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Abstract. Given any triplet of positive integers n ≥ 2, m and k such that
n = m + k, we exhibit a C

1 robustly transitive endomorphism of T
n with

persistent critical points in the isotopy class of F×Id, where F is an expanding
map of Tm and Id is the identity of Tk. Furthermore, if k is small, the map is
not only in the isotopy class but in fact a perturbation of F × Id.

1. Introduction. Let X be a real (riemannian) manifold and an induced discrete
dynamical system over X by a continuous map f : X → X . Many of the features
of interest displayed by the dynamical system depend on the properties displayed
by f , and whichever property f possesses is said to be robust if all maps sufficiently
close to f also posses that same property. Our article addresses robustness of tran-
sitivity, meaning by transitive the existence of a forward dense orbit for some point
x in X .
Robust transitivity has been an active topic for about the last fifty years. The first
results showed that for diffeomorphisms it is needed to have at least weak hyperbol-
icity for C1 robust transitivity (see [16], [6]), while Anosov on T

2 is an equivalent
condition in the surfaces’ setting. Concerning regular endomorphisms (non-injective
and empty critical set), weak forms of hyperbolicity are shown to be necessary for
robust transitivity, while sufficient conditions are known for the n-torus as phase
space (see [1], [12], [19]).
Robust transitivity of singular endomorphisms (non-empty critical set) has been the
least studied setting, only in the last decade the first such examples were exhibited
(see [5], [10]) on the 2-torus. The setting became active recently. In 2019 was shown
that weak hyperbolicity is needed for C1 robust transitivity of singular maps on any
surface (see [14], [15]). The higher dimensional setting has been approached even
less: on the one hand only two examples of such maps have been recently exhibited
(see [17], [18]) while on the other, the first necessary condition for their existence
has been stated very recently (see [13]), being the State of the Art in the subject.

The aim of our article is to improve the construction given by [18]. There ap-
pears the first example of a robustly transitive map in the C1 topology displaying
persistent critical points in high dimension. The construction is carried on such that
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2 JUAN CARLOS MORELLI

the central space1 is one dimensional, which is a classical approach in the literature.
The problem of dealing with central spaces of larger dimensions is well known and it
corresponds to the loss of control within these spaces. Moreover, a good many open
problems have found already partial answers in the one-dimensional center space
set up, while the two-or-larger-dimensional center space set up remains open (see
XXX). Here, we adjust the construction carried on in [18], showing that the central
space does not need be one dimensional but can in fact be as large dimensional as
desired.

The main result of this work is stated in the claim below. In the next section
precise definitions appears.

Theorem 1.1. Let n and k be natural numbers such that n ≥ 2 and 1 ≤ k ≤ n− 1
and let Tn be the n-torus. Then, there exists a smooth map F : Tn → T

n satisfying:

• F is C1 robustly transitive.
• F is robustly singular.
• The central space of F is k-dimensional.

1.1. Sketch of the Construction. Start from an endomorphism of Tn induced
by a diagonal matrix with integer coefficients, where the first (n − k) entries are
large positive integers (yielding one dimensional strong unstable directions) and the
last k entries equal to one (central directions). Perturb the induced map to add
a blending region. Roughly speaking, it consists of several slices of of Tn where
two mechanisms take place: on the one hand, the restriction of the perturbation to
some of these slices configures a set of maps that shrink open sets; and its restric-
tion to the other slices configure a robustly minimal IFS. Their combination, along
with a field of unstable cones, mixes everything getting the transitivity from local
dynamics over this region. Then the critical points are introduced artificially with
a second perturbation far from the blending region so that the transitivity property
remains. All the construction is done in a robust way.

The author emphasizes that the contents to follow are an improvement to the
construction appearing in [18], where the case n ≥ 2 and k = 1 is solved. The
proofs to some of the claims in our Lemmas and Theorems are, consequently, also
inspired by [18]. If readers wish to get a hollower approach to our construction they
are gently invited to get in touch with the article.

2. Preliminaries. We recall some definitions here, for more insight on geometrical
or dynamical background the readers can refer themselves to [7] or [8].

Let M be a differentiable manifold of dimension m and f : M → M a differen-
tiable endomorphism and Dxf : TxM → TxM its differential map (or its Jacobian
matrix, indistinctively). The critical set of f is Sf := {x ∈ X : det(Dxf) = 0}.
The map f is said to be singular if its critical set is nonempty, and it is said to
be robustly singular if there exists a neighborhood Uf of f in the C1 topology
such that the critical set Sg is nonempty for all g ∈ Uf . The orbit of x ∈ M is
O(x) = {fn(x), n ∈ N}. The map f is said to be transitive if there exists a point

x ∈ M such that O(x) = M , and it is said that f is Ck-robustly transitive if

1by central space we mean a section of the tangent bundle which is invariant by the differ-
ential map and its vectors are not uniformly expanded nor uniformly contracted. In particular,
eigenspaces associated to eigenvalues of modulus one are center spaces.
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there exists a neighborhood Uf of f in the Ck topology such that g is transitive for
all g belonging to Uf .
The proposition ahead is well known, useful and easy to prove.

Proposition 2.1. If f is continuous then are equivalent:

1. f is transitive.
2. For all U, V open sets in M , exists n ∈ N such that fn(U) ∩ V 6= ∅.
3. There exists a residual set R (countable intersection of open and dense sets)

such that for all points x ∈ R : O(x) =M . �

2.1. Normal Hyperbolicity. We continue defining normally hyperbolic submani-
folds in the sense of [2]. These kind of submanifolds for a given map are persistently
invariant under perturbation, it allows defining dynamical systems within them.
This will be the main usage we will make of them ahead in the paper. Their formal
definition is as follows.

Let f :M →M be a C1 diffeomorphism, N ⊂M a C1 closed submanifold such
that f(N) = N (we say that N is invariant).

Definition 2.1. We say that f is Normally Hyperbolic at N if there exists a splitting
of the the tangent bundle of M over N into three Df -invariant subbundles such
that TM|N = Es ⊕ Eu ⊕ TN and a constant 0 < λ < 1 such that for all x ∈ N the
following hold:

• ||Dxf|Es
x
|| < λ, ||(Dxf)

−1
|Eu

x
|| < λ,

• ||Dxf|Es
x
||.||(Df(x)f)

−1
|Tf(x)N

|| < λ,

• ||(Dxf)
−1
|Eu

x
||.||(Df−1(x)f)|Tf−1(x)N

|| < λ.

The first condition implies that the behavior of the differential map Df is hy-
perbolic over (TxM)|N \TxN while the other two describe the domination property
relative to stable Es and unstable Eu subspaces. Our interest in these submaniolds
comes from [2, Theorem 2.1] which states:

Theorem 2.1. Given M,N and f as in the definition above, there exists Uf a

C1 neighborhood of f such that all g ∈ Uf admit a C1 invariant submanifold Ng
which is unique such that g is normally hyperbolic at Ng. Moreover, N and Ng are
diffeomorphic and there exists an embedding from N to Ng which is C1 close to the
canonical inclusion i : N → M .

2.2. Iterated Function Systems. Let F ,G be two families of diffeomorphisms of
M . Denote by F ◦ G := {f ◦ g/ f ∈ F , g ∈ G}; and for k ∈ N denote F0 = {IdM}

and Fk+1 = Fk ◦ F . Then, the set

∞⋃

k=0

Fk has a semigroup structure that is

denoted by 〈F〉+ and said to be generated by F . The action of the semigroup 〈F〉+
on M is called the iterated function system associated with F . We denote it
by IFS(F). For x ∈ M , the orbit of x by the action of the semigroup 〈F〉+ is
〈F〉+(x) = {f(x), f ∈ 〈F〉+}. A sequence {xn, n ∈ N} is a branch of an orbit of
IFS(F) if for every n ∈ N there exists fn ∈ 〈F〉+ such that fn(xn) = xn+1.

Definition 2.2. An IFS(F) is minimal if for every x ∈M the orbit 〈F〉+(x) has
a branch that is dense on M .
An IFS(F) is Cr robustly minimal if for every family F̂ of Cr perturbations of

F and every x ∈M the orbit 〈F̂〉+(x) has a branch that is dense on M .
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The following result appearing on [9, Theorem A] is one of the two key mecha-
nisms required for our construction.

Theorem 2.2. Every boundaryless compact manifold admits a pair of diffeomor-
phisms that generate a C1 robustly minimal IFS.

The second key mechanism consists of some way to enlarge open sets. We show
that there exists a set F of (n + 1) maps on T

n that are almost contractions and
have a bounded C1 distance to the identity, such that the preorbit by 〈F〉 of any
open set in T

n contains a big ball for all sufficiently large preiterates.

For the proof, let S1 be the quotient of [−1, 1] under −1 ∼ 1 and T
n =

n∏

i=1

S1.

Recall that if X denotes a compact subset of Tn, its internal radi is defined as
ir(X) := max

x∈X
{r > 0/ Bk(x, r) ⊂ X}. If W is open in T

n, ir(W ) := ir(W ).

Lemma 2.1. Given α > 0, there exists a family F = {g1, ..., gn+1} ⊂ Diff1(Tn)
such that:

• {x ∈ T
n/ for some i ∈ {1, ..., n+ 1}, gi is a contraction at x} = T

n.
• max
i∈{1,...,n+1}

{||Id− gi||, ||Id−Dgi||} < α,

• Given W open in T
n, there exist p0 ∈ N such that for all p ≥ p0, the inradius

of preimage 〈F〉−p(W ) is larger than

√
n

n+ 1
.

Figure 1. g̃a : S1 → S1 is almost a contraction on S1.

Proof. Let a ∈
(
0,

1

4n

)
and ga : [−1, 1] → [−1, 1] a real function given by

ga(x) =





(
1 +

aα

2(a− 1)

)
(x+ 1)− 1, if x ∈ [−1,−a]
(
1 +

α

2

)
x, if x ∈ [−a, a]

(
1 +

aα

2(a− 1)

)
(x− 1) + 1, if x ∈ [a, 1]
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Then ga is a continuous piece-wise linear function that descends to S1 as shown

in Figure 1. Fix a0 ∈
(
0,

1

8n

]
so that ||x − ga0(x)|| <

α

2
. Let g̃ : S1 → S1 be

a smooth approximation of ga0 such that ||g̃′|| ≤ 1 +
α

2
and g̃ is a contraction

on the complement of (−2a0, 2a0). Afterwards, let g : T
n → T

n be such that

g(x) =
n∏

i=1

g̃(x) and define a family F = {gi : Tn → T
n, 0 ≤ i ≤ n integer} such

that gi(x) = g

(
x− 2i

n+ 1

)
+

2i

n+ 1
. We show next that F is a family that satisfies

the claims at the thesis of the lemma. Observe that the first three properties are
straightforward from the construction.
To prove the last assertion, notice that for any small and connected open set W ,
since gi are almost contractions, 〈F〉−1(W ) will display a larger inradi than W
unless the canonical projection of W intersects any of the (disjoint) expanding
regions of the gi, but it is not possible that W has n projections within n + 1
disjoint intervals. Hence, for some i, g−1

i (W ) contains an open set that has a larger
inradi than W . This argument will remain to hold until W becomes large enough
so that it intersects two (or more) of the expanding disjoint regions of the gi, but

in this case it has to be ir
(
〈F〉−p0(W )

)
≥ 2

√
n

n+ 1
− 2a0 for some p0, which yields

ir
(
〈F〉−p(W )

)
>

√
n

n+ 1
for all p ≥ p0.

Remark 2.1. The family F is C1-close to the Identity map.

The union of the sets given by Theorem 2.2 and Lemma 2.1 yield the following:

Corollary 2.1. There exists a family F = {g1, ..., gn+3} ⊂ Diff1(Tn) such that:

• IFS(F) is C1 robustly minimal,
• Given W open in T

n, there exist p0 ∈ N such that for all p ≥ p0, the preimage

〈F〉−p(W ) contains an open set of diameter larger than

√
n

n+ 1
. �

Having stated all the preliminary facts needed to construct the example map
satisfying the claim at the thesis of Theorem 1.1, we proceed to it in two steps. But
first, an overview of the whole construction in a simpler setting is given in Section
3. Next up, in Section 4, we define an endomorphism of Tn (named f) that is C1

robustly transitive. To do so, we use the result given by Corollary 2.1 to create a
robust blending region for f supported on a strict subset X of Tn, aided by a field
of unstable cones.
Once this is achieved, we move on into Section 5 where the second step of the
construction takes place by introducing critical points artificially inside the comple-
ment of X in T

n. The surgery is performed such that the critical points existence
is robust and the blending region is unaffected, resulting in a new map (named F )
that satisfies the claim at Theorem 1.1.

3. A low dimensional example. Let us begin giving a full proof of Theorem 1.1
when n = 3 and k = 2. After this simpler approach, the reader will grasp the ideas
supporting the construction. The general case is proved with the same ideas in a
more complex environment. The main Theorem adopts the following form:
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Theorem 3.1. There exists a smooth map F : T3 → T
3 satisfying:

• F is C1 robustly transitive.
• F is robustly singular.
• The central space of F is 2-dimensional.

3.1. Construction of f . For the rest of the section, let the quotient (R/[−1, 1])3

be T
3 = S1 × T

2 and endow it with the standard (euclidean) riemannian metric.
Start fixing F1 = {m3,m4} the family given by Theorem 2.2 for the second factor
T
2.

Remark 3.1.

1. max{||IdT2 −m3||, ||IdT2 −m4||} =:M ∈ R exists.
2. As is stated in [9], F1 can be constructed such that for given small δ > 0 the

jacobians satisfy (||Dm3|| − 1)2 + (||Dm4|| − 1)2 < δ.

Follow fixing two real numbers r and κ such that 0 < r <
1

20
and 0 < κ < 3

(κ will be useful to prove that the sought map admits unstable cones), and let

Â ∈ M3(ZZ) be the diagonal matrix below, with a large integer λ in the first

column satisfying λ >>

{
1

r
,
80M

rκ

}
, where M is defined in 1 at Remark 3.1. The

other two entries in A are equal to 1.

Â =




λ 0 0
0 1 0
0 0 1


 . (3.1)

The matrix Â induces a regular endomorphism A on the torus defined by

A : T3 → T
3/ A(x1, x2, x3) = (λx1, x2, x3). (3.2)

Remark 3.2.

1. Since r <
1

20
, then λ > 20 hence A displays more than 5 fixed points. In

particular, Fix(A) =

{(
2i

λ− 1
, p2, p3

)
∈ T

3, i ∈ Z ∩ [0, λ− 1)

}
.

2. The choice of a very large value of λ yields a very strong unstable space.
3. The map A is modulo 2. Even when we do not state it explicitly, it applies

for all maps of T3 defined along this section.
4. The construction is possible for any λ0 ∈ ZZ such that |λ0| > 1 since there

would be a power of Â such that the first entry would be larger than λ. It
follows that the construction holds for any linear map in the isotopy class of
maps with one eigenvalue of modulus larger than one.

Let r be the real number fixed at the beginning of the section and define 5

disjoint subsets (shrink r if necessary) of S1 by Ki =

[
2i

λ− 1
− r,

2i

λ− 1
+ r

]
and

let K =
⋃

0≤i≤4

Ki. Define next K̃i =

[
2i

λ− 1
− 2r,

2i

λ− 1
+ 2r

]
and let K̃ =

⋃

0≤i≤4

K̃.

For each i, define a smooth map ui : IR → IR such that ui|Ki = 1 and ui|K̃c
i = 0

(see Figure 2) and let u =

4∑

i=0

ui. Observe that ||u′|| := max{|u′(x)|, x ∈ IR} < 2

r
.
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Figure 2. Graph of ui.

Finally, let F2 = {g0, g1, g2} be the family given by Lemma 2.1 for the second

factor T
2, satisfying the properties claimed in the Lemma for α ≤ κ

40||u′|| . The

family from Corollary 2.1 becomes F = F1 ∪ F2. Define

f̂ : K̃ × T
2 → T

3/ f̂(x, y, z) =

{
(λx, gi(y, z)) if x ∈ K̃i, i ∈ {0, 1, 2}
(λx,mi(y, z)) if x ∈ K̃i, i ∈ {3, 4}

(3.3)

and extend f̂ to f : T3 → T
3 given by

f(x, y, z) =

{
u(x).f̂(x, y, z) + (1− u(x)).A(x, y, z) if x ∈ K̃

A(x, y, z) if x /∈ K̃
(3.4)

Remark 3.3. The following properties are straightforward to check:

1. If f̂(x, y, z) = (λx, f̂2(y, z)), then f(x, y, z) = (λx, u(x).f̂2(y, z)+(1−u(x)).(y, z)).
2. Since ‖Dgi‖ ≤ 3

2
for all i, combined with Remark 3.1 gives ‖Df̂2‖ < 2.

3. By construction of f , ‖Id− f̂2‖ ≤ max

{
M,

κ

40||u′||

}
.

4. The restriction f
|
(

K×T
2
) = f̂ .

5. The restriction f
|
(

K̃×T
2
)c = A.

3.1.1. Dynamics of f . The most evident dynamical feature f has is a strongly
dominant expanding subspace along the first coordinate. It follows that there exists
a family of unstable cones for f in its direction. We make a pause here to check the
existence of such an unstable cone field for f .
Recall that for x ∈M , we call cone of parameter a, index n− k and vertex x to

Cua (x) =

{
(v1, ..., vn) ∈ TxM/

‖(vk+1, ..., vn)‖
‖(v1, v2, ..., vk)‖

< a

}

and that f admits an unstable cone of parameter a and vertex x ∈ M if there
exists Cua (x) ⊂ TxM such that Dxf(Cua (x)) \ {0} ⊂ Cua (f(x)).

Lemma 3.1. The map f defined by Equation (3.4) admits an unstable cone of
parameter κ, index 2 and vertex (x, y, z) at every (x, y, z) ∈ T

3.

Proof. The calculations only need to be done over K̃ ×T
2, since in its compliment

f = A. For the proof, let f̂2(y, z) = (p(y, z), q(y, z)). The differential of f at
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(x, y, z) ∈ K̃ × T
2 is given by

D(x,y)f =




λ 0 0

u′(x).(p(y, z)− y) u(x).
∂p

∂y
(y, z) + 1− u(x) u(x).

∂q

∂y
(y, z)

u′(x).(q(y, z) − z) u(x).
∂p

∂z
(y, z) u(x).

∂q

∂z
(y, z) + 1− u(x)


 .

For all (v1, v2, v3) ∈ T(x,y,z)T
3, the differential D(x,y,z)f(v1, v2, v3) is given by




λv1

[u′(x).(p(y, z)− y)] v1 +

[
u(x).

∂p

∂y
(y, z) + 1− u(x)

]
v2 +

[
u(x).

∂q

∂y
(y, z)

]
v3

[u′(x).(q(y, z)− z)] v1 +

[
u(x).

∂p

∂z
(y, z)

]
v2 +

[
u(x).

∂q

∂z
(y, z) + 1− u(x)

]
v3



.

Consider all (v1, v2, v3) in C
u
κ (x, y, z) and let (w1, w2, w3) := Df(x,y,z)(v1, v2, v3),

we prove that Cuκ is unstable by computing
||(w2, w3)||

|w1|
. After a straightforward cal-

culation the reader can verify, along with the facts listed below, that
||(w2, w3)||

|w1|
≤

|w2|+ |w3|
||w1||

≤ 2.
| κ40v1 + 2v2 + 2v3|

|λv1|
+

|v2|+ |v3|
|λv1|

≤ κ

20λ
+

10κ

λ
<

11κ

λ
< κ.

• (v1, v2, v3) ∈ Cuκ (x, y, z),

• max
(y,z)∈T

2
{||p(y, z)− y||, ||q(y, z)− z||} ≤ ||f̂2 − Id||

• |u′(x)|.||f̂2(y, z)− (y, z)|| ≤ κ

40
by Remark 3.3 and definition of λ and F2,

• max {||p′||, ||q′||} ≤ ||Df̂2|| < 2 by Remark 3.3,
• ‖Id‖ ≤ 2,
• max
x∈IR

{|u(x)|, |1− u(x)|} ≤ 1,

• λ > 20.

Remark 3.4. Notice how

D(x,y)f =




λ 0 0

u′(x).(p(y, z)− y) u(x).
∂p

∂y
(y, z) + 1− u(x) u(x).

∂q

∂y
(y, z)

u′(x).(q(y, z) − z) u(x).
∂p

∂z
(y, z) u(x).

∂q

∂z
(y, z) + 1− u(x)




can be posed as

D(x,y)f =

(
λ 0

u′(x).((p, q)(y, z) − (y, z)) u(x).D(y,z)(p, q) + (1 − u(x))Id

)

if (v1, v2, v3) is considered as (v1, (v2, v3)).

Remark 3.5. Since Df̂2 is very close to Id
T

2 , for all q ∈ T
3 there exist invariant

vectors (0, v2, v3) ∈ TqT
3 such that ‖Dq(0, v2, v3)‖ ∼ ‖(0, v2, v3)‖.

Lemma 3.2. For all p ∈ T
3 and all v ∈ Cuκ (p), ‖Dpf(v)‖ > 6‖v‖.
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Proof. Let v = (v1, v2, v3) ∈ Cuκ (p) and recall 0 < κ < 3 and λ > 20, then(‖Dpf(v)‖
6.‖v‖

)2

≥ (λ.||v1||)2
36.(||v1||2 + ||(v2, v3)||2)

≥ λ2

36

(
1 +

(
||(v2,v3)||

||v1||

)2) >
λ2

36(1 + κ2)
>

400

360
> 1.

Remark 3.6. Since the definition of unstable cone is independent of the construc-
tion of f , κ can be chosen small enough such that for all curves γ satisfying that the
derivative γ′ ⊂ Cuκ (γ) at all times, then inradius and diameter of γ can be identified.
For the rest of the section assume that κ is small enough so that this identification
holds. Notice also that for all curves γ with derivative inside the cone at all times
and ir(γ) ≥ 2, the projection of γ to S1 is surjective.

Corollary 3.1. For all curves γ such that for all t where γ is defined it holds that
γ′(t) ⊂ Cuκ (γ(t)), the diameter satisfies diam(f(γ)) > 6diam(γ). �

Corollary 3.2. There exists a C1 neighborhood Uf of f such that all g in Uf admit

an unstable cone of parameter κ, index 2 and vertex p at every p ∈ T
3 for which

Corollary 3.1 holds. �

We highlight now some of the other relevant dynamical features the map f pos-
sesses. All of them are straightforward to check:

Remark 3.7.

1. For all i, 0 ≤ i ≤ 4, f(Ki × T
2) = T

3. This yields that K × T
2 gives rise to a

protoblender in T
3.

2. For all i, 0 ≤ i ≤ 4,

(
2i

λ− 1
, 1 +

2i

λ− 1
, 1 +

2i

λ− 1

)
is a saddle fixed point.

3. For all i, 0 ≤ i ≤ 4,

{
2i

λ− 1

}
× T

2 is a normally hyperbolic submanifold.

4. The local unstable manifold at z := (0, 1, 1) is Wu
loc(z) = (−r, r)× {(1, 1)}.

5. The local stable manifold at z is W s
loc(z) = {0} × (1− r, 1 + r)2.

We prove now that both the local stable and local unstable manifolds at z are
dense in T

3. Since they are transversal, the Inclination Lemma yields C1 transitivity
for f . Afterwards, we show that the proof is robust, so f will also be C1 robustly
transitive.

Lemma 3.3. The local unstable manifold Wu
loc(z) is dense in T

3.

Proof. Let V = V1×V2 be any open set in T
3 = S1×T

2. We show that there exists
a point in the unstable local manifold Wu

loc(z) with a forward iterate in V .
Let f be f(x, y, z) = (λx, f2(x, y, z)). Since f1(x) = λx and rλ > 1, f(Wu

loc(z)) ⊃
[−1, 1]× {(1, 1)}. In turn, f(Wu

loc(z)) ∩K3 × T
2 6= ∅.

Then, since F1 is a robustly minimal set, there existsm ∈ N such that 〈F1〉m(1, 1) ∈
V2. Let a

′ ∈ V1 arbitrary and λ−ma′ ∈ K3 (this is possible after item 1 at Remark
3.7). In turn, there exists p = (λ−m−1a′, 1, 1) inWu

loc(z) such that f1+n(p) ∈ V .

Lemma 3.4. The local stable manifold W s
loc(z) is dense in T

3.

Proof. Let V = V1 ×V2 be an open set in T
3 = S1 ×T

2 and let W s
loc(z) be {0}×B

where B = (1−r, 1+r)2 isW s
loc(1, 1) for g0. Pick any point p = (p1, p2, p3) ∈ V1×V2

and a well defined ’horizontal’ curve γ : (−s, s) → V such that γ(t) = p + t. ~e1 =
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(p1 + t, p2, p3). Since for all t, γ′(t) = ~e1, it holds that γ is a curve whose velocity
lies inside the unstable cone field of f at all times. By Corollary 3.1, there exists
k0 ∈ N such that diam(fk(γ)) ≥ 6k.diam(γ) > 2 for all k ≥ k0 (this shows that all

future iterates of γ project surjectively to S1) which gives fk0(γ) ∩
(
K3 × T

2
)
6= ∅.

Let (λk0 .(p1 + t), fk02 (p2, p3)) ∈ K3 × T
2. Then, since IFS(F1) is strongly robustly

minimal there exists m ∈ N such that 〈F〉m(fk02 (p2, p3)) ∈ B in fk0+m2 (p2, p3). In

turn, fk0+m(γ) ⊃ S1 × {fk0+m2 (p2, p3)} so fk0+m(γ) ∩ {0} × B 6= ∅. Therefore, it
exists a point in V (in γ) with a forward iterate in W s

loc(z).

Theorem 3.2. The map f defined by Equation (3.4) is robustly transitive.

Proof. Let V = V1 × V2 be any open set in S1 × T
2. Start taking ε > 0 smaller

than
1

100
and shrink it if needed such that all maps in a C1 neighborhood Uf

of f of radi ε satisfy Corollary 3.2. Continue noticing that, after Remark 3.7, f
admits at least five normally hyperbolic submanifolds at five hyperbolic points.
This implies that, after Theorem 2.1, all g ∈ Uf admit at least five hyperbolic

points where five normally hyperbolic invariant submanifolds of T3 lie (let’s name
them as Hig). Since the restriction of f to its invariant submanifolds is at distance
less than ε from the restrictions g|Hig, it is straightforward seeing that the family

G1 :=
{
g|Hig, 0 ≤ i ≤ 2

}
satisfies ir

(
〈G〉−(V2)

)
≥

√
3

3
, property inherited from

the family F1. As well, G2 =
{
g|Hig, 3 ≤ i ≤ 4

}
is a set for which every point in

T
2 displays an ε-dense orbit. Combine both facts to get transitivity for g in the

following way: Let (0′, 1′, 1′) be the hyperbolic continuation of (0, 1, 1). Since there

exists m ∈ N such that ir(〈G1〉−m)(V2) >

√
3

3
, g admits unstable cones which yield

for some j ∈ N, gj (Wu
loc(0

′, 1′, 1′))∩H3g 6= ∅, take (a, b, c) ∈ gj (Wu
loc(0

′, 1′, 1′))∩H3g

and find d ∈ N such that 〈G2〉d(b, c) ∈ g−m(V ) (this is due to ε density under the
restricted action of G2). In turn, it is satisfied that gj+d+m (Wu

loc(0
′, 1′, 1′))∩V 6= ∅.

This shows that Lemma 3.3 holds robustly.
For Lemma 3.4, follow its proof to see that the curve γ satisfies gk0+1(γ)∩H3g 6= ∅
and continues to project surjectively onto S1 for all k ≥ k0 + 1. Choose any point
(a, b, c) ∈ gk0+1(γ) ∩ H3g. Since IFS(G2) gives ε-density on the second factor, for

some d ∈ N, 〈G2〉d(b, c) ∈ g−m−1({0} × V2), so gk0+d+m+2(γ) ∩ W s
loc(0

′, 1′) 6= ∅
which implies robustness of Lemma 3.4.

3.2. A singular endomorphism F of T3. Now that we have defined a robustly
transitive endomorphism f given by a blending region contained in K × T

2, we
procceed to the second step of the construction by (robustly) artificially introducing

critical points in the complement of K̃ × T
2. The technique used to introduce the

critical points is inspired by the construction carried on in [10, Section 2.2]. Once
the surgery over f is performed, a map F satisfying the thesis of Theorem 3.1 arises.

3.2.1. Construction of F .
Sketch of the construction: We choose a point not in K̃×T

2 and set a ball centered
at this point, inside the complement of K̃ × T

2. By means of standard surgical
procedures, we perturb f to introduce a set of critical points inside the ball with
the additional property that the resulting critical set is persistent. Since the surgery
does not affect the blending region in K × T

2, the robust transitivity of the map f
defined by Equation (3.4) is inherited by the new map. We name the new map as



ROBUST TRANSITIVITY OF SINGULAR ENDOMORPHISMS 11

F , and it satisfies the claim at Theorem 3.1.

(a)

(b)

Figure 3. Graphs of ψ and ϕ′ (following [17])

Let p =

(
3

4
, 0,

1

4

)
∈ (K̃×T

3)c. Our goal is to define a ball of center p to perform

a perturbation in order to obtain the map F we seek. To achieve this goal we need
to fix a series of technical parameters; the choice to set all of them at the same time
and at the beginning of the construction is in expectance of avoiding darkness and
of that it will be clear how they depend on each other.
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Start with l > 0 satisfying that the ball B(p,l) ∩
(
K̃ × T

2
)
= ∅, this is possible

since p /∈
(
K̃ × T

2
)
. Fix a second parameter θ such that 0 < θ <

l

2
and define

a smooth (C∞) function ψ : IR → IR with a unique critical point at
9

16
, with

ψ

(
9

16

)
= 2 and ψ(x) = 0 for all x in the complement of

(
9

16
− θ,

9

16
+ θ

)
; and

an axis of symmetry in the line x =
9

16
as shown in Figure 3 (a).

Set a last parameter δ, with 0 < δ < 2θ verifying the following condition:
since the derivative of ψ is bounded once θ has been fixed, name the bound as
mψ := mψ(θ) = max{|ψ′(x)|, x ∈ IR} and impose on δ that 6.(1 + κ).δ.mψ. < κ.

Having fixed δ, consider another smooth function ϕ : IR → IR such that:

• ϕ′ is as in Figure 3 (b).

• −3

4
≤ ϕ′(x) ≤ 1 for all x ∈ IR. This gives |ϕ′(x)| ≤ 1 for all x ∈ IR.

• ϕ′(x) = 0 for all x /∈
[
1

4
− δ

4
,
1

4
+

3δ

4

]
.

• ϕ′

(
1

4

)
=

1

2
, ϕ′

(
1

4
+
δ

8

)
= 1, ϕ′

(
1

4
+
δ

4

)
= −3

4
, ϕ

(
1

4

)
= 0.

Remark 3.8. max{|ϕ(x)| : x ∈ IR} ≤ δ.

We are now in condition to define a perturbation of f in the direction of the last
canonical vector (0, 0, 1) that depends on l,θ and δ which by simplicity we call only
F and is defined as

Fl,θ,δ : T
3 → T

3/F (x, y, z) =

{
f(x, y, z) if (x, y, z) /∈ B(p,l)

(λx, y, z − ϕ(z).ψ
(
x2 + y2

)
if (x, y, z) ∈ B(p,l)

(3.5)

Remark 3.9. .

1. For all x /∈ B(p, 3δ4 )
it holds that F (x) = f(x).

2. For all x /∈ K̃ × T
2 it holds that f(x) = A(x).

To make the reading easier we will denote ϕ(z) as ϕ and ψ
(
x2 + y2

)
as ψ.

Lemma 3.5. The endomorphism F defined by Equation (3.5) is persistently sin-
gular.

Proof. Start computing the differential D(x,y,z)F with (x, y, z) ∈ B(p,l).

DxF =




λ 0 0
0 1 0

−2.x.ϕ.ψ′ −2.y.ϕ.ψ′ 1− ϕ′.ψ


 . (3.6)

Since the critical set of F is defined as SF = {x ∈ T
n/det(DxF ) = 0}, Equation

(3.6) provides det(DxF ) = λ(1− ϕ′.ψ). In turn, SF = {x ∈ T
n/ 1− ϕ′.ψ = 0}.

Notice that SF is nonempty since p =

(
3

4
, 0,

1

4

)
∈ SF . To prove that SF is

persistent, consider the points q1 =

(
3

4
, 0,

1

4
+
δ

4

)
and q2 =

(
3

4
, 0,

1

4
+
δ

8

)
both
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in B(p,l). Evaluate determinants to obtain det(Dq1F ) =
5λ

2
and det(Dq2F ) = −λ.

Therefore, for a neighborhood UF ∈ C1 of radi
1

2
, every g ∈ UF satisfies Sg 6= ∅.

3.2.2. Dynamics of F . We turn now to the last part of the article where we show
that F is C1 robustly transitive. To prove it, observe first that after Remark 3.9,
Lemma 3.3 holds for F automatically. If we prove that Lemma 3.4 also holds for
F , then we can apply the same argument of Theorem 3.2 to F to have the result.
Notice that for Lemma 3.4 to hold for F we only need to show that F admits an
unstable cone Cuκ (x) at every point x ∈ B(p,l) which satisfies that for all curves γ

with γ′ ∈ Cuκ (x) then diam(F (γ)) > 6.diam(γ).

Lemma 3.6. For all q ∈ B(p,l) it holds that Cuκ (q) is an unstable cone for F .

Proof. From Equation (3.6) we have for all v = (v1, v2, v3) ∈ Cuκ (x) :

DqF (v) = (λ.v1, v2,−2.(xv1 + yv2).ϕ.ψ
′ + v3.(1− ϕ′.ψ)).

Call (u1, u2, u3) := DqF (v) and perform. We have:

‖(u2, u3)‖
|u1|

=
‖(v2,−2.〈(x, y), (v1, v2)〉.ϕ.ψ′ + v3.(1− ϕ′.ψ))‖

|λ.v1|
≤

≤ |v2|
|λ.v1|

+
2.‖q‖.‖v‖.|ϕ|.|ψ′|

|λ.v1|
+

|1− ϕ′.ψ|.|v3|
|λ.v1|

<
κ

λ
+ 2.3.

(
1 + κ

λ

)
.δ.mψ +

3κ

λ
< κ.

Above, for the first inequality we use triangular and Cauchy-Schwarz; for the second
one we use:

• v ∈ Cuκ (x),
• ‖q‖ < 3,

• ‖v‖
|λ.v1|

≤ |v1|+ ‖(v2, v3)‖
|λ.v1|

≤ 1

λ
+
κ

λ
,

• |ϕ| ≤ δ,
• |ψ′| < mψ ,

• |1− ϕ′.ψ| ≤ 3 since
−3

4
≤ ϕ′ ≤ 1 and 0 ≤ ψ ≤ 2.

And for the third one we use the condition 6.(1 + κ).δ.mψ. < κ imposed over δ and
that λ > 20.

Lemma 3.7. For all q ∈ B(p,l) and all v ∈ Cuκ (q) it holds that ‖DqF (v)‖ > 6‖v‖.

Proof. Let q ∈ B(p,l) and (v1, v2, v3) ∈ Cuκ (q) ⊂ TqT
3:

(‖DqF (v1, v2, v3)‖
6.‖(v1, v2, v3)‖

)2

≥ λ.v21
36.(v21 + ||(v2, v3)||2)

≥ λ2

36.
(
1 + ||(v2,v3)||2

|v1|2

) > 400

360
> 1.

Lemma 3.8. The map F defined by Equation (3.5) is C1 robustly transitive.

Proof. From Lemmas 3.6 and 3.7 we conclude that Lemma 3.4 holds for F . It was
already mentioned that Lemma 3.3 holds for F . Consequently, Theorem 3.2 holds
for F .

We are now in condition to give the last proof of the section.
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Proof of Theorem 3.1. Define U1 ∈ C1 an open neighborhood of F where Lemma
3.5 holds and U2 ∈ C1 an open neighborhood of F where Lemma 3.8 holds. Then,
all maps belonging to UF = U1 ∩ U2 are C1 robustly transitive and have nonempty
critical set and central spaces of dimension 2.

4. A regular endomorphism f of T
n. We move on to the proof of Theorem

1.1. Hoping that the readers got a hollow approach to the construction of the map
in Section 3, we outline the ingredients for the construction for arbitrary n and
k. The proofs are mostly ommited, since they are in general an adaptation of the
construction above. The readers who are curious about full proofs are gently invited
to try them as excersises.

4.1. Construction of f . For the rest of the article, consider the n dimensional
torus Tn as the quotient IRn/[−1, 1]n endowed with the standard riemannian metric
(euclidean). Fix k integer such that 2 ≤ k ≤ n− 1 and m = n− k and decompose

T
n = T

m × T
k. Take the set F1 = {gm+1, gm+2} to be given by Theorem 2.1 for

the second factor Tk.

Remark 4.1.

1. max{||IdTk − gm+1||, ||IdTk − gm+2||} =:M ∈ R exists.
2. As is stated in [9], F1 can be constructed such that for given small δ > 0 the

jacobians satisfy (||Dgm+1|| − 1)2 + (||Dgm+2|| − 1)2 < δ.

Fix two real numbers r and κ such that 0 < r <
1

10k
and 0 < κ < 3. Let

Â ∈ Mn(ZZ) be the diagonal matrix suggested below, with a large integer number

λ >> max{1
r
,m,

2M

rκ
+ 2 +

√
n} (where M is given by 1 of Remark 4.1) in the m

first entries and in the other k entries, 1.

Â =




λ 0 · · · · · · · · · 0

0
. . .

. . . · · · · · · 0
...

. . . λ 0 · · · 0
...

... 0 1
. . .

...
...

...
...

. . .
. . . 0

0 · · · · · · 0 0 1




. (4.1)

The matrix Â induces a regular endomorphism A on the torus defined by

A : Tn → T
n/ A(x1, ..., xn) = (λx1, ..., λxn−k, xm+1, ..., xn). (4.2)

Remark 4.2.

1. Since r <
1

10k
then λ > 10k > k + 3. Hence, A display more than (k + 3)

fixed points. In particular, all

(
2z

λ− 1
, ...,

2z

λ− 1
, pn−k+1, ..., pn

)
∈ T

n where

z is integer is a fixed point of A.
2. A very large value of λ is chosen so that the unstable directions are strong.
3. The map A is modulo 2. All other maps of Tn to appear, likewise.
4. The construction holds for any linear map in the isotopy class of maps with

one eigenvalue of modulus larger than one since for all λ0, there exists p ∈ N

such that λp0 > λ.
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Let r be the real number fixed at the beginning of the section and define (k+3)

disjoint subsets of Tm by Ki =

[
2i

λ− 1
− r,

2i

λ+ 1
+ r

]m
and K =

⋃

0≤i≤k+2

Ki. It is

left as an excersise for the reader to verify that choosing i as multiples of three is
enough for the Ki to be disjoint (since being λ > 10k, there is plenty of room for
all these cubes to accomodate inside the torus).

Define next K̃i =

[
2i

λ− 1
− 2r,

2i

λ− 1
+ 2r

]m
and K̃ =

⋃

0≤i≤k+2

K̃. For each i,

define a smooth map Ui : IRm → IR such that Ui(x) =

m∏

j=0

ui(xj) where ui was

defined in Section 3 (see Figure 2). Let U =

i=m∑

i=0

Ui. It holds that U|K̃c = 0 and

U|K = 1. Notice also that ||∇U || := max{| ∂U
∂xj

(x)|, x ∈ T
m} < 2

r
.

Finally, let F2 = {g0, ..., gn} be the family given by Lemma 2.1 for the second

factor Tk, satisfying the properties claimed in the lemma for α ≤M . Define

f̂ : K̃ × T
k → T

n/ f̂(x, y) = (λx, gi(y)) if x ∈ K̃i (4.3)

and extend f̂ to f : Tm × T
k → T

n by

f(x, y) =

{
U(x).f̂(x, y) + (1− U(x)).A(x, y) if x ∈ K̃

A(x, y) if x /∈ K̃
(4.4)

Remark 4.3. The following properties are straightforward to check:

1. Calling f̂(x, y) = (λx, f̂2(y)), then f(x, y) = (λx, U(x).f̂2(y) + (1− U(x)).y).

2. Since ‖Dgi‖ ≤ 3

2
for all i, together with Remark 4.1 give ‖Df̂2‖ < 2.

3. By construction of f , ‖Id− f̂2‖ ≤M .

4. The restriction f
|
(

K×T
k
) = f̂ .

5. The restriction f
|
(

K̃×T
k
)c = A.

4.2. Dynamics of f . The most evident dynamical feature f has is a strongly
dominant expanding subspace along the first m coordinates. It follows that there
exists a family of unstable cones for f in its direction. We make a pause here to
check the existence of such an unstable cone field for f .

Lemma 4.1. The map f defined by Equation (4.4) admits an unstable cone of
parameter κ, index k and vertex (x, y) at every (x, y) ∈ T

n.

Proof. The differential of f at (x, y) is given by

D(x,y)f =

(
λ 0

∇U(x).(f̂2(y)− y) U(x).Dy f̂2 + (1− U(x)).y

)
.

Then for all vectors (v1, v2) of the tangent space of Tn at (x, y) it is

D(x,y)f(v1, v2) =

(
λv1[

∇U(x).(f̂2(y)− y)
]
v1 +

[
U(x).Dy f̂2 + (1− U(x)).y

]
v2

)
.

Remark 4.4. Compare with remark 3.4.
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Consider now all vectors (v1, v2) in C
u
κ (x, y) and let (w1, w2) := Df(x,y)(v1, v2),

we see that it is unstable by computing

||w2||
||w1||

=

∣∣∣
∣∣∣
[
∇U(x).(f̂2(y)− y)

]
v1 +

[
U(x).Dy f̂2 + (1− U(x)).y

]
v2

∣∣∣
∣∣∣

λ||v1||
≤

≤ ||∇U ||.||f̂2(y)− y||
λ

+
(||U ||.||Dy f̂2||+ |1− U(x)|.||Id||).κ

λ
≤ 2M

rλ
+
(2 +

√
n)κ

λ
< κ,

where in the first inequality we apply triangular and that (v1, v2) ∈ Cuκ (x, y) and in
the second and third inequalities we use:

• (v1, v2) ∈ Cuκ (x, y),

• ||∇U ||.||f̂2(y)− y|| ≤
(
2

r

)
M by Remark 4.3,

• ||Df̂2|| < 2 by Remark 4.3,
• ‖Id‖ ≤ √

n,
• max
x∈IR

{|u(x)|, |1− u(x)|} ≤ 1,

• λ >
2M

rκ
+ 2 +

√
n.

Lemma 4.2. For all v ∈ Cuκ (x, y) holds that ‖Dxf(v)‖ > 6‖v‖.
Proof. See Lemma 3.2.

Remark 4.5. Recall that if Bk(x, r) denotes a ball of dimension k, the k-th. dimen-
sional inradi of a compact set X ⊂ T

n is irk(X) := max
x∈X

{r > 0/ Bk(x, r) ⊂ X}
and if X is open the inradi is taken over its closure.
Observe that if X is a manifold and Y an open subset such that ir(Y ) ≥ diam(X)
then Y = X .

Corollary 4.1. For all disks γ such that for all t where γ is defined it holds that
Ttγ ⊂ Cuκ (γ(t)), the inradi satisfies irk(f(γ)) ≥ 6irk(γ) for all k ≤ m.

Corollary 4.2. There exists a C1 neighborhood Uf of f such that all g in Uf admit
an unstable cone of parameter κ, index k and vertex (x, y) at every (x, y) ∈ T

n for
which Corollary 4.1 holds.

We highlight now some of the other relevant dynamical features the map f pos-
sesses. All of them are straightforward to check. For the rest of the section, let
0m = (0, 0, .., 0) ∈ T

m and 1k = (1, 1, .., 1) ∈ T
k.

Remark 4.6.

1. For all i, 0 ≤ i ≤ n+ 2, f(Ki × T
k) = T

3. This yields K × T
k gives rise to a

protoblender structure on T
n.

2. The point (0m, 1k) is a saddle fixed points of f , and the points (0m, 0k) is a
repelling fixed point of f .

3. The local unstable manifold at (0m, 1k) is W
u
loc(0m, 1k) = (−r, r)× {1k}.

4. The local stable manifold at (0m, 1k) is W
u
loc(0m, 1k) = {0m}× (1− r, 1+ r)k.

For the rest of the article, when there is no risk of confusion, we write (0, 1) for
(0m, 1k), (0, 0) for (0m, 0k), and so on. Next up, we prove that both the stable
and unstable manifolds of (0, 1) are dense in T

n. Since they are transversal, the
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Inclination Lemma will C1 transitivity for f . We finish with a Theorem stating
that both properties are robust.

Lemma 4.3. The unstable manifold Wu(0, 1) is dense in T
n.

Proof. Repeat the arguments in the proof of Lemma 3.3

Lemma 4.4. The stable manifold W s(0, 1) is dense in T
n.

Proof. In the proof of Lemma 3.4, replace the horizontal curve γ with a horizontal
m-disk Γ : (−s, s)m → V such that Γ(t1, ..., tm) = (p1+ t1, ..., pm+ tm, pm+1, ..., pn)
and repeat the arguments.

Theorem 4.1. The map f defined by Equation (4.4) is robustly transitive.

Proof. Follow the proof of Theorem 3.2 while seeing that all arguments hold in the
high dimensional setting.

5. A singular endomorphism F of T
n. Now that we have defined a robustly

transitive endomorphism f given by a blending region contained in K × T
k, we

procceed to the second step of the construction by (robustly) artificially introducing

critical points in the complement of K̃ ×T
k. Once the surgery over f is performed,

a map F satisfying Theorem 1.1 arises.

5.1. Construction of F . Everything that appears in the subsection to follow is
just a slight adaptation of what was described in Section 3.2.1 with the purpose of
making dimensions match. The readers are gently invited to try for themselves as
an easy excersise before going into the details. Furthermore, if it is clear how such
a perturbation is performed, the whole section can be skipped all the way.

Let p =

(−3

4
, 0, ..., 0,

1

4

)
∈ T

n. Our goal is to define a ball of center p to perform

a perturbation in order to obtain the map F we seek. The same parameters and
functions defined in Section 3.2.1 are suitable for our objective. It is only needed
to adjust the choice of δ > 0, while in our low dimensional example for n = 3 we
required 6.(1 + κ).δ.mψ. < κ, in the general case we require 2n.(1 + κ).δ.mψ. < κ.

For the perturbation, modify f at Equation (4.4) in the direction of the last
canonical vector ~en that depends on l,θ and δ which by simplicity we call only F
and is defined at x = (x1, ..., xn) as

Fr,θ,δ : T
n → T

n/F (x) =





f(x) if x /∈ B(p,l)

A(x) − ϕ(xn).ψ



n−1∑

j=1

x2j


 . ~en if x ∈ B(p,l)

(5.1)

Remark 5.1.

1. For all x /∈ B(p, 3δ4 )
it holds that F (x) = f(x).

2. For all x /∈ Kε × T
k it holds that f(x) = A(x).

To make the reading easier we will denote ϕ(xn) as ϕ and ψ



n−1∑

j=1

x2j


 as ψ

omitting the evaluations appearing on the definition.
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Lemma 5.1. The endomorphism F defined by Equation (5.1) is persistently sin-
gular.

Proof. Start computing the differential DxF at x = (x1, ..., xn) ∈ B(p,l) to get

DxF =




λ 0 0 · · · · · · 0 0 0

0
. . . 0 · · · · · · 0 0 0

0 λ 0 0 · · · 0
...

... · · · 0 1 0 · · · 0
...

... 0 1 0 · · ·
...

0
...

...
...

...
...

0 · · · · · · 0 · · · 0 1 0
0 · · · 0 −2.x1.ϕ.ψ

′ −2.x2.ϕ.ψ
′ · · · −2.xn−1.ϕ.ψ

′ 1− ϕ′.ψ




.

(5.2)
Since the critical set of F is defined as SF = {x ∈ T

n/det(DxF ) = 0}, Equation
(5.2) provides det(DxF ) = λm · (1− ϕ′.ψ). In turn, SF = {x ∈ T

n/1− ϕ′.ψ = 0}.
Notice that SF is not empty since p =

(−3

4
, 0, ..., 0,

1

4

)
∈ SF . To prove that SF is

persistent, consider the points q1 =

(−3

4
, 0, ..., 0,

1

4
+
δ

4

)
and q2 =

(−3

4
, 0, ..., 0,

1

4
+
δ

8

)

both in B(p,l). Evaluate the determinants det(Dq1F ) =
5λm

2
and det(Dq2F ) = −λm

to see that in a neighborhood UF ∈ C1 of radi 1, every g ∈ UF satisfies Sg 6= ∅
5.2. Dynamics of F . We turn now to the last part of the article where we show
that F is C1 robustly transitive. To prove it, observe first that after Remark 5.1,
Lemma 4.3 holds for F automatically. If we prove that Lemma 4.4 also holds for
F , then we can apply the same reasoning of Theorem 4.1 to F to have the result.
Notice that for Lemma 4.4 to hold for F we only need to show that F admits an
unstable cone Cuκ (x) at every point x ∈ B(p,l) which satisfies that for all disks γ

with γ′ ∈ Cuκ (x) then diam(F (γ)) > 6.diam(γ).

Lemma 5.2. For all x ∈ B(p,l), C
u
κ (x) is an unstable cone of index k for F .

For the rest of the proof, denote ṽ := (v1, v2, ..., vn−1) whenever v = (v1, v2, ..., vn).

Proof. From Equation (5.2) we have for all v = (v1, v2, ..., vn) ∈ Cuκ (x) :

DxF (v) = (λ.v1, ..., λ.vm, vm+1, ..., vn−1,−2.〈x̃, ṽ〉.ϕ.ψ′ + vn.(1− ϕ′.ψ)).

Call (u1, .., un) := DxF (v) and perform calculations, we have:

‖(um+1, ..., un)‖
‖(u1, ..., um)‖

=
‖(vm+1, ..., vn−1,−2.〈x̃, ṽ〉.ϕ.ψ′ + vn.(1 − ϕ′.ψ))‖

‖λ.(v1, ..., vm)‖ ≤

≤ ‖(vm+1, ..., vn)‖
‖λ.(v1, ..., vm)‖ +

2.‖x̃‖.‖ṽ‖.|ϕ|.|ψ′|
‖λ.(v1, ..., vm)‖ +

|1− ϕ′.ψ|.|vn|
‖λ.(v1, ..., vm)‖ <

κ

λ
+2.

√
n.

(
1 + κ

λ

)
.δ.mψ+

3κ

λ
< κ.

Above, for the first inequality we use triangular and Cauchy-Schwarz; for the second
one we use:

• v ∈ Cu3 (x),
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• ‖x̃‖ ≤ ‖x‖ ≤ √
n,

• ‖ṽ‖
‖λ.(v1, ..., vm)‖ ≤ ‖(v1, ..., vm)‖ + ‖(vm+1, ..., vn−1)‖

‖λ.(v1, ..., vm)‖ <
1

λ
+
κ

λ
,

• |ϕ| ≤ δ,
• |ψ′| < mψ ,

• |2− ϕ′.ψ| ≤ 3 since
−3

4
≤ ϕ′ ≤ 1 and 0 ≤ ψ ≤ 2.

And for the third one we use the condition 2n.(1 + κ).δ.mψ. < κ imposed over δ
and that λ > 19.

Lemma 5.3. For all x ∈ B(p,l) and all v ∈ Cuκ (x) it holds that ‖DxF (v)‖ > 6‖v‖.
Proof. See Lemma 3.7.

Lemma 5.4. The map F defined by Equation (5.1) is C1 robustly transitive.

Proof. From Lemmas 5.2 and 5.3 we conclude that Lemma 4.4 holds for F . It was
already mentioned that Lemma 4.3 holds for F . Consequently, Theorem 4.1 holds
for F .

We are ready to give the proof to the main Theorem of the article:

Proof of Theorem 1.1. Define U1 ∈ C1 an open neighborhood of F where Lemma
5.1 holds and U2 ∈ C1 an open neighborhood of F where Lemma 5.4 holds. Then,
all maps belonging to UF = U1 ∩ U2 are C1 robustly transitive, have nonempty
critical set and their central spaces are k-dimensional.

6. Final Remarks. The example exhibited in this article shows the existence of
C1 robustly transitive maps displaying critical points on any dimension with large
spaces where hyperbolicity lacks. They are supported in tori of the form T

m × T
k

for arbitrary m and k, and lie in the isotopy class of the linear map (λx, y) where
λ is an integer (of absolute value) larger than one. In the case where k = 2, this
result can be improved by constructing the family given by Theorem 2.2 with the
additional property of being C1 close to the identity. This construction yields an
improvement to the results above given by the following:

Theorem 6.1. Let m ∈ N and T = T
m × T

2. There exists then a map f : T → T

which is C1 close to (λx, y, z) and is C1 robustly transitive while displaying critical
points in a robust way.

The author is certain about stating an analogous result for T = T
m × T

3 and
believes that it also holds in T = T

m×T
k, but the proof will require certainly much

more work with the techniques involved so far.
Furthermore, inspired by this and other results achieved before, the author poses

the following:

Conjecture 6.1. Let M and N be closed manifolds of arbitrary (finite) dimension.
If M supports an expanding map F , then M ×N supports a C1 robustly transitive
map displaying robust singularities which is C1-close to (F, Id) .

A partial affirmative answer, among skew products, has been proved by the
author to hold.
Yet, many other open questions around this kind of maps and constructions remain.
As already posed in [18], some of them are Would it possible to set this type of
construction in manifolds that are not products? Is it possible that a fiber bundle
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(in stead of a product) admits a construction of this type? Would it be possible
to carry on the proof starting from a matrix whose linear induced map belongs to
a different isotopy class?. Other questions appearing in the referred article have
already found positive answers.
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