, while the upper level
problem represents the interest and constraints of the planner, who wants to provide a
minimal overall travel time for the users of the system while diminishing the monetary costs
by constraining the fleet size. Both levels have the same objective function: minimizing
the overall travel time. The authors propose a resolution method based on a gradient
descent, exploiting specific properties of the problem. The model is applied to several case
studies of small to medium sizes.

A multi-objective model is proposed in [33], where the objectives are to minimize the
users’ overall travel time and the planners’ cost (using line frequencies as a proxy). The
model also incorporates congestion in the behavior of the users through an assignment
model that calculates effective frequencies [22], that is, the real frequencies that users
experience when, due to lack of capacity, they can not board the desired lines. The
resolution method consists of a sensitivity analysis procedure, and a single test case of
minimal size (4 nodes and 4 lines) is presented.

A genetic algorithm for bus frequency optimization is proposed in [76], where the
authors state a bilevel programming model that aims to minimize the total travel time
of passengers subject to a constraint on the overall fleet size. In this case, the behavior
of the users is explicit by incorporating the optimal strategies [72] assignment model. In
order to solve the bilevel model, an iterative approach consisting of a genetic algorithm
and a label-marking method is proposed. The model and the algorithms are illustrated
with small and medium-sized test cases.

A bilevel model is proposed in [68], where the upper level seeks to improve an overall
cost function and the lower level consists of the capacity constrained assignment problem
formulated in [22]. Tabu Search [39] is used as the heuristic resolution method.

In [55], a MILP formulation is proposed that models user behavior using the optimal
strategies [72] assignment model. The objective is to minimize the overall travel time of
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users (on-board travel time plus waiting time) while the operational cost is constrained
with an upper limit on the allowed fleet size. The model is solved exactly using a com-
mercial solver on small instances; a metaheuristic based on Tabu Search is used for larger
instances. The metaheuristic approach is tested using real case studies corresponding to
the cities of Rivera, Uruguay (84 nodes, 143 edges, and 13 lines) and Montevideo, Uruguay
(4945 nodes, 14672 edges, and 133 lines).

More recently, [40] proposed two different integer programming formulations for the
problem of designing lines in a public transport system. As part of the line design, fre-
quencies are considered decision variables, but only to incorporate bus capacities into the
model, ignoring the waiting time of the users of the system. Exact solution methods are
proposed, and a genetic algorithm is used in order to solve large-scale instances. The
authors also explore the differences of considering user behavior as part of the model (i.e.,
letting users choose the lines) as opposed to implicitly letting planners assign the demand
to the different lines.

We can conclude that most frequency optimization models proposed in the literature
have similar characteristics. There are variations on whether models consider explicit
assignment sub-models and, when they do, which hypotheses are assumed. All solution
methods but the ones in [40] and [55] are approximated, driven by heuristics and meta-
heuristics.

1.2.2 Motivation of this thesis

The primary motivation of this thesis is the study of the problem of frequency optimization
in public transportation systems. In particular, we are interested in contexts where the
capacity of the buses is relevant, that is, when passenger affluence causes the services to
operate at the limit of their capacities.

The aim is to improve the realism of existing approaches by considering several im-
portant aspects of the problem that have not been considered simultaneously, that is,
passenger behavior, bus capacity constraints, and the waiting time of the users.

It is also of interest to include the aforementioned characteristics in a model suitable
to be formulated explicitly, in order to obtain solutions with optimal guarantees, since
most of the literature presented in Subsection 1.2.1 is focused on obtaining approximate
solutions by heuristic or metaheuristic methods.

In doing so, several interesting challenges arise:

• The existing mathematical programming formulations fail to simultaneously include
several relevant aspects, such as passenger behavior, bus capacity constraints, and
the waiting time of the users of the system.

• Considering the influence of capacities over user behavior at the same time as the
waiting time, changes the nature of the problem from a single-level one to a bilevel
problem. Bilevel programming problems occur naturally in various real-world sce-
narios [9, 18, 47, 54] but are nevertheless hard to solve [32, 45, 59].

• Most existing methods are based on heuristics that are not driven by explicit formu-
lations. The proposed methods then cannot give an optimality gap for the reported
results, which hinders the ability to judge the quality of the reported solutions.
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• Frequency optimization is a relevant problem in the world, having a direct impact to
society. Public transportation systems are essential to most cities of the world, and
frequency setting is a concern both during strategic planning, when the itinerary of
the lines is designed, as well as during tactical planning, whenever the frequency of
the lines requires adjustments due to seasonal variations [25]. Moreover, the setting
of frequencies significantly impacts the acceptance of a public transportation system
from a customer’s point of view, having a great influence in the perceived quality of
its users.

• Frequency optimization is a difficult problem, due to nonlinear and combinatorial
characteristics and the modeling of user behavior by means of an assignment sub-
model (a complex problem in itself).

Some interesting aspects arise when considering the bilevel nature of the problem. Is
it indispensable to employ a bilevel approach when seeking solutions? And how do the
bilevel nature and the interplay of operators and users affect the solutions encountered? In
addition, we study the flexibility of such a formulation in terms of adding new constraints
and exploring other aspects of reality, such as ensuring that individual users do not experi-
ence arbitrarily high waiting times at bus stops. Finally, we examine whether the proposed
formulation is suitable for use in a real-life context as part of the decision-making process
in determining frequencies.

1.2.3 Contributions of this thesis

The contributions of this thesis are:

• Leverage the advances in the fields of bilevel optimization and mixed integer linear
programming (MILP) for solving the frequency setting problem in public transport,
using exact methods able to ensure enough capacity over the bus lines.

• Improve the realism of existing models by considering passenger behavior as well as
the bus capacity constraint and the waiting time of the users, which, under several
scenarios, is the most relevant part of the total travel time. To the best of our
knowledge, including all of the aforementioned aspects simultaneously in a single
formulation has yet to be studied (for example, in [40], the waiting time is not
considered).

• Propose a bilevel formulation that is converted to a MILP formulation suitable of
being solved exactly by using state-of-the-art solvers. In this manner, we can obtain
optimal solutions while other related works (such as [20]) are only suitable to be
solved approximately using heuristic or metaheuristic procedures.

• Analyze the impact of adding the bus capacity constraint to the model and study
alternative formulations to better understand the problem’s nature. Is it possible to
ensure capacity with the proposed approach?

• Apply the formulation to a test case published in the literature in order to compare
the solutions and analyze the feasibility of the method. Attempt to solve a bigger
instance based on an actual city to evaluate the proposed approach’s scalability.
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We also note that the work done in the context of this thesis resulted in the two
following publications:

• Agust́ın Arizti, Antonio Mauttone, and Maŕıa E. Urquhart. A Bilevel Approach
to Frequency Optimization in Public Transportation Systems. In Ralf Borndörfer
and Sabine Storandt, editors, 18th Workshop on Algorithmic Approaches for Trans-
portation Modelling, Optimization, and Systems (ATMOS 2018), volume 65 of Open
Access Series in Informatics (OASIcs), pages 7:1-7:13, Dagstuhl, Germany, 2018.
Schloss Dagstuhl - Leibniz-Zentrum für Informatik. Presented by Arizti during the
ATMOS conference in Helsinki, Finland, 2018.

• Antonio Mauttone, Agust́ın Arizti, and Maŕıa E. Urquhart. Frequency optimization
in public transportation with strict capacity constraints. Invited abstract in session
WB-55: Public transportation, stream Transportation, EURO 2024 Copenhagen.
Presented by Mauttone during the EURO conference in Copenhagen, Denmark,
2024.



Chapter 2

Background

This chapter presents several necessary concepts when studying the frequency optimization
problem and the mathematical programming formulation proposed in this work.

In Section 2.1, we introduce the principal concepts of duality theory in linear pro-
gramming, which will play an important role when reformulating the bilevel model into
a single-level one. To better understand the proposed formulation, some familiarity with
bilevel programming is required, and the basic theory is thus presented in Section 2.2.
Even though the proposed formulation has a single objective, we introduce in Section 2.3
various concepts related to multi-objective optimization that will prove useful when ana-
lyzing the interplay between fleet sizes and total travel times in the solutions reported by
our method. In Section 2.4, we present the concept of assignment model in the context
of public transport, a critical component of any model of frequency optimization. Finally,
in Section 2.5, we consider assignment under the circumstances of congestion in a public
transit network, an important challenge in models of frequency optimization that consider
bus capacities.

2.1 Duality in linear programming

Duality theory deals with the relation between a linear programming problem, commonly
referred to as the “primal” problem, and another linear programming problem, commonly
known as the “dual”. This relationship has various practical and theoretical applications
and will be of particular importance in the context of this thesis when transforming a
bilevel formulation for the problem of frequency optimization into a single-level formula-
tion. Most of this section’s content has been adapted from [10].

One approach used in calculus to minimize a function subject to some equality con-
straints is the Lagrange multiplier method. The idea of the method is to avoid enforcing
hard constraints by instead associating each constraint with a Lagrange multiplier, or
price, p, with the amount by which it is violated in each restriction. When p is properly
chosen, the violation is 0, and thus, the optimal solution to the constrained problem is
also optimal for the unconstrained problem.

The same idea applies to linear programming. It is possible to associate a price variable
with each constraint and then search for the prices that do not affect the optimal cost.

Consider a primal problem in standard form:
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min
x

cx (2.1)

s.t. Ax = b (2.2)

x ≥ 0 (2.3)

and let x∗ be an existing optimal solution. To work with an unconstrained problem, we
can introduce a price vector p, to obtain the following relaxation of the primal problem:

min
x

cx+ p(b−Ax) (2.4)

s.t. x ≥ 0 (2.5)

where constraint Ax = b is replaced by a penalty in the objective function. Since problem
(2.4 - 2.5) is a relaxation of (2.1 - 2.3), the optimal cost of the relaxed problem g(p) as a
function of p can not be larger than the optimal primal cost cx∗. Formally:

g(p) = min
x≥0

[cx+ p(b−Ax)] ≤ cx∗ + p(b−Ax∗) = cx∗ (2.6)

The last equality follows because x∗ is a feasible solution, thus satisfying Ax∗ = b.
Problem (2.4 - 2.5) results, for each p, in a lower bound of the primal problem. The
tightest possible lower bound can be obtained by solving the following problem:

max g(p) (2.7)

which is known as the dual problem. The main theorem in duality theory is that of strong
duality, which states that if a linear programming problem has an optimal solution, so
does its dual, and the respective optimal costs are equal. Thus, the tightest lower bound
obtained by solving problem (2.7) is not just a lower bound but equal to the optimal cost
cx∗ of the primal problem.

The dual problem can be stated more explicitly. Using the definition of g(p):

g(p) = min
x≥0

[cx+ p(b−Ax)] = pb+min
x≥0

(c− pA)x (2.8)

Noting that:

min
x≥0

(c− pA)x =

{
0 if c− pA ≥ 0,

−∞ otherwise
(2.9)

Since the goal is to maximize g(p), we can discard values of p where g(p) equals −∞.
The dual problem can then be stated as the following linear programming problem:
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max
p

pb (2.10)

s.t. pA ≤ c (2.11)

Analogous derivations can be made for the cases where the x vector is free rather than
constrained.

2.1.1 Main results

Several important theorems in linear programming result from duality theory. Earlier, we
noted that the cost g(p) of any dual solution is a lower bound of the primal optimal cost.
Weak duality proves this result in a more general way.

Theorem 1 (Weak duality) If x is a feasible solution to the primal problem and p is a
feasible solution to the dual problem, then pb ≤ cx.

Which naturally leads to the following corollaries.

Corollary 1.1 If the optimal cost in the primal is -∞, then the dual problem must be
infeasible. If the optimal cost in the dual is +∞, then the primal problem must be infeasible.

Corollary 1.2 Let x and p be feasible solutions to the primal and the dual, respectively,
and suppose that pb = cx. Then, x and p are optimal solutions to the primal and the dual,
respectively.

The main result in duality theory is probably that of strong duality.

Theorem 2 (Strong duality) If a linear programming problem has an optimal solution,
so does its dual, and the respective optimal costs are equal.

Finally, an important relation between primal and dual optimal solutions is provided
by the complementary slackness conditions.

Theorem 3 (Complementary slackness) Let x and p be feasible solutions to the pri-
mal and the dual problem, respectively. The vectors x and p are optimal solutions for the
two respective problems if and only if:

pi(aix− bi) = 0 ∀ i

(cj − pAj)xj = 0 ∀ j
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2.1.2 Karush-Kuhn-Tucker conditions

Duality theory is closely related to the so-called Karush-Kuhn-Tucker conditions (here-
after, KKT conditions). The KKT conditions are necessary conditions that a local opti-
mum must satisfy, providing some regularity conditions. The conditions are not exclusive
to linear programming, but they also apply to nonlinear programming: it is sufficient that
the objective function and the constraint functions are all differentiable. When additional
conditions hold, such as when the minimization problem considered is convex, they also
constitute sufficient conditions for proving that a solution is a global optimum.

Consider the following problem:

min
x

f(x)

s.t. gi(x) ≤ 0 ∀ i = 1, ...,m

hi(x) = 0 ∀ i = 1, ..., p

where all functions are differentiable. A point x ∈ Rn, alongside multipliers u ∈ Rm and
v ∈ Rp, verifies the KKT conditions for the problem above if:

∇f(x) +

m∑
i=1

ui∇gi(x) +

p∑
i=1

vi∇hi(x) = 0 (2.12)

gi(x) ≤ 0, ∀ i = 1, ...,m (2.13)

hi(x) = 0, ∀ i = 1, ..., p (2.14)

ui ≥ 0, ∀ i = 1, ...,m (2.15)

uigi(x) = 0, ∀ i = 1, ...,m (2.16)

We note that ui and vi are the dual variables associated with constraints gi(x) and
hi(x), respectively, while equality (2.16) is the complementary slackness condition.

Besides being a powerful theory that provides new geometric insights, duality theory
has various applications, such as in the dual simplex method for solving linear program-
ming. The KKT conditions applied to linear programming imply establishing primal and
dual feasibility and complementary slackness. In this thesis context, the complementary
slackness condition will prove helpful in Subsection 3.4.2 to reformulate a bilevel mathe-
matical program into a single-level one.

2.2 Bilevel mathematical programming

The goal of bilevel optimization is to understand and solve real-life problems where two
decision-makers exist who constitute a hierarchy. Furthermore, the objectives of these
decision-makers do not necessarily coincide, and the individual decisions each one can
make influence the decisions of the other. A bilevel program then always encompasses two
problems, one for each of the decision-makers or agents. A sequential ordering is imposed,
in which the agent that comes first is called the leader, while the agent that reacts to the
leader’s actions is called the follower. An optimality constraint in the upper-level problem
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(the leader problem) establishes that one or several decision variables must be part of the
optimal solution of yet another optimization problem (the follower problem, also known
as the lower-level problem). In that way, the agent corresponding to the upper level of the
hierarchy makes decisions that constrain the decisions of the agent corresponding to the
lower level and needs to anticipate the reaction of the lower level.

The general bilevel programming problem (from now on, BLPP) is formulated as
follows [7]:

min
x∈X,y

F (x, y) (2.17)

s.t. G(x, y) ≤ 0 (2.18)

y ∈ arg min
y′∈Y

f(x, y
′
) (2.19)

s.t. g(x, y
′
) ≤ 0 (2.20)

Where the leader has control over the vectors x ∈ X ⊆ Rn and the follower controls
the vectors y, y

′ ∈ Y ⊆ Rm, F, f : Rn×Rm → R, G : Rn×Rm → Rp, g : Rn×Rm → Rq .
All the functions are assumed to be continuous and twice differentiable. The sets X and
Y may impose additional restrictions, such as nonnegativity or integrality.

Hereafter, we adopt the following simplified BLPP notation, where the reference to
argmin and the distinction between variables y and y

′
is removed:

min
x∈X,y

F (x, y) (2.21)

s.t. G(x, y) ≤ 0 (2.22)

min
y∈Y

f(x, y) (2.23)

s.t. g(x, y) ≤ 0 (2.24)

The decision-making process modeled by a bilevel mathematical program can be seen
as carried out in two sequential stages [31]. From the point of view of the real problem
under consideration, the leader should make a decision first by selecting appropriate values
over x in order to minimize F (x, y), subject to additional constraints, as denoted by
G(x, y). Notice that this does not suggest a mandatory ordering of steps in the design of
resolution methods but only illustrates the scenario from the point of view of the decision-
makers: resolution methods exist, such as co-evolutionary algorithms [51], that operate on
both problems in parallel. When the leader made a decision, no information is provided
regarding the values that the vector y will take because those values represent solely the
decision made by the follower. So, in this first instance, the leader chooses values for vector
x, and then the follower, using the input on x given by the leader, reacts accordingly by
selecting the vector y in such a way as to minimize its own objective function f(x, y),
subject to its own constraints g(x, y). Notice that, for the follower, the vector x represents
constant values rather than variables. After the follower makes a decision that is optimal at
the lower level, the upper-level problem must also enforce feasibility since some constraints
might depend on the values given by the follower through vector y.
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Bilevel programming problems are hard to solve. Complexity results in [32] have shown
that even the linear version of the BLPP (where both the upper and lower level problems
are linear) is NP-hard, and afterward, these results were strengthened in [45] where it was
demonstrated that the linear BLPP is, in fact, strongly NP-hard. Checking global or local
optimality is also NP-hard [59].

Many real-world problems can be modeled as bilevel optimization problems. Although
the nature of several problems would be best represented by using a bilevel approach, since
they are usually hard to solve, this is generally avoided, or the problem is reformulated in
such a way that the bilevel nature does not hold anymore, for example, by dropping prob-
lematic constraints or considering simpler hypotheses. Observe that a trivial relaxation of
the BLPP can be stated as follows:

min
x∈X,y

F (x, y) (2.25)

s.t. G(x, y) ≤ 0 (2.26)

g(x, y) ≤ 0 (2.27)

Where the optimality constraint has been dropped, and the resulting formulation is
single level.

Several properties that arise in bilevel programming problems may seem curious or
counter-intuitive compared to the more traditional case of single-level mathematical pro-
gramming. Even if the set conformed by all the solutions that satisfy constraints G and
g is nonempty and compact, the existence of solutions for the BLPP is not guaranteed
[7]. This can happen when, for a given fixed decision x∗ by the leader, the follower has
several optimal values of vector y to choose from, all yielding the same objective value. If
x∗ is part of the optimal solution, there is no guarantee (nor incentive) from the follower’s
point of view to choose the specific optimal y∗ from the set of possible optimal solutions
that would yield the optimal global value (x∗, y∗) of the BLPP. Different approaches exist
that try to circumvent this issue by establishing mechanisms where the follower either co-
operates with the leader or actively opposes him [24]. Another deviation from traditional
single-level optimization problems is that in the BLPP case, the addition of irrelevant
constraints (that is, constraints that are not active) affects the set of optimal solutions
that can be obtained, so cautious consideration has to be paid when interpreting whether
some restriction is necessary or useful [7].

Despite the computational complexity of the BLPP, several resolution methods ex-
ist, and some of them guarantee finding the global optimum. Some of the most popular
exact methods to solve the various instances of the BLPP use the Karush Kuhn Tucker
(KKT) or primal-dual conditions to reformulate the problem and convert it to a single-
level equivalent (this is explained with more detail in Subsection 3.4.2). There are also
specialized branch and bound algorithms [6], extreme point ranking procedures [11], and
other alternative reformulations [8]. Approximate algorithms include heuristic and meta-
heuristic approaches, such as those presented in [30], where a transformation strategy
from a BLPP to a multi-objective optimization problem is proposed, co-evolutionary ap-
proaches [51], and more traditional metaheuristic approaches (ranging from genetic algo-
rithms [64], Greedy Randomized Adaptive Search Procedures (GRASP) [67], Tabu Search
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[36] or Particle Swarm Optimization [48], among others) that tackle some of the aforemen-
tioned single-level reformulations that can be achieved by using, for example, the KKT
approach.

Bilevel optimization problems appear in areas as diverse as transportation [20], pro-
duction [73], energy [9] and environmental protection [73].

2.3 Multi-objective optimization

Unlike traditional optimization problems where the function to be optimized is unique,
multi-objective problems are characterized by the need to optimize several objectives si-
multaneously [46]. It is even possible that the objectives being considered conflict with
each other, where it is not possible to improve one objective without making the other
worse. Because of the interplay between the different objectives, in the general multi-
objective case, the resolution of the problem implies finding not just one but a set of
solutions that represent different tradeoff levels among the criteria to optimize due to the
unlikely case of one solution that optimizes all the objectives at the same time.

Formally, we can define the multi-objective optimization problem as:

min
x

F (x) = (f1(x), f2(x), ..., fn(x)) (2.28)

s.t. x ∈ X (2.29)

Where X represents the set of feasible solutions. Without loss of generality, in the
following we consider the minimization of the objectives under consideration.

2.3.1 Pareto optimality

In order to get solutions that comprise good tradeoffs from the point of view of the different
objectives being considered, it is necessary to define what constitutes a good compromise.
We can define this concept in terms of preferences among the solutions with respect to
the objective functions. For example, we can take two feasible solutions whose functional
values coincide in every objective but one. In this case, it is possible to affirm that the
solution whose value in the objective function that differs is lower is preferable to the
other, since it improves the alternative solution in at least one objective value and is equal
in all remaining objectives. The problem, then, is to find this set of preferable solutions
that are not strictly improved by any other solution. This is known in the literature as
Pareto optimal, and can be defined using the concept of Pareto Dominance. Formally, x1
dominates x2 if:

fi(x1) ≤ fi(x2), ∀ i ∈ I (2.30)

∃i | fi(x1) < fi(x2) (2.31)

Pareto Dominance is a strict partial order relation defined over the feasible solutions of
a multi-objective problem, and it helps to establish preferences among different solutions,
as seen in Figure 2.1.
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Figure 2.1: Pareto Dominance in a two objective minimization problem

We say then that a solution x∗ is Pareto optimal if there exists no other solution x
′

that dominates x∗.

2.3.2 Resolution methods

Multi-objective optimization problems are hard to solve since calculating an entire Pareto
front is often intractable (and of little practical value). Moreover, the challenges in multi-
objective problems in the more general case include those of single-objective problems.
Therefore, approximate methods, usually based on heuristics or metaheuristics approaches,
are usually devised to find an approximate front [28, 75]. The goal in these cases is to
determine a set of non-dominated solutions that present interesting levels of tradeoff in
the context of the problem under consideration while also considering the stakeholders’
preferences.

Two important concepts in multi-objective algorithms are those of proximity and di-
versity. These are properties of the approximated Pareto fronts found by heuristic or
metaheuristic approaches during their execution [46].

Proximity refers to how close the solutions encountered are with respect to the solu-
tions that conform to the actual Pareto front of the instance under consideration. The
approximate Pareto front should be as close to the real Pareto front as possible since this
guarantees reasonable quality solutions for a given tradeoff level.

The diversity of an approximate Pareto front increases as more non-dominated solu-
tions with diverse grades of tradeoff across the objectives are found. Diversity is useful
when exploring solutions to a multi-objective problem as varying degrees of tradeoff might
be worth considering, depending on the specific problem at hand.

In Figure 2.2, both concepts are shown in the context of a minimization problem with
two objectives.

The approximation of the Pareto front can be approached in two ways: one is avoiding
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Figure 2.2: Proximity - Diversity (extracted from [57])

calculating the whole front but to ensure that the solutions obtained are Pareto optimal,
and the other is to calculate a set of non-dominated solutions without any guarantees of
Pareto optimality. Diversity is a goal in both cases, while in the latter proximity is also
desired.

In the first case, and when an explicit formulation is available, a popular exact method
to calculate the Pareto front is that of epsilon constraint [27]. In the second case, heuristics
or metaheuristics approaches are usually devised to seek for solutions with good diversity
and proximity [28, 46].

A third alternative is to take a weighted approach [28], which enables the conversion
of the problem into a single-objective optimization problem suitable for being solved by
exact methods, but it is often difficult to calculate the appropriate weights that will give a
good set of solutions with regards to all the objectives under consideration. Moreover, the
weighted approach is only valid for convex problems, so it cannot be applied to formulations
with discrete variables since, in general, there might exist regions of the front that do not
fit any linear combination of weights [27].

2.4 Public transport assignment models

An assignment model represents user behavior: how users satisfy their travel needs using
the existing public transportation lines. Users of the system must choose one or more
lines from a set of candidate lines that can bring them to their intended destinations. The
assignment model is a critical component of any frequency optimization model since user
satisfaction is of great importance when measuring the system’s performance.

The factors that a user considers to make such a choice (i.e., minimize travel time,
number of transfers) and the amount of detail and information they have at their disposal
(i.e., if the infrastructure provides real-time information) determines whether an assign-
ment model is appropriate for the real scenario under study. These hypotheses affect the
different characteristics of the existing assignment models in the literature. The way the
users behave directly influences the calculation of measures such as the waiting time and
the occupancy of the buses that end users experience. Generally, an assignment model
should apply some hypothesis that solves the following issues:

• The lines or combination of lines a user will use for traveling from origin to destina-
tion.
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• The information users take into account when making such a decision.

• Whether all users with the same travel demands will use the same lines.

• The way users behave when congestion is present in their preferred lines.

• Whether the perception of the travel time is uniform for all users of the same line.

Different assignment models will provide different answers to each of the aforemen-
tioned issues, using hypotheses appropriate to the actual case under study.

2.4.1 Classification criteria

Assignment models can be classified according to different criteria [37]:

• Schedule-based versus frequency-based : whether users are aware of specific timetables
or perceive the lines in terms of headways between subsequent buses departing from
a stop. In contexts where the service is so irregular, frequent, or when the timetable
information is undisclosed, passengers might not time their arrival at a bus stop.
Schedule-based models determine passenger loads on every single line bus, while
frequency-based models calculate average loads on the lines under operation.

• Strategies and hyperpaths: the strategies the users consider to reach their intended
destinations. A travel strategy might include intermediate nodes where users can
adapt and change their strategy, i.e., while waiting at a bus stop and boarding the
first of a subset of attractive lines. One approach to consider complex strategies is
to introduce the concept of hyperpath to represent different trajectories from origin
to destination instead of a single path on the graph, as is the case when solving the
shortest path problem. The strategy of models that allow users to select just one line
to reach their destinations (thus deviating from the hyperpath concept) is termed
an “all or nothing” assignment. In these cases, the passenger selects a prior single
line for which she will wait at the origin bus stop [26].

• Fixed versus elastic demand : whether the origin-destination demand is considered
fixed and thus independent (and captive) of the services being offered, or elastic, and
therefore able to change and adapt in accordance to said services (i.e., by preferring to
leverage private transportation such as cars, bikes, or even change the destination due
to poor service conditions). Elastic demand introduces some challenges in assignment
models since it usually involves a feedback loop to adapt the demand accordingly
during the optimization process. Due to this difficulty, fixed-demand models are
often chosen in the literature.

• Path-based versus arc-based. In path-based assignment models, the lines are explic-
itly enumerated, either identified in advance or generated during the assignment
process, whereas in arc-based models, the arcs are introduced in a sequential man-
ner, and the lines are implicitly enumerated. Path-based approaches allow for more
sophisticated models and enable using costs independent from the underlying arc
costs, i.e., applying special fares on some of the paths. Still, path computation can
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quickly become prohibitive due to the number of alternatives that might need to
be enumerated. Arc-based models are less computationally expensive and, when
considering strategies, are almost mandatory; thus, they are often the first choice
for implementing commercial software [37].

• Deterministic versus stochastic line choice. Deterministic models assume that users
have the same preferences when choosing the bus to board. Moreover, they also
assume that users have perfect information (i.e., travel speed, waiting times) and
can manage this information in their best interest. Stochastic models usually employ
random utility theory, but the model is generally unable to evaluate exactly these
utilities for each user due to factors such as heterogeneity of preferences, incomplete
information, or subjective errors in the user’s decision-making. A stochastic model
would represent the travel time of the users with a random variable, in which case
the perception of travel times could be different for users of the same line [61].
More often, the travel time is considered fixed along a given trajectory, and thus,
deterministic models are currently the method of choice on most commercial software
[37].

• Simulation-based versus analytical models. Erratic events, such as the number of
passengers waiting at a stop, the actual arrival and departure time of the various
buses, and the actual time spent traveling, can affect the daily operation of a transit
network in ways that might be better described as random (unpredictable) outcomes.
Simulation tools can aid with these challenges, simulating the development of a tran-
sit network on any given day. Analytical formulations, on the other hand, provide
results as expected values of the output variables of a given assignment and might
lack the flexibility of simulation approaches. However, simulation approaches might
require several runs to get average values, which can be important when considering
different design scenarios. One way analytical formulations can cope with signifi-
cant random events is by using a rolling horizon approach, i.e., where the analytical
model is restarted after some time to forecast the assignment for the next n hours,
using the state from the previous run as the input.

Additional classification criteria based on the eventual existence of congestion events
over the network are briefly discussed in Section 2.5.

The assignment model embedded in the formulation proposed in this work is the one
published in [72], called optimal strategies. According to the criteria above, it is a de-
terministic, frequency-based, arc-based analytical model that represents user behavior by
means of a strategy approach with hyperpaths and operates under the assumption of a
fixed demand. The optimal strategies model is discussed in more detail in Section 3.3.

2.5 Assignment under congestion

If congestion scenarios are considered (due to bus capacities, crowding, and passenger
boarding/alighting), then the travel time for a given passenger depends on how other
users use the available lines and can not be considered static nor isolated from the rest
of the system [15, 50]. The most common approach in these cases is leveraging the user
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equilibrium concept. User equilibrium is achieved when no user of a transit network finds
it convenient to change its strategy (i.e., hyperpath) anymore to reach its destination. This
is usually accomplished by including an equilibrium model embedded into the assignment
model. Some assignment models that follow this approach are [22], where the formulation
is solved by heuristic means, and [15], where a more formal treatment is presented. In
[22], the authors prove that effective frequencies (that is, the actual perceived frequencies
by the users of a running system, as opposed to the originally programmed frequencies
of the lines, which might not be identical due to service irregularities) can be determined
by assigning the demand in the ascending order of the nominal frequencies for each line,
concluding that the order in which lines are included in the attractive set can be determined
from the start, as it only depends on the travel speeds and is not affected by congestion.
Using this result, they propose two algorithms: an approximate one by the linearization
of some constraints and a nonlinear algorithm without optimality guarantees. The main
drawback of including the models above ([15, 22]) as assignment sub-models in the context
of frequency optimization is that the resulting model is complex (becoming an MPEC,
Mathematical Program with Equilibrium Constraints) [18].

In [35], another formal approach is proposed to model congestion effects on both in-
travel and waiting times. By representing transit stops as complex queueing systems,
where passengers arrive randomly with an average rate, an equilibrium model based on
queueing is stated. Still, it has proved to be very hard to solve.

An alternative approach to modeling congestion effects formally is to assume that all
transit lines can accommodate the demand for their services, effectively ignoring congestion
over the system. It is then possible to model the travel times as constants that are not
influenced by the network flows, which lessens the complexity of the model. Examples
of models of frequency optimization that ensure enough capacity are [19, 20], where the
problem is solved in a heuristic manner that is driven by the mathematical properties of an
explicit formulation, and [71], where a discomfort penalty affects in-vehicle travel times.
Notice that the assumption of meeting all of the demand can be limiting in some contexts
where the transit networks operate with services with insufficient, or at the limits of their
capacity. Therefore, a more complex approach to congestion, with an explicit modelling
of user equilibrium and travel times dependant on the user flow across the different lines,
might be desirable under such scenarios.

In the context of this thesis, we propose a model of frequency optimization with strict
capacity constraints, in contrast to models that incorporate congestion in the perceived
travel times [17]. When an assignment model calculates effective frequencies (which must
be higher or equal to the normative ones), in some way, it allows feasible user flows for
any frequency values. If the effective frequencies are not capped, then it is always possible
to find a feasible solution, even if it is at the cost of prohibitively high waiting times. In
some sense, then, this type of model allows a flow assignment that exceeds the capacity.
In models such as the one proposed in this thesis, where the capacity constraints are
strict, this does not happen: if the capacity limit is reached, then the flow is redirected to
other lines, eventually saturating the whole transportation system and thus resulting in
an unfeasibility.
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2.5.1 Classification criteria

Regarding the treatment of congestion effects, assignment models can be classified accord-
ing to the following criteria [37]:

• Uncongested assignment versus user equilibrium: whether the model considers con-
gestion phenomena to be relevant. As discussed previously, if congestion is consid-
ered, the travel times are no longer independent or isolated from the user flow in the
rest of the system.

• Static versus dynamic assignment. Static models work under the assumption of
stable constant flows and quality of service (total travel times, eventually including
waiting times) during the assignment period, at least for a sufficiently large period of
time where the network does not operate in saturated conditions. This means that
each passenger is guaranteed to be able to board the next-arriving vehicle. Dynamic
assignment, on the other hand, explicitly deals with capacity restrictions, and the
cost of a user’s strategy needs to be evaluated at the instant when said choice is
committed (i.e., when a passenger boards one of the buses in its strategy).

The assignment model used in this work, optimal strategies, does not deal with conges-
tion. Thus, according to the criteria above, it constitutes a model of uncongested static
assignment that implicitly assumes user equilibrium.



22 Background



Chapter 3

Mathematical programming
formulation

This chapter describes the proposed formulation for the frequency optimization problem
with strict capacity constraints. First, in Section 3.1, the problem is formally defined, as
well as the main characteristics and hypotheses considered in the context of this thesis.
Then, we introduce the main concepts and modeling approach in Section 3.2.

In order to model user behavior, our formulation incorporates an explicit assignment
model [72], which is widely used and accepted in the literature. We present this model in
Section 3.3.

Our mathematical formulation is detailed in Section 3.4. We base our formulation on
the one proposed in [55]. The objective function represents the interest of the users, who
seek to minimize their total travel time, while the operators’ interest is expressed through
a constraint that sets an upper limit on the total fleet size.

In Subsection 3.4.1, we propose an extension of the model by adding a bus capacity
constraint. This leads us, in Subsection 3.4.2, to consider a bilevel formulation able to
capture the impact that constraints, such as the bus capacity, have on the nature of the
problem.

3.1 Frequency optimization

Since there are many different alternatives to consider when defining the problem of fre-
quency optimization, in this section we describe the aspects deemed relevant and thus
included as part of the scope of this thesis.

The main aspects considered are:

• Inclusion of both the interest of the users and the operators.

• Realistic modeling of the behavior of the users when using the provided services.

• The influence of the waiting time on how users behave and perceive the performance
of the transportation system.

• Constrain bus capacities.
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The users’ interest is usually represented by the minimization of travel time. Some
works disregard the waiting time of the users at the bus stops, as was stated in Section 1.1,
but we do consider it in this thesis.

Operators are generally assumed to be interested in minimizing the overall cost of
maintaining and running the resources to support the transportation system. The to-
tal fleet size is usually considered a proxy of the cost operators must incur to provide
transportation services. They aim to operate with the minimum number of buses while
providing a decent level of performance from the users’ point of view. Frequencies (as well
as the itinerary of the different lines) play a significant role here since, all other things
fixed, increasing the frequency of a given line will necessarily require more buses to serve
that line and, in turn, will require a bigger crew to operate the buses.

Since there are at least two (potentially conflicting) objectives, some works in the
literature have treated the problem as a multiobjective one [2, 38, 58, 65]. Some works
[65] have proposed models that represent the multi-objective nature of the problem by
using a weighted approach [28]. In such cases, the challenge is to devise an appropriate
scale of the objective coefficients, which, for the case of frequency optimization, usually
includes a term to represent the interest of the users and another to represent that of the
operators.

In this thesis context, the problem’s multiobjective nature is not explicitly explored.
While taking a weighted approach is relatively straightforward using the proposed formu-
lation (besides scaling considerations), this does not guarantee to achieve a good set of
solutions with regard to the different objectives.

The assignment model is the component responsible for modeling the behavior of the
users. In the context of this work, we leverage a model widely used in the literature, that
seeks to minimize the total travel time of the users (including the waiting time at the bus
stops), and allows the use of multiple lines for users of the same OD pair (more on this in
Section 3.3).

Finally, one of the main objectives of this thesis is the inclusion of bus capacities in
the resulting formulation. A bus capacity constraint involves setting an upper limit to
the simultaneous flow that can travel through each line and must be enforced at every
segment of the line itinerary. Since the assignment model is responsible for implementing
user behavior, the flows of passengers through the lines are part of the final output of the
model.

3.2 Graph representation

The most commonly used representation in frequency optimization is by means of graphs.
Graphs are mathematical structures well-suited to represent elements such as the itinerary
of lines, the street and bus stop network, and even geographical zones and waiting arcs.

Many different graph-based models are proposed in the literature, each according to
the designer’s specific constraints and objectives. Furthermore, in the case of frequency
optimization, a combination of different graph models is required since the same model
must represent both the structure of the lines that operate over the provided infrastructure
as well as the behavior of the users in terms of line utilization and walking paths [57].

The particular graph model used in this work is detailed in the following sections.
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We describe the representation corresponding to the infrastructure (Subsection 3.2.1), the
demand (Subsection 3.2.2), and the lines (Subsection 3.2.3) of the transport system.

3.2.1 Infrastructure

The infrastructure consists of the existing bus stops and street segments.

We make use of a network represented as a directed graph G = (N,A) where nodes
acting as bus stops NP and street endpoints NS are included in the set N , so that
N = NP ∪NS . The movement of the buses along the street is represented by travel arcs
(AT ) that connect nodes of NS . A fixed nonnegative travel time ca is associated with
each travel arc. Boarding (AB) and alighting (AL) arcs are also contained in the set A,
connecting nodes from NP to NS and from NS to NP , respectively. In this manner we
define A = AT ∪AB ∪AL.

3.2.2 Demand

Without loss of generality, we assume that the demand is generated at the bus stops.
Including special nodes that attract or produce demand (commonly called centroid nodes)
allows for incorporating zones and walking arcs into the model, but it does not change the
underlying nature of the proposed formulation.

The demand is represented using an origin-destination matrix, where the set of OD
pairs K is such that for a given pair k ∈ K, there are Ok, Dk ∈ NP origin and destination
nodes, respectively, and a nonnegative value δk that represents the amount of people (per
time unit in a given time horizon) that have a travel requirement on the pair k.

3.2.3 Lines

Lines are defined over the set of travel arcs AT . Each line l ∈ L is composed of a sequence
of adjacent travel arcs. The round-trip time for a given line is defined as

∑
a∈l ca. Lines

are either circular or composed by the concatenation of forward and backward travel arc
sequences. We assume that every bus will stop at each bus stop located in the street
where the line passes; furthermore, it is out of the scope of this work to model the decision
regarding where to locate each bus stop, as well as the design of the underlying street
network and infrastructure in general. Figure 3.1 illustrates the graph model.

3.3 Assignment sub-model

The assignment model used in this work is the one proposed in [72], called optimal strate-
gies. There are several reasons to represent user behavior using optimal strategies in the
context of the thesis:

• The model considers the influence of the waiting time at the bus stops on the behavior
of the users (i.e., when computing the total travel time). Moreover, the objective is
to minimize the total travel time of the users, which is consistent with the hypotheses
considered in this work.
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Figure 3.1: Graph model (extracted from [55])

• It is a frequency-based assignment model, which makes it a good choice for embed-
ding it in the proposed frequency optimization model since the frequency information
is at the same level of aggregation (as opposed to schedule-based models where the
model is more detailed, requiring a timetable of each line as well as more fine-grained
demand data [63]).

• It is not an “all or nothing” model [26], permitting the assignment of demand to
multiple lines.

• It has an explicit linear and compact mathematical formulation.

• It is a known model in the literature that has been used previously in the context of
frequency optimization (sometimes considering line design as well). Solutions from
models that do not make the same assumptions cannot be appropriately compared;
this thus enables, or at least facilitates, the comparison with solutions reported in
different published works.

In optimal strategies, a strategy is defined as a set of rules that, when applied, allow
users to reach their destinations. In Figure 3.2, an example of a strategy is illustrated.

Figure 3.2: Strategy example to travel from A to B (extracted from [57])
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Here, a user is originated at bus stop A (or at a centroid close by) and wants to travel
to bus stop B (alternatively, to a centroid node close to node B). The strategy is then
to wait to board the first line among lines 1 and 2. If line 1 is the first, then the travel
requires no transfers, and the user will arrive at his or her desired destination B. If, instead,
line 2 is the first, then the user must perform at least one transfer by boarding at bus
stop Y, either line 3 or line 4, whichever passes first. Notice that this particular strategy
disregards the option of alighting at node X to wait for line 3, something that could be a
valid alternative in this example.

The model assumes that a given user selects the strategy that minimizes his total travel
time, including the waiting time at the bus stops. To achieve this, it is assumed that users
have knowledge of the onboard travel times and frequencies of all the lines of the system,
and have the capacity to deal successfully with this information to determine the optimal
strategy, which could be quite complex. That information is then used to define a set of
attractive lines that can be used to reach the desired destination from the origin. At the
bus stop, a given user will take the first bus belonging to the attractive set of lines that
passes by that stop. Since the model is probabilistic, an optimal strategy is defined as a
strategy that minimizes the total expected travel time.

The probabilistic nature of the model shows when considering how the time of a pas-
senger waiting on a stop is calculated, for a set of lines L = {l1, . . . , lm} with corresponding
frequencies F = {f1, . . . , fm}. As commonly accepted in the literature [25], the waiting
time can then be modeled by a random variable (usually Poisson distributed) of mean
value:

E(tw) =
β∑

li∈L fi
(3.1)

where β is a parameter that depends on assumptions concerning service regularity. Since
the model assumes that passengers take the first bus that arrives to the stop, the proba-
bility of using the line li, known as the frequency share rule, is:

Pi =
fi∑

lj∈L fj
(3.2)

Since the model is probabilistic, a strategy is considered optimal if it minimizes the
total expected travel time.

In order to formulate the optimal strategies assignment model, embed the frequency-
share rule, and calculate the waiting time, we introduce variables xa. Then, the expression
of the waiting time takes the form

1∑
a∈A+

n
faxa

(3.3)

where xa is a binary variable that indicates whether arc a is part of the optimal strategy,
A+

n is the set of outgoing arcs from node n and fa is the frequency (number of buses per
unit of time) of the line that corresponds to the boarding arc a.
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In this context, the frequency share rule is written as

va =
Vnfaxa∑

a′∈A+
n
fa′xa′

(3.4)

where Vn represents the flow on node n and va is the flow through arc a ∈ A. The authors
of the original work simplify the model by introducing the following change of variables:

wn =
Vn∑

a∈A+
n
faxa

(3.5)

and eliminating variable xa. For further details, we refer interested readers to the original
publication [72].

Since in the optimal strategies model congestion is not considered, the behavior of a
given user is independent from that of any other, which allows to formulate the assignment
model, for a single OD pair, in the following way:

min
v,w

∑
a∈A

cava +
∑

n∈NP

wn (3.6)

s.t.
∑
a∈A+

n

va −
∑
a∈A−

n

va = bn ∀ n ∈ N, (3.7)

va ≤ fawn ∀ n ∈ NP , a ∈ A+
n , (3.8)

va ≥ 0 ∀ a ∈ A (3.9)

where wn is the waiting time multiplied by the amount of demand at node n ∈ NP , A−
n

are incoming arcs to node n, va is the amount of demand flowing through arc a ∈ A, fa
is the frequency of the line corresponding to the boarding arc a, and bn is a value equal
to the demand requirement at that node, that is, δk if n = Ok, −δk if n = Dk, and 0
otherwise.

The objective function (3.6) states the intention of the users of the system, that is, to
minimize their total travel time (sum of onboard travel time and the waiting time at the
stops). The flow conservation constraint (3.7) guarantees that all users can reach their
destinations. Constraint (3.8) splits the demand at each stop node among the different
lines that belong to the attractive set and prohibits flow passing through arc a if the arc
is not part of the optimal strategy. If va > 0 the arc must belong to the optimal strategy,
and the constraint verifies with equality, restoring the frequency share rule expression.

Note that the model, as stated above, does not allow for walk arcs between bus stops,
so the assumption is that if needed, transfers can only take place at the alighting bus stop.

This is a linear formulation that closely resembles a shortest-path problem. The par-
ticularities of the formulation consist of a new term in the objective function, representing
the waiting time at nodes, and constraint (3.8) that represents what is known as the split
rule, where demand is split among the attractive lines leading to the destination and pass-
ing by the given stop. Due to the latter constraint, the solution of the assignment problem
consists of a hyperpath [60] representing different trajectories from origin to destination,
instead of a single path on the graph as it is the case when solving the shortest path
problem.
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3.4 Frequency optimization model

We base our formulation on the one proposed in [55], which can be stated as follows:

min
f,v,w

∑
k∈K

(
∑
a∈A

cavak +
∑

n∈NP

wnk) (3.10)

s.t.
∑
l∈L

fl
∑
a∈l

ca ≤ B, (3.11)∑
a∈A+

n

vak −
∑
a∈A−

n

vak = bnk ∀ n ∈ N, k ∈ K, (3.12)

vak ≤ fawnk ∀ a ∈ A+
n , n ∈ NP , k ∈ K, (3.13)

vak ≥ 0 ∀ a ∈ A, k ∈ K, (3.14)

fl ≥ 0 ∀ l ∈ L. (3.15)

wnk ≥ 0 ∀ n ∈ NP , k ∈ K, (3.16)

where B is the maximum fleet size allowed across all lines. In formulation (3.10 - 3.16), the
objective function is that of the users, which intend to minimize their total travel times,
while the interest of the planners, seeking to minimize operational costs, is considered as
a constraint in (3.11). The assignment model is included in constraints (3.12 - 3.14), now
expanded to consider each demand pair k.

The nonlinearity in formulation (3.10 - 3.16) arises from the inclusion of the demand
split constraint (3.13). Although in the context of the original optimal strategies assign-
ment model (3.6 - 3.9), the demand split constraint is linear since the frequencies fa are
inputs to the model that were already set by the operator of the service, in the broader
context of frequency optimization, the constraint is nonlinear since both terms fa and wnk

are decision variables that need to be determined.

Another shortcoming of the previous formulation is the lack of an upper limit to the
frequencies of the different lines, which is unrealistic for technical reasons. A lower limit
constraint for the frequencies (that is, a lower limit higher than 0) could also be desirable
to ensure a certain minimum level of service to the users of the system; alternatively, this
could also be modeled by having an upper limit constraint on the waiting times.

The frequency optimization model proposed in [55] solves the aforementioned issues.
It is stated as follows:
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min
y,v,w

∑
k∈K

(
∑
a∈A

cavak +
∑

n∈NP

wnk) (3.17)

s.t.
∑
l∈L

∑
f∈Θ

θfylf
∑
a∈l

ca ≤ B, (3.18)

∑
f∈Θ

ylf = 1 ∀ l ∈ L, (3.19)

∑
a∈A+

n

vak −
∑
a∈A−

n

vak = bnk ∀ n ∈ N, k ∈ K, (3.20)

vak ≤ θf(a)wnk ∀ a ∈ A+
n , n ∈ NP , k ∈ K, (3.21)

vak ≥ 0 ∀ a ∈ A, k ∈ K, (3.22)

vak ≤ δkyl(a)f(a) ∀ a ∈ AB, k ∈ K, (3.23)

ylf ∈ {0, 1} ∀ l ∈ L, f ∈ Θ. (3.24)

Formulation (3.17 - 3.24) is a linear transformation of formulation (3.10 - 3.16), with
a discretization of the domain of frequencies Θ = {θ1 . . . θm} where each element θi is a
nonnegative value representing a possible value for the frequency of any line. In doing
this, the authors define a new structure of the graph G, where for each line passing by
a given bus stop node, there exists as many boarding arcs from that node as possible
values of Θ. In that way, some loss of precision is introduced, but the authors state that
in real systems, it is usually convenient to consider a reduced set of frequency values due
to service coordination and fleet management issues. Figure 3.3 illustrates the changes
introduced in the graph model by using a discretized domain of frequencies.

Figure 3.3: Discretized domain of frequencies (extracted from [55])

The model is mixed integer due to the introduction of the binary variable ylf , which
takes value 1 if frequency θf is associated with the line l. To indicate the line frequencies
some notation is needed: f(a) specifies the index in Θ of the frequency associated with
the arc a, while l(a) specifies the line that corresponds to that arc. Index k is used to
indicate OD pairs.

With regards to the original formulation (3.10 - 3.16) a new constraint (3.19) enforces
the fact that each line must have exactly one frequency associated, while constraint (3.23)
prohibits flow on nodes vak when the frequency associated with that boarding arc is not
active (yl(a)f(a) = 0) and is redundant otherwise. We also note that some of the original
expressions are now written in terms of Θ whenever an actual frequency value is required.



3.4 Frequency optimization model 31

This results in a mixed integer linear formulation where the primary source of com-
plexity is the existence of binary variables and the increase in the size of the underlying
graph model due to the addition of new boarding arcs (one per possible frequency value),
which stems from the discretization of the domain of frequencies. Nevertheless, in [55], an
instance corresponding to an actual city, comprising 84 nodes, 143 edges, 378 OD pairs,
and 13 lines, was solved exactly with the proposed formulation.

3.4.1 Adding the bus capacity constraint

The assignment sub-model embedded in formulation (3.17 - 3.24) assumes that there
is sufficient capacity to carry all the passengers that desire to use any line. There is no
additional constraint in the formulation that considers the capacity of the lines, something
unrealistic in systems that exhibit a high affluence of passengers. Upon introducing a new
parameter ω that represents the capacity of a bus, and considering that line capacity
(measured in passengers per time unit) is defined as the product of its frequency by the
capacity of the bus, line flows in principle could be imposed by adding the following
constraint:

∑
k∈K

vak ≤
∑

f∈1..m
yl(a)fθfω ∀a ∈ AT (3.25)

where, as previously stated, yl(a)f is a binary variable specifying whether the line of arc a
has frequency f , and θf represents the actual value of said frequency f .

However, adding this constraint directly in formulation (3.17 - 3.24) could result in
solutions where the flow of a given OD pair is distributed among:

• A shortest hyperpath comprising lines whose capacity is saturated, i.e., constraint
(3.25) is active for their corresponding travel arcs. This represents the optimal
strategy.

• Other alternative hyperpaths, whose cost according to expression (3.6) is higher
than the cost of the shortest one. This represents (sub-optimal) strategies that the
users choose a priori, knowing the existence of a shortest hyperpath that is saturated.
These alternative non-optimal hyperpaths might, for example, represent cases where
a user, instead of boarding the bus that would take her faster to her destination,
decides to let it pass in order to improve (minimize) the total travel time of other
users of the system that would contribute more heavily on the total travel time of the
whole system objective (i.e. because the other users need to travel longer distances
than herself).

This leads us to the concepts of line planning with route assignment (LPRA) and line
planning with route choice (LPRC), first defined in [40]. LPRA models are widespread
in the literature and assume that passengers can be steered by the public transportation
planner, an assumption that usually results in simpler but unrealistic models. On the other
hand, assignment models such as the one used in this work imply an LPRC approach, where
each user chooses the route that best fits his or her own expectations. Adding constraint
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(3.25) directly into the formulation would violate the LPRC approach, as users would need
to consider a priori lines that must conform with the new bus capacity constraint (planners
concern) rather than choosing the lines in an egoistic way. In general, adding any constraint
that may impact the variables that model user behavior and that are not required by the
hypothesis of the assignment model would defeat the purpose of the model, since users
would behave in such a way as to pursue the optimization of some global optimum that
benefits the formulation in place but not necessarily their own interests (objectives).

There are at least two ways of modeling the capacity of the buses in the frequency
optimization problem while honoring the expected user behavior:

• Assuming that the planner ensures sufficient capacity on the lines that the users
want to use, which is done by setting appropriate frequencies on the corresponding
lines.

• Modeling a congested system through an assignment sub-model that represents the
user behavior under a situation of lack of line capacity. In this case, it is assumed
that some users are forced to wait for the next bus of the line with available capacity
or to wait for a different line.

There have been very few works studying the problem of frequency optimization with
assignment under congestion [17, 62], probably because this second alternative needs to
consider an equilibrium assignment sub-model [15, 22, 49] embedded into the frequency
optimization, which is considerably more complex than the first approach [33]. Further-
more, to the best of our knowledge, there is no formal criterion for deciding between both
approaches from a modeling point of view. In practice, constraints related to the capacity
of the infrastructure, budget, and policy come into play to determine whether it is possible
to operate a non-congested system.

In this work, we follow the first approach. Ensuring sufficient capacity is possible by
increasing the frequencies of the saturated lines. This is a decision of the planners (variable
y in expression (3.25)) who should take into account the decisions of the users (variables
v and w). This leads us to consider a bilevel optimization model, where the upper level
represents the decisions of the planner, and the lower level represents the decisions of the
users.

3.4.2 Bilevel mathematical programming formulation

If constraint (3.25) is added to formulation (3.17 - 3.24), it would be considering decisions
taken by different actors in the same model. Variables y represent planner decisions in
assigning frequencies to lines, while variables v and w represent decisions of the users that
select which lines to use to reach their destinations. These kinds of scenarios are usually
modeled using bilevel mathematical programs [7, 18, 31].

In order to incorporate the bus capacity constraint in our model, we propose the
following bilevel formulation:
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min
y,v,w

∑
k∈K

(
∑
a∈A

cavak +
∑

n∈NP

wnk) (3.26)

s.t.
∑
l∈L

∑
f∈Θ

θfylf
∑
a∈l

ca ≤ B, (3.27)

∑
f∈Θ

ylf = 1 ∀ l ∈ L, (3.28)

∑
k∈K

vak ≤
∑
f∈Θ

yl(a)fθfω ∀ a ∈ AT , (3.29)

ylf ∈ {0, 1} ∀ l ∈ L, f ∈ Θ, (3.30)

min
v,w

∑
k∈K

(
∑
a∈A

cavak +
∑

n∈NP

wnk) (3.31)

s.t.
∑
a∈A+

n

vak −
∑
a∈A−

n

vak = bnk ∀ n ∈ N, k ∈ K, (3.32)

vak ≤ θf(a)wnk ∀ a ∈ A+
n , n ∈ NP , k ∈ K, (3.33)

vak ≤ δkyl(a)f(a) ∀ a ∈ AB, k ∈ K, (3.34)

vak ≥ 0 ∀ a ∈ A, k ∈ K. (3.35)

where the upper level (3.26 - 3.30) represents decisions of the planners while the lower
level (3.31 - 3.35) represents decisions of the users, that is, the assignment sub-model
taking as input the fixed frequencies θf(a). The objective function of both levels is the
same and only considers the interest of the users, which is to minimize the overall travel
time. Arguably, the fleet size constraint (3.27) could be modeled as another objective
to minimize at the upper level, which would lead us to consider a multi-objective bilevel
formulation, increasing the complexity of the formulation [38].

The planners can ensure sufficient capacity on the lines that users want to use by
adjusting the frequencies according to constraint (3.29). In this manner, users are assumed
to perceive unlimited capacities on the lines they might take. This implies that bus
capacities are not considered in the assignment sub-model, but rather, the bus capacity is
included as a constraint of the frequency optimization model. This is not always feasible
since there might be scenarios where the demand for some of the lines is too high and
cannot be fulfilled due to technical limitations of the transportation infrastructure. In such
cases, modeling a congested system by adding the bus capacity constraint in the assignment
sub-model, as was discussed in Subsection 3.4.1, might be necessary, even though the
complexity of the resulting formulation would be higher. To the best of our knowledge, no
works published in the literature provide an analysis comparing the performance of two
alternative transportation models that only differ in how bus capacities are handled.

Formulation (3.26 - 3.35) is classified as Discrete Continuous Linear Bilevel (DCLB)
[74] since the upper level is linear with discrete variables, while the lower level is linear
with continuous variables. Therefore, it can be reformulated into a MILP problem and, in
theory, could be solved to optimality. Some of the more popular reformulation strategies
for achieving this are:
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• Using the Karush-Kuhn-Tucker conditions to substitute the lower level problem and
therefore removing the distinction among the different levels. Due to the comple-
mentarity term, which is not linear, the resulting reformulation would be a standard
single level nonlinear mathematical program that is suitable to be solved by some
of the existing nonlinear algorithms. Usually, the reformulation is combined with a
linearization of the complementary slackness term using the big-M method. This
approach has been described and used in [7, 31].

• Primal-Dual reformulation. In this case, the lower level problem is replaced by using
its dual constraints, primal (original) constraints, and the strong duality theorem
equality (equality between the lower and upper level objective functions), since the
KKT conditions are equivalent to the later conditions when the lower level problem
is linear. This approach has been used in [5, 9, 34].

In the present work, formulation (3.26 - 3.35) was transformed into a single level for-
mulation using the first approach, that is, by replacing the lower level with the optimality
conditions given by its constraints, the constraints of its dual and the complementary
slackness constraints, which were linearized using the big-M method. The second ap-
proach, while mathematically equivalent to using the KKT conditions [5], does not blend
itself to an easy linearization, due to the introduction of the strong duality equality as a
nonlinear constraint.

By replacing the lower level with its optimality conditions, variables that represent
the decisions of the users (v and w) are restricted to take values that solve problem (3.31
- 3.35). Therefore, the whole model will adjust the frequency values (variables y) so as
to respect the constraints that are directly included in the upper level (among them, bus
capacity) as well as the optimality conditions that represent the (uncapacitated) lower level
problem. By applying concepts of duality theory [10] to the optimal strategies assignment
model (adapted to our formulation), we calculate the dual of problem (3.31 - 3.35) as
follows:

max
π,µ,ν

∑
k∈K

∑
n∈NP

bnkπnk −
∑
k∈K

∑
a∈AB+

n

δkyl(a)f(a)µak (3.36)

s.t. πik − πjk ≤ ca ∀ a = (i, j) ∈ A−AB, k ∈ K, (3.37)

πik − πjk − µak − νak ≤ ca ∀ a = (i, j) ∈ AB, k ∈ K, (3.38)∑
a∈AB+

n

θf(a)νak ≤ 1 ∀ n ∈ N, k ∈ K, (3.39)

µak, νak ≥ 0 ∀ a ∈ AB, k ∈ K (3.40)

where πnk, νak, and µak are the dual variables corresponding to constraints (3.32), (3.33),
and (3.34), respectively.

The complementary slackness conditions are
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s1akνnk = 0 ∀ a ∈ A,n ∈ N, k ∈ K, (3.41)

s2akµak = 0 ∀ a ∈ A, k ∈ K, (3.42)

t1akνak = 0 ∀ a ∈ A−AB, k ∈ K, (3.43)

t2akνak = 0 ∀ a ∈ AB, k ∈ K, (3.44)

t3nkwnk = 0 ∀ n ∈ N, k ∈ K (3.45)

where s1ak and s2ak are slack variables associated to inequality constraints (3.33) and (3.34),
respectively, and t1ak, t

2
ak and t3nk are slack variables associated to the inequality constraints

(3.37), (3.38) and (3.39), respectively.
The complementary slackness conditions can be linearized by applying the big-M

method [31], which uses the disjunctive nature of the conditions and proposes to sub-
stitute each product xy by equations

x ≤ Mz, (3.46)

y ≤ (1− z)M (3.47)

where z is a binary variable, and M is a sufficiently high positive value.
Using the KKT conditions, the resulting MILP model, equivalent to (3.26 - 3.35), is

obtained by substituting the lower level (3.31 - 3.35) with its original constraints (3.57 -
3.60), the constraints of its dual (3.36 - 3.40), and the linearized version of the comple-
mentary slackness conditions (3.61 - 3.70). The formulation is shown below:

min
y,v,w,π,µ,ν,s,t

∑
k∈K

(
∑
a∈A

cavak +
∑

n∈NP

wnk) (3.48)

s.t.
∑
l∈L

∑
f∈Θ

θfylf
∑
a∈l

ca ≤ B, (3.49)

∑
f∈Θ

ylf = 1 ∀ l ∈ L, (3.50)

∑
k∈K

vak ≤
∑
f∈Θ

yl(a)fθfω ∀ a ∈ AT , (3.51)

∑
a∈A+

n

vak −
∑
a∈A−

n

vak = bnk ∀ n ∈ N, k ∈ K, (3.52)

vak ≤ θf(a)wnk ∀ a ∈ A+
n , n ∈ NP , k ∈ K, (3.53)

vak ≥ 0 ∀ a ∈ A, k ∈ K, (3.54)

vak ≤ δkyl(a)f(a) ∀ a ∈ AB, k ∈ K, (3.55)

ylf ∈ {0, 1} ∀ l ∈ L, f ∈ Θ, (3.56)

πik − πjk ≤ ca ∀ a = (i, j) ∈ A−AB, k ∈ K, (3.57)

πik − πjk − µak − νak ≤ ca ∀ a = (i, j) ∈ AB, k ∈ K, (3.58)
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∑
a∈AB+

n

θf(a)νak ≤ 1 ∀ n ∈ N, k ∈ K, (3.59)

µak, νak ≥ 0 ∀ a ∈ AB, k ∈ K, (3.60)

θf(a)wik − vak ≤ s1akM ∀ a = (i, j) ∈ AB, k ∈ K, (3.61)

νak ≤ (1− s1ak)M ∀ a ∈ AB, k ∈ K, (3.62)

δkyl(a)f(a) − vak ≤ s2akM ∀ a ∈ AB, k ∈ K, (3.63)

µak ≤ (1− s2ak)M ∀ a ∈ AB, k ∈ K, (3.64)

ca − πik + πjk ≤ t1akM ∀ a = (i, j) ∈ A−AB, k ∈ K, (3.65)

vak ≤ (1− t1ak)M ∀ a ∈ A−AB, k ∈ K, (3.66)

ca − πik + πjk + µak + νak ≤ t2akM ∀ a = (i, j) ∈ AB, k ∈ K, (3.67)

vak ≤ (1− t2ak)M ∀ a ∈ AB, k ∈ K, (3.68)

1−
∑

a∈AB+
n

θf(a)νak ≤ t3nkM ∀ n ∈ N, k ∈ K, (3.69)

wnk ≤ (1− t3nk)M ∀ n ∈ N, k ∈ K, (3.70)

s1ak ∈ {0, 1} ∀ a ∈ A, k ∈ K, (3.71)

s2ak ∈ {0, 1} ∀ a ∈ AB, k ∈ K, (3.72)

t1ak ∈ {0, 1} ∀ a ∈ A−AB, k ∈ K, (3.73)

t2ak ∈ {0, 1} ∀ a ∈ AB, k ∈ K, (3.74)

t3nk ∈ {0, 1} ∀ n ∈ N, k ∈ K (3.75)

Despite being a single level MILP, formulation (3.48 - 3.75) is not necessarily easy to
solve. As was mentioned in Section 2.2, bilevel problems are intrinsically hard. Note that
the resulting formulation comprises a high number of binary variables required to linearize
the nonlinear expressions.



Chapter 4

Numerical experiments

In this chapter, we perform several numerical experiments using the proposed formulation
as well as other alternatives. The main goals and research questions are:

• Study the bilevel nature of the capacitated frequency optimization problem. Is it
necessary to employ a bilevel approach when seeking solutions? How does the bilevel
nature and the interplay of planners and users affect the solutions encountered?

• How flexible is the proposed formulation when considering the addition of new con-
straints? What kind of additional constraints could be added, and how would they
affect the solutions?

• Study alternative formulations that could aid when exploring other aspects of reality,
such as getting measures of the total fleet an operator must provide in order to guar-
antee a certain level of service, or ensuring that individual users do not experience
arbitrarily high waiting times at the bus stops.

• Explore the feasibility of applying the model to a real case, with results published
in the literature.

• Up to which size, in terms of the underlying graph, are instances solvable to opti-
mality?

• Is the formulation suitable to be used in a real life context, as part of the process of
decision-making in the determination of frequencies?

Instances of different sizes and characteristics were used to explore the aforementioned
points.

4.1 Small instance

In order to illustrate the application of the bilevel model explained in Chapter 3, we show
in Figure 4.1 the small-sized case considered.

The numbers close to the arcs indicate their corresponding travel times. There are
two OD pairs, such that O1 = 1, O2 = 2, D1 = D2 = 3 and δ1 = δ2 = 5. We consider
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Figure 4.1: Small instance case

values of fleet size B = 10, bus capacity ω = 1.0 and the set of possible frequencies
Θ = {1.0, 2.5, 5.0, 7.0, 9.0}. The lines defined for this case are l1 = {(1, 2), (2, 3)} and
l2 = {(1, 3)}, both having symmetrical forward and backward itineraries.

Table 4.1: Impact of adding the bus capacity constraint

Model cap. l1 critical flow l1 cap. l2 critical flow l2 τ β

uncapacitated 9.0 9/10δ1 + δ2 = 9.5 1.0 1/10δ1 = 0.5 4.8 ≤ 10
cap. single-level 9.0 8/10δ1 + δ2 = 9.0 1.0 2/10δ1 = 1.0 5.3 ≤ 10
cap. bilevel 9.0 9/11.5δ1 + δ2 = 8.9 2.5 2.5/11.5δ2 = 1.1 ≤ 4.8 11.5

Table 4.1 shows the results of applying three different variants of the model denoted
by formulation (3.48 - 3.75) to the example of Figure 4.1, where τ (calculated in (3.48)) is
the total travel time of the optimal solution and β (calculated in (3.49)) its corresponding
fleet size; it also shows the line capacity (as defined in expression (3.25)) and the critical
flow of each line (defined as the maximum flow va on the arcs of the line). Even though the
model has a large number of variables, due to the small size of the instance, the execution
times were negligible.

4.1.1 Comparison of uncapacitated and single level capacitated models

The first line of the table shows the results of applying the uncapacitated model (3.17 -
3.24). When capacities are not considered, the entire flow of OD pair 2 uses l1, while the
flow of OD pair 1 is distributed between both lines (4.5 uses l1 and 0.5 uses l2) according
to the flow splitting constraint (3.21). Although the critical flow of line l1 exceeds its
capacity, since the model is uncapacitated, this does not turn the solution infeasible but
rather illustrates the lack of realism that uncapacitated model solutions might face. This
is shown in Figure 4.2.

When we consider bus capacities in the original uncapacitated model (second line of
the table, Figure 4.3), by adding the constraint directly, we obtain the same setting of
frequencies but with a different assignment of flows. In this case, 1.0 units of the demand
corresponding to OD pair 1 uses l2. This is because l1 has capacity to accommodate
only up to 9.0 units of flow. The 0.5 units of flow corresponding to OD pair 1, which
were moved from l1 to l2, represent a set of users who are forced to use a sub-optimal
hyperpath, knowing the existence of a better one, that is, they behave in an unrealistic
way. Moreover, we note that the model is not able to represent this situation consistently,
since it can not represent different waiting times for passengers corresponding to the same
OD pair at the same stop (variables wnk).
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Figure 4.2: Flows in the uncapacitated model

Figure 4.3: Flows in the capacitated single-level model

The examples above show, through a numerical application, the consequences of solving
the capacitated problem in a straightforward (non realistic) way. When the bilevel model
(3.48 - 3.75) is applied to the same case, the problem is unfeasible. This is due to the fleet
size constraint, which does not allow for an increase of frequencies in order to accommodate
the demand on the lines that the users want to use; moreover, the model is not able to
set the frequencies in such a way as to redistribute the flows in order to respect the line
capacities. This difficulty was already noted in [19]. To overcome this issue, we identify
two approaches in the literature:

• Soften the bus capacity constraint, by moving it as a term of the objective function
[19].

• Allow the model to increase the fleet size, by including its respective constraint in
the objective function [52].

By adopting the first approach, the solutions obtained may violate the bus capacity
constraint; the higher the violation, the less valid is the corresponding assignment of flows,
which is done assuming sufficient capacity. In the case of the second approach, the as-
sumption is that the fleet size can be increased. This may be a reasonable assumption
in the context of strategic planning, where the model can be used to estimate the invest-
ment required to offer a given level of service. In this case, by adding a new objective
function, the resulting model becomes multi-objective, which requires a special treatment
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depending on how this nature is represented: for example, by setting appropriate weights
or calculating non-dominated solutions [58].

4.1.2 Determining the required fleet size

Considering the discussion above, another possible application of the bilevel model to the
capacitated case would be to state the fleet size minimization as the upper level objective,
subject to a constraint of maximum travel time; that is, swapping objective function (3.26)
and constraint (3.27).

The results of applying this model to the small instance can be found in the third line
of Table 4.4, where we state a maximum travel time equal to 4.8 (the optimal value of the
uncapacitated run). The optimal value in this case (which corresponds to the fleet size),
is equal to 11.5. The interpretation of the result is that in order to obtain a setting of
frequencies that respects the bus capacity constraint while at the same time producing a
total travel time that is no worse than the one corresponding to the uncapacitated case,
the fleet size should be increased by 15%.

4.1.3 Main findings

In this section, we have shown that models of frequency optimization that disregard bus
capacities can easily give misleading results in contexts where passenger capacity is im-
portant. This, which was made evident with a minimal case, can become more serious
in scenarios representing actual cities, where some lines might end up serving a dispro-
portionate amount of demand that would cause congestion, higher waiting times, and a
different assignment of flows over the network, invalidating all service performance metrics
that are part of the output of an assignment model.

We have also shown the perils of modeling bus capacities within a single level for-
mulation that includes explicit user behavior. This is also problematic since, in real-life
contexts, users cannot be steered by the operators on which lines to board to reach their
destinations. Again, this presents a discrepancy with reality, where the assignment of flows
would continue to honor users’ egoistic interests, invalidating thus most of the performance
metrics of the transportation system under consideration.

Finally, even in cases where a feasible solution can not be obtained using a bilevel
approach (for example, due to the interplay between bus capacities and the total fleet size),
we showed that it’s still possible to leverage the formulation to analyze and understand
how much to relax some of the original constraints (i.e., the fleet size) in order to provide
an acceptable level of service for the users of the system.

4.2 Mandl test case

The test case of Mandl represents part of the public transportation system from an unspec-
ified city in Switzerland [43, 53]. The network is composed of 15 nodes and 21 arcs. The
origin-destination matrix is symmetric and very dense, with 76% of non-zero elements.
This high-density OD matrix causes the bus capacity constraint to become active under
certain line and frequency configurations, a scenario that is of interest in this thesis.
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It is one of the most popular test cases in the literature, having been used as a bench-
mark by several authors [16, 29, 43, 66, 77]. It is also included in the OR Library repository
[1]. Despite its widespread use, there is little information about the construction procedure
of the test case, and it presents certain characteristics that are not among those expected
in a typical real context. It has been used both for validation purposes and as a way to
compare the efficiency of different resolution methods.

In Figure 4.4, Mandl’s network topology is depicted. The nodes represent bus stops,
the arcs represent street (travel) arcs between the stops, and the numbers close to the arcs
indicate their corresponding travel times given in minutes.

Figure 4.4: Mandl’s network

The origin-destination matrix is shown in Figure 4.5, where the entries are expressed
in amount of travels per day. We also note that the demand originates and ends at the
bus stops.

4.2.1 Prerequisites for the comparison with published results

In this section, we establish the basis for a coherent comparison of results obtained by
different resolution methods in the context of frequency optimization. Comparing different
algorithms is of great importance in order to explore the strengths and weaknesses of
the different approaches in terms of both performance and the quality of the solutions
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Figure 4.5: Mandl’s origin-destination matrix (extracted from [43])

encountered. When results from other resolution methods are available, they also allow
to validate the correctness of a new proposal. In the context of this work, we are mainly
interested in validating the proposed formulation, as well as studying the characteristics
of the solutions found.

There are several challenges when attempting to compare solutions. The main issues
are:

• Lack of standard test cases. Most publications about frequency optimization where
results are reported use fictitious or partially fictitious cases. It is hard to assemble a
test case with real characteristics, particularly when the objective is to study specific
properties of the models under consideration, like congestion.

• Many different variants of published models that solve the frequency optimization
problem. The hypotheses tend to differ since they are usually relevant to the specific
test cases under consideration. Differences in the constraints or in the treatment of
the operator and user objectives prevent, in many cases, the comparison across
solutions obtained by applying different models.

• Even when the optimization models are identical with regard to the decision vari-
ables, constraints, and objective functions, the behavior of the users could be mod-
eled in different ways, implying the use of different assignment models. If users do
not react the same way when the same set of lines is presented, results are no longer
comparable: this must be since the assignment sub-model is responsible for calcu-
lating important measures such as the flow of users through the different lines, or
the waiting times at the bus stops, which in turn impact the total travel time as
perceived by the users and capacity constraints, among other considerations.

Another challenge when comparing solutions obtained by an exact method, as in the
case of the current work, is the lack of exact resolution methods proposed in the literature,
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especially when contrasted with the number of works using heuristic or metaheuristic
approaches, where optimality is not guaranteed, and no optimality gap is provided.

In the present work, we use the results published by Baaj and Mahmassani [43] in
order to compare the solutions obtained by applying formulation (3.48 - 3.75) to the test
case of Mandl. Certain differences between the model and algorithm proposed by Baaj
and Mahmassani [43] need to be taken into account when interpreting the results:

• Transfers (when users need to board two or more buses to reach their destination)
are considered both in the evaluation of the objective function (by means of a penalty
per transfer taken) and in the behavior of the users.

• The assignment model, implemented by the Transit Route Analyst algorithm (TRUST)
[42] presents several differences with respect to the optimal strategies assignment
model. TRUST’s assignment choice considers two criteria: the number of trans-
fers necessary to reach the destination and the total travel time (including waiting
times) of the different alternative lines. If there is a tie in the number of transfers
(or no transfers are needed), then the second criterion comes into play, and users
will seek to choose lines from a set of lines whose travel times are within a particular
range of the in-vehicle travel time. Then, for that set of lines, a frequency share rule
is applied that resembles the one used in the optimal strategies assignment model
(Equation 3.2). Moreover, the assignment sub-model is implemented as a procedural
routine instead of as a formal mathematical programming formulation. The TRUST
assignment model is explained in more detail in Appendix A.

• The problem considers both the design of the lines (itineraries) and the setting of
frequencies. For the frequency setting, no explicit search in the domain of frequen-
cies is performed; instead, frequencies are set at their minimum to get a feasible
configuration that respects the maximum load factor of the different lines, that is,
the maximum number of standing passengers allowed over the seating capacity of a
bus. Furthermore, a heuristic procedure attempts to calculate the minimal frequen-
cies required for a given set of lines, but no proof is presented about the convergence
of such a procedure despite the authors claiming empirical evidence.

Despite the differences stated previously, there are enough shared characteristics be-
tween the two approaches to make such a comparison feasible. The set of constraints is
roughly the same but for a restriction on the maximum number of transfers (two in the
case of Baaj and Mahmassani, unbounded in the present work). Bus capacities are also
considered in [43], as well as waiting times. The users’ objective is represented in the
same way, that is, as a minimization of their total travel times, including waiting times.
Moreover, the time over the travel arcs is constant, and independent of the flows. The
interest of the operators is also expressed in the total fleet number required to operate
the services. Regarding user behavior, both assignment models consider the assignment
of demand of the same OD pair to multiple lines by means of a split rule based on the line
frequencies.

Baaj and Mahmassani’s algorithm relies on three subroutines that compute various
measures. During the first stage, a greedy algorithm generates an initial set of lines
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Table 4.2: Mandl - Line itineraries used in the OPT instances

Line Itinerary

1 (1, 2, 3, 6, 8, 10, 11, 13)
2 (5, 4, 6, 8, 15, 7)
3 (12, 4, 5, 15, 9)
4 (13, 14, 10)

(Route Generation Algorithm). The solutions from this step are evaluated using the
TRUST algorithm, which implements the assignment model. A local improvement phase
occurs next (Route Improvement Algorithm), and then the solutions are again evaluated
using TRUST. The algorithm steps are depicted in Figure 4.6. We highlight in red the
phases relevant to frequency assignment.

The algorithm by Baaj and Mahmassani is based on heuristics, so there are no opti-
mality guarantees. This means there could be better solutions than those reported in the
publication for the proposed model and assignment hypotheses.

4.2.2 Results comparison

In this section we compare the results obtained from applying formulation (3.48 - 3.75)
to the test case of Mandl with those published by Baaj and Mahmassani [43] and those
published by Mandl in the original publication [53] using the same test case. The main
goal of this section is to validate the proposed approach while also providing some sense
of the diversification of the solutions encountered by various runs of the exact method.

The four lines used in Mandl [53] are depicted in Table 4.2. It is also the set of lines
considered in all the experiments reported in this section using formulation (3.48 - 3.75).

This set of lines satisfies 100% of the total demand. Unfortunately, in Baaj and
Mahmassani [43], the itineraries of the resulting lines and associated frequencies generated
by the algorithm are not mentioned. However, the authors state that their solutions also
cover 100% of the demand.

In the original work, three runs of Baaj and Mahmassani’s algorithm were performed,
where each run differed either by the model parameters used or by the line construction
strategies employed. In this way, the authors attempted to obtain solutions with different
levels of tradeoff with regard to the objectives of users and operators, although the final
solutions are rather concentrated on a specific region of the Pareto front [57]. Furthermore,
due to the artificial characteristics of the test case, it is not possible to state which part
of the Pareto front corresponds to practicable solutions.

In all runs, the bus seating capacity was set as 40, and a bus load factor of 1.25 was
chosen. The bus load factor is a coefficient that, when multiplied by the seating capacity,
gives the total amount of passengers (both standing and seated) that can travel in a bus,
denoted in our model by ω. This configuration then translates to setting ω = 50. A transfer
time penalty was imposed, but for the purposes of this section we do not include it in the
reported total travel times since our proposed formulation does not penalize transfers. We
still show the amount of demand served directly and by one transfer. Notice that while our
formulation enables transfers, it does not include a way of extracting that information from
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Figure 4.6: Baaj and Mahmassani’s solution approach (extracted from [43])
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Table 4.3: Mandl - Parameter configuration

Max. fleet size Frequencies

OPT1 105 {0.1, 0.3, 0.4, 0.6, 0.8, 1.0, 1.15}
OPT2 110 ”
OPT3 120 ”
OPT4 140 ”
OPT5 160 ”
OPT6 200 ”
OPT7 105 {0.1, 0.2, 0.3, 0.6, 0.8, 1.15, 1.20}
OPT8 110 ”
OPT9 130 ”
OPT10 140 ”
OPT11 160 ”
OPT12 200 ”

the calculated flows in an straightforward manner, so transfer measures are not included
in our results.

In Table 4.4, we show the solutions obtained by Baaj and Mahmassani (BM1, BM2,
and BM3), those reported by Mandl (Mandl1 and Mandl2), and those obtained by run-
ning our proposed formulation (denoted as OPT) with different sets of parameters, as
shown in Table 4.3. The parameters differ in their fleet sizes and the set of frequencies
available. They were chosen to achieve a reasonably good diversity of solutions, with
different tradeoffs regarding the operator’s objective (minimizing the total fleet size) and
the users’ objective (minimizing their total travel times). Still, the two sets of frequencies
are not that different. This is explained by the nature of the solutions reported in Baaj
and Mahmassani, and Mandl, which are concentrated in a rather specific region of the
Pareto set due to the way they assign frequencies to the different lines. Thus, to compare
the various solutions, we constrained the frequency set to the given range, which is quite
large, to the point that some of the frequencies involved are too high to be practicable in
real urban contexts.

Table 4.4 shows the solutions obtained after executing 12 runs of formulation (3.48
- 3.75). We show the total travel time (in-vehicle travel time plus waiting time), in-
vehicle travel time, waiting time, fleet size, percentage of demand satisfied by direct travels
(“Direct” column) and by one transfer (“1-T” column), the average mean utilization across
all lines (in percentages, the “U” column), and finally the execution time that each run
took. The formulation consisted of 174.672 variables (84.200 of them binary) and 261.373
constraints. All runs except for OPT11 and OPT12 were done using CPLEX 12 in a
Core i7 computer of 3.4 GHz with 16 GB of RAM. Both OPT11 and OPT12 reached the
memory limit, and the executions were aborted, so we retried them on a Core i9 computer
with 64 GB of RAM.

The mean utilization U is defined for each line l ∈ L as

U =
ϕ∑

f∈Θ ylfθfω
(4.1)
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Table 4.4: Mandl - Result comparision

Total In-vehicle Waiting Buses Direct 1-T U(%) t

BM1 3150 2801 349 89.3 78.61 21.39 - 2.65 s
BM2 3250 2818 432 76.9 79.96 20.04 - 3.08 s
BM3 3468 3006 462 82.2 80.99 19.01 - 2.13 s

Mandl1 3768 3515 253 116 68.85 31.15 - -
Mandl2 3258 2956 302 99.3 69.94 29.93 - -

OPT1 3608 3041 567 104.1 - - 65.2 1h 19m
OPT2 3541 3041 500 108.1 - - 51.1 42m
OPT3 3461 3041 419 118.7 - - 45 28m
OPT4 3390 3041 349 139.9 - - 36.5 1h 17m
OPT5 3352 3041 310 159.9 - - 30.2 1h 25m
OPT6 3325 3041 283 188.6 - - 26.6 1h 18m

OPT7 - - - - - - - 4h 20m
OPT8 - - - - - - - 15h 30m
OPT9 3430 3041 389 128.7 - - 40.7 1h 40m
OPT10 3397 3041 356 136.3 - - 35.8 1h 35m
OPT11 3348 3041 307 158.8 - - 37.7 1h 59m
OPT12 3313 3041 272 196.8 - - 25.4 1h 15m

where

ϕ =

∑
k∈K

∑
a∈A cavak∑

a∈A ca
∀ a ∈ l (4.2)

It is interesting to note that, in the optimal solutions, the in-vehicle travel time remains
the same across runs. We identify many reasons for this. First, since our formulation
considers a fixed set of lines, as opposed to the algorithms by Baaj and Mahmassani and
Mandl, which attempt to tackle the more general Transit Network Design Problem, it
is expected that the optimal solutions found would have fewer passenger flow variations
as the itineraries for every line remain fixed, causing the demand to be captive of some
selected street travel paths. Still, even when the itineraries are fixed, the passenger flow
could undergo a redistribution as the various frequencies are assigned to different lines.
This would represent demand that prefers to board a different line than initially due to,
for example, lower waiting times. This does happen in the solutions encountered by our
formulation, but very seldom. To understand the causes for this, we note that there is
very little overlap between the lines reported by Mandl in terms of the streets they travel
through, which means that most of the demand is captive of just a single line. Even when
overlap exists, it only happens through very short paths using the same street segments
as the alternative line, which would then yield the exact same travel times even though a
different line is serving the demand. Furthermore, the lines that drive most of the demand
will usually hold the faster frequencies in order to minimize the travel times, subject to
the usual constraints such as the fleet size. Indeed, we note a monotonic increase across
the solutions in the frequencies assigned to each line every time we allow more buses to
operate. This results in the same set of lines getting the most rapid frequencies as the
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fleet size constraint is relaxed. Moreover, a significant part of the demand is concentrated
on very few nodes, which increases the pressure of the lines that serve that portion of the
street network to get the highest frequencies. Finally, the fact that some of the frequencies
are much higher than others makes the frequency share rule less relevant when it comes
to distributing the flows, something that also speaks about the artificial nature of the case
study under discussion, as mentioned in Section 4.2

The solver could not find a solution for some instances (OPT7 and OPT8). In those
cases, the run was stopped after the specified amount of time passed, with the solver
informing that no integer feasible solution was found.

As discussed in Subsection 4.2.1, several differences exist among the published algo-
rithms and the formulation proposed in this work. The most important aspects that
diverge are the different line itineraries and assignment sub-models. This explains the dis-
crepancies, particularly in the in-vehicle travel times, waiting times, and computed fleet
sizes. Nevertheless, the measures are comparable in magnitude for every reported metric.

4.2.3 Analysis of the solutions

In this section, we study the model’s behavior when applied to Mandl’s instance. We
single out some of the OPT solutions presenting interesting properties (i.e., those where
the capacity constraint is more active) to analyze their nature in detail with the help of
various reported metrics and a visual inspection of the underlying transport network.

From Figure 4.7, we can observe that a wide range of trade-off levels is achievable by
varying the fleet size restriction (parameter B). The monotonic tendency between the
total travel time and the fleet size is apparent in the case of the optimal solutions since
only the frequencies assigned to the lines can change while the line itineraries remain fixed,
and since alternative lines for the same demand pairs usually overlap through the same
street paths. In the case of the solutions obtained by other means, the monotonic trend
prevails but is not guaranteed since the line itineraries are also subject to change. In
general, this trade-off depends strongly on the number of lines considered and on their
frequencies: solutions reporting lower total travel times (and thus deemed attractive to
the users, i.e. solutions OPT5, OPT12) usually require more lines and higher frequencies,
while solutions with a low cost for the operators (resulting in longer total travel times, i.e.
OPT1, OPT9) typically present lower frequencies. It can also be noted that solutions that
favor keeping operator costs low (by setting low frequencies) incur larger mean utilization
rates of the lines (more crowded buses on average), which is to be expected.

In general, the mean utilization of buses is lower than 100% for all encountered solu-
tions; higher values correspond to solutions requiring smaller fleet sizes. Notice that due
to the bus capacity constraint, the mean utilization can never be above 100%.

In Table 4.5, detailed information is shown for two selected solutions that differ in the
domain of frequencies considered and the maximum number of buses allowed to operate.
The solutions were chosen because they incur the lowest costs from the operators’ point of
view and the parameters considered. In this case, we report the maximum and minimum
waiting times individual users experience (∆tmax and ∆tmin, respectively) and other line-
specific measures such as the line capacity (defined in 3.25), the critical flow, the line
utilization (U , defined in Equation 4.1), and the line headway (1/f , the inverse of the line
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Figure 4.7: Mandl results

frequency). The critical flow of a given line l is defined as ϕ∗
l :

ϕ∗
l = max

a∈AT
l

∑
k∈K

vak (4.3)

Since wnk includes not only the waiting times but also a factor representing the actual
flow traveling through it, ∆t is calculated as follows:

∆t =
wnk∑

a∈A+
n

vak
∀n ∈ NP , k ∈ K (4.4)

It is interesting to note that some of the lines exhibit buses very close to the congestion
point, in the sense of the passenger load with respect to the capacity of the buses. This
is true for all lines in OPT1, and for line 1 in OPT9. In the first example, even a slight
decrease in the frequencies for some of the lines will most likely invalidate the solutions due
to the bus capacity constraint, while in the second case, if there are alternative trajectories
for the demand pairs covered by line 1, then the demand will spread among the lines
covering those alternative paths (probably at the expense of higher total travel times).
Despite that, the line utilization remained well below 100%, suggesting that the congestion
effects are local to very specific parts of the underlying network. In that case, an alternative
set of line trajectories to the ones considered could alleviate the issue. Indeed, that seems
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Table 4.5: Mandl - Additional measures

∆tmax ∆tmin Line Capacity Critical flow U(%) 1/f

OPT1 10 0.54 1 57.5 56.9 57 0.87
2 20 18.8 66 2.5
3 15 13 59 3.3
4 5 4.6 79 10

OPT9 3.33 0.43 1 57.5 56.9 57 0.87
2 30 18.8 44 1.7
3 30 13.9 29 1.7
4 15 5.6 34 3.3

to be the case, and can probably explain the improved solutions found by methods that
seek to optimize line trajectories in addition to frequencies.

Moreover, we can observe that since the capacity constraint is close to its limit for
all the lines in OPT1, this solution probably belongs to one of the extreme points in the
optimal Pareto front, leaning towards the region with lower costs for the operators (for
a Pareto front calculated with the given domain of frequencies and a variable fleet size).
Indeed, experimenting with lower fleet sizes proved this assumption, and no solution was
found below B = 105. We note here that this is one of the benefits of using exact models:
they can prove (guarantee) the nonexistence of feasible solutions, whereas, in heuristics
and metaheuristics approaches, it is generally not possible to rule out their existence just
because the resolution method was not able to find one.

We also note that even with very high frequencies (i.e., notice the headway for line 1),
the critical flow is very close to turning the solution into an infeasible one. The utilization
of very high frequencies seems to be the case for the solutions reported by the other two
algorithms.

In Figure 4.8, we can observe the arcs where the critical flows occur for each of the
lines in OPT1 (dashed lines). Due to the set of lines considered, demand originating at
the upper side of the graph that has as a destination one of the nodes on the lower side
has very few travel alternatives (and vice-versa). Indeed, for most demand pairs that fall
into this category, some combination using lines 1 and 4 is required, thus making node 10
a very affluent one. It would be reasonable to think that with the addition of new lines
following paths connecting each region through node 12, the congestion at that point in
the network might be avoided. After some tests, this proved to be a false assumption. As
mentioned before, OPT1 lies in one of the extreme points of the Pareto Set, corresponding
to the lowest cost for the operators. No other feasible solutions were found for B < 105:
either the fleet constraint was invalidated, or part of the demand was unmet. The addition
of any new line to the model, in combination with the extremely high frequencies needed
to compare the different solutions, would result in more buses, thus making the fleet
restriction infeasible (OPT1 requires a total fleet of 104.1 buses while the restriction caps
that total at 105).

Finally, we note that the maximum waiting time for individual users is much higher
than that of those with the lowest value. This is particularly true in OPT1, where the
least fortunate users must wait for about 1849% more time than the most privileged ones.
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Figure 4.8: Mandl - Critical flows and maximum waiting times

In Figure 4.8, a passenger symbol depicts the nodes where users must wait most. They
correspond to users waiting to board buses belonging to line 4, which is to be expected
since this is the line that operates with the lowest frequency in the solution. This suggests
that it might be worthwhile to consider the addition of a new constraint that can ensure
a maximum waiting time for all of the users of the transit system. Even if the overall
waiting times are somewhat optimized due to their inclusion in the objective function, this
situation could be regarded as an unacceptable level of service. We run more experiments
considering a maximum waiting time constraint and analyze its implications for the model
in the following section.

4.3 Adding the maximum waiting time constraint

Formulation (3.48 - 3.75) is going to favor solutions that incur overall short waiting times
but can still impose arbitrary long waiting times for a non controlled percentage of the
users. Even when the system achieves a good overall performance from the users’ view-
point, it will not be acceptable for the users of the affected OD pairs. To address this
problem, we can add a maximum waiting time constraint. This constraint belongs to the
upper-level problem (planner scope) and involves variables of the lower level. It can be
expressed as:
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∑
a∈A+

n

vak > wnk/ϵ ∀n ∈ NP , k ∈ K (4.5)

where ϵ is the maximum allowable waiting time for any user of the system and wnk is the
waiting time multiplied by the amount of demand k at node n, first defined in Equation 3.5.
When we divide wnk by the sum of the flows of the boarding arcs leaving node n, we get
the total waiting time at the node for the given demand, which is the value we desire
to constrain. We also note that parameter ϵ has a very direct interpretation, allowing
planners to apply specific politics with regard to the level of quality of the offered services.

Since Equation 4.5 pertains to the upper level problem, it can be added directly to
formulation (3.48 - 3.75) as an additional constraint without affecting the Karush Kuhn
Tucker reformulation.

In order to address the wide disparity in waiting times shown in Table 4.5 for OPT1,
we reran the formulation with the new waiting time constraint and ϵ = 10, which is
the maximum waiting time originally reported by the solution. This yields no feasible
solution, and it is not hard to understand why. As mentioned earlier, OPT1 lies in one
of the extreme points of the Pareto set, corresponding to the operators’ lowest cost. The
amount of buses required to operate the optimal solution is already very close to the
maximum number of buses allowed (104.1 and 105, respectively). If we were to lessen the
waiting times for a part of the demand, a real-world scenario would require either to:

1. Assign a higher frequency to the lines serving the affected demand.

2. Change the itineraries of the lines in such a way that it alleviates the waiting times
for affected demand.

3. Operate buses with larger capacities.

Option (1) means, in the context of this instance of the problem, adding more buses
to the solution, but as explained, the bus fleet constraint is already active in OPT1, to
the extent that even adding just one more bus would violate the total fleet size constraint.
Option (2) would require us to solve a different problem, in which not only the frequencies
but also the line itineraries were susceptible to change, that is, to tackle the General
Transit Network Design Problem, whereas option (3) would entail a relaxation of the bus
capacity constraint, thus forcing us to consider a different (and a relaxed) instance of the
problem.

In conclusion, the interplay between the total fleet size, bus capacities, and the waiting
time is such that it’s very hard to constrain the maximum waiting times of an already
optimal solution. Since the objective of the formulation is to minimize the total travel
times, this usually results in activating the total fleet size restriction, as more buses op-
erating over the network typically mean lower waiting times and more capacity overall.
When this restriction is close to its upper bound, there’s little room for improvement.

Since finding a solution with lesser maximum waiting times that respects the original
fleet size constraint was not possible, an alternative is to find the next best solution
respecting both. In doing so, in a manner reminiscent of what was done in Subsection 4.1.2,
we set up to work with an alternative formulation, where the objective function is to
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Table 4.6: Mandl - Result with maximum waiting time constraint

Total In-vehicle Waiting Buses ∆tmax ∆tmin U(%) t

OPT1 3608 3041 567 104.1 10 0.54 65.2 1h 19m
OPTwt 3541 3041 500 108.1 3.33 0.54 51.1 13h 31m

minimize the total fleet size, subject to a maximum total travel time and waiting times.
By demoting the total travel time to a constraint in formulation (3.48 - 3.75), we can set
its upper bound as the optimal value encountered by OPT1. Thus, we seek the minimum
number of buses that can operate a solution where the level of service offered to the users
is at least as good as in OPT1 (in terms of the total travel times) while providing lesser
values of waiting times for the less lucky users. In terms of formulation (3.48 - 3.75), this
requires us to turn the original objective function (3.48) into a constraint, using (3.49) as
the new objective function while dropping parameter B, and adding the new maximum
waiting time constraint (4.5).

In Table 4.6, we show the results after running the proposed alternative formulation
with the same set of parameters as for OPT1, where OPTwt represents the new solution
found. We show the total travel time, the in-vehicle travel time, the waiting time, the
number of buses required by the solution, the maximum and minimum waiting times
individual users experience (∆tmax and ∆tmin, respectively), the average mean utilization
across all lines (U), and the execution time that each run took (t). We ran the experiment
using a Core i9 computer with 64 GB of RAM.

We notice that the new constraint was effective, achieving an improvement of 66.7%
in the maximum waiting times at the expense of increasing the fleet by 3.8% (four more
buses). Overall waiting times were improved by 12%, while the mean line utilization
dropped by 22%.

In Figure 4.9, we can observe the arcs where the critical flow occurs for each of the
lines in OPTwt (dashed segments) as well as the zones where users must wait the most
(depicted by a passenger symbol).

When compared to OPT1, depicted in Figure 4.8, the critical flows remain for the
most part the same, except for the critical flow corresponding to line 1, which reverses its
direction, and the critical flow corresponding to line 4, which now goes in both directions.
We also note that the original maximum waiting times continue to occur at the same bus
stops (nodes 10, 13, and 14), but are now even in magnitude with the waiting times occur-
ring elsewhere for different lines, since the actual time spent waiting has been considerably
reduced. In a way, this more uniform distribution of the waiting times throughout the
transport network and the different lines can be interpreted as a more “fair” distribution
that does not overly penalize a specific subset of the demand at the expense of the rest.

In Table 4.7, we display some additional measures per line. Despite OPTwt incurring
a more acceptable maximum waiting time than OPT1, we note that the solutions don’t
differ as widely in other respects: all the metrics for the first three lines are identical, as
they continue to operate using the same set of frequencies. The main change in terms of
the lines occurs with line 4, which in OPTwt uses a higher frequency necessary to diminish
the waiting time of the more affected users. We showed in Figure 4.8 that the maximum
waiting times are local to specific nodes in the network, and the low critical flow and mean
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Figure 4.9: Mandl - Critical flows and maximum waiting times when using a maximum
waiting time constraint

utilization for line 4 in the new solution confirm this: the frequency required to alleviate
the high waiting times at specific stops in the network turns to be wasteful for the rest
of the itinerary of the line, which now operates with a much higher capacity than needed
for most of its journey. This kind of analysis could form the basis to further explore
and fine-tune the set of feasible frequencies available for the instance under consideration.
It can also be interpreted as an argument in favor of using continuous variables for the
frequencies. The fact that the critical flow for line 4 is close to the one in OPT1 suggests
that a frequency higher than the original but lower than the final selected would constitute
a better option in terms of line utilization. Alternatively, when there is such disparity in
the utilization of the different travel arcs, one approach used in practice is to follow a
short-turn line strategy [21], where lines that operate over a very localized part of the
network with high frequencies are introduced.

Finally, we note that OPTwt is identical to OPT2, one of the solutions found by using
formulation (3.48 - 3.75) without any constraint on waiting times and with a total fleet
size constraint of five more buses with respect to instance OPT1. However, in terms of
computational performance, while OPT2 took just 42 minutes to execute, OPTwt required
13 hours and 31 minutes. The increase in the execution time can be explained by the
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Table 4.7: Mandl - Additional measures with the maximum waiting time constraint

∆tmax ∆tmin Line Capacity Critical flow U(%) 1/f

OPT1 10 0.54 1 57.5 56.9 57 0.87
2 20 18.8 66 2.5
3 15 13 59 3.3
4 5 4.6 79 10

OPTwt 3.33 0.54 1 57.5 56.9 57 0.87
2 20 18.8 66 2.5
3 15 13 59 3.3
4 15 5.6 34 3.3

addition of the new waiting time constraint, but it can also be due to treating the total
travel time as a constraint, or by the promotion of the total fleet size as the objective to be
optimized. In any case, this suggests that increasing the total fleet size in small amounts
in formulation (3.48 - 3.75) might achieve an equally good tradeoff with regards to the
waiting times as using an explicit maximum waiting time constraint.

4.3.1 Main findings

In this section, we proved the efficacy of using the maximum waiting time restriction to
achieve a more uniform and fair situation for users of a transportation system. In partic-
ular, we were able to improve the maximum waiting times by a considerable percentage
while only adding four more buses to the final solution. In doing so, we identified several
challenges:

• Adding constraint (4.5) directly to formulation (3.48 - 3.75) results in no feasible
solution. In order to leverage the waiting time constraint, we had to turn the total
fleet size into the objective to be optimized. The interplay between fleet size, bus ca-
pacities, and the minimization of total travel times leaves little room for a maximum
waiting time constraint, especially when only the frequencies, not the line itineraries,
are subject to change. This could be interpreted as an argument for optimizing both
line itineraries and frequencies in a single formulation instead of in a two-step pro-
cess. Still, operational and planning concerns might prevent the alteration of line
itineraries on a more tactical basis, as is often the case for the frequencies.

• Using a model that explicitly avoids congestion results in a rigid setting of frequencies
due to the strict nature of the capacity constraint. As a more flexible approach,
assignment models that explicitly consider congestion effects, i.e., by considering
the influence of the travel flows over the waiting times, might provide a helpful
relaxation, giving room for more feasible solutions at the expense of congestion in
the network. To be able to analyze a solution, even if it presents prohibitive levels
of congestion, is better than having no solution at all, which would leave planners
unable to identify which sectors of a transportation network are problematic and
could benefit from different measures, such as changes in terms of infrastructure, line
itineraries, or the frequency of the lines. Still, we notice that an explicit modeling
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of congestion would not necessarily result in finding more feasible solutions when
adding constraints such as (4.5); the interplay between the fleet size, bus capacities,
and total travel times does not fundamentally change when trying to alleviate high
waiting times.

• Near-congestion events often occur in very localized points of the network. Increas-
ing the frequencies of the lines that serve those troubled segments might result in
buses with low mean utilization, as previously shown. This suggests that alterna-
tive approaches to alleviate congestion might be worth considering, such as models
treating frequencies as continuous instead of discrete variables, or the possibility of
operating temporary lines over specific saturated zones of the street network.

4.4 Rivera test case

To explore up to which size, in terms of the underlying graph, instances are solvable to
optimality, a real test case is considered. It corresponds to the city of Rivera, located
in the north of Uruguay and close to the border with Brazil. The case construction
reflects the real aspects of an actual city’s infrastructure and demand requirements with
fidelity. Moreover, the size of Rivera, in terms of the underlying graph, is much larger
than Mandl’s. Rivera, a city with a population of approximately 65000 inhabitants, has
an infrastructure graph of 84 nodes and 143 arcs and a demand matrix consisting of
378 non-null entries. There are several solutions published in the literature obtained by
approximate methods, such as metaheuristics [2, 4, 56], and one work where an exact
model for frequency optimization is used, but no solution could be obtained [55].

4.4.1 Experiments

Considering the existing publications and the characteristics of the actual solution im-
plemented in Rivera, we establish ω = 42 and F = (1/60, 1/40, 1/30, 1/20) as the set of
feasible frequencies. The solution implemented in Rivera consists of 13 bus lines. In terms
of our formulation, this translated to 4.576.920 variables (2.198.544 binary) and 6.487.269
constraints. All the experiments in this section were run using a Core i9 computer with
64 GB of RAM. Unfortunately, the CPLEX solver ran out of memory after a couple of
iterations, and no solution was found.

Taking into account the execution times required for running the Mandl test case, it
is not surprising that a significant increase in the size of the graph poses problems to the
solver. Some of the possible causes are:

• As mentioned in [55], the discretization of the domain of frequencies enlarges the set
of boarding arcs (and thus the corresponding number of flow variables v) to a factor
equal to the size of the set Θ of possible frequencies. It also enlarges the variable
space due to the addition of the new binary variables y, which turns the formulation
into a mixed integer one.

• Some limited experiments suggest that a large portion of the search tree has to be
enumerated when substituting the lower level problem by means of the Karush Kuhn
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Tucker conditions in combination with the linearization approach using the big-M
method [7].
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Chapter 5

Conclusions and further research

We have studied several models in the literature on frequency optimization in public trans-
portation systems, with a particular focus on those that incorporate the characteristics
deemed more relevant in the context of this work. The main contributions of this thesis
can be succinctly stated as:

• A mathematical programming formulation that explicitly models user behavior (by
means of an assignment sub-model) while including bus capacities. This allows
us to improve the realism of existing models by considering passenger behavior, bus
capacities, and user waiting time at bus stops, which is, under this work’s hypothesis,
the most relevant part of the total travel time.

• A thorough study of the bilevel nature of frequency optimization in public trans-
portation systems and how the inclusion of different aspects of the problem affects
this nature.

• A thorough study of the proposed model behavior, allowing us to identify the ad-
vantages and limitations of using a strict capacity approach.

The contributions related to the previous items are supported by the current state of
the art in frequency optimization. To the best of our knowledge, the simultaneous inclusion
of all of the aforementioned aspects in a single mathematical programming formulation
has not been studied. Other elements supporting the merits of the proposed formulation
include the broad set of experiments executed, the numerical results obtained using a case
study taken from existing publications, and the comparison of the results with results
coming from reference studies.

The detailed inspection of several measures of the optimal solutions obtained through
different experiments, and the visual assessment of the effects of congestion when con-
templating bus capacities, contribute to raising awareness of the importance of bilevel
approaches when attempting to solve the frequency optimization problem.

5.1 Bilevel nature

Models that are based on the assumption that planners can assign passengers to lines are
common in the literature [3, 13, 65]. Those that consider an explicit assignment sub-model
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to reflect user behavior usually do not consider bus capacities [41, 55], nor the waiting
time of the users [40]. Since the level of service perceived by the users is one of the
most important factors in measuring the performance of a public transportation system,
the previous characteristics are of great importance in achieving models with realistic
assumptions that can be applied to real scenarios.

The bilevel nature of the problem was explored by applying variants of the formulation
to the same instances. The results suggest that a genuine bilevel approach should be
considered whenever bus capacities are contemplated, since uncapacitated models can
produce solutions that are not appropriate in contexts where the transit system is operating
over its capacity. Moreover, by using a test case corresponding to an actual city, it was
possible to explore some underlying issues that arise whenever bus capacities and different
fleet sizes are considered. By studying measures such as critical flows, line capacities,
and maximum waiting times, with the aid of visual inspection, problematic sectors of the
underlying line network can be quickly identified. This permits a more thorough discussion
of the issues that could arise in real-life contexts and helps devise alternative solutions.

Extensions and alternatives to the proposed formulation were explored to consider
different scenarios. An alternative formulation was proposed, capable of determining the
minimum fleet size required to operate in order to meet a certain level of service from the
users’ point of view. By adding new constraints such as maximum waiting times at the
bus stops, the flexibility of the proposed model and their impact on the level of service
perceived by the users were also analyzed.

5.2 Mathematical formulation

We proposed a new bilevel formulation based on the model presented in [55]. Our model
considers individual passenger route choice using an assignment model [72] while also
including the waiting time of the users and bus capacities when measuring the system’s
performance. This makes the model more adequate for being applied in real-case scenarios.
We derived a mixed integer linear programming (MILP) formulation, equivalent to the
bilevel one, and susceptible of being solved by common solvers using standard MILP
techniques.

To study the scalability of the method, we applied the formulation to instances of
small to medium sizes. This enabled a detailed comparison with results published in the
literature. Several measures extracted from optimal solutions were presented, which can
help decision-makers characterize their quality with respect to the interests of both users
and operators.

Finally, we have also tested extensions of the model by including and excluding certain
constraints in order to study their impact on the mathematical structure of the problem.

5.3 Experiments and application to real cases

This section presents the main conclusions and challenges when performing the compu-
tational tests using the proposed mathematical formulation. We also conclude on the
feasibility of applying the methodology and the formulation to cases corresponding to
actual cities.
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5.3.1 Experiments

The main challenge when evaluating the formulation is the lack of comparable results
in the literature. In order to compare in a meaningful way two different approaches to
frequency optimization, careful consideration must be given to the several aspects outlined
in Subsection 4.2.1. In particular, many variants of published models exist, but even when
the same sets of variables and constraints are considered, differences usually arise in the
assignment sub-models representing the behavior of the users. Another difficulty is the
lack of standard test cases and available data in general.

To partially overcome these issues, we used a test case proposed by Mandl, where the
data is available, and results have been published in several works [43, 53]. No information
was provided regarding the construction of the use case, so it is not possible to map the
graph data with the reality of an actual network infrastructure.

To explore the scalability of the proposed methodology, we used a case study corre-
sponding to the actual city of Rivera [56]. The construction process is well documented in
this case, and significant effort was devoted to determining a demand matrix that closely
resembled the demand requirements of users of the transport services at the moment of
writing. From a size perspective, the case study of Rivera is significantly bigger than that
of Mandl, something desirable since the main objective was to determine up to which
size instances are solvable by optimality using the proposed formulation. Unfortunately,
the solver had difficulties when trying to solve the instance, which suggests that cases of
comparable size are still out of reach of exact techniques.

The proposed formulation represented the behavior of users with the optimal strate-
gies assignment model [72]. Assignment models are a fundamental part of any model
or algorithm attempting to solve the frequency optimization problem; the choice of the
assignment model significantly impacts the realism, validity, and interpretation of the so-
lutions. Since this component is a complex model on its own, it also greatly impacts the
performance of solving algorithms. Another assignment model mentioned in the context
of this work is that of Baaj and Mahmassani [43], which can be regarded as similar to
optimal strategies, although it does not consist of an explicit mathematical formulation,
something that prevents its use as a sub-model embedded in explicit formulations.

5.3.2 Application to real cases

There are several possible applications of the proposed formulation in the design of a
public transportation system.

A given frequency setting is needed in the context of strategic planning when an initial
set of lines and their itineraries must be defined. In that context, frequencies are required
to evaluate the quality of the lines both from the users’ point of view (since frequencies
affect the waiting times) as well as from the operators’ point of view (since frequencies
strongly determine the total number of buses that they need to provide). Moreover,
frequency setting usually occurs during tactical planning, in response to updated demand
requirements, among other dynamic factors.

Adjusting the frequencies is also a straightforward approach to achieving different
trade-offs between the operators and user objectives.
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Most of the published results in the literature proposing heuristic or metaheuristic ap-
proaches lack a way of objectively comparing their algorithms’ performance. By leveraging
the proposed mathematical programming formulation or other exact methods with opti-
mality guarantees, it is possible to better assess the quality of the solutions encountered
by said algorithms, for example, by calculating an optimality gap over selected instances.

Finally, it is possible to perform alternative experiments with only slight changes to
the formulation. In this thesis, we have used a derived formulation to estimate the fleet
size required to ensure a certain level of service from the users’ point of view. We have
also devised an alternative formulation that includes a maximum waiting time constraint
to provide a more consistent and fair level of service to the users when waiting at the
different bus stops.

5.4 Further research

We note that all variants of the bilevel model discussed in this work maintain the DCLB
structure, enabling the application of exact resolution methods. However, the existing
(general purpose) methods for this kind of bilevel problems [7, 9, 31] do not necessarily
handle models with many variables and constraints, as is the case for frequency optimiza-
tion problems. Therefore, further research is needed in order to devise tailored solution
methods for the specific problem. An example of such an approach can be found in [40].
Metaheuristic techniques may also aid in finding good solutions to solve the transit fre-
quency optimization problem. The Tabu Search [39] based metaheuristic presented in [55]
to solve a single level instance of the problem might also be extended to cope with a bilevel
program. There are a growing number of metaheuristic approaches that explicitly deal
with bilevel problems. A good survey can be found in [73].

Regarding capacitated models, a formal criterion for switching between uncongested
and congested frequency optimization models is desirable to establish. The capacity of the
buses is modeled by either assuming that the planner ensures sufficient capacity on the
lines that the users want to use or by the explicit treatment of a congested system, usually
using an equilibrium assignment sub-model. Several practical aspects of reality determine
whether it is feasible to operate a not congested system. Still, to the best of our knowledge,
there are no published works exploring and comparing these different approaches over the
same instances.

To improve the model’s realism further, new constraints could be considered. Some
constraints, such as imposing street capacities, can be easily added to the proposed for-
mulation without significant changes.

In the current formulation, all demand pairs must be covered by one or some combina-
tion of lines, a situation imposed by the flow conservation constraint. In some scenarios,
particularly in big cities, this might be deemed unrealistic, and thus demand covering
constraints could be helpful. Demand covering constraints consider the case where only
a certain percentage of the demand needs to be satisfied. They can also be extended to
consider upper and lower limits on the total amount of demand covered directly or by
one or more transfers. The model proposed in this thesis supports transfers, but does
not penalize them explicitly, since doing so would increase the complexity of the current
formulation. Still, considering some form of penalty could be worthwhile in contexts where
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transfers are viewed in such a negative light as to significantly influence the perception
of the level of service that the users experience, to the point of influencing user behavior
and, thus, the underlying assignment model.

Certain assumptions mentioned in Section 1.1 limited the scope of the proposed models.
Including aspects such as the influence of fares charged for the usage of the services, the
availability of advanced traveler information systems, the consideration of transfers, or
the disregard of waiting times in high-frequency contexts would significantly affect the
structure of the proposed formulation, especially with respect to the assignment sub-
model, since those aspects influence the behavior of the users of the system.

Finally, we note that finding feasible solutions was hard in some instances. A similar
conclusion was reached in [19], where the author states that a bit of congestion is not
unreasonable. This motivates her to devise an alternative formulation, where the fleet
size constraint is instead treated as a penalized factor of the objective function. The
formulation proposed here could be extended similarly with little effort.
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Appendix A

TRUST assignment model

The TRUST assignment model used by Baaj and Mahmassani in [43] (and described in
detail in [42]) has similar characteristics to optimal strategies [72], which is used in the
context of this work and further explained in Section 3.3). When compared, the salient
characteristics of TRUST are:

• Transfers are considered in the behavior of the users when selecting lines.

• Congestion effects are not considered.

• A frequency share rule is used when multiple lines are capable of serving the demand.

• Total travel time minimization is performed in a heuristic way instead of using exact
techniques with optimality guarantees.

While transfers are allowed in optimal strategies, they are implicitly handled, so it
is not possible to quantify them within the model. On the other hand, TRUST utilizes
the number of transfers a user must take as the primary criterion when choosing among
different lines. If the minimum number of transfers for a given OD pair can be achieved
by more than one strategy, the strategy that minimizes the total travel time is selected,
as in the optimal strategies case.

Congestion is not modeled in TRUST. Optimal strategies does not consider congestion
either: the cost of the street edges is thus fixed, and solutions that lack enough bus capacity
are discarded. This means that operators need to guarantee sufficient capacity when, for
example, assigning frequencies.

We also note that the frequency share rule used by TRUST is equal to the one de-
picted in Equation 3.4, while the waiting time expression is similar to the one depicted in
Equation 3.1 with β = 1/2.



66 TRUST assignment model



Appendix B

Mandl test case clarification

While validating the proposed mathematical formulation using the test case of Mandl, we
noticed some inconsistencies in the way the results were reported in [43]. In particular,
the original article states that the origin-destination matrix is expressed in travel trips per
day, but the reported results are then presented and utilized as if they were travel trips
per hour. While, from a performance point of view, this does not prevent or invalidate the
comparison of results, it does affect the interpretation of the results from the perspective of
a real public transport system. Moreover, the demand seems to be treated on a per-minute
basis when calculating capacities and user flows but on a per-hour basis when computing
the different components of the total travel time.

In order to present consistent results, in the current work we divide the travel times
(including waiting times), as published in the original article, by 60. In this manner, the
different metrics of each solution are reported using minutes as the unit.
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