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Abstract. We prove that under some assumptions on how points escape to
infinity in the universal cover, homeomorphisms of hyperbolic 3-manifolds are
forced to have several invariant sets (in particular, they cannot be minimal).
For this, we use some shadowing techniques which, when the homeomorphism
has positive speed with respect to a uniform foliation, allow us to obtain strong
consequences on the structure of the invariant sets. We discuss also homological
rotation sets and end the paper with some extensions to other manifolds as well as
posing some general problems for the understanding of minimal homeomorphisms
of 3-manifolds.
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1. Introduction

In the last few years we have seen many important results regarding topological
dynamics of surface homeomorphisms homotopic to the identity and their relation
with how orbits wind around the topology of the manifold. For this, many rotation
sets have been proposed. We refer the reader to [ABP, GM, GGL] and refererences
therein for discussion about this subject (with emphasis in the higher genus case).

These results have some analogies with recent developments on flows (in partic-
ular Reeb flows) in 3-manifolds and connections with some famous problems such
as the existence of minimal flows in the 3-dimensional sphere. Existence and prop-
erties of minimal flows and homeomorphisms in closed 3-manifolds is a quite large
and unexplored ground. We refer the reader to [HT, FaH, Re, HR, Fra, FiHo] for
discussions around these subjects and problems. We expand briefly on this in §7.

In this paper, we want to provide some results for dynamics of certain homeo-
morphisms of 3-manifolds, specializing in hyperbolic 3-manifolds. Before we state
our results, let us pose one motivating question. Recall that a closed hyperbolic
3-manifold is a compact manifold which is the quotient of H3 by a discrete group of
isometries. These include manifolds which are obtained as suspensions of pseudo-
Anosov maps of higher genus surfaces by a result due to Thurston [Thu1]. It is
now known that any hyperbolic 3-manifold admits a finite lift which looks this way
[Ago2].

If f : M Ñ M is a homeomorphism of a closed hyperbolic 3-manifold, then,
Mostow rigidity implies that there is a finite iterate which is homotopic to the
identity (see e.g. [BFFP, Appendix A]). For f : M Ñ M homotopic to the identity,

there is a selected lift rf : ĂM Ñ ĂM which we call a good lift and is obtained by
lifting the homotopy to the universal cover (in particular, it commutes with deck
transformations and is bounded distance from the identity). The trigger question
that motivated this work was:

E. G. was partially supported by a CAP scholarship and CSIC-Iniciacion. S.M. was partially
supported by Fondo Vaz Ferreira (MEC) and CSIC. R. P. was partially supported by CSIC I+D
project ’Estructuras Topológicas de sistemas parcialmente hiperbólicos y aplicaciones’.
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Question 1.1. Let f : M Ñ M be a minimal homeomorphism of a closed hyperbolic

3-manifold which is homotopic to the identity and let rf : ĂM Ñ ĂM be a good lift. Is

it true that for every x P ĂM we have that limn
1
ndH3p rfnpxq, xq “ 0?

Recall that a minimal homeomorphism is one for which every orbit is dense. As
far as we know, the only known examples of such homeomorphisms in hyperbolic
3-manifolds come from the strong foliations of Anosov flows (see [HT]), but there is
some indication that other examples could exist (see [BFP] and §7).

When a point x P ĂM verifies that liminfn
1
ndH3p rfnpxq, xq ą 0 we say that it has

positive escape rate. We discuss this notion and this question in more depth in §2.1
where we relate it with the notion of homological rotation set, introduced in [Sh]
and which has been one of the guiding concepts in the study of surface dynamics
homotopic to the identity. We refer the reader to [ABP, GM, GGL] for recent works
relating homotopical and homological rotation sets in hyperbolic surfaces and which
describe the history of the subject in more depth.

Motivated by this, we set us as a goal to obtain results that ensure some com-
pact invariant subsets of homeomorphisms of 3-manifolds and to see if under some
assumptions we can understand some structure of these invariant sets.

We present here some of the main results of this work and later we will give other
more general results and consequences. For the sake of clarity, we will restrict to
closed hyperbolic 3-manifolds in this introduction.

The first result shows that minimality is incompatible with a condition which
forces points to have uniformly positive escape rate. This result should be compared
with the work of Frankel [Fra] which studies this property for flows. To state the
result, let us give a definition: Let f : M Ñ M be a homeomorphism of a closed
hyperbolic 3-manifold which is homotopic to the identity, we say it is quasi-geodesic

if there exists a constant λ ą 1 such that for every x P ĂM and n ą 0 we have that:

(1.1) λ´1n ´ λ ă dH3p rfnpxq, xq ă λn ` λ.

Note that this property implies that for x P ĂM the map Z Ñ ĂM – H3 given by

n ÞÑ rfnpxq is a quasi-isometry and we will show later that these two properties are
equivalent (i.e. that the quasi-isometry constants can be shown not to depend on
x).

Theorem A. Let f : M Ñ M be a quasi-geodesic homeomorphism of a closed
hyperbolic 3-manifold. Then, f contains infinitely many disjoint compact invariant
sets and has positive topological entropy.

Using this result and a recent result from [BPS] one can obtain a partial answer
to Question 1.1:

Theorem B. Let f : M Ñ M be a minimal homeomorphism of a closed hyperbolic
3-manifold homotopic to the identity. Then, there is a Gδ-dense

1 set of points G Ă M

so that if x P G and x̃ P ĂM is a lift of x then:

lim inf
nÑ`8

1

n
dH3p rfnpx̃q, x̃q “ 0.

For flows, in [Fra] more information than that given by Theorem A is obtained
about these compact sets (one can show these are periodic orbits of the flow), but
such a result cannot hold for homeomorphisms (see Example 5.27). One can still
expect to say more about the structure of these sets, but we achieve this only for
some particular class of quasi-geodesic homeomorphisms. The following result is

1I.e. containing a countable intersection of open and dense sets.
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the technical core of this paper and extends ideas going back to [Ha] which were
developed in some particular cases in [BFFP]. See also the recent [FrLa] for further
important developments.

Theorem C. Let f : M Ñ M be a homeomorphism homotopic to the identity of
a closed hyperbolic 3-manifold which has positive escape rate with respect to a uni-
form R-covered foliation F. Then, f has uncountably many disjoint closed invariant
sets, each of which satisfying that when lifted to the universal cover, it contains a

connected component intersecting every leaf of rF in a compact set.

Here we need to precise some terms. Given a foliation F of a closed 3-manifold,

we say it is uniform-R-covered if when lifted to the universal cover, we have that rF

verifies that every leaf is a properly embedded plane in ĂM and for every pair of leaves
L,L1 we have that the Hausdorff distance between L and L1 is bounded (see [FP1]
for discussion, and below we give some more equivalences of this notion). Such
foliations are quite abundant in hyperbolic 3-manifolds and extend the notion of
fibrations for fibered hyperbolic 3-manifolds: they are always blow ups of slitherings
(see [Thu2, Cal2]). The reason for calling them R-covered is because in particular,

we can see that the leaf space LF “ ĂM{F is homeomorphic to R.

We say that f has positive escape rate with respect to F if for every x P ĂM and

a good lift rf of f we have that the leaf of rfnpxq goes to `8 in LF.
As an application of Theorem C, in § 6 we show that if a homeomorphism has

positive speed with respect to some homological direction then it must have many
invariant sets. We note here that the invariant sets that we produce have all at least
topological dimension one2 (see Proposition 5.26). In Example 5.27 we show that
these invariant sets can still be quite wild.

In the next section we give more precise definitions and some preliminary results
that will allow us to state our main results in more generality. In §2.1 we present
some notions of escape rate and indicate the strategy to attack Theorem B which
is provided in § 4. In § 2.2 we state some results relating with homological rotation
sets that are studied later in §6 as a consequence of Theorem C. In §2.3 we introduce
quasi-geodesic homeomorphisms and some equivalences and state a result which im-
plies Theorem A. The proof of Theorem A is done in §3. In §2.4 we state some
precise results that imply Theorem C as well as some of the intermediate results to
indicate the strategy which is carried out in §5. Finally, in §7 we state some exten-
sions to other 3-manifolds and propose some problems related to homeomorphisms
and flows with positive escape rate.

Acknowledgements: Part of this paper is the content of the master thesis [Go] of the first

author, made in PEDECIBA-Udelar in Uruguay. The authors would like to thank Ian Agol,

Alfonso Artigue, Jairo Bochi, Sylvain Crovisier, Sergio Fenley, Pablo Lessa, Ana Rechtman,

Jonathan Zung for useful comments and exchange. We thank the referee for some insightful

comments, including some questions that we have included in the text.

2. Precise statement of results and preliminaries

Here we present the main results of the paper and the notions involved. We will
restrict to the case of closed hyperbolic 3-manifolds. Statements in more generality
can be found in § 7.

Let M be a hyperbolic 3-manifold. We always consider the hyperbolic metric on
ĂM – H3. For two points x, y P ĂM , we write dpx, yq to denote the distance between

2This is optimal, one cannot ensure that the invariant sets are smaller, or that there are periodic
orbits. For instance, one can consider the suspension flow of a pseudo-Anosov homeomorphism of
a surface and take f to be an irrational time of this suspension. The smallest closed invariant sets
are circles, and the homeomorphism is quasi-geodesic (see Proposition 2.12).
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them given by this metric. We will also write dpA,Bq to denote the infimum of

distances between points of two subsets A and B of ĂM .
Here f : M Ñ M will always denote a homeomorphism of M homotopic to the

identity and rf : ĂM Ñ ĂM will always denote a good lift (i.e. which commutes with
deck transformations, cf. [BFFP, Def. 2.3, Rem.2.4]).

2.1. Escape rate. Consider the function x ÞÑ dp rfpxq, xq defined on ĂM . Since rf
commutes with deck transformations, which act as isometries, this function is π1pMq

equivariant (and thus defines a function φ : M Ñ Rě0). Similarly, we can define

x ÞÑ dp rfnpxq, xq which induces a function φpnq : M Ñ Rě0. The sequence φpnq is

subaditive, that is φpn`mq ď φpnq ˝fm `φpmq by the triangle inequality. This implies
that for every ergodic f -invariant measure µ we have a well defined escape rate
defined as ℓµ “ infn

1
n

ş

φpnqdµ, which coincides with the limit ℓµ “ limn
1
nφ

pnqpxq

for µ-almost every x P M (see [GGL, §1.2] for a detailed presentation, we will use
the facts presented there below).

We say that f escapes to infinity with uniform positive rate τ ą 0 if for every
f -invariant ergodic measure µ we have that ℓµ ě τ .

Note that if f is quasi-geodesic with constant λ ą 0 (cf. (1.1)), then we have that
ℓµ ě λ´1 for every ergodic µ, so it escapes to infinity with uniform positive rate
τ “ λ´1. Applying a general result on linear cocycles due to [BPS] we can show

that if every point x P ĂM verifies that lim infn
1
ndp rfnpxq, xqq ą 0 and f is minimal,

then f has to be quasi-geodesic, which due to Theorem A gives a contradiction. We
will expand this in § 4 to prove Theorem B and give an example showing that if

the homeomorphism is not minimal, it is possible to have that every point x P ĂM

verifies lim infn
1
ndp rfnpxq, xqq ą τ ą 0 without f being quasi-geodesic.

In some cases, one can promote the property of escaping to infinity with uniform

positive rate. Assume there is a (continuous) function Q : ĂM Ñ R which satisfies
that:

(i) There exists k ą 0 such that for every γ P π1pMq and points x, y P ĂM one
has that:

(2.1) |Qpγxq ´ Qpxq ` Qpyq ´ Qpγyq| ă k.

This should be compared with quasi-morphisms (see [Cal3] for more information).

We say that f has positive escape rate with respect toQ if one has thatQp rfnpxqq Ñ

`8 for every x P ĂM .
We will show in § 6.1 that the following holds:

Proposition 2.1. If f has positive escape rate with respect to Q it holds that given

k ą 0 there is some n0 so that if n ą n0 we have that Qp rfnpx̃qq´Qpx̃q ą k for every

x̃ P ĂM . In particular, there is λ ą 0 so that liminfn
1
nQp rfnpx̃qq ą λ ą 0. Moreover,

f is a quasi-geodesic homeomorphism.

2.2. Homological rotation. It is sometimes convenient to work with homological
rotation sets which have better properties (for instance, positive escape rate for every
invariant measure, implies uniform speed independent of the point). In particular,
they satisfy the property in (2.1).

Let f : M Ñ M be a homeomorphism homotopic to the identity in a closed
hyperbolic 3-manifold and let ft : M Ñ M be a homotopy so that f0 “ id and
f1 “ f . We define ft for t P rn, n` 1q as ft´n ˝ fn so that ft is defined for t P r0,8q.
For a given cohomology class c P H1pM,Rq we can define the escape rate with respect
to c for an ergodic measure µ (or the homological rotation set in the direction of c)
as follows: let α P c be a closed 1-form (we are identifying the usual cohomology



INVARIANT SETS FOR HOMEOMORPHISMS OF HYPERBOLIC 3-MANIFOLDS 5

with the de Rham cohomology) and for a given x P M we define ηnx : r0, ns Ñ M as

ηnxptq “ ftpxq. So, we can consider the sequence of functions R
pnq
c : M Ñ R as:

Rpnq
c pxq “

ż

ηnx

α “

n´1
ÿ

i“0

Rp1q
c pf ipxqq.

This allows one to define, using Birkhoff ergodic theorem, for a given f -invariant
ergodic measure µ the escape rate of µ with respect to c as:

ℓcpµq :“

ż

Rp1q
c dµ “ lim

n

1

n
Rpnq

c pxq µ ´ a.e. x.

Remark 2.2. Note that one can define a function Qc : ĂM Ñ R by considering a

marked point x̃ P ĂM and lifting the 1-form α to a (closed) 1-form α̃ in ĂM and define

Qcpxq “
ş

ηx
α where ηx : r0, 1s Ñ ĂM is a curve such that ηxp0q “ x̃ and ηxp1q “ x.

This function is well defined because α̃ is closed. Note that this function satisfies
equation (2.1) for every K and we have that Qcp rfnpxqq ´ Qcpxq “ R

pnq
c pxq.

In that sense, we can show the following:

Theorem 2.3. Let f : M Ñ M be a homeomorphism homotopic to the identity
in a closed hyperbolic 3-manifold. Assume that there is some cohomology class c P

H1pM,Rq for which it holds that every ergodic invariant measure µ satisfies that
ℓcpµq ą 0. Then f has uncountably many disjoint closed invariant sets and positive
topological entropy.

The proof of this theorem is an application of Theorem C together with some
properties of surfaces in hyperbolic 3-manifolds. As noted by the referee, it could be
that the previous result holds only assuming that for every ergodic µ one has that
ℓcpµq ‰ 0 (it certainly does if one assumes this for every invariant measure thanks
to ergodic decomposition), but we have not been able to show this nor to produce a
counterexample. One should also point out that in the case of flows, thanks to [Sh]
the assumptions imply that the flow is a suspension of some map in a surface, and
since M is hyperbolic the map is homotopic to pseudo-Anosov and this is enough
to conclude. Here, the challenge is to work with homeomorphisms.

As a consequence we get the following result in the direction of Question 1.1:

Corollary 2.4. Let f : M Ñ M be a uniquely ergodic homeomorphism of a closed
hyperbolic manifold homotopic to the identity, then, for every π : M̂ Ñ M finite
cover, we have that the lift f̂ : M̂ Ñ M̂ satisfies that for every c P H1pM̂,Rq, if µ̂ is
the lift of the unique invariant measure of µ, then ℓcpµ̂q “ 0.

In particular, thanks to the results of [Ago, Ago2] it makes sense to ask the
following:

Question 2.5. Let f : M Ñ M be a homeomorphism which escapes to infinity with
uniform positive rate3. Is it true that there exists a finite cover M̂ of M such that
for the lift f̂ of f to M̂ there is a cohomology class c P H1pM̂,Rq for which f̂ has
uniform positive escape rate4 with respect to c?

We will discuss more on this question and related ones in §6 where we also prove
Theorem 2.3 and Corollary 2.4. Questions 1.1 and 2.5 naturally raise the question
of how orbits of a minimal homeomorphism of a hyperbolic manifold behave. Note
that one can easily see:

3I.e. there exists τ ą 0 such that ℓµ ě τ for every f -invariant ergodic measure µ.
4I.e. for every f̂ -invariant ergodic measure µ̂ one has that ℓcpµ̂q ą 0.
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Remark 2.6. If f : M Ñ M is a minimal homeomorphism of a closed 3-manifold

homotopic to the identity and rf : ĂM Ñ ĂM is a good lift, then, for every x P ĂM

we have that the sequence dp rfnpxq, xq is unbounded. In fact, if for some point x

this sequence is bounded, we can consider the closure of its rf -orbit, the boundary of

which is a compact rf -invariant set with empty interior. Thus, its projection to M is
a closed, proper, f -invariant set, contradicting minimality. In the known examples
in hyperbolic 3-manifolds, minimal homeomorphisms verify that every point has

escape rate of the order of dp rfnpxq, xq „ logn. We do not know if it is possible to
expect that every minimal homeomorphism of a hyperbolic 3-manifold has escape
rate slower than nα for some (every) α ą 0.

2.3. The quasi-geodesic case. One way to ensure that orbits escape with uniform
positive rate is to ask for the homeomorphism to be quasi-geodesic: we say that

f : M Ñ M is quasi-geodesic if for every x P ĂM we have that the map from Z to ĂM
given by:

n ÞÑ rfnpxq,

is a Z-quasi-geodesic, that is, there is λx ą 0 such that for every n,m P Z we

have that λ´1
x |n ´ m| ´ λx ă dp rfnpxq, rfmpxqq ă λx|n ´ m| ` λx (note that the

important inequality is the first, as the second one is always verified with a constant

λx independent of x when rf is a good lift5).
The proof of [Cal2, Lemma 10.20] adapts directly to deduce:

Proposition 2.7. If f is quasi-geodesic, then, one can choose the constant λx to be
independent on x.

In particular, one deduces that f escapes to infinity with uniform positive rate.
For this class of homeomorphisms we are able to find many compact invariant sets
by using properties of shadowing of quasi-geodesics.

Theorem 2.8. For every quasi-geodesic homeomorphism on a compact hyperbolic
manifold we can associate a closed set Λf of T 1M invariant under the geodesic
flow which contains infinitely many disjoint compact invariant sets, corresponding
to distinct compact f -invariant sets. In particular, f cannot be minimal.

This proves part of Theorem A. We will also see in § 3.3 that the set Λf has
positive topological entropy with respect to the geodesic flow and the same holds
for f . We will defer the definition of topological entropy to § 3.3.

The invariant set is constructed by using the classical Morse Lemma [Cal2, Lemma
1.24]:

Proposition 2.9. For every λ ą 0 there is R ą 0 such that every Z-quasi-geodesic of
constant λ in H3 is contained in the R neighborhood of a unique complete (oriented)
geodesic in H3 (we say that this geodesic shadows the orbit). Moreover, this geodesic
is the unique which remains at bounded distance from the quasi-geodesic.

The invariant set for the geodesic flow announced in Theorem 2.8 will be the

projection of the union of all the geodesics shadowing some orbit of rf .
This will be proved in § 3. Let us mention that Theorem 2.8 (as well as Theorem

A) are true in higher dimensions with the same proof.

5Note also that if f is not homotopic to the identity then no lift can verify the second inequality
with a constant independent of x.
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2.4. R-covered foliations. Let F be a foliation of M . We will be working with foli-
ations of class C0,1 (i.e. continuous foliations with C1-leaves tangent to a continuous
distribution), thanks to [Cal] this is no loss of generality.

Suppose F is a foliation of M and rF is its lift to ĂM . Since leaves are C1, we can

measure distances within the leaves of rF using the metric induced on them by ĂM .

If x and y are two points in the same leaf L P rF, we denote by dLpx, yq the distance
between x and y within the leaf L. We also denote by dLpA,Bq the infimum of
distances within L between points of the subsets A and B of L.

We will also often use the following notation, for ε ą 0, L P rF, X Ă L, and

Y Ă ĂM .

BpY, εq :“ tx P ĂM : dpx, Y q ă εu

BLpX, εq :“ tx P L : dLpx,Xq ă εu.

If the foliation has no torus leaves (more generally, if it is Reebless) we know

that the leaf space L “ ĂM{
rF
is a simply connected (possibly non-Hausdorff) one-

dimensional manifold. We say that F is R-covered if L is Hausdorff (equivalently,

homeomorphic to R). We say that F is uniform if for every pair of leaves L,L1 P rF

there is C ą 0 such that L is contained in the C-neighborhood of L1 and viceversa.
See [Cal2, Chapter 9] for more on these foliations, in particular we will use [Cal2,
Thm. 9.15 and Lemma 9.10].

Proposition 2.10. If rF is R-covered and uniform, there exists a homeomorphism

Z : L Ñ L that commutes with the action of π1pMq on L “ ĂM{rF, and a constant

c ą 0 such that for every leaf L P rF, we have the bound dpL,ZpLqq ą c.

Such a Z is called a structure map of rF.
Suppose now F is R-covered and uniform, and f : M Ñ M is a homeomorphism

homotopic to the identity and rf its good lift. Fix an identification of the leaf space

with R, so it makes sense to say that one leaf L of rF is above another L1, and denote

it by L ą L1. For each x P ĂM , consider the sequence of leaves Lnpxq where Lnpxq is

the leaf through rfnpxq.

Definition 2.11. We say that f has positive escape rate with respect to F if for

every x P ĂM , lim supn Lnpxq “ `8 in the leaf space.

The fact that we call this positive escape rate is because it is not hard to show
the following:

Proposition 2.12. If f has positive escape rate with respect to a uniform R-coverered
foliation F then f is quasi-geodesic.

With this we can now state the result in the direction of Theorem C.

Theorem 2.13. Let F be a uniform R-covered foliation of a compact hyperbolic
3-manifold M . If f : M Ñ M is a homeomorphism with positive escape rate with
respect to F, then there exist uncountably many non-empty, disjoint, f-invariant
compact sets in M .

The key tool to prove this result will be the existence of regulating pseudo-Anosov
flows found in [Cal2, Thm. 9.31], [Fen1], based on [Thu2]. This will be expanded and
precised in §5.2. The main difficulty is that we cannot work leafwise since leaves are
not preserved, so we need to be more careful in the way we construct the invariant
sets.
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Theorem 2.14 (Existence of a pseudo-Anosov regulating flow). If M is a hyperbolic
3-manifold and F is an R-covered foliation of M , then there exists a pseudo-Anosov

flow ϕt : M Ñ M , transverse to F, such that every orbit of its lift rϕt : ĂM Ñ ĂM

intersects every leaf of rF.

To prove Theorem 2.13, and to obtain the desired properties about the closed
invariant sets, we will need to have more information on the topology of the invariant
sets. We will base the proof on the ideas of [BFFP] (which shows the result for
a homeomorphism preserving the foliation F), which are in turn modeled in the
classical result of Handel [Ha] (see also [Fa, BFFP2, Mi]). The main difficulty here
is that we cannot work leafwise, and since f is homotopic to the identity we need
to control simulataneously the progress and the transverse geometry to obtain some
coarse hyperbolicity.

The proof of Theorem C then splits into some steps, the first of which is the most
challenging:

Proposition 2.15. For every γ P π1pMq associated with a regular periodic orbit of

ϕt, there exists a closed set Tγ Ă ĂM , invariant under γ and rf , intersecting every leaf

of rF in a non-empty compact set. Moreover, there exists r0 (independent of γ) such
that, for every r ě r0, the maximal invariant closed set within the r-neighborhood
of gγ (the geodesic associated to γ) is Tγ. Moreover, Tγ contains a closed connected

set intersecting every leaf of rF.

Tγ

Figure 1. Ilustration of Proposition 2.15.

The last statement of the theorem is proved in § 5.4 (see Proposition 5.26) where
we will also discuss more on the possible topologies that Tγ can have (in particular,
that it may not contain any arc but has separating properties similar to those of
circles).

An element α P π1pMq is called primitive when the equality α “ βj for some
β P π1pMq and j ě 0 implies that j “ 1.

Proposition 2.16. If γ and η are primitive elements of π1pMq associated with
distinct regular periodic orbits of ϕt then πpTγq is disjoint from πpTηq.

Finally, the fact that there are uncountably many invariant sets follows by ex-
tending the shadowing property from periodic orbits to general orbits of the pseudo-
Anosov flow. We achieve this in § 5.6 by using the ideas on the previous section.

To prove the results presented here, another important tool will be the follow-
ing theorem which allows us to make geometric arguments along the leaves of the
foliation (see [Cal2]). We record its statement here for future use.
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Theorem 2.17 (Candel’s uniformization theorem). Let F be an R-covered foliation
of a compact hyperbolic 3-manifold. There exists a constant C ą 1 such that every

leaf of rF is C-quasi-isometric to the hyperbolic plane H2.

Recall that a map h : X Ñ Y between metric spaces is a C-quasi-isometry if
its image is C-dense and for every x, x1 P X we have that C´1dXpx, x1q ´ C ă

dY phpxq, hpx1qq ă CdXpx, x1q ` C.

3. Quasi-geodesic homeomorphisms

In this section we consider a homeomorphism f : M Ñ M of a hyperbolic 3-
manifold which is homotopic to the identity and such that it is quasi-geodesic in
the sense of §2.3. The goal of this section is to prove Theorem 2.8 and that such
homeomorphisms must have positive topological entropy. Together, this will imply
Theorem A. We note here that while all this section is stated in the 3-dimensional
case, it works equally well for homeomorphisms of hyperbolic n-manifolds (or even
manifolds admitting negatively curved metrics), we leave the verification of this to
the interested reader.

3.1. Constructing the invariant set. Recall that we can identify the set of (ori-

ented) geodesics of T 1H3 – T 1
ĂM with the pairs of distinct (ordered) points of

BH3 – S2.
We can define maps e` : ĂM Ñ BH3 and e´ : ĂM Ñ BH3 as in [Cal2, §10] so that

for every x P ĂM the points e`pxq and e´pxq are the positive and negative endpoints
of the geodesic given by Proposition 2.9.

Let us prove some elementary properties of these maps:

Lemma 3.1. The maps e` and e´ are continuous.

Proof. Let xk Ñ x8 in ĂM and let ℓk Ă H3 be the complete geodesic of H3 which

satisfies that t rfnpxkqun is contained in the R-neighborhood of ℓk.
Since ℓk has a point at distance ď R from xk it follows that for every k large we

have that ℓk intersects Bpx8, R ` 1q. Thus, up to taking a subsequence, we can
assume that ℓk Ñ ℓ8 uniformly on compact sets where ℓ8 is a complete geodesic.

Since rf is continuous, for every m ą 0 we have that there is km such that for

every |j| ă m we have that dp rf jpxkq, rf jpx8qq ă 1 for every k ą km.
Fix some m and let Jk be a compact arc of ℓk which contains the points Am,k “

t rf ipxkqumi“´m in its R-neighborhood. Note that we can choose Jk to have uniformly
bounded length, since the set Am,k is contained in a neighborhood of size Cm`C of
xk (where C is the uniform quasi-geodesic constant of the orbits of xk). Considering
k large enough, we get that the points of Am,k are at distance 1 of the corresponding

points t rf ipx8qumi“´m and that the arc Jk is in the neighborhood of radius 1 of ℓ8.

We deduce that the points t rf ipx8qumi“´m are contained in the R ` 2 neighborhood

of ℓ8. Since this was independent of m we deduce that the full rf orbit of x8 is at
distance R ` 2 of ℓ8 which implies that ℓ8 is actually the shadowing geodesic for
x8.

Since the limit points of geodesics vary continuously with the geodesic (with the
uniform convergence in compact sets) we deduce that e` and e´ are continuous.
Indeed, we have shown that every converging subsequence of e`pxkq and e´pxkq

converges to e`px8q and e´px8q, respectively, which implies that e`pxkq Ñ e`px8q

and e´pxkq Ñ e´px8q.
□

Lemma 3.2. The maps e` and e´ are rf -invariant, that is, e˘ ˝ rf “ e˘.
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Proof. This is direct, since the rf orbit of x coincides with the rf orbit of rfpxq. □

Lemma 3.3. The maps e` and e´ are π1pMq-equivariant, that is, if γ P π1pMq

we have that e˘pγxq “ γe˘pxq where in the right hand side we are considering the
induced action of π1pMq on BH3 (recall that π1pMq acts by isometries of H3).

Proof. This follows from uniqueness of the shadowing geodesic and the fact that rf
commutes with deck transformations. □

Since the maps are continuous and equivariant, and ĂM is connected, we deduce:

Corollary 3.4. The maps e` and e´ are non constant and their images are dense
and connected in BH3.

Proof. The fact that the image is connected follows from continuity of e˘. Density
of the image (which implies that it is non-constant) follows from the fact that π1pMq

acts minimally on BH3 (see [Thu1]). □

Note that we do not claim that the image of these maps is closed, so they need
not be surjective. These properties are analogous to some properties verified for
quasi-geodesic flows shown in [Cal2, §10.7]. A more detailed study of the maps e˘

when one studies a quasi-geodesic flow rather than a homeomorphism can be found
in [Fra, FrLa].

Now we can define the set Λf Ă T 1M associated to f : M Ñ M .
Recall that T 1M denotes the set of unit vectors for the hyperbolic metric tangent

to some point in M . That is, we have T 1M “ tpp, vq : p P M , v P TpM , }v} “ 1u.

Similarly, we define T 1
ĂM – T 1H3. The fundamental group of M acts naturally

on T 1
ĂM (because its elements act as isometries of H3) and one can easily see that

T 1M “ T 1
ĂM{π1pMq. Given pp, vq P T 1M (or in T 1

ĂM) we have a unique geodesic

gp,v : R Ñ M (or gp,v : R Ñ ĂM) which is parametrized by arc length and such
that gp,vp0q “ p and g1

p,vp0q “ v. The geodesic flow Gt : T
1M Ñ T 1M is given by

Gtpp, vq “ pgp,vptq, g1
p,vptqq and is standard to check that this is a flow. We denote

by rGt its lift to T 1
ĂM , which is also the geodesic flow of ĂM .

Given a point pp, vq P T 1
ĂM we can consider the points v` and v´ in BH3 to be

the forward and backward limit points in ĂM – H3 of gp,vptq as t Ñ ˘8.

Then, we can define the following subset of T 1
ĂM associated to f .

(3.1) ĂΛf “ tpp, vq P T 1
ĂM : Dx P ĂM such that e´pxq “ v´ , e`pxq “ v`u

While the association f ÞÑ Λf may not be locally constant (even in the case of
quasi-geodesic flows), it could be that, as in the case of flows, there is a geometric
core which is independent of the map as long as one varies f continuously (see
[FrLa] for precise statements in the case of flows). It could be interesting to study
this further for homeomorphisms. For our purposes, we will only need the following:

Lemma 3.5. The set ĂΛf is closed, ĂGt-invariant and π1pMq-invariant. Therefore,
its projection to T 1M defines a Gt-invariant compact set that we denote Λf .

Proof. This is a direct consequence of the properties we proved for the functions e`

and e´ in Lemmas 3.1 and 3.3. □

Using Lemma 3.2 we can also show:

Lemma 3.6. For each closed Gt-invariant set K Ă Λf we can define a closed f -
invariant set Kf Ă M , with the property that if K,K 1 Ă Λf are nonempty and
disjoint closed Gt-invariant sets, then Kf and K 1

f are nonempty and disjoint.
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Proof. It is best to work in T 1
ĂM and ĂM . Lift K to rK Ă T 1

ĂM and consider the set

A
rK
of pairs pa´, a`q P BH3 ˆBH3 such that there is a geodesic in rK whose backward

limit is a´ and the forward limit is a`. Now, we consider the set:

ĂKf “ tx P ĂM : Dpa´, a`q P A
rK

: e´pxq “ a´ , e`pxq “ a`u.

This set is non empty if K is non empty and it is π1pMq-invariant and rf -invariant
thanks to Lemma 3.2. We denote Kf its projection to M , we need to show that
Kf is compact. Notice that it is clear by its definition that if K X K 1 “ H then
Kf X K 1

f “ H.

To show that Kf is compact let us show that ĂKf is closed. Note that since

K is closed, so is rK, and this implies that A
rK
is closed in pBH3 ˆ BH3qz∆ where

∆ “ tpξ, ξq : ξ P BH3u. If xk is a sequence in ĂKf coverging to some point x8

in ĂM , it follows by Lemma 3.1 that the sequence pe`pxkq, e´pxkqq converges to
pe`px8q, e´px8qq. Since pe`pxkq, e´pxkqq is a sequence in A

rK
and A

rK
is closed, it

follows that pe`px8q, e´px8qq is a point in A
rK
. Then x8 is a point in ĂKf .

□

Thus, we have reduced Theorem 2.8 to proving things about the set Λf for the
geodesic flow. The fact that the geodesic flow is Anosov and that Λf is not transver-
sally totally disconected (which we shall precise in the next section) will give us the
desired results (see [AR, KS] for a general proof assuming only expansiveness).

3.2. Invariant subsets. We will first show that the set Λf contains a non-trivial
connected set in the weak unstable manifold transverse to the flow lines. We continue
with the notation of the previous subsection. We first show:

Lemma 3.7. There exists an arc η0 : r0, 1s Ñ ĂM with the property that e`pη0ptqq

is non constant.

Proof. This is just the fact that e` is continuous and π1pMq-equivariant, thus non
constant (cf. Corollary 3.4). So, we can consider η0 to be a continuous curve joining
two points with different image by e`. □

Remark 3.8. The previous lemma states that the set Λf has a connected set which
is not completely contained in a weak stable manifold of the geodesic flow. The next
lemma will prove the classical fact that this implies that it must contain a connected
set inside some weak unstable manifold.

Using the dynamics of π1pMq, we will show that we can find a continuum of Λf

contained in a weak unstable manifold and not contained in a flowline. Recall that a
chainable continuum is a continuum (i.e. compact and connected set) such that for
every ε ą 0 there is a finite open cover tOiu

n
i“1 with sets of diameter ď ε such that

each Oi has non empty intersection with Oi´1 and Oi`1 only. Every Hausdorff limit

of arcs of bounded diameter in T 1
ĂM contains a non-trivial chainable continuum.

We shall show:

Lemma 3.9. There is ξ P BH3 and a non trivial chainable continuum C Ă Λ̃f such
that for every pp, vq P C one has that v´ “ ξ (recall equation (3.1)).

Proof. Let η0 be the curve constructed in the previous lemma. Consider the geodesic
c in H3 joining the points v´ “ e´pη0p0qq and v` “ e`pη0p0qq. Take a sequence xn
in c converging to v` and deck transformations γn P π1pMq so that γnxn belongs to

a given compact fundamental domain of M in ĂM .
We idenfity H3 with the unit ball in R3 and BH3 with S2 the unit sphere. This

way, we can talk about distances in S2 with the induced metric of R3.
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Since γn Ñ 8 in π1pMq (this is equivalent to saying that the norm γn P IsompH3q –

PSL2pCq goes to infinity) we know that there is a sequence of neighborhoods Un Ă

BH3 shrinking to v` (with the induced metric of R3) whose complement is mapped
in some open set Vn of diameter going to 0 (again, with the induced metric of
R3). We can choose also Un and Vn so that the action of γn expands all vectors
tangent to Un. Also, since v` ‰ v´, for large enough n we know that v´ R Un.
By cutting η0 if necessary, we can assume that e´pη0pr0, 1sq X Un “ H. Up
to taking a subsequence, we know that Vn Ñ ξ P BH3 and thus we get that
γne

´pη0pr0, 1sqq “ e´pγnη0pr0, 1sqq Ñ ξ.
For every sufficiently large n we can choose tn so that the diameter of the set

e`pγnη0pr0, tnsqq in BH3 (with the induced metric from R3) is exactly 1. For every

t P r0, tns let cnptq Ă ĂΛf be the geodesic joining e`pγnη0ptqq with e´pγnη0ptqq. There
exists D Ă T 1H3 a fixed compact fundamental domain of T 1M so that for every n
large enough there exists αn : r0, 1s Ñ D continuous such that αnptq P cnptntq for
every t P r0, 1s. Taking limit (with n) of the arcs αn gives the desired set C.

□

We are now in conditions to prove Theorem 2.8:

Proof of Theorem 2.8. Let C Ă ĂΛf be the chainable continuum in Lemma 3.9. Recall
that by the construction of C, it holds that v´ “ w´ for all pp, vq, pq, wq P C so we
get that the set C is a chainable continuum completely contained in a weak unstable
manifold and not contained in a single orbit.

Now, consider I Ă Λf to be the projection of C to T 1M . We note first that we
can assume that I is contained in a strong unstable manifold since Λf is saturated
by flowlines.

We will use the following simple property whose proof we can omit.

Claim 3.10. There exists T ą 0 and ϵ0 ą 0 such that for every ϵ P p0, ϵ0q, if
J Ă T 1M is a compact connected set of diameter ϵ contained in a strong unstable
manifold, then for every t ě T the set GtpJq has diameter larger than 2ϵ.

The following uses an idea of Mañé ([Ma], see also [AR, KS]):

Claim 3.11. Given a finite number of points tx1, . . . , xNu Ă Λf with pairwise
disjoint Gt-orbits, there exists K Ă Λf compact and Gt-invariant such that K X

tx1, . . . , xNu “ H.

Proof. Let T ą 0 and ϵ0 ą 0 be as in Claim 3.10. Let Ws and Wu denote the strong
stable and unstable foliations, respectively, of the geodesic flow Gt. For every r ą 0
and x P T 1M let Ws

rpxq and Wu
r pxq denote the ball of center x and radius r in the

strong stable and unstable leaf through x, respectively.
Let Di :“ Wu

10ϵpW
s
10ϵpxiqq for every i P t1, . . . , Nu, for some ϵ P p0, ϵ0q small

enough so that if i ‰ j, then Di X Dj “ H and, moreover, if a point x P Di

satisfies that Gtpxq P Dj for some t ą 0, then t ě T . Moreover, let ϵ P p0, ϵ0q be
small enough so that I admits a sub-chainable continua J1 of diameter ϵ. Also let
D1

i :“ Wu
ϵ{2pWs

ϵ{2pxiqq for every i P t1, . . . , Nu.

Note that diampGtpJ1qq tends to infinity with t since J1 is contained in a strong
unstable manifold of Gt. Let t1 ą 0 be the first positive time such that one of the
following two conditions happen: either diampGt1pJ1qq “ 3ϵ or Gt1pJ1q X D1

i1
‰ H

for some i1 P t1, . . . , Nu. If the former happens, let J2 Ă Gt1pJ1q be a sub-chainable
continua such that diampJ2q “ ϵ. If the latter happens (i.e. Gt1pJ1q X D1

i1
while

diampGt1pJ1qq ď 3ε), note that Gt1pJ1q Ă Di1 , and let J2 Ă Gt1pJ1q be a sub-
chainable continua disjoint from D1

i1
such that diampJ2q “ ϵ. Let I1 “ J1 and I2 :“
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G´t1pJ2q. Note that I2 Ă I1 and that for x P I2 one has that Gtpxq R D1
1 Y . . .YD1

N
for 0 ď t ď t1.

Now, let t2 ą 0 be the first positive time such that, again, one of the following
two conditions happen: either diampGt2pJ2qq “ 3ϵ or Gt2pJ2q X D1

i2
‰ H for some

i2 P t1, . . . , Nu. Note that t2 ě T . If the former happens, let J3 Ă Gt2pJ2q be a
sub-chainable continua such that diampJ3q “ ϵ. If the latter happens, note that
Gt2pJ2q Ă Di2 , and let J3 Ă Gt2pJ2q be a sub-chainable continua disjoint from D1

i2
such that diampJ3q “ ϵ (note that in this case, this is possible since diampGt2pJ2qq ě

2ϵ is guaranteeed because of Claim 3.10 and the fact that t2 ě T ). Let I3 :“
G´t1´t2pJ3q. Note that I3 Ă I2 Ă I1 and that for x P I3 one has that Gtpxq R

D1
1 Y . . . Y D1

N for 0 ď t ď t1 ` t2..
Inductively, one constructs I1 Ą I2 Ą . . . a decreasing sequence of non empty

sub-chainable compact set such that any point x P In satisfies that from time 0 to
time t1 ` . . . ` tn ě pn ´ 1qT the Gt-orbit of x does not intersect D1

1 Y . . . Y D1
N .

Since In are nested non empty compact sets, one knows that
Ş

n In ‰ H. It follows
that the positive orbit of every x P

Ş

n In does not intersect D1
1 Y . . .YD1

N . Then it
suffices to take K equal to the omega limit of a point in

Ş

n In to obtain a compact
Gt-invariant subset of Λf disjoint from tx1, . . . , xNu. This ends the proof of the
claim. □

To finish the proof of Theorem 2.8 we can now argue as follows. Let Λ1 Ă Λf be
a Gt-minimal set and x1 be a point in Λ1. By Claim 3.11 there exists K2 Ă Λf a
compact Gt-invariant set such that K2 X tx1u “ H. Let Λ2 Ă K2 be a Gt-minimal
set. Note that Λ1 and Λ2 compact minimal sets, thus, they must be disjoint (becase
minimal sets are disjoint or equal and x1 P Λ1zΛ2).

Inductively, if Λ1, . . . ,ΛN are disjoint Gt-minimal subsets of Λf , then, by taking
xi a point in Λi for every i P t1, . . . , Nu, there exists by Claim 3.11 a compact
Gt-invariant set KN`1 Ă Λf disjoint from tx1, . . . , xNu. By a similar argument as
above, if ΛN`1 Ă KN`1 is a minimal Gt-invariant set, then ΛN`1 is disjoint from
every Λi in tΛ1, . . . ,ΛNu.

This way, inductively, one can contruct an infinite number of pairwise disjoint
compact Gt-minimal subsets of Λf . By Lemma 3.6 these sets correspond to pairwise
disjoint f -invariant compact subset of M . □

3.3. Topological entropy. Recall that a homeomorphism h : M Ñ M has positive
topological entropy if there is ε ą 0 and a constant s ą 0 so that for every large
enough n there is a set Fn with more than esn elements such that if x, y P Fn are
distinct points, then there is some 1 ď i ď n such that dphipxq, hipyqq ą ε. We refer
the reader to [KH] for more on topological entropy.

Here we show the following proposition which completes the proof of Theorem A.

Proposition 3.12. Let f : M Ñ M be a quasi-geodesic homeomorphism of a closed
hyperbolic 3-manifold M . Then, f has positive topological entropy.

Proof. The geodesic flow ĂGt in T 1
ĂM is uniformly expanding to the future in the

following sense: For every K ą 0 and δ ą 0 there exists T ą 0 such that if x, y are

points in the same strong unstable leaf such that dpx, yq ą δ, then dpĂGtpxq, ĂGtpyqq ą

K for every t ě T .

Consider a small compact connected set C in ĂM of diameter ε ą 0 whose projection

to ĂΛf contains a connected set of positive diameter δ ą 0 within a strong unstable

leaf (see Lemma 3.9). Using the uniform expansion of ĂGt in T 1
ĂM and the fact that

orbits of rf uniformly shadow the orbits of the geodesic flow, it follows that there
is some N ą 0 (depending only on δ) so that C contains two compact connected
subsets C1,C2 Ă C so that dpfN pC1q, fN pC2qq ą ϵ and the projections of fN pC1q
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and fN pC2q to ĂΛf each contain a connected set of positive diameter δ ą 0 within a

strong unstable leaf. Repeating this procedure, we get that we can find at least 2k

points in C whose orbits separate more than ε in some iterate between 0 and kN .
This shows that the entropy of f is at least 1

N logp2q ą 0.
□

We close this section by noticing that while we have exploited the sort of semi-
conjugacy given by the maps e˘ to produce information about the homeomorphism,
there are still many questions which are unclear. Even in the flow case (see [FrLa])
one can produce examples which differ greatly from the models (for instance, one
can blow up orbits to eliminate transitivity, or even create new dynamics by pertur-
bation). For flows, in the recent [FrLa] it has been obtained that one can associate a
natural ‘core’ dynamics to each flow, and that this core dynamics contains a pseudo-
Anosov flow. In our case, we are far from obtaining something similar, except under
the stronger assumptions of Theorem C where we manage to obtain a similar result.

4. Proof of Theorem B

To prove Theorem B we need to express the problem in terms of linear cocycles
in order to be able to apply the following result from [BPS] (their result is stronger
than what we state):

Theorem 4.1 (Theorem 4.12 [BPS]). Let T : X Ñ X be a minimal homeomor-

phism and A : X Ñ PSL2pCq be6 a continuous function and denote by Apnqpxq “

ApTn´1xq ¨ ¨ ¨Apxq. Then either the set of points on which lim infn
1
n log }Apnqpxq} “

0 is Gδ-dense, or, there are constants C ą 0, τ ą 0 such that for every x P X and
n ą 0 one has that

}Apnqpxq} ą Ceτn.

Note that the value of lim infn
1
n}Apnqpxq} (which equals τ) is independent on the

chosen norm in C2, while the value of C might depend on it.
We can translate this into our context as follows:

Corollary 4.2. Let f : M Ñ M be a minimal homeomorphism of a closed hyperbolic

3-manifold and rf be a good lift. Then, either there is a Gδ-dense subset of M of

points x such that if x̃ P ĂM proyects to x and such that lim infn
1
ndp rfnpx̃q, x̃q “ 0,

or, f is a quasi-geodesic homeomorphism.

This corollary implies Theorem B, since we have from Theorem A that a minimal
homeomorphism cannot be quasi-geodesic, so the first option must hold.

Proof of Corollary 4.2. The proof in [BPS] adapts directly to general subadditive
sequences, but we will instead show that in this case we can put ourselves in the
same conditions as in Theorem 4.1.

First choose a trivialization of the frame bundle of M (this can always be achieved
up to finite cover, since every orientable 3-manifold is paralelizable, see [BL]) and
consider a continuous choice of frame at each point of M which lifts to a framing

of T ĂM . This way, for each x P ĂM we can find a unique isometry gx sending x to
rfpxq and respecting the chosen framing. This way, gx P IsompH3q – PSL2pCq is
a continuous choice of matrices and it verifies that gx “ gγx for every γ P π1pMq

because rfpγxq “ γ rfpxq and γ respects the framing.

6In [BPS] they work with real matrices, but complex matrices can be thought as inside real
matrices in the double of the dimension. Similarly, the fact that we quotient by ˘id is not an issue
since the norm is still well defined.
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This allows one to define a linear cocycle as A : M Ñ PSL2pCq where Apxq “ gx̃
where x̃ P ĂM projects to x. Note that given x P H3, there exists a norm } ¨ } so

that dp rfnpx̃q, x̃q “ 2 log }Apnqpxq} and therefore the dichotomy given in Theorem 4.1
translates directly in the dichotomy claimed in Corollary 4.2. □

In [BPS] there is an example showing that Theorem 4.1 requires minimality (see
[BPS, Example 3.12]). Here we give an example in our setting to show that cannot
remove the minimality assumption either. It provides an example where the escape
rate is positive for every orbit, but it is not quasi-geodesic.

Example 4.3. Let φ0 : S Ñ S be a pseudo-Anosov homeomorphism of a closed
surface of genus g ě 2 and assume it has a regular fixed point p. One can blow up
p so that φ0 has a neighborhood of fixed points containing p and is C0-close to φ
(thus it is homotopic). Call this new map φ1 and we consider ϕ1

t : M Ñ M be the
suspension flow on M “ S ˆ r0, 1s{px,1q„pφ1pxq,0q which is a hyperbolic 3-manifold

[Thu1]. The flow ϕ1
t : M Ñ M is quasi-geodesic [Ze]. We will modify the flow in a

neighborhood of the solid torus obtained by suspending the neighborhood of p made
of fixed points as in Figure 2. This way, we produce a new flow ϕ2

t : M Ñ M on
which every ray is quasi-geodesic with the same escape rate, but the time needed to
see the escape rate goes to infinity, and in particular, there are full orbits which are
not quasi-geodesic.

Figure 2. The figure depicts a deformation of the flow in a neighborhood
fully consisting of periodic orbits of same period. After the deformation, in
the middle section one gets orbits going in both directions.

Theorem B states that under minimality assumptions, positive scape rate to in-
finity is impeded on a residual set of points. Further can be said regarding orbits
with a quasi-geodesic behaviour.

Given a homeomorphism f : M Ñ M of a closed hyperbolic 3-manifold and rf
a good lift, we say that a point x P M has a λ-quasi-geodesic orbit if there exists

λ ą 0 such that λ´1|n´m| ´λ ď dp rfnpx̃q, rfmpx̃qq ď λ|n´m| `λ for every n,m P Z

and x̃ lift of x (i.e. the map Z Ñ ĂM “ H3 given by n ÞÑ f̃npx̃q is a quasi-isometry).
It is immediate to check that for every λ ą 0 the set Kλ Ă M of points having a

λ-quasi-geodesic orbit is an f -invariant and closed subset of M . Since Theorem A
states that for every λ ą 0 the set Kλ is a proper subset of M , as a corollary we get:

Corollary 4.4. Let f : M Ñ M be a minimal homeomorphism of a closed hyperbolic
3-manifold. Then f has no quasi-geodesic orbit.
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5. Positive escape rate against foliations

In this section we prove Theorem C. The results in this section were obtained in
[Go] and we follow its presentation. So, here f : M Ñ M will be a homeomorphism

of a hyperbolic 3-manifold and rf a good lift. We will assume that f has positive
escape rate with respect to a uniform R-covered foliation F as in Definition 2.11.
The goal is to prove Theorem 2.13 which follows from Propositions 2.15 and 2.16 as
explained in §2.4. We will use the notations introduced in §2.4.

5.1. The quasi-geodesic property. Here we prove Proposition 2.12. Recall that
Z denotes the structure map of the foliation F (cf. Proposition 2.10). We note that
what we prove here can also be deduced directly from Proposition 2.1 (shown in the
next section) by choosing a parametrization of the leaf space using the structure
map in order to produce a function into the leaf space satisfying (2.1).

Suppose f : M Ñ M is a homeomorphism homotopic to the identity and rf is its

good lift to ĂM . We write rfk ą Z to mean that for every L P rF and every x P L, the

leaf through rfkpxq is above ZpLq. We will denote the leaf L P rF containing a point

y P ĂM as Lpyq.

Lemma 5.1. If f : M Ñ M has positive escape rate with respect to F, then there

exists k P N such that rfk ą Z.

Proof. First, we will see that it is sufficient to find K ě 1 such that for every x P ĂM ,

there exists kx P t1, . . . ,Ku such that Lp rfkxpxqq ě ZpLpxqq. Suppose such a K

exists. Since rf is at a bounded distance from the identity, there exists m P Zě0 such

that Lp rf ipxqq ě Z´mpLpxqq for all x P ĂM and i P t1, . . . ,Ku, given that the distance
between every leaf and its image under Z is uniformly far from zero. Considering

k ą pm ` 1qK it follows that rfk ą Z.

Now let us show that such a K exists. If not, there would be a sequence xn P ĂM

such that Lp rf jpxnqq ă ZpLpxnqq for all j P t1, . . . , nu. Due to the compactness of
M , up to taking a subsequence, there exist elements γn P π1pMq such that γnxn
converges to a point x P ĂM . Since rf and Z commute with the action of π1pMq and

preserve the orientation of the leaf space, we still have Lp rf jpγnxnqq ă ZpLpγnxnqq

for all n and j P t1, . . . , nu. By hypothesis, we know that the orbit of x tends to

infinity in the leaf space, so there exists j such that Lp rf jpxqq ą Z2pLpxqq. Let N be
such that for all n ě N we have ZpLpγnxnqq ă Z2pLq (which can be ensured by the

continuity of Z), and also Lp rf jpγnxnqq ą Z2pLpxqq (this is possible by the continuity

of rf j). In particular, when n ě N , we would have Lp rf jpγnxnqq ě ZpLpγnxnqq,
leading to a contradiction. □

As a consequence, since the distance between any leaf L P rF and its iterates
ZnpLq tends to infinity with n, it follows that f escapes to infinity with positive
speed. This justifies the name “escape rate” with respect to F. It is also enough to
deduce Proposition 2.12.

Corollary 5.2. If f : M Ñ M has positive escape speed with respect to F, then f
is quasi-geodesic.

Proof. This follows from the fact that there is a uniform lower bound in the distance
between L and ZnpLq of the order of cn for some positive c. This gives the uniform
lower bound in the quasi-geodesic definition, the upper bound being automatic from

the fact that rf is at bounded distance from the identity. □
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5.2. Some properties of the pseudo-Anosov regulating flow. This section in-
troduces the most important ingredient in the proof of Theorem 2.13: the regulating
pseudo-Anosov flow of a foliation, cf. Theorem 2.14.

Definition 5.3. A flow ϕt : M Ñ M is a topological pseudo-Anosov flow if it
preserves a pair of transverse singular foliations, Wws and Wwu, such that

(i) Every pair of orbits in the same leaf of Wws are future asymptotic, and every
pair of orbits in the same leaf of Wwu are past asymptotic,

(ii) The singular leaves of Wws and Wwu are finite and of p-prong type along a
periodic orbit of ϕt (see Figure 3).

The orbits of ϕt without prongs are called regular. Similarly, regular points are
those whose orbit is regular.

Figure 3. A regular orbit of a pseudo-Anosov flow on the left, and
a 3-pronged singular orbit on the right.

An important property of pseudo-Anosov flows is the existence of periodic orbits.
Note that since there are finitely many periodic orbits of p-prong type with p ě 3,
we get from the following that there exist infinitely many distinct regular periodic
orbits.

Proposition 5.4. If ϕt : M Ñ M is a topological pseudo-Anosov flow in a closed
hyperbolic 3-manifold, then ϕt has infinitely many non freely homotopic periodic
orbits. Moreover, the flow is transitive and every orbit is approximated by periodic
orbits in the sense that given x P M , T ą 0 and ε ą 0, there is y P M and some
increasing homeomorphism h : R Ñ R so that the ϕt-orbit of y is periodic and such
that dpϕtpxq, ϕhptqpyqq ă ε for all 0 ď t ď T .

Proof. Note that if a pseudo-Anosov flow is non-transitive, then, it is transverse
to an incompressible torus or Klein bottle (see [Mos]) thus, since M is hyperbolic,
we can assume it is transitive. Since pseudo-Anosov flows admit Markov partitions
(see [Ia] for a very general statement) we deduce that the flow has infinitely many
periodic orbits, which cannot be all freely homotopic to each other (see [Mos]). The
approximation of periodic orbits is a classical consequence of the existence of Markov
partitions (see [Ia]).

□

If ϕt is a topological pseudo-Anosov flow transverse to rF, on each leaf L P rF

there exist Gs and Gu transverse singular foliations of dimension 1, given by the
intersections of Wws and Wwu with L, which vary continuously with L.

We will call a stable line an embedding of R into a leaf of Gs. That is, if Gspxq is
a leaf of Gs that does not contain any prongs, then the only line contained in it is
Gspxq itself. If Gspxq contains a prong, however, there will be several lines contained
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Gs

Gu

Figure 4. A stable line through a 3-prong.

in Gspxq, corresponding to taking each of the possible “paths” who reach the prong
(see Figure 4).

Recall that, as a corollary of Candel’s Theorem, the leaves of rF with the metric
induced by H3 are quasi-isometric to H2 via a quasi-isometry whose constant is
independent of the leaf (Theorem 2.17).

The construction in [Cal2, Thm. 9.31] (see also [Fen1]) indeed shows the following.

Fact 5.5. Let F be a uniform R-covered foliation of a hyperbolic 3-manifold M .
The pseudo-Anosov flow given by Theorem 2.14 can be considered with the following
properties.

(i) Regularity and transversality. The orbits of the flow are C1 curves,

transverse to the leaves of rF. The singular foliations Wws and Wwu are
C0,1.

(ii) Quasi-geodesic lines. There exists C ě 1 such that every arc-length

parametrization tℓpsqusPR of a stable or unstable line in a leaf L P rF is a
C-quasi-isometric embedding of R into L. That is, for all t, s P R, we have

C´1dLpℓptq, ℓpsqq ´ C ď |t ´ s| ď CdLpℓptq, ℓpsqq ` C.

(iii) Bounded intersection angle. There exists θ0 P p0, π{2s such that if ℓs is

a stable line and ℓu is an unstable line both in a leaf L P rF which we identify
with H2 via a uniform quasi-isometry, then, the angle of intersection of their
geodesic representatives (cf. Proposition 2.9) is greater than θ0.

The last property can also be phrased in terms of cross ratios of cuadruples of
points in the circle at infinity. The fact that the cross ratios are far from 0 and 8 is
a property invariant under quasi-isometry and gives an equivalent notion. We chose
this definition in order to argue in H2 where many classical results can be quoted
directly.

Given F a uniform R-covered foliation of a hyperbolic 3-manifold M , we will say
that a flow with the properties of Fact 5.5 is a regulating pseudo-Anosov flow for F.

We define the distance dGs between points x, y in the same stable line in L P rF as
the length of the line segment between them. Similarly, we define dGu .

5.2.1. Contraction and expansion of lines. Suppose ϕt : M Ñ M is a regulating

pseudo-Anosov flow for a uniform R-covered foliation F, and let rϕt and rF denote

their lifts to ĂM . For every pair of leaves L,L1 P rF, we define the map τL,L1 : L Ñ L1,

which sends a point x P L to the intersection of its orbit under rϕt with L1. The
following is stated in [BFFP, Fact 8.4] and follows from the standard properties of
pseudo-Anosov flows.
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Proposition 5.6. There exists a constant λ ą 1 satisfying the following. For every

d ą 0 there exists a natural number k such that for every pair of leaves L,L1 P rF

with L1 ą ZkpLq, for all x P L, y1 P Gupxq, and y2 P Gspxq, we have

dGupτL,L1pxq, τL,L1py1qq ě λd, if dGupx, y1q ě d

and dGspτL,L1pxq, τL,L1py2qq ď λ´1d, if dGspx, y2q ě d,

where Z : ĂM{rF Ñ ĂM{rF is a structure map of rF.

Since at very small scales, more time is expected for contraction and expansion at
rate λ, for convenience we fix d “ 1 and the iterate Zk corresponding to the above
proposition, ensuring contraction and expansion at rate λ at all scales larger than 1.
Henceforth, we will refer to Zk as the structure map of a uniform R-covered foliation
F. For simplicity, we denote the structure map as Z (instead of Zk) from now on.

5.2.2. Properties of singular foliations. Let us assume for the remainder of this sec-
tion that F is a uniform R-covered foliation and ϕt : M Ñ M is a pseudo-Anosov

regulating flow for F. Let rF and rϕt denote their lifts to ĂM .

Fact 5.7. In every leaf L P rF, every leaf of the singular foliation Gs of L intersects
each leaf of Gu at most at a single point.

The following fact is a consequence of basic hyperbolic geometry.

Fact 5.8. For every θ P p0, π{2q and d ą 0, there exists d1 ą 0 such that, if α, β1,
and β2 are geodesics in H2 such that each βi intersects α at a point xi with angle
θi P rθ, π{2s, and dpx1, x2q ą d1, then dpβ1, β2q ą d.

Let C ą 0 such that for every L P rF, every stable or unstable line ℓ Ă L is
contained in a C-neighborhood of a geodesic gℓ on L (modulo identification of L
with H2).

Lemma 5.9. There exists Q ą 0 such that in every leaf L P rF, for every x P L,
every stable line ℓs through x and every unstable line ℓu through x, the geodesics gℓs
and gℓu intersect at a point x1 with dLpx, x1q ă Q.

Proof. Let θ0 be given by Fact 5.5 item (iii). There exists Q ą 0 such that, for

any L P rF and any pair g1, g2 of geodesics in L that intersect at angle θ P rθ0, π{2s,
the intersection BLpg1, Cq X BLpg2, Cq of their C-neighborhoods in L has diameter
smaller than Q. Now given x P L, ℓu, and ℓs, if gℓuXgℓs “ tx1u, then x P BLpgℓu , CqX

BLpgℓs , Cq. Hence, dLpx, x1q ă Q. □

Lemma 5.10. For every K ą 0, there exists R ą 0 such that for every leaf L P rF

and every x P L, if y P Gupxq satisfies dGupx, yq ą R, then dLpGspxq,Gspyqq ą K.
Similarly, if y P Gspxq satisfies dGspx, yq ą R, then dLpGupxq,Gupyqq ą K.

Proof. Fixing K, let d1 ą 0 be given by Fact 5.8 for d “ K `2C and θ “ θ0 given by
Fact 5.5 item (iii). Let Q ą 0 be the constant from Lemma 5.9. Choose R ą 0 such
that in every leaf L, if x, y P L are on the same unstable line and dGupx, yq ą R,
then dLpx, yq ą d1 ` 2Q (such R ą 0 exists by Fact 5.5 item (ii)).

In that case, dLpGspxq,Gspyqq ą K. Indeed, if ℓu is an unstable line connecting x
and y, and ℓx and ℓy are stable lines through x and y, respectively, let x1 “ gℓx X gℓu
and y1 “ gℓy X gℓu . Then

dLpx1, y1q ě dLpx, yq ´ 2Q ą d1,

so
dLpℓx, ℓyq ě dLpgℓx , gℓyq ´ 2C ą K.

Analogously if y P Gspxq satisfies dGspx, yq ą R. □
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The periodic orbits of ϕt will play an important role henceforth, so it is convenient
to record some of their properties here. Suppose δ is a regular periodic orbit of ϕt

and let rδ Ă ĂM be a connected component of its preimage under the covering map.

Note that rδ is a regular orbit of rϕt which intersects each leaf L P rF at a unique

point, denoted xL. Taking a neighborhood B of rδ with no singular points, for every
y P B and ℓpyq an unstable line trough y we can define an arc-length parametrization
tαℓpyqpsqusPR of ℓpyq, in such a way that αℓpyqpsq varies continuously with y and every
small s (that is, we are fixing coherent arc-length parametrizations of the unstable

lines through B). For each L P rF, let us denote αL to the curve αGupxLq. The
following fact follows from the uniform continuity of αLptq with respect to initial
conditions.

Fact 5.11. For every T ą 0 and ε ą 0, there exists d ą 0 such that for every L P rF,
if y P L satisfies dLpxL, yq ă d, then dLpαLptq, αℓpyqptqq ă ε for all |t| ď T and every
ℓpyq unstable line through y.

An analogous fact to 5.11 holds for stable lines as well.

For a deck transformation γ P π1pMq, we denote by gγ the geodesic in H3 invariant

under γ. Consider π : M̃ Ñ M the covering map. If α is a closed curve in M , there
exists a deck transformation γ P π1pMq that leaves invariant a connected component
of π´1pαq. In this case, we say that γ is associated with the curve α. The following
is [GH, Ch. 8, Thm. 30].

Proposition 5.12. Let ϕt : M Ñ M be a regulating flow for a uniform R-covered
foliation of M . If η, γ P π1pMq are represented by non-freely homotopic periodic
orbits of ϕt, then γ and η do not share any fixed points at the boundary of H3.
Moreover, ϕt does not have distinct freely homotopic orbits.

The fact that regulating pseudo-Anosov flows do not have distinct freely homo-
topic periodic orbits follows from, for instance, [BFM, Prop. 2.24] which implies
that if ϕt has two distinct freely homotopic orbits, then, there is a lozenge, which
forces the existence of freely homotopic periodic orbits with oposite orientation (and
this forbids being regulating to a foliation).

5.3. Existence of Tγ. Here we show the existence of the sets Tγ posited in Propo-
sition 2.15.

5.3.1. Construction of good neighborhoods. Let us fix γ P π1pMq associated with a

regular periodic orbit δ of ϕ. Let rδ be the connected component of π´1pδq invariant

under γ. For each leaf L P rF, we denote by xL the point of intersection of rδ with L.

Recall that for each leaf L P rF and each point x P L, we denote by Gspxq and Gupxq

the intersection of Wwspxq with L and Wwupxq with L, respectively, and αLpsq as
an arc-length parametrization of GupxLq that varies continuously with L.

To prove Proposition 2.15, we will follow a strategy similar to that in [BFFP, §8].
For every r P R, let urL “ αLprq. For r ‰ 0, let IrL be the connected component of

LzGspurLq containing xL. Consider the sets U
r
1 , U

r
2 Ă ĂM defined by U r

1 “
Ť

LPrF
pLzIrLq

and U r
2 “

Ť

LPrF
pLzI´r

L q. Similarly, if βL parametrizes GspxLq, let vrL “ βLprq

and define Jr
L as the component of LzGupvrLq containing xL. Then define V r

1 “
Ť

LPrF
pLzJr

Lq and V r
2 “

Ť

LPrF
pLzJ´r

L q.
We denote by U r the union U r

1 YU r
2 and by V r the union V r

1 YV r
2 (see Figure 5).

Remark 5.13. For all r ą 0, the following holds:

(i) If s ą r, then U s
i Ă U r

i and V s
i Ă V r

i .
(ii) γpV r

i q “ V r
i and γpU r

i q “ U r
i .
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xL
V r
1 V r

2

U r
1

U r
2

urL

u´r
L

Figure 5. U r and V r viewed on a leaf L.

(iii) There exists K ą 0 such that GupxLqzU r and GspxLqzV r are contained in

BLpxL,Kq, for all L P rF.

(iv) Wwuprδq does not intersect V r and Wwsprδq does not intersect U r.

Lemma 5.14. For every r ą 0, there exists d ą 0 such that for all L P rF and all
y P GspxLq with dGspxL, yq ă d, we have Gupyq Ă BLpGupxLq, 1q Y U r.

Proof. Note that in every leaf L, αLpT q P U r
1 for all T ą r. Due to Lemma 5.10,

for sufficiently large T , there exists ε ą 0 such that ε ă dLpαLpT q,GspurLqq for all

L P rF. By Fact 5.11, there exists d independent of L such that for all y P L with
dLpxL, yq ă d, any unstable line ℓpyq satisfies αℓpyqpT q P U r

1 . We can also assume
that d ă r, which implies αℓpyqpt0q P GspurLq for some 0 ă t0 ă T . Since Gupyq

intersects GspurLq at most once (Fact 5.7), necessarily αℓpyqptq P U r
1 for all t ě T .

Similarly, in every leaf L, we have αLp´T q P U r
2 . If we choose ε such that

ε ă dLpαLp´T q,GspurLqq, then αℓpyqp´tq P U r
2 for all t ě T . This implies that

Gupyq P BLpGupxLq, εq Y U r. Requiring ε ă 1, we conclude what we wanted.
□

5.3.2. Invariance of good neighborhoods. Let Z : ĂM{rF Ñ ĂM{rF be the structure map

of F. Recall that given x P ĂM , rFpxq denotes the leaf of rF through x, and we write
rfk ą Z to denote that rFp rfkpxqq lies above ZprFpxqq for all x P ĂM .

Proposition 5.15. Suppose k is such that rfk ą Z. Then there exists rk ě 1 such

that for r ě rk, rfkpU r
i q Ă U r`1

i and rf´kpV r
i q Ă V r`1

i .

We call ϕfk : ĂM Ñ ĂM the map that sends a point x to the intersection of the

orbit of rϕt through x with the leaf through rfkpxq. Observe that ϕfk commutes with
every deck transformation.

Let λ ą 1 be a constant such that for every pair of leaves L,L1 P rF with L1 ě ZpLq,
the map τL,L1 multiplies lengths (greater than 1) inside Gu by λ and lengths (greater
than 1) inside Gs by λ´1 (cf. Proposition 5.6).

Lemma 5.16. Suppose k satisfies rfk ą Z. Then for i “ 1, 2 and every r ě 1,
ϕfkpU r

i q Ă Uλr
i and ϕf´kpV r

i q Ă V λr
i .

Proof. Given x P U r
1 , let L be the leaf through x and L1 the leaf through rfkpxq. Note

that ϕfkpxq “ τL,L1pxq. From Proposition 5.6, it follows that dGupxL1 , τL,L1purLqq ą
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λr, so τL,L1pGspurLqq “ GspτL,L1purLqq is contained in Uλr
1 . This means τL,L1pU r

1 X Lq

is contained in Uλr
1 . In particular, ϕfkpxq “ τL,L1pxq P U r

1 .
The proof for U r

2 and V r
i is analogous.

□

Lemma 5.17. For every k P N, there exists Kk such that

d
rFp rfkpxqq

p rfkpxq, ϕfkpxqq ă Kk

for all x P ĂM .

Proof. The function x ÞÑ d
rFp rfkpxqq

p rfkpxq, ϕfkpxqq is continuous and π1pMq-invariant.

That is, for every x P ĂM and η P π1pMq, we have

d
rFp rfkpηxqq

p rfkpηxq, ϕfkpηxqq

“ d
rFpη rfkpxqq

pη rfkpxq, ηϕfkpxqq

“ d
ηrFp rfkpxqq

pη rfkpxq, ηϕfkpxqq

“ d
rFp rfkpxqq

p rfkpxq, ϕfkpxqq,

given that rf and rϕ commute with η and η is an isometry between L and ηL for

every L P rF.

Since M is compact, this implies that d
rFp rfkpxqq

p rfkpxq, ϕfkpxqq is bounded on ĂM .

□

Proof of Proposition 5.15. We assume k satisfies rfk ą Z, so ϕfkpU r
1 q Ă Uλr

1 for all
r ě 1 (Proposition 5.6).

Let Kk be given by Lemma 5.17, and let Rk ě 1 such that for all x, y P ĂM with
y P Gupxq and dGupx, yq ą Rk, we have dpGspxq,Gspyqq ą Kk (such Rk exists by
Lemma 5.10).

Choose rk ě 1 such that λrk ´ prk ` 1q ą Rk. Then, for all r ě rk and every

L P rF, we have dGupuλrL , ur`1
L q “ λr ´ pr ` 1q ą Rk, so dLpL X Uλr

1 , LzU r`1
1 q ą Kk

for every L P rF.

Suppose rfkpU r
1 q is not contained in U r`1

1 . Then there exists x P U r
1 for which, if

L1 is the leaf through rfkpxq, we would have

dL1p rfkpxq, ϕfkpxqq ě dL1p rfkpxq, Uλr
1 X L1q ą Kk,

contradicting Lemma 5.17. Hence, we conclude that rfkpU r
1 q Ă U r`1

1

By similar reasoning, we prove that rfkpU r
2 q Ă U r`1

2 and rf´k0pV r
i q Ă V r`1

i for all
r ě rk.

□

Remark 5.18. We remark that while the construction of the neighborhoods U r
i and

V r
i depends on the deck transformation γ (equivalently, on the curve rδ) the value

of k is independent on it, and just depends on the fact that the good lift rf verifies
rfk ą Z. Once this value of k is fixed, then, we also get a fixed value of rk since its

choice, made in the previous proof, depends only on Kk and λ and not on γ (or rδ).

5.3.3. Escape properties. Recall that γ is a deck transformation associated with

a regular periodic orbit δ of the pseudo-Anosov flow ϕ, and rδ is the connected
component of π´1pδq invariant under γ.
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Proposition 5.19. Suppose k is such that rfk ě Z, and rk is given by Proposition

5.15. Then, for i “ 1, 2, for every x P U rk
i and y P V rk

i , we have dp rfnkpxq, rδq ÝÑ
n

`8

and dp rf´nkpyq, rδq ÝÑ
n

`8.

The above proposition follows from the following two lemmas.

Lemma 5.20. Suppose k satisfies rfk ě Z, and rk is given by Proposition 5.15.

Then, for every x P U rk , if Ln is the leaf through rfnkpxq, we have dLnpxLn ,
rfnkpxqq ÝÑ

n

`8. Similarly, for every y P V rk , if Ln is the leaf through rf´nkpyq, we have

dLnpxLn ,
rf´nkpyqq ÝÑ

n
`8.

Proof. Suppose x P U rk
1 . Lemma 5.10 ensures that dLnpxLn , U

rk`n
1 X Lnq ÝÑ

n
`8,

since dGupxLn , u
rk`n
Ln

q “ rk ` n ÝÑ
n

`8. Proposition 5.15 guarantees that rfnkpxq P

U rk`n
1 , thus dLnpxLn ,

rfnkpxqq ÝÑ
n

`8.

Similar arguments apply if x P U rk
2 or y P V rk

i . □

Lemma 5.21. For every K ą 0, there exists K 1 ą 0 such that

Bprδ,Kq Ď
ď

LPrF

BLpxL,K
1q.

Proof. Since γ is an isometry in ĂM and rδ is γ-invariant, for a fixed K ą 0, the

neighborhood Bprδ,Kq is γ-invariant. Moreover, the quotient of Bprδ,Kq by the
action of the subgroup of π1pMq generated by γ is compact (homeomorphic to a

solid torus). Let h : ĂM Ñ R assign to any point y on a leaf L the distance dLpxL, yq.

Since h is continuous and γ-invariant, h is bounded on Bprδ,Kq, which proves the
lemma. □

Proof of Proposition 5.19. This follows directly from Lemmas 5.20 and 5.21. □

5.3.4. Construction of invariant closed sets. The objective of this part is to prove
the following proposition.

Proposition 5.22. Up to replacing rf by a high power, there exists r0 such that, for
i “ 1, 2, if Ui “ U r0

i and Vi “ V r0
i , the following hold:

(i) rfpUiq Ă Ui and rf´1pViq Ă Vi,

(ii) There exists K ą 0 such that for every L P rF, the sets LzpU Y rfpV qq and

LzpV Y rf´1pUqq are contained in BLpxL,Kq, and

(iii) For every x P Ui, y P Vi, it holds that dp rfnpxq, rδq ÝÑ
n

`8 and dp rf´npyq, rδq ÝÑ
n

`8.

To achieve this, we first establish similar properties for the regulating flow.

Lemma 5.23. If k satisfies rfk ą Z and rk is given by Proposition 5.15, let U “

U rk
1 Y U rk

2 and V “ V rk
1 Y V rk

2 . Then there exist N ą 0 and j ě 1 such that both
ĂMzpU Y ϕfjkpV qq and ĂMzpV Y ϕf´jkpUqq are contained in

Ť

LPrF
BLpxL, Nq.

Proof. Let d ą 0 given by Lemma 5.14 for r “ rk. Let k1 ą 0 given by Proposition
5.6 applied to d. Let j1 ě 1 such that λj1

d ą rk. It follows that for every leaf L, if
L1 ě Zk1j1

pLq, the map τL,L1 takes segments of GspxLq of length rk to segments of
Gspx1

Lq of length less than d. Set j “ k1j1.

Let x P ĂMzV , and let L be the leaf through x and L1 the leaf through rf jkpxq. We
will show that ϕfjkpxq P U Y BL1pGupxL1q, 1q. Notice that ϕfjkpxq “ τL,L1pxq. Since
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rfk ą Z, it follows that L1 ą ZjpLq. Hence, dGspτL,L1pvrkL q, xL1q ă d. Therefore, by
Lemma 5.10,

τL,L1pGupvrkL qq “ GupτL,L1pvrkL qq Ă BL1pGupxL1q, 1q Y U.

Thus, τL,L1pLzV q is contained in BL1pGupxL1q, 1q Y U , and therefore, ϕfjkpxq P

BL1pGupxL1q, 1q Y U . Taking N “ rk ` 1, we have ĂMzpϕfjkpV q Y Uq contained

in
Ť

LPrF
BLpxL, Nq. Similar reasoning applies to show that ĂMzpϕf´jkpUq Y V q Ă

BLpxL, Nq.
□

Proof of Proposition 5.22. Let k be such that rfk ą Z (Lemma 5.1) and set r0 :“ rk
as given by Proposition 5.15. Take d ą 0 and j ě 1 from Lemma 5.23, and Kjk

from Lemma 5.17. Replace rf by its iterate rf jk. Defining K “ d`Kjk, we have that

LzpU r0Y rfpV r0qq and LzpV r0Y rf´1pU r0qq are contained in BLpxL,Kq for every L P rF.

Moreover, Proposition 5.15 guarantees that rfpU r0
i q Ă U r0`1

i and rf´1pV r0
i q Ă V r0`1

i ,

so rfpU r0
i q Ă U r0

i and rf´1pV r0
i q Ă V r0

i . Point 3 is satisfied by Proposition 5.19.
□

Remark 5.24. Note that as in Remark 5.18 the choice of r0 only depends on the
choice of k that was fixed before and is independent on γ.

5.3.5. Conclusion of the proof.

Proof of Proposition 2.15. First, observe that it suffices to prove the result for some

iterate of rf . This is because, if T 1
γ Ă ĂM is a closed set invariant under both rfk and

γ, and is the maximal invariant in the r-neighborhood of gγ for all r ě r1
0, we define

Tγ “
Ťk

j“´k
rf jpT 1

γq. Then Tγ is a closed γ-invariant set, and fpTγq “ Tγ . Define

r0 “ r1
0 ` 2kd, especially Tγ is rfk-invariant contained in the r0-neighborhood of gγ ,

so Tγ “ T 1
γ , thus T

1
γ is rf -invariant.

Replace rf by an iterate for which there exists r0 such that points 1, 2, and 3 of

Proposition 5.22 hold. Let K ą 0 such that for every leaf L P rF, both Lzp rfpV q XUq

and Lzp rf´1pUqXV q are contained in the ball BLpxL,Kq, and GupxLq Ă BLpxL,KqY

U and GspxLq Ă BLpxL,Kq Y V (to ensure this, it suffices that K ą r0).

For every leaf L P rF, for brevity we denote UL
i “ UiXL, V L

i “ ViXL, UL “ UXL,
and V L “ V X L.

Consider

D “
ď

LPrF

BLpxL,Kq.

and, for each n P N,

Rn “

n
č

k“0

rfkpDq and Qn “

n
č

k“0

rf´kpDq.

Notice that D is closed, and therefore, Rn and Qn are also closed.

Claim 5.25. If C Ă ĂM is a connected set intersecting V1 and V2 but not intersecting
U , then C intersects RnzV for every n P N.

Similarly, if C intersects U1 and U2 but not V , then C intersects QnzU for every
n P N.

Proof. We will prove it by induction on n, specifically for Rn as the proof for Qn is

analogous. Let C Ă ĂM be a connected set intersecting V1 and V2 but not U .
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U1

U2

V2

V1

C Rn

Figure 6.

Note that R0 “ D. Recall that Wwuprδq does not intersect V and is contained in

D YU . Since Wwuprδq separates ĂM into two components, one containing V1 and the
other V2, we conclude that C must intersect Wcu. Therefore, C intersects DzU .

Now suppose every connected set C 1 intersecting V1 and V2 but not U intersects

Rn´1zV , and let C be such a set. Since rf´1pViq Ă Vi, it follows that rf´1pCq is

a connected set intersecting V1 and V2, and rf´1pCq does not intersect U . Thus,
rf´1pCq must intersect Rn´1zV , so C intersects rfpRn´1qz rfpV q. From our choice of

K, the complement of rfpV q Y U is contained in D, hence C X rfpRn´1qz rfpV q Ď

C X rfpRn´1q XD. Moreover, this intersection does not touch V since V is contained

in rfpV q. As Rn “ rfpRn´1q XD, we conclude that C intersects RnzV as desired. □

Now, fixing n P N and L P rF, we denote Rn
L “ Rn X L and Qn

L “ Qn X L. By
Claim 5.25, we know that Rn

L Y ULzV separates V L
1 from V L

2 , whereas RnzV does
not separate them. Therefore, there exists a connected component C of Rn

LzV that
intersects U1 and U2. Then, again by Claim 5.25, we have that C intersects Qn

L. In
particular, we conclude that Rn

L intersects Qn
L.

Finally, we define

Tγ “
č

ně0

Rn X Qn.

Then Tγ is f -invariant by construction, and it is γ-invariant since D is and rf com-

mutes with γ. Moreover, the intersection of Tγ with every leaf L P rF is the non-empty
compact set

Ş

ně0R
n
L X Qn

L.
On the other hand, observe that there exists r0 such that Tγ is contained in the

r0-neighborhood of gγ , since δ is homotopic to the projection of gγ . We will see that
Tγ is the maximal invariant set in every r-neighborhood of gγ with r ě r0.

From point 2 of Proposition 5.22, it follows that ĂMzD is contained in U Y rfpV q.
Thus, point 3 of Proposition 5.22 implies that every point x outside D satisfies

dp rfnpxq, gγq ÝÑ
n

`8 or dp rf´npxq, gγq ÝÑ
n

`8.
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Now, suppose S Ă ĂM is rf -invariant and contained in the r-neighborhood of gγ
for some r ě r0. From the previous observation, necessarily S is contained in D, so

S “ rfnpSq is contained in rfnpDq for every n P Z. Therefore,

S Ă
č

ně0

rfnpDq X rf´npDq “ Tγ .

Note that the choice of r0 is independent of the deck transformation γ and only

depends on the properties of rf with respect to the regulating flow (see Remark 5.24).
This concludes the proof of Proposition 2.15 up to Proposition 5.26 below.

□

5.4. Further properties of Tγ. Here we show the following:

Proposition 5.26. The set Tγ contains a connected set which intersects every leaf

of rF.

Proof. Recall that Tγ “
Ş

npRn X Qnq where:

Rn “

n
č

k“0

rfkpDq and Qn “

n
č

k“0

rf´kpDq.

We fix ε ą 0, then, there is n0 so that for every n ą n0 we have that Rn X Qn is
contained in an ε-neighborhood of Tγ , so, to prove the result, it is enough to show
that for every n there is a properly embeded line in Rn X Qn which, since Rn X Qn

intersects each leaf L P rF in a bounded set, must intersect every leaf of rF.

Recall that Wwuprδq is contained in D Y U and avoids V and Wwsprδq is contained
in D Y V and avoids U . It follows that Rn Y V and Qn Y U contain properly em-
bedded surfaces avoiding respectively U and V . Up to small perturbation, we can
assume that these surfaces, which we denote as Au and As respectively, intersect
transversally and their intersection is then contained in Rn X Qn. By the transver-
sality Au X As must be a union of properly embedded curves in Rn X Qn which
separates Au X V1 from Au X V2 we deduce that at least one connected component

must intersect every leaf of rF. This is the desired component that allows us to
conclude the proof. □

In particular, the previous proposition allows one to show that, when projected to
M , the sets Tγ separate the homology of M in a similar way as a circle would, in the

sense that if L P rF and η is a closed curve in the proyection of L to M that, when

lifted to ĂM surounds Tγ XL we get that η is homotopically non-trivial in M . There
are other ways to understand the topology of the complement of the projection of
Tγ in M that we will not pursue. A natural question that arises from the argument

above is whether Tγ contains curves intersecting every leaf of rF. This may not be
true.

We close this section by showing that the sets Tγ can be quite wild.

Example 5.27. Start with a quasi-geodesic flow φt : M Ñ M of a closed hyperbolic
3-manifold. For instance, one can take the suspension flow of a pseudo-Anosov
homeomorphism of a surface of genus ě 2. Fix a regular periodic orbit, in a small
neighborhood it looks like the suspension of a hyperbolic fixed point in the plane.
By considering a convenient time t0, if we consider f0 “ φt0 one can take coordinates
px, y, tq P r´1, 1s2 ˆS1 around the periodic orbit so that the dynamics of f0 in these
coordinates is: px, y, tq “ p2x, 12y, tq (here, t P S1 where S1 is considered as R{Z and
we think of this as making an integer amount of turns). We will remove a small
neighborhood of x “ y “ 0 and change the dynamics so that the maximal invariant
set in this neighborhood is a pseudo-circle. Doing this, one gets Tγ to project to a
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pseudo-circle if γ is the deck transformation associated to this periodic orbit. For
this, consider h : r´1, 1s ˆ S1 Ñ r´1, 1s ˆ S1 an embedding with the following
properties:

‚ hpy, tq “ p12y, tq in a neighborhood of the boundary of r´1, 1s ˆ S1.

‚
Ş

ną0 h
npr´1, 1s ˆ S1q is a pseudo-circle where h acts as the identity.

Such a construction can be found for instance in [CO]. Now, since h is homotopic
to the identity, we can choose hs : r´1, 1s ˆ S1 Ñ r´1, 1s ˆ S1 with s P r´1, 1s

a continuous family of embeddings so that hspy, tq “ p12y, tq in a neighborhood of

the boundary of r´1, 1s ˆ S1 for all s, and so that h0 “ h and h˘1py, tq “ p12y, tq
for all py, tq. Finally, we can modify f0 to f1 which coincides with f0 outside this
neighborhood and so that in these coordinates it is f1px, y, tq “ p2x, hxpy, tqq. This
has the desired properties.

5.5. Disjointness of the invariant sets. Let us begin by noting that the invariant
closed sets Tγ project to closed sets in M .

Lemma 5.28. For every γ P π1pMq associated with a regular periodic orbit of ϕ,
the projection πpTγq is compact.

Proof. It suffices to show that π´1pπpTγqq is closed in ĂM , as then πpTγq will be
closed in M , which is compact. We have

π´1pπpTγqq “
ď

ηPπ1pMq

ηTγ .

Since the sets ηTγ are closed in ĂM , it suffices to prove that any compact set K Ă ĂM
intersects only finitely many of them. Proposition 2.15 ensures that Tγ lies within
the r-neighborhood of the geodesic gγ for some r ą 0. Given K, let B be a ball

in ĂM containing K, large enough so that the distance from K to the boundary of
B is greater than r. Then, if the geodesic ηgγ is disjoint from B, the translation

ηTγ does not intersect K. Since the action of π1pMq on ĂM is discrete and πpgγq is
closed in M , only finitely many translations ηgγ intersect B, so only finitely many
translations of Tγ intersect K.

□

Proposition 2.16 follows from the next two lemmas.

Lemma 5.29. Let γ, η P π1pMq be associated with regular periodic orbits of ϕ, such
that xηy X xγy “ t1u. Then Tγ and Tη are disjoint.

Note that if γ P π1pMq is associated with a periodic orbit of ϕ, then for every
η P π1pMq, the element ηγη´1 is associated with the same periodic orbit of ϕ.
Therefore, by Proposition 2.15, it makes sense to write Tηγη´1 .

Lemma 5.30. If γ P π1pMq is associated with a regular periodic orbit of ϕt, then
for every η P π1pMq one has ηTγ “ Tηγη´1.

Proof of Proposition 2.16. Let γ, η be associated with regular periodic orbits oγ and
oη respectively.

We have

π´1pπpTγqq “
ď

αPπ1pMq

αTγ and π´1pπpTηqq “
ď

αPπ1pMq

αTη

If πpTγq X πpTηq ‰ H, then there exists α P π1pMq such that αTγ intersects Tη.
By Lemma 5.30, this means Tαγα´1 intersects Tη. From Lemma 5.29, we deduce

that xαγα´1y X xηy ‰ t1u. Since η and γ are primitive, it follows that η must be
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conjugate to γ or its inverse. This implies oγ is homotopic to oη or its inverse, which,
according to Proposition 5.12, implies oγ “ oη.

□

Proof of Lemma 5.29. If xγyXxηy “ t1u, according to Proposition 5.12, the geodesics
gγ and gη do not share any limit points at the boundary of H3. In addition, there
exists r such that Tγ is contained in the r-neighborhood of gγ and Tη in the r-
neighborhood of gη, as guaranteed by Proposition 2.15. Suppose by contradiction
that there exists x P Tγ X Tη. Since f has positive escape rate with respect to F,

the orbit of x under rf escapes every compact set in ĂM (Corollary 5.2). As the
boundary points of gγ and gη are distinct, the intersection of their r-neighborhoods

is bounded, but Tγ X Tη, which is contained in this intersection, is also f̃ -invariant,
leading to a contradiction.

□

Proof of Lemma 5.30. To see that ηTγ “ Tηγη´1 , it suffices to show that ηTγ is
contained in Tηγη´1 for every η P π1pMq and γ P π1pMq associated with a periodic

orbit of ϕ. Indeed, in this case, we have that η´1Tηγη´1 Ă Tγ , and thus Tηγη´1 Ă ηTγ .

First of all, ηTγ is invariant under ηγη´1, since

pηγη´1qηTγ “ ηγTγ “ ηTγ ,

given that Tγ is γ-invariant. Since Tγ is f̃ -invariant and f̃ is a good lift, it also holds
that

f̃ηTγ “ ηf̃Tγ “ ηTγ ,

so ηTγ is f̃ -invariant.
To prove that ηTγ Ă Tηγη´1 , it suffices to show that there exists R0 such that,

for all r ą R0, the maximal closed set invariant under ηγη´1 and under rf in the r-
neighborhood of gηγη´1 is ηTγ . On one hand, there exists R0 such that, for all r ą R0,

the maximal closed set invariant under η and under f̃ within the r-neighborhood
of gγ is Tγ . Note that gηγη´1 “ ηgγ , therefore, for r ą R0, we know that ηTγ is an
invariant closed set in the r-neighborhood of gηγη´1 . Furthermore, for any closed set

C within this neighborhood, η´1C is a closed set contained in the r-neighborhood
of gγ . If C is invariant under ηγη´1 and under f̃ , then

γη´1C “ pη´1ηqγη´1C “ η´1C,

meaning that η´1C is γ-invariant. Also, f̃η´1C “ η´1f̃C “ η´1C, so η´1C is
f̃ -invariant. Therefore, we have η´1C Ă Tγ , which implies C Ă ηTγ . From the
above, it follows that ηTγ is the maximal closed invariant set contained in the r-
neighborhood of γηγη´1 , so ηTγ Ă Tηγη´1 .

□

5.6. Extending to the closure and uncountably many sets. In this section we
extend the construction to obtain, for each orbit o of the regulating pseudo-Anosov

flow rϕt : ĂM Ñ ĂM an rf -invariant closed set To in ĂM which remains at uniformly

bounded distance from o and intersects every leaf of rF.
Since ϕt : M Ñ M contains uncountably many disjoint compact invariant sets7 ,

this shows that f will also have uncountably many such sets.
So, to complete the proof of Theorem C (and of Theorem 2.13) we need to show:

7It is well known that a pseudo-Anosov flow contains a suspension of a full shift (see for instance
[Ia]), and these in turn contain uncountably many disjoint minimal sets [MH].
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Proposition 5.31. For every orbit o of rϕt there is a closed rf -invariant set To

contained in the r0-neighborhood of o and containing a connected set which intersects

every leaf of rF.

Proof. Consider a sequence of periodic orbits approximating the projection of the
orbit o to M as in Proposition 5.4. It follows that these correspond to orbits on Ñ o
uniformly on compact sets and such that on are invariant under some deck trans-
formations γn P π1pMq. For each γn we obtain a closed set Tγn contained in the
r0-neighborhood of on. The Hausdorff limit of the sets Tγn in compact subsets pro-
duces the set To with the desired properties (recall that Tγn contains connected sets

intersecting every leaf of rF and this passes to the closure too). □

Remark 5.32. An alternative way to see this result is to look at the maps e`

and e´ defined in §3. We get that the set Λf defined in Lemma 3.5 must contain
the set Λϕ defined similarly for the quasi-geodesic homeomorphism obtained as the
time one map of ϕt. This follows by the continuity of these maps and the fact that
periodic orbits are dense in Λϕ and belong to Λf because are given by points in the
corresponding Tγ . Note that in general Λf can be strictly larger than Λϕ.

6. Homological rotation and finite lifts

6.1. Uniform positive rate and invariant measures. Here we prove Proposition
2.1. We consider then a homeomorphism f : M Ñ M homotopic to the identity of a

hyperbolic 3-manifold and a function Q : ĂM Ñ R satisfying (2.1). We assume that

for every x P ĂM one has that Qp rfnpxqq Ñ `8.
We first show that (compare with Lemma 5.1):

Lemma 6.1. For every k ą 0 there is n0 so that if n ą n0 and x P ĂM we have that

Qp rfnpxqq ´ Qpxq ą k.

Proof. Note that it is enough to show that because of (2.1) there is n1 so that for

every x P ĂM there is some 1 ď i ď n1 such that Qp rf ipxqq ´ Qpxq ą k. If this holds,

note that we can find some m so that |Qp rf jpxqq ´ Qpxq| ă mk for every x P ĂM
and 1 ď j ď n1. This way, if we consider n0 ą pm ` 1qn1 we obtain the desired
statement.

To prove the existence of n1 as above, we proceed by contradiction. If no such n1

exists, then, there is a sequence xn P ĂM of points such that Qp rf jpxnqq ´ Qpxnq ă k
for every 1 ď j ď n.

By compactness of M there are deck transformations γn P π1pMq so that γnxn Ñ

x8 P ĂM . Using property (2.1) we know that Qp rf jpγxnqq ´ Qpγxnq ă k ` K for

every 1 ď j ď n and therefore, taking limits we deduce that Qp rfnpx8qq ď k `K for
every n ě 0, a contradiction. □

Note that the above directly implies that lim infn
1
nQp rfnpxqq ě λ (where λ “ k

n0
)

so, to complete the proof of Proposition 2.1, it is enough to prove the quasi-geodesic
property for f .

Proof of Proposition 2.1. As mentioned, Lemma 6.1 proves the first part of the state-

ment, it is thus enough to get the quasi-geodesic property. Since rf is a good lift,

the lower bound dp rfnpxq, xq ď βn ` β in (1.1) is automatic for some large β, so we
just need to obtain the lower bound.

For this, we must show that if β ą 0 is large enough we have that dp rfnpxq, xq ě

β´1n ´ β for every n ą 0, and for this is enough, thanks to Lemma 6.1, to show
that there exists T ą 0 so that:
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Qpxq ´ Qpyq ą nT ñ dpx, yq ą n.

Note that by induction, it is enough to show that there is T ą 0 so that Qpxq ´

Qpyq ą T implies that dpx, yq ą 1. Indeed, if such a T ą 0 exists and Qpxq´Qpyq ą

nT , then one can consider z in the geodesic joining x and y so that Qpxq´Qpzq ą T
and Qpzq ´Qpyq ą pn´ 1qT , and then obtain that dpx, yq ą 1` dpz, yq. Inductively
one gets that dpx, yq ą n.

The existence of T ą 0 so that Qpxq ´ Qpyq ą T implies that dpx, yq ą 1 follows
from (2.1), indeed, if there are sequences xn, yn for which Qpxnq ´ Qpynq Ñ 8 but
dpxn, ynq ď 1 then by compactness of M we can consider deck transformations γn
which, up to taking subsequences, satisfy that γnxn Ñ x8 and γnyn Ñ y8. On
the other hand, since Qpxnq ´ Qpynq Ñ 8, equation (2.1) implies that Qpγnxnq ´

Qpγnynq Ñ 8 contradicting the continuity of Q. This completes the proof. □

6.2. Homological rotation and fibers. Here we will assume some standard facts
on hyperbolic 3-manifolds and the identification of the first cohomology and the
second homology. We refer the reader to [Cal2, Chap. 5] for a general introduction.

Our goal is to prove Theorem 2.3. We let then f : M Ñ M be a homeomorphism
homotopic to the identity of a hyperbolic 3-manifold M and we let c P H1pM,Rq for
which every invariant measure verifies that ℓcpµq ą 0. Since invariant probablities
form a compact set, there is no loss in generality in assuming that there is c P

H1pM,Zq satisfying ℓcpµq ą 0.
We can consider rSs P H2pM,Zq an integer homology class dual to c, by this, we

mean that if α is a closed 1-form with rαs “ c then, it integrates positive on every
closed curve which has positive intersection number with some representative of S.

We consider S P rSs an incompressible representative (this can be chosen by
taking a minimal genus representative of rSs as explained in [Cal2, Lemma 5.7]). It
is also possible to assume that the class is primitive, so that S is connected.

We will show the following result, which reduces Theorem 2.3 to Theorem C.

Proposition 6.2. Under the above assumptions, it follows that S is a fiber, that
is, MzS is homeomorphic to S ˆ p0, 1q. In particular, there is a foliation of M by
leaves homeomorphic to S which is uniform R-covered and for which f has positive
escape rate.

Proof. Since S is non-trivial inH2pM,Zq it cannot separateM and thus after cutting
M along S we get a connected manifold N with two boundary components S1, S2,
both homeomorphic to S. We want to show that N is homeomorphic to S ˆ r0, 1s.

Note that when lifted to the universal cover ĂM of M we get that S lifts to a

union of properly embedded planes tPiuiPI each of which separates ĂM into two open
connected components P`

i and P´
i according to the orientation.

Recall that, given x P M , we denoted ηnx the arc from x to fnpxq produced by the
homotopy from id to f (cf. § 2.2). The fact that for every measure we have that
ℓcpµq ą 0 implies that there exists n ą 0 so that the signed intersection number
between ηnx (with fixed endpoints) and S is ě 2 by an argument as in Proposition
2.1. If x̃ is a lift of x, we denote by η̃nx to the lift of ηnx starting at x̃ (and ending at
rfnpx̃q).
We claim that this implies that we can order the lifts Pi as follows. For every

i P I and x̃ P P`
i (lifting x P S) there is i1 such that rfnpx̃q P P`

i1 and P`
i1 Ĺ P`

i . We

note that i1 may not be unique, but there is a j “ jpxq so that P`
i1 Ă P`

j for every

such an i1. We note that jpxq a priori depends on x̃, but the set of points y P Pi

so that jpyq “ j is open, so, by connectedness, there is a unique j so that j “ jpxq
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for every x̃ P Pi. We call this j the succesor of i. Arguing for rf´n we also get that
every i has a predecesor.

It follows that there is an ordering of the sets Pi and so we can write I “ Z and
have tPiuiPZ with Pi`1 being the succesor of Pi. Note that the action of π1pMq

verifies that the stabilizer of Pi is isomorphic to π1pSq and the action on the set of
planes Pi is an action by translations whose kernel is exactly π1pSq. This implies
that π1pSq ◁ π1pMq and this implies that M can be written as a suspension of S,
that is, N is homeomorphic to S ˆ r0, 1s as we wanted to show.

□

7. Non hyperbolic manifolds and some problems

When the manifold is not hyperbolic, the notion of quasi-geodesic homeomor-
phisms still makes sense, but it is certainly less powerful as the Morse lemma is
no longer valid. There are known quasi-geodesic flows (thus, quasi-geodesic homeo-
morphisms by considering their time one maps) in Seifert manifolds and some with
non-trivial JSJ decomposition (see [ChFe]) but these have not been fully explored,
not even in the flow case.

Known minimal homeomorphisms and flows in 3-manifolds are very few. The
known examples include linear flows on tori and nilmanifolds, horocyclic flows8 in-
duced by Anosov flows (see [HT] for a discussion) or minimal homeomorphisms
in Seifert manifolds constructed by the Anosov-Katok method ([FaH]). Recently,
some new examples appeared with the construction of new partially hyperbolic dif-
feomorphisms, whose strong stable or unstable foliations can provide examples of
minimal flows and homeomorphisms (by taking a suitable time t of the flow), see
[BGHP, BFP]. Note that the examples in [FaH] can be made to have positive es-
cape rate, while the ones which are normalized by some dynamics which contracts
the orbits cannot have such a rate. We mention also the examples constructed in
[BCL] with the Denjoy-Rees technique which starts from minimal or uniquely er-
godic examples and make deformations that can have very wild behavior keeping
the minimality or unique ergodicity (for instance, they can have positive entropy).

With the same ideas as in §5 one can show:

Theorem 7.1. Let M be a closed 3-manifold admitting a uniform R-covered foliation
F and having some atoroidal piece in its JSJ decomposition. If f : M Ñ M is a

homeomorphism homotopic to the identity and rf is a good lift verifying that every

orbit escapes at positive speed with respect to rF, then, we have that f has uncountably
many compact disjoint f -invariant sets and positive topological entropy.

We will not give the details of the proof of this theorem, we just notice that in
[Fen2] the analogous regulating flow is produced and that in [FP2] the techniques
from [BFFP] that we have extended here are pushed to this more general case.

We close the paper by posing some questions pointing towards understanding
minimal homeomorphisms and flows in 3-manifolds which we find concrete enough
to try to address. One simplifying assumption could be to assume that the dynamics
in question preserves some two dimensional foliation. Even with that assumption,
we do not know how to answer the following question.

Question 7.2. Can one classify minimal homeomorphisms of 3-manifolds which

preserve a two dimensional minimal foliation? Do they verify limn
1
ndĂM

p rfnpxq, xq “

0 for every x P ĂM?

8Note that the strong stable/unstable foliation of an Anosov flow is minimal and it is not a
suspension flow. Using [Sh] it is possible to show that if one parametrizes this foliation by a flow
and takes any non-zero time of this flow, it will induce a minimal homeomorphism.
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In fact, the following is already unknown to us:

Question 7.3. Let ϕt : M Ñ M be a minimal flow on a 3-manifold with fun-
damental group of exponential growth and which is tangent to a two dimensional

foliation. Is it true that in the universal cover ĂM for every x P ĂM one has that

limt
1
t dĂM

p rϕtpxq, xq “ 0?
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