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DIMENSION GAP AND VARIATIONAL PRINCIPLE FOR
ANOSOV REPRESENTATIONS

BY IRangors LEprappier & PaBrLo LEssa

Asstract. — We consider a SL(d, R) representation of a finitely generated group I" that is Zariski
dense and k-Anosov for at least two values of k. We exhibit a gap for the Minkowski dimension
of minimal sets for the action of I" on flags spaces. The proof uses a variational principle for
the action on partial flags.

Résumi (Saut de dimension et principe variationnel pour les représentations Anosov)

Nous considérons une représentation d’un groupe finiment engendré I' qui est Zariski dense
et k-Anosov pour au moins deux valeurs de k. Nous donnons une majoration de la dimension de
Minkowski des ensembles minimaux pour I’action de I" sur les espaces de drapeaux. La démons-
tration utilise un principe variationnel pour ’action de I'" sur les espaces de drapeaux partiels.
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1. InTRODUCTION
1.1. Mai~N reEsuLTS. Let (T, 8) be a countable group with a symmetric finite set of

generators S.
For d > 2, consider P a subset of {1,...,d—1}. A representation p : ' — SL(d,R)
is called a P-Anosov representation if there exists ¢ > 0 such that

sp(P() L en(e
sp+1(p(7)) > cexp(eh)
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79 I. Leprappier & P LEssa

for all ¥ € T" and p € P. Here |y| denotes word length in I" with respect to S and,
for 1 < i < d, s;(y) denotes the i-th largest singular value of v € SL(d,R) with
respect to the usual inner product on R%. A representation is called Borel-Anosov if
it is {1,...,d — 1}-Anosov.

Anosov representations have been introduced by F.Labourie ([Lab06]) and have
been the subject of many studies (cf. in particular [GGKW17], [KLP16], [KLP17],
[KLP18a], [BPS19] and [Can] for a recent survey). It is widely accepted that non-
trivial Anosov representations present the right analog of convex cocompact repre-
sentations in higher rank. Many properties are suggested by this analogy. In another
direction, we present in this note a phenomenon which is purely higher rank: there is
a dimension gap for minimal invariant subsets for the action of p(I") on the spaces of
flags. The proof uses a new variational principle for the action of p(I') on the spaces
of partial flags (see below Theorem 1.7).

Let @ be a non-empty subset of {1,...,d—1}. We consider the space Fg of partial
flags with signature @, endowed with a rotationally invariant Riemannian metric.
Let us recall the definition of the Minkowski dimension of a set A C Fg: for € > 0,
let N(A,¢€) be the covering number of the set A by balls of radius € in the metric
of Fo. The Minkowski (or Box) dimension dimp(A) is defined by

i A) =1 —_.
() = e S

Recall that the Hausdorff dimension of a metric set is bounded above by its Box
dimension. Our result is

Tueorewm 1.1 (Dimension gap for minimal sets of Anosov representations)
With the above notations, let A be a minimal invariant set for the action of p(T')
on Fq. Assume that the representation p is P-Anosov for some P C {1,...,d — 1}
and such that p(T') is Zariski dense in SL(d,R). Then, with M = #(Q N P),
M-1
2

dimp(A) < dim(Fg) —

In the case d = 2 the bound given by the above theorem is trivial. And, indeed,
uniform discrete subgroups of SL(2,R) have full limit set. A dimension gap for the
limit set of classical Schottky groups was proved in [Doy88]. We note, however, that
there exist uniform discrete (and thus convex co-compact) subgroups of isometries of
rank one symmetric spaces and thus there is no dimension gap for convex cocompact
representations in rank one. On the other hand, there are many conditions that ensure
that the limit set is a Lipschitz submanifold of the flag space (see the discussions in
[PSW23]). Our result is easy in those cases.

If p is P-Anosov then it is also PUP*-Anosov for P* = {d—p : p € P}. Theorem 1.1
gives a non-trivial upper bound for the dimension of any minimal invariant set in Fg
for all Q with #(Q N (P U P*)) > 2. In particular, as soon as the representation is
k-Anosov for some k # d/2 and Zariski dense, then the codimension of the limit set
in the full flag space is at least 1/2.

JEP. — M., 2095, tome 12



DIMENSION GAP AND VARIATIONAL PRINCIPLE FOR ANOSOV REPRESENTATIONS 7%

There are a few simple reductions which allow us to state our core result. Firstly,
we observe that the bundle 79 gnp : Fo — Fgnp is smooth, so that for any closed
A C Fgnp, we have

dimp((rg.onp) *(A)) = dimp(A) + dim Fg — dim Fonp.

So, it suffices to show Theorem 1.1 for the case Q = P. In that case, the unique
minimal invariant subset of Ip is the limit set A,.

By considering I'/Kerp, we may assume that the representation p is faithful. Fur-
thermore, we may assume that I'" is non-elementary hyperbolic since, on the one
hand, an Anosov subgroup of SL(d,R) is hyperbolic ([KLP18b], [BPS19, Th.3.2])
and, on the other hand, the limit set of an Anosov representation of an elementary
(i-e., virtually cyclic) hyperbolic group is finite. Taking all this into account, we only
have to prove

Turorem 1.2 (Dimension gap for limit sets of Anosov representations). — Let I' be
a non-elementary, hyperbolic, finitely generated group, P C {1,...,d — 1} with M :=
#P > 2, p a faithful P-Anosov representation of T' in SL(d,R) with p(T') Zariski
dense in SL(d,R) and A, C Fp the limit set of the representation p. Then,

M-1

dimB(Ap) g dlm(\rfp) - B)

It seems natural to conjecture that a dimension gap will exist between the limit
set and the corresponding space of flags, for any Zariski dense representation into a
reductive algebraic Lie group of rank r > 2 which is Anosov with respect to at least
two simple roots.

Let g € SL(d,R). The numbers X;(g) := lim, 1logs;(g") are the logarithms of
the moduli of the eigenvalues of g. Apply the Oseledets theorem in the trivial case of
one matrix g € SL(d,R). The Oseledets decomposition is obtained from the Jordan
decomposition by grouping together the spaces corresponding to the eigenvalues with
the same modulus. These moduli are the exp A;(g).

In our setting, if v € I' (but a finite number), for all p € P, A, (p(7)) —Ap+1(p(7)) =
c|y|. We associate to every such v € I an element n(p(7)) of the space Xp of decom-
positions of R =F1 & --- & Enq1, with dim By, = pg, — pr—1, namely

np(y) = Ei(p(v) & & Em+1(p(7)),

with the property that for all k = 1,..., M + 1, the space Ej(p(7)) is generated by
the Jordan spaces of p(y) such that the modulus exp A of the eigenvalue satisfies(!)

exp Ap,_, (p(7)) > exp A = exp A, (p(7)).

Observe that the space Xp can also be seen as the open SL(d, R)-invariant set of pair
of flag spaces in general position in Fp X Fp-.

(DWith the convention that po = 0, Ap, = 400 and ppr41 :=d.

JE.P. — M., 2095, tome 12



74 F. Leprappier & P Lessa

Cororrary 1.3. Let T' be a hyperbolic finitely generated group, PC{l,...,d — 1}
with M = #P. With the above notations, if p is a P-Anosov, Zariski dense rep-
resentation of T' in SL(d,R), set Q, C Xp the closure of the set {n(p(vy));y € I'}.
Then,

dimB(Qp) < dlmXp - M + 1.

Indeed, Corollary 1.3 is trivial for d = 2 and for M = 1. It is trivial as well if T is
elementary. For d > 3 and M > 2, we show in Section 2.3 why Corollary 1.3 follows
from Theorem 1.2.

The first non-trivial case for our results is when d = 3 and P = {1,2}. So, let p
be a Borel-Anosov representation of the finitely generated non-elementary group
(T, S) in SL(3,R) and we can consider the limit set A, of the action of p(I') on
the space F of complete flags in R®. Besides, for all 4 € I, the matrix p(y) admits
three distinct eigenspaces written (F1(p(7)), E2(p(7)), Es(p(7y))) in the order of the
absolute values of the eigenvalues. Let €2, denote the closure in P? x P? x P? of the
{(E1(p(7)), E2(p(7)), E3(p(7))),v € T'}. We obtain, from Theorem 1.2 and Corol-
lary 1.3:

Cororrary 1.4
5
dimp(A,) < 3 <3= dim(F), dimp(Q,) <5 < 6 = dim(P? x P? x P?).

Let T" be a surface group. For the Hitchin component, the dimension of the projec-
tive limit set is 1 (see [Lab06]) and our result is not new. It is is new and unexpected,
as far as the authors are aware, for the Zariski dense representations that lie in the
same connected component as the Teichmiiller times Identity representations, i.e., in
the Barbot component (cf. [Barl0]).

1.2. STRATEGY OF THE PROOF OF THEOREM 1.2

1.2.1. Random walk entropy. — Let M be the set of probability measures p on I" with
countable support and with finite first moment, meaning

> u()l < +oo,
yel

such that the semi-group I', generated by the support of p is non-elementary (i.e.,
contains two independent loxodromic elements). By [KV83], if 4 € M then p has
finite Shannon entropy, meaning

H(p) == p(y)log(u(y)) < +oc.
yel
The random walk entropy h, of p € M is defined by
1
1 h,= lim —H(u*™"
(1) W= lim S H(™),

where p*" is the n-fold convolution of p with itself.

JIEP. — M., 2095, tome 12



<t

DIMENSION GAP AND VARIATIONAL PRINCIPLE FOR ANOSOV REPRESENTATIONS

S

1.2.2. Lyapunoy exponents. Denote by a™ the cone
at :={ae€R¥:a; > --->aq, > a; =0}
For g € SL(d,R) one has log S(g) € a™, where

log 5(g) := (log s1(g), - .-, log sa(g))-
The Lyapunov exponents A(p.p) = {\i(p«pn),1 < i < d} € at of the random walk
(T, 1) in the representation p are defined by
(2) Apsp) :=lim Zu 7)log(S(p(7)))-

n—+oo n
yel’

The limits exist by the sub-additivity of the sequences
{ngi Z'\/EF () log(sj (P(’Y))) Fnen-

1.2.3. Lyapunoy and Falconer dimension. — We say a pair (i,7), 0<i<j<d, is sepa-
rated by p € P if ¢ <p < j. For each p € P let S, be the set of pairs separated by p,
and define S(P) = {J,cp Sp. On the cone a* we define the roots

@;j(a) = a; — aj;,

for i < j and notice that they are non-negative on a*. Lyapunov and Falconer dimen-
sions are special values of Lyapunov and Falconer functionals on a™.
We define, for h > 0 the Lyapunov functional on a™ by

L¥(a) = maximum of Z Tij
(4,5)€S(P)
subject to 0 < 7;; <1 and Z i j(a) < h.
(i,9)€S5(P)

For r > 0 we also define the Falconer functional on a™ by

F¥(a) = minimum of Z rij0;(a)

T

(i,5)€S(P)
subject to 0 < 7r; ; <1 and Z Tig =T
(i,5)€S(P)
Levva 1.5 (Duality between Falconer and Lyapunov functionals). — Given a € a™,

for all r,h > 0 one has FF (a) < h if and only if LE (a) > 7.

Furthermore, let d(a) be the number of pairs (i,j) in S(P) with o, j(a) = 0. Then,
FF(a) = 0 for r € [0,d(a)] and v — FF(a) is an increasing homeomorphism from
[d(a), D] to [0, Ff(a)] where D = #S(P) = dim(Fp), and h — L{ (a) is its inverse.

Proof. To establish the first claim observe that directly from the definitions, both
conditions F¥'(a) < h and L} (a) > r are equivalent to there being some choice of
ri; € [0,1] for (4,7) € S(P) such that

Z rijo; 5(a) < h and Z g =T

(i,5)€S(P) (1,5)€S(P)

JE.P.— M., 2095, tome 12



76 I. Leprappier & P LEssa

Moreover, in computing F; (a), we can always take r; ; = 1 for the pairs (i,;) in
S(P) with «; j(a) = 0. It follows that F(a) = 0 for r € [0,d(a)]. Then, there exists
e > 0 with «a; ;(a) > ¢ for all the other pairs (¢,7). It follows immediately that
FF (a) > FF(a) + s for all d(a) < r < r+ s < D. Hence r — FF(a) is increasing
on [d(a), D). Since Fj, (a) = 0, r — FF(a) it is an increasing homeomorphism as
claimed.

Similarly, picking € > 0 small enough so «; ;(a) < e~ for all (i, j) € S(P), it follows
that L} (a) > L} (a) +es for all 0 < h < h+ s < F}(a). Hence, h — Lj(a) is an
increasing homeomorphism as well.

Let f: I — J and g : J — I be the two homeomorphisms under consideration
where I = [d(a), D] and J = [0, F£ (a)]. By our first claim we have g(f(r)) > r for
all 7 € I and f(g(h)) < h for all h € J. However, substituting r = f~1(h), the first
inequality implies g(h) > f~1(h) for all h € J, from which we obtain f(g(h)) > h for
all h € J. Hence, we have f(g(h)) = h for all h € J as required. O

Following [DO80] and [KY79], we define the Lyapunov dimension of p,u on Fp by
(3) dim7y (pep) = Lf, (M(papr).

In the spirit of [Fal88], we define the Falconer dimension dim}(p) of p relative to Fp
as the critical parameter r > 0 for convergence of the series

(4) ol(r) = Y exp(—(FF olog S(p(7))))-

yel’

1.2.4. Proof of Theorem 1.2. — Theorem 1.2 is a direct consequence of the three
following results, all under the assumptions of Theorem 1.2 and using the above
notations:

Turorem 1.6 (Upper bound on Lyapunov dimension). For all p € M, one has

. . M-1
dim7y (p.p) < dim(Fp) — ——.

Tueorewm 1.7 (Variational principle). — One has

(5) dimf (p) = sup dimpy (p.p).
pneM

Turorem 1.8 (Inequality between Minkowski and Falconer dimension). One has
dimp(A,) < dimf(p).

The key observation behind Theorem 1.6 is that the entropy h,, is realized as the
Furstenberg entropy of the action of p(I') on the Grassmannian Gr(p,R?) for any
p € P. This follows from the P-Anosov property and the identification of the Poisson
boundary and geometric boundary for u-random walks on I' ([Kai00]). The inequality
in Theorem 1.6 is then a consequence of the inequality between Furstenberg entropy
and the sum of the relevant exponents (see [LL24] and Section 3).

JEP. — M., 2095, tome 12



DIMENSION GAP AND VARIATIONAL PRINCIPLE FOR ANOSOV REPRESENTATIONS 77

Concerning Theorem 1.7, the fact that
(6) dimfy (o) < dimf(G)

is classical. We recall the proof in Section 2.2.2.

The converse is due to Yuxiang Jiao, Jialun Li, Wenyu Pan and Disheng Xu
([JLPX24]) in the case when the representation is Borel-Anosov. In [JLPX24], given
€ > 0, the authors construct a free semi-group in I' that is rich enough that the uni-
form probability measure p. on the generators satisfies dimpy (pspie) = dimp(p) — €.
The complete dominated splitting is used to control the almost additivity of the
singular values. Here, we consider a general subset P and we assume that the repre-
sentation p(T) is Zariski dense in SL(d,R). In the spirit of [Gou22], [AGG*23] and
[JLPX24], we prove in the appendix a general proposition about free sub-semigroups
in hyperbolic groups (see the appendix for the definition of a quasi-geodesic set;
see also [Yanl19] for a construction of free sub-semi-groups with convexity properties
in a more general context.)

Prorosition 1.9 (= Proposition A.1). — Let (T',8) be a non-elementary hyperbolic
group with a finite symmetric generator 8. Then there exists a semigroup S C T,
a finite set FF C I' and mappings L, R : I' — F with the following properties:

(1) S generates T as a group,
(2) S is quasi-geodesic, and
(3) L(y)yR(y) € S for ally €T.

Then, by Zariski density and [AMS95], there is a measurable complete splitting
and, following [Ben96] and [BS21], we are able to control the almost additivity of the
singular values. Observe that, given a recent result of Dey ([Dey22]), only groups that
are virtually free or virtually surface groups can have Borel Anosov representations
in SL(d,R), whereas a priori, many hyperbolic groups may have partially Anosov
representations

Finally, the proof of Theorem 1.8 is done in Section 5. Similarly to other previous
works (see [Zha97], [BCH10], [PSW21], [GMT23], [FS23]), it rests on covering the
limit set in OI' by shadows and counting the covering numbers of the images of these
shadows in A,,.

1.3. Recarep racrs. — For convex cocompact groups in SO(n, 1), D. Sullivan proved
in [Sul79] that the Hausdorff dimension and the Minkowski dimension of the limit set
coincide with the Poincaré exponent of the group (which is the Falconer dimension in
that case). This result can be extended to more general cases if one uses a conformally
invariant metric on the boundary (see [Lin04], [DK22]). The problem is more delicate
for the rotation invariant Riemannian metric (see e.g. [Dufl7] for the SU(n, 1) case).

Following the pioneer work of Falconer ([Fal88]), there are many results comparing
Hausdorff dimension and Falconer dimension for affine IFS. The variational princi-
ple (5) for IFS can be found in [Fal88] and [K&e04]. Under the form (5), it is due to

JE.P. — M., 2095, tome 12



78 I. Leprappier & P LEssa

TIan D. Morris and Pablo Shmerkin ([MS19]) in the case of dimension 2, Ian D. Morris
and Cagri Sert [MS21] in general.

Given Theorems 1.7 and 1.8, a natural step to prove dimg(A,) = dimp(A,) =
dim?(p) for P-Anosov representations is finding necessary conditions on a given prob-
ability ¢ on T" and a p,(u)-stationary probability measure v on Fp for having

(7) dimyee v = dim¥y (popr).

Here, dimye v is the v-a.e. constant value of lim._,qlogv(B(x,¢))/loge (cf. [LL24]).
Relation (7) for IFS is a famous problem, with many deep contributions (most relevant
for us are [Fal88], [JPS07], [Hocl4], [BV19], [Varl9], [BHR19], [HR22], [FS22], [Rap24],
[MS21])). For random walks on discrete subgroups of SL(d, R), relation (7) is classical
when d = 2 (see [HS17] for the general non-discrete case). [LL23] prove relation
(7) for the Hitchin component of the representation of a surface group in SL(d,R).
In [LPX23], Jialun Li, Wenyu Pan and Disheng Xu prove relation (7) for d = 3 when
the representation p is Borel-Anosov and p(I") is Zariski dense. They also observe that
relation (7) may be wrong when the Zariski closure of p(I") is conjugated to SL(2, R).
See [DS22] for the case of SU(2,1).

Acknowledgments. — The authors would like to thank Jairo Bochi, Leén Carva-
jales, Jialun Li, Rafael Potrie and Andrés Sambarino for many helpful conversations.
We also thank the referees for their numerous remarks.

2. RANDOM WALK ENTROPY

Let T" be a non-elementary finitely generated word hyperbolic group, P C
{1,...,d =1} with M := #P > 2, p a P-Anosov representation of I in SL(d,R).
We let M denote the set of probability measures p on I' with finite first moment

> luly) < +oo,

and such that the semi-group I',, generated by the support of x contains two inde-
pendent loxodromic elements.

In this section, we prove that the random walk entropy h,, given by (1) coincides
with the Furstenberg entropy (see below) of the stationary measure on the Gromov
boundary of I' and its images on adequate flag spaces. We also relate the Falconer
dimension and the random walk entropy to the growth indicator defined by [Qui02].
To conclude the section, we prove Corollary 1.3.

2.1. FURSTENBERG ENTROPY. Recall that a probability measure v on a compact
space X on which I' acts continuously is said to be u-stationary, where u is a proba-
bility measure on I, if and only if

v=" uy)rv.

vyel’

JIEP. — M., 2095, tome 12



DIMENSION GAP AND VARIATIONAL PRINCIPLE FOR ANOSOV REPRESENTATIONS 79

The Furstenberg entropy of a u-stationary measure is defined as

K(p,v) = p(v) /X log(d;ty(vx))dV(a?L

yel

or +oo if the Radon-Nikodym derivative in the integral does not exist for some v in
the support of pu.

In this section we show that for u € M, the Furstenberg entropy of the natural
p-stationary measures on the Gromov boundary OI', the Grassmannian manifolds of
p-dimensional subspaces of R? for p € P, and the space of partial flags Fp all coincide
with the random walk entropy h,,.

This particular feature of Anosov representations is useful since the Furstenberg
entropy is what occurs in the dimension formulas of [LL24].

2.1.1. Stationary measure on the Gromov boundary dT

Tueorem 2.1. — For each pn € M there exists a unique p-stationary measure v, on
the Gromov boundary O of ', and its Furstenberg entropy is given by k(u,v,) = hy,.

Proof. — M ~v_1,...,7—n,... are i.i.d. random elements in I" with common distribu-
tion p. Then by [Kai00, Th. 7.6] there exists a random limit point
X= lim ~v_q---v_, €07,
n——+oo
almost surely, and the distribution v, of X is the unique p-stationary measure on OI'.

Furthermore, (9I',v,,) is isomorphic to the Poisson boundary of (I', 1) by [Kai00,
Th.7.7).

The Furstenberg entropy (u,v,) is equal to the difference between h, and the
entropy of the random walk 71,12, . .. conditioned on X (see [KV83, Cor. 2]). How-
ever, because (9T, v) is the Poisson boundary this conditional entropy is zero ([Kai00,
Th.4.3 and 4.5]) and therefore h,, = k(,v,) as claimed. O

2.1.2. Boundary maps. — Let p € P and v € T' be such that s,(p(7)) > sp+1(p(7))-
There exists a unique p-dimensional subspace ¢P(y) C R? on which p-dimensional
volume is most contracted by p(v)~*.

Welet () = ({0} CEP1(y) C...CEPM(y))CRE € Fp, where P = {p; < --- < pun},
whenever all £€P(vy) are well defined. Since p is P-Anosov this is the case outside of a
finite subset of T'.

We refer to [GAIH90, Chap. 7] for basic properties of the Gromov compactification
of I'. We briefly recall that I" with its word metric is a proper geodesic metric space.
The group T' is word hyperbolic, so there exists 6 > 0 such that for every geodesic
triangle each side is contained in the §-neighborhood of the other two. The Gromov
boundary JI is the set of equivalence classes of word geodesic rays in I', where two rays
are equivalent if they are at bounded Hausdorff distance. A basis of neighborhoods of
a point = € I in the Gromov compactification T' = I' U T is defined by taking for
each C > 0 the set

N(z,0) = {2z} U{y €T : min, |a,| > C for all geodesics a joining = and y}.

JE.P.— M., 2095, tome 12
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Prorosirion 2.2 ([GGKW17]). The map & defined above extends continuously to
the Gromov boundary OT. Furthermore, &P : OT' — Gr(p,R?) is injective for each
peP.

See [Can, Prop. 30.3] for a direct proof.

2.1.3. Dynamical stationary measures. — Fix p € M, let y_1,...,Y—n, ... be i.i.d. ran-
dom elements of I' with common distribution p, x1 > --- > xn be the distinct
Lyapunov exponents of u, and dy, ..., dy their multiplicities. Let

A= {dl,d1+d27...7d1 —‘r“'—l—dN,l}.
By Oseledets theorem ([Ose68]), for each a € A, there is a random limit

Uy= lim &*(y_1---7-n),

n—-+o0o
almost surely.

The collection U of U, for a € A is a random element in the space of flags of
signature A. Its distribution, and the projections of its distribution to coarser partial
flag spaces are what were called dynamical stationary measures in [LL24]. Recall
from Section 1.2.2 the definition of the Lyapunov exponents A;(p.p). Since Ap(p.p) >
Ap+1(p«pt) for all p € P we have that &,v,, is the dynamical stationary measure on Fp,
and v, is the dynamical stationary measure on the Grassmannian of p-dimensional
subspaces of R for each p € P.

2.1.4. Furstenberg entropy
Tarorem 2.3, For each pn € M one has

hu = “(Na f*l’u) = H(p, ffl/u),
forallp e P,p+#0,d.

Proof. — This is immediate from the injectivity of the maps &P given by Proposi-
tion 2.2. O
2.2. GROWTH INDICATOR FUNCTION

2.2.1. Growth function and Falconer dimension. — Given a € a* we define the growth
indicator at a by

1
(8)  p(a) = [la] (iggflliqrpjup 7 log #{v € T,log S(p(v)) € €, [[log S(p()| < T},

where the infimum is over all open subcones € C a' that contain a. The definition
does not depend on the choice of the norm ||-|| on a™ ([Qui02]).

Tueorem 2.4 (Quint, [Qui02]). — The growth indicator function v, is concave and
{1, > 0} is the interior of the limit cone defined by
. 1
Lp = lim logS(p(l)),

where the limit is taken in the Hausdorff topology on closed sets.
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Recall that we defined the Falconer dimension dimZ%(p) as the critical value of the
series r — > pexp (—FEF ologS(p(v)). We have (see [Sam14, Lem.4.2], [Qui02,
Lem. IT1.1.3)):

Lemma 2.5. — Assume r > 0 is such that there is a € at inside the interior of the
limit cone L1 with ¥,(a) > FF(a). Then,
r < dimg(p).

2.2.2. Inequality between Lyapunov and Falconer dimensions. — Recall that, given
1 € M we defined the Lyapunov dimension by

dim7y (p.pt) = Ln, (M(p+pr)).

We will now prove relation (6), which is the following statement:

sup dimpy (p.pt) < dimp (p).
peM

For this purpose we first need the following version of the fundamental inequality for
random walks, which is essentially due to Guivarc’h.

Lemma 2.6 (Fundamental inequality). — For all p € M one has
h < Yp(A(papt))-

Proof. — Consider the sequence space () = I'Z with the probability measure m = u”
and let g, : © — T be the projection onto the n-th coordinate. By the subadditive
ergodic theorem [Ose68] one has

Mpo) = Tim_ 108 S(p(g0() -+ (),

for m-almost every w € €. From the Shannon-McMillan-Breiman theorem for random
walk entropy [KV83] we have

. 1 “n
hy=— lim —logu*"(gn(w)---g1(w)),

n—+oo N
for m-a.e. w € 2, where p*" is the n-fold self-convolution of y and also the distribution
of the random product g; - - - g,
Fix € > 0 and let A,, C T be the set of elements satisfying

nA(p«p) —ne <log S(v) < nA(p«p) + ne,
and B,, C T consist of those elements satisfying
w(y) < exp(—n(h, —¢)).
From the almost sure equalities above we have
ngr}rloou (A, N B,) =1.

In particular
1
#(A, N By) > (A, N By, e =) > ienm—e)

for all n large enough.
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This implies that for all € > 0 and n large enough, there are at least %e”(h“*)
elements v of T" with log(S(p(7))) ne-close to nA(p.p). Which immediately yields the

desired lower bound on the value of the growth indicator 1, (A(p.p)). O

We now complete the proof of the inequality between the Lyapunov and Faloner
dimensions.

Proof of inequality (6). — Fix peM and let 7o =dim}y (p.p) =Lp, (Mpsp)). I rg =0
there is nothing to prove, so we suppose ro > 0.

From the duality between Lyapunov and Falconer functionals (Lemma 1.5) we have
Fro(Mpspt)) = hy. Furthermore, h, < 9,(A(psp)) by the fundamental inequality.
Hence

EL(Apei) < p(Mpep))-

Because p is P-Anosov, A; (p«(1))—A;(p«(r)) > 0 for all (4, j) € S(P). In particular,
for each 0 < r < 7o we have FF(A(psp)) < FE(Mpsp)) whenever 0 < r < ro and
hence r < dimg(p) by Lemma 2.5, which concludes the proof. ]

2.3. Eicenspack spritTiNG. — In this section, we show that Theorem 1.2 implies
Corollary 1.3.

Consider, for v € T', the P-decomposition n(p(y)) = E1(p(7))® - ®Eym_1(p(7))-
By the P-Anosov property, the angles between the spaces E1 (p(7))®- - -®Ex(p(7)) and
Eii1(p(7)) @ -+ @ Ep—1(p(7)) are uniformly bounded from below by some positive
number for all 1 < k < M — 2 and for all v but a finite number.

Recall that we denote, for all v but a finite number,

§() ={0}yc e (y) C - C&PM2(y) CRY € Fp.
In the same way,
€y ={0} c ¢dPu—2 (1) C ..o ¢dP (4T C R € Fpe.

It follows from [GGKW17, Lem. 2.26],?) that the unstable flag f(p(7)) € Fp,

F(p(7)) :={0} C Ex(p()) C - C Ex(p(7)) @ - -+ & Ear—a(p(7)) C R?
and the stable flag f'(p(v)) € Fp~,

F'(p() = {0} C Ey—1(p(7)) C -+ C E2(p()) @ -+ & Ear—1(p(7)) C RY

are given by

flp(y)) = lim &("), f'(p(y)) = lim &(R").

n—-+oo n——oo
In particular, f(p(y)) € A, C Fp, and f'(p(y)) € Aj, where A} is the limit set
associated to the representation p in Fp~. Thus, (f, f') € (A, x A})" C (Fp x Tp+)',
where / indicates that the pairs of flags are in general position.

() The argument in the non-hyperbolic case goes back to David Ruelle’s proof of Oseledets the-
orem ([Rue79], cf. [Led84, Prop. 3.2] or [Sim15, p. 141-142] for details).
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The set of pairs (f, f') € (Fp x Fp+)’ such that the angles between the opposite
partial spaces are bounded from below by some positive number form a compact
subset of (Fp X Fp+)' and the mapping that associates to (f, ') the underlying
decomposition is uniformly Lipschitz on that compact set. For almost all v € T, the
decomposition 7(p(y)) is obtained by this mapping from (f(p(7)) x f'(p(7)). Therefore
the closure €2, of the set of splittings {n(y),y € I'} is the image of a compact subset
of (A, x A;)’ by a Lipschitz mapping and its Minkowski dimension is at most the
Minkowski dimension of A, x A7. Since the Minkowski dimension of a product is the
sum of the Minkowski dimensions, Corollary 1.3 follows from Theorem 1.2 applied to
the representation p which is both P-Anosov and P*-Anosov.

3. ENTROPY GAP AND PROOF OF THEOREM 1.6

In this section we write A; for \;(p.u). The purpose of this section is to show that
for all € M, the random walk entropy h, is far from the sum

PPV
(i-1)€S(P)

which would be needed to maximize the value of the Lyapunov dimension dim?y (p. ).
This is the main estimate needed for the proof of Theorem 1.6:

Prorosition 3.1. — For each p € M it holds that

M -1
h+ =5 (A1 = M) < PP YEPY

(4,5)€S(P)
3.1. Proor or Tarorem 1.6 assumine Prorosition 3.1. — Given p € M, the defini-
tion (3) of the Lyapunov dimension of p.pu yields, setting b; ; := 1 —r; 5,
(9) dim7y (popt) = #S(P) —min > by,
(4,3)€S(P)

where the minimum is over all choices of b; ; satisfying 0 < b; ; < 1 and
ST obigNi=A) = —hut o Y (=)
(,5)€S(P) (,5)€S(P)

Since A1 — Aq is the largest possible difference A; — A;, it follows that
o Ai— X)) —h

(10) Ay () < #5(P) — (s N N) Ty

1~ Ad
Letting P = {p; < --- < pps} one has

#S(P) = pi(d—p1) + (p2 — p1)(d — p2) + -+ + (pm — pv—1)(d — pumr) = dim(Fp).
Substituting this into the inequality (10), and using Proposition 3.1 we obtain
M—-1

5

dimzy (p.pr) < dim(Fp) —

as claimed.
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3.2. UprPER BOUNDS FOR FURSTENBERG ENTROPY. In view of Theorem 2.3 it will be
useful to bound the Furtenberg entropy of the stationary measures £fv, for each
peP.

Lemma 3.2, — For each p € M and p € P one has
hy <D Xi— A

(4,4)€Sp
Proof. — Let x1 > --- > xn be the distinct values taken by the Lyapunov expo-
nents (defined in (2)) and dy,...,dy their multiplicities. For each ¢ = 1,..., N let
Ap={i: N\ = xe}

Fix p € P, because p is p-Anosov one has A, > Ap41 and therefore there exists k
such that d; + --- + di = p. From Theorem 2.1 and 2.3, we know that the Fursten-
berg entropy of the dynamical stationary measure (v, on the Grassmannian of
p-dimensional subspaces is given by the random walk entropy h,.

From [LL24, Th.2.1] the dynamical stationary measure &/v, on the Grassman-
nian of p-dimensional subspaces has Furstenberg entropy r(u,&Yv,) bounded by
Ez<k<m dedm(Xxe — Xm)- Thus, we showed

hﬂ < Z dédm()@ *Xm)'

L<k<m
Noticing that #A, = d, we obtain

Yo oddulxe—xm)= Y Y A

L<k<m U<k<mi€Ap,jEAM
S DS VS S
1<p<j (4,5)€Sp

O

which concludes the proof.

3.3. Proor or Proposition 3.1. Let M = #P, o = A\, — A\p+1 for each k =
1,...,d—1, and for A C P let S(A) be the set of (4,j) such that 1 <i <a<j<d
for some a € A. We write

d—1
V(Z M) X T A= X (e - S e
(i,4)€S(P) pEP (i,j)ES) k=1 peEP

where a;(A) is the number of (i,5) € S(A) with ¢ < k < j, and br(p) = ar({p}).

Since by Lemma 3.2
Mh, <> )0 Xi= ),
PEP (i,j)ESy
it suffices to show that for each £k =1,...,d — 1 one has

M(M —1)
Mmm_zm@>—7if
pEP
For this purpose we fix k& and enumerate P = {p1,...,pp} in such a way that

lp1 — k| > |p2 — k| = - > |pm — K,
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and set A; = {p1,...,p;} fori =1,..., M. The desired lower bound will follow from
the following two claims:

(1) For each i =1,..., M one has ax(A4;) = bi(p;).
(2) Foreachi=1,... 7]\/[ — 1 one has ag(Aij11) = ar(A;) + 1.

Claim (1) is trivial since {p;} C A;. To establish Claim (2) we first suppose that
pit1 < k. If this is the case, then (p;y1,k+ 1) € S(Aiq1). If (pit1,k+1) € S(4;),
there would have to be some j < ¢ with p;11 < p; < k+ 1 contradicting the choice of
enumeration of P. Hence ay(A4;+1) > ax(A;) + 1 in this case. Similarly, if p;11 > k,
then (k,pit1) € S(Ait1) N S(4;) and Claim (2) follows. To conclude the proof we
observe that from Claim (1) we have aj(A4;) — bg(p1) = 0 = 32,
Using Claims (1) and (2) we show inductively for ¢ = 1,..., M — 1 that

1+1

(i + Dan(Aigr) = Y br(p;) = ax(Aip1) — be(pip1) + iar(Ais) Z br ()
j=1
> i+ iag(A Z br(pj)
c (i —1) ( + 1)
> =
21+ 5 5
which concludes the proof setting i = M — 1. O

4. Proor or Tueorem 1.7

The inequality (6), sup,ca dim?’y (p.pt) < dim%(p), was proved in Section 2.2.2.

4.1. Proor or dimh(p) < SUD e dim?y (p.pr). — We recall that the limit cone of p
is defined as

1
Lp = lim = (logS(p(T),

in the Hausdorff topology. It is a closed convex cone in a™. By the P-Anosov property
if a € £, \ {0} we obtain

a; ;(a) > 0 for all (4,5) € S(P).

Assume that r < 7/ < dimk(p) so that the series (4) diverges at r’. By compactness
there exists a € £, \. {0} such that for all open cones € containing a we have

Z exp(—FY olog S(p(7))) = +oc.
€I log S(p(7))€C
We fix such a choice of a and notice that ¢(a) > F/ (a) by [Qui02, Lem.III.1.3] and
[Sam14, Lem. 4.2]. Thus, by Lemma 1.5, ¥)(a) > FX(a). We will prove:

Prorosition 4.1. — There exists a sequence Ty, — 400 and p, € M such that hy, =
Ti(a) + o(Tk) and AN p«pr) = Tra + o(Ty) when k — +o00.
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Since ¥(a) > FF(a), we have from Lemma 1.5 that Li(a)(a) > r. Assuming Propo-
sition 4.1, we obtain
dimzy (pepir) = Ly, (petin) = Ly y(ay 4oy (Tea + o(Tx))
= L)o@+ 0(1)) = Lij, (a) + o(1) > r,

for k large enough. Which concludes the proof of the inequality and of Theorem 1.7.
O

4.2. Proor or Prorosition 4.1. — Fix 3 : a — R linear such that B(a) = FX(a), and
a decreasing sequence of open cones C, k = 1,2,3,... whose intersection is R a.
For a given k set

Y (a) = lim sup 7 log#h €T :logS(p(y)) € €L N{B < TH(a)}}.
We have 9(a) = limy_, o ¥x(a) and
ila) = limsup 7 log #{7 € T+ 1og S(p(1) € & N {(T = (@) < 4 < TH(a)}}.

Hence, we may choose T}, — +oo such that the sets
Ap = {y €T :1og S(p(7)) € € N {(T — 1)B(a) < B < TiBla)}},
satisfy 1
= lim —1 Ag.
Yla) = lim 7 log# Ay

Moreover, by the Anosov property, there are constants C,Cy such that for v € Ag,
C1Ty, < |y| < CoTy. So there exist £ — oo as k — 0o, such that the sets

={v €T :logS(p(7) € Cu N {(Th — 1)B(a) < B < Tiuf(a)}, Iy = bu},
still satisfy )
= lim —1 Al
Y(a) = lim o log# A
We now fix a semi-group S of I'; a finite subset F'; and maps L, R : I' — F given
by Proposition A.1. Observe that p(S) is Zariski dense since the Zariski closure of a

semi-group is a group(see [GM89]) and since S generates T'.
Let By C S be defined by

B ={L(y)R(7) : v € Ak}
Since F is finite, there exists C' > 0 such that
#B), > C™T#A], |lv] = €| < C for v € By

and fixing some norm on a we have
[[log S(p(7)) —log S(p(L(v)yR(M)I < C,

for all v € T'.

Fix a parameter € > 0, we say a splitting R? = E; @ - - - @ E, into one dimensional
subspaces is e-non-degenerate if the angle between E; and EB] £i E; is at least ¢
for all 7. We say two splittings (En,...,Eq), (Ef,...,E)) are e-close if the angle
between E; and E! is at most ¢ for all i.
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We say that an element g € SL(d,R) is e-diagonalizable if it has d distinct real
eigenvalues |A1| > --- > || satisfying |A;|/|Aig1] > € for i = 1,...,d — 1, and the
corresponding splitting into eigenspaces is e-non-degenerate.

Since p(S) is Zariski dense we obtain from [AMS95, Th. 6.8]:

Levva 4.2 (Abels-Margulis-Soifer). — There exists ¢g > 0 and a finite set Sy C S
such that for all v € T the set p(7Sy) contains at least one e9-diagonalizable element.

For what follows we fix Sy and €9 > 0 given by the previous lemma. We also fix
do > 0 given by the following:

Lemma 4.3. — There exists dg > 0 such that if B is a set of eg-diagonalizable ele-
ments of SL(d,R) whose eigenspace splittings are §o-close, then 1 -y, s €o/2-
diagonalizable for all n and v1,...,v, € B.

Proof. — This follows directly from [BS21, Lem. 2.17]. O

We now refine the family By, so as to obtain images under p which are diagonalizable
with nearby splittings.

Lemva 4.4. — There exists a decreasing positive sequence €, | 0 and a sequence
0, 1 oo such that for all k large there exists Cy, C By - So with the following properties:

(1) Cy freely generates a free semi-group in T.

(2) For all v € Cy, the element p() is eg-diagonalizable.

(3) For all v1,7v2 € Cy the eigenspace splittings of p(y1) and p(-y2) are §p-close.
(4) One has Y(a) =limg— 400 Tik log #CY.

(5) |v| =4, for~y € Cy.

(6) For all v € C) one has ||(log S(p(7)) — Tral|| < exTk.

Proof. The space of gp-non-degenerate splittings is compact and hence we may
cover it by some finite number N of subsets with the property that if two splittings
belong to the same subset they are dyp-close.

From Lemma 4.2 it follows that for all v € By, there exists f, € Sy such that p(vf,)
is gp-diagonalizable. By the pigeonhole principle we may choose a set C}, of at least
#By,/N of the elements ~yf., such that the eigenspace splitting of p applied to any two
are dp-close. Hence, we have constructed C}, with properties (2), (3) and (4) above.

Since F'U Sy is finite there exists C' > 0 such that, for all £ and v € Ay,

[ILYR(Y) fryyvren| — el < C and
[[(log S(p(L(NVR(Y) fL(v)vr(v))) — (0g S(p(M)I < C.
By the pigeonhole principle again, we can find ¢}, [¢}, — {;| < C, such that C}/ :=
v € C, || = ¢, satisfies properties (2), (3), (4) and (5). Moreover, if v € Aj then by
definition we have

(708 5(p(1)) ~ a) € €1 {

T, —1
k

Bla) < B < Bla)},
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hence setting €5 to be C/T) plus the diameter of the set on the right-hand side,
we have

[[(log S(p(L(v)YR(7) f7)) — Twall < exTh,
for all v € Ay, which establishes property (6) for C}, and C}.

To establish (1) we notice that S is a quasi-geodesic semi-group. Therefore, by the
Morse lemma, there exists some R > 0 such that if v1,..., v, 71,...,7 € S and
Y1t Yn = M1---7p, then there is a geodesic ray a = {ap}n>0, such that for all
j € [0,n],

(11) dist(y1 - - -5, @), dist(n1 ---nj, ) < R.

We claim that if we assume that the elements of C} C C}/ are 6R-separated,
equation (11) forces v; = n; for all j € [0,n]. Hence it suffices to refine C}/ so that
it is a 6 R-separated set to obtain that it freely generates a free sub-semi-group of I'.
Doing this decreases the number of elements at most by a factor equal to the number
of elements in a ball of radius 6R in I', so property (4) still holds.

To prove the claim, we prove by induction on j that v; = n; for ¢ < j. We have
Yo = 1o = e. Assume that v; = ; for ¢ < j. Then v, ---v; =1 ---1; and there exist
Ni, Ny and N3 such that

dist(y1 -+ 5, an, ), dist(yr - 957541, an,) and dist(yr - ymj41, an,) < R

1

Setting B; := (y1---y;) 'an, for t = 1,2, 3, we have By, , Sn, and By, aligned on the

same geodesic and satisfying:

|B1], dist(vj+1, B2), dist(nj+1,83) <R and  |vj41] = [nj1] = €.
If ¢; is large enough, f; is outside the interval [3s, 3] (see Lemma A.7) and

dist(B1, B2), dist(Br, Bs) € [¢, — 2R, 0}, + 2R].

It follows that dist(82, f3) < 4R and therefore that dist(a;41,7;41) < 6R. Since Cj,
is 6 R-separated, oj 41 = 1;41 as claimed. ]

COROLLARY 4.5. If g, is the uniform probability measure on Cy then one has

. 1
kll)rfoo ﬂhuk - w(a)

Proof. — This follows immediately from properties (1) and (4) of the previous lemma.
|

We now use the fact that for go-diagonalizable elements with close splittings the
singular values and eigenvalues are close and they almost multiply under composition.

Lemma 4.6. — There exists a decreasing positive sequence €}, | 0 such that for all k
large enough, all n and v1,...,7, € Ck one has

1
|~ 0g S(p(1 -+ 70)) = Tha| < i T
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Proof. Let L(g) denote the vector of absolute values of eigenvalues of a diagonal-
izable element g € SL(d,R) in decreasing order. By [BS21, Lem. 2.16] there exists
C > 0 such that for all g9/2-diagonalizable g € SL(d,R) one has

[log S(g) —log L(g)l| < C
y [BS21, Prop. 2.17] there exists C' > 0 independent of k and n such that we have

1(Gog L(p(y1 -+ vn)) = 22i=1 (log L(p(7:)) | < Cn

Combining this with Lemma 4.4 we obtain

[(log S(p(y1 -+ ) — nTrall < C + |[[(log L(p(11 - yn)) — nTrall
< CO(n+1) + |1 225, (log L(p(vi)) — nTyall
<C@n+1)+ | 325, (log S(p(v:)) — nTkall
< C@2n+1) + nepTy.

This proves the desired result with &) = 3C/T}, + ek. |
The following immediate corollary concludes the proof of Proposition 4.1.

CoroLrary 4.7. — For any sequence of probability measures py with pi(Cy) =1 one
has

1
lim EA(p*mc) =

k—+o00

~ m
5. COVERING BY BALLS AND PROOF OF Turorem 1.8

Fix > 0 and set s := dimb(p) + 7. We may assume s < dim(Fp), otherwise
dimp(A,) < dimk(p) + 7 holds trivially. Since s > dimp(p), the series P (s) =
nyel‘ ©P(p(v)) converges. We are going to construct covers U of A, by balls of arbi-
trarily small radius € with less than <I>P( )e~57°(¢) elements. This shows that the
ratio N(A,,€)/e*7°() is bounded from above by ®7(s) uniformly in e. Therefore,

dimp(A,) < s = dimp(p) 4 7 for all positive 1 and Theorem 1.8 follows.

5.1. SHADOWS AND ANOSOV REPRESENTATIONS. Recall that I is a hyperbolic group
and that we chose the generating set 8 to be symmetric. The distance d(y,7’) on T is
given by the word length of y~14/. A geodesic o = {7, }nez in T is a sequence such
that for all (¢,7),d(vi,7;) = |7 — i|. Any point « € OT is the limit point of (at least)
one geodesic ray o = {v;};>0 with o = e.

For a geodesic ray o = {7, };>0 with 7o = e, we call the R-shadow of the geodesic
ray the image by £ of the set of limit points of geodesic rays o’ = {’y; }i>o0 satisfying
'y = v, for j < R. By definition, the R-shadow of a geodesic ray is a subset of Fp.

For (i,7) € S(P),y € T, write (; ; () := log(s;(p(7))/s;(p(7))). The main step for
the proof of Theorem 1.8 is the following proposition:
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Prorosition 5.1. For each geodesic ray o = {v;};>0 with vo = e, all { > 0, the
number of balls of radius exp(—() in Fp needed to cover the R-shadow of the geodesic
ray s at most

e 30— Gtmlt + o<R>),
(4,5)€S(P)

where, for a real w, w™ = max{w, 0}.

5.2. Proor or Turorem 1.8 assuming Prorosition 5.1. Fix € > 0 small. We need
to cover A, by well-chosen shadows and then cover these shadows by e-balls.

For v € T, we write the (; ;(7), (¢, ) € S(P), in nondecreasing order as 0 < (1(y) <
G(y) < --- < Cusp)(7). For np > 0, write s := dim®(p) + 7. We may assume s <
#S(P) and let ¢ be a positive integer such that ¢ — 1 < s < ¢. For any geodesic ray
o = {v;j}j>0, we will use Proposition 5.1 with { = {,(vr) to estimate the e-covering
number of its R-shadow.

Let 0 = {v,;};>0 be a geodesic ray such that vy(z) = e. Then, the sequence
{¢4(vn) }n>0 diverges to infinity, has bounded gaps and there exist C, K > 0 such
that (g(Yntr) — Cq(vn) > C (see [GGKW17, Th.1.3]). It follows that for any chosen
geodesic ray o, there is a well defined smallest index n(p, o) and C' > 1 such that

(12) log(1/e) < C((n(p,)) < log(1/e) +C.

By Proposition 5.1 applied with R = n(p,0) and ¢ = (4(Vn(p,0)), We can cover the
R-shadow of yg with less than

exp( S lalrm) - Gl + o<1og<1/e>>)

(1,9)€S(P)
balls of radius e. We claim that
> (vr) =Gt < —min Y eiG(r) + slog(1/e) + C,
(i,5)€S(P) (i,5)€S(P)

where the minimum is over 0 < ¢; ; < 1 with ) ¢; j = s.
Indeed, since we have ordered the values (i (vgr) in nondecreasing order, the above
minimum is attained for

cp=1fork<gq, cq=s5—q+1, c,=0fork>gq.
With that choice of ¢’s, we have
> alm) = Gt = = (30 ertulv) + oo () ) + 3G, ()
(4,3)ES(P) k

and the claim follows from (12).
Cover now A, by n(p,o)-shadows of distinct 7, ). As announced, this proves
that
N(Ap,e) < Zexp(—(FSP olog S(p(y))e+eE) = @5(s)e_s+"(5). O
yel
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5.3. GeomEeTRY OF Fp. We recall the description in [LL24] of the geometric struc-
ture of the successive Lipschitz foliations by Euclidean spaces on Fp. Write P =
{p1,...,pm}. Recall that, by convention, pyr41 = d.

Recall that a topology on {1,...,M + 1} is called admissible if the subsets
{j :i<j <M+ 1} are open. An admissible topology is described by its atoms T'(),
where T'(i) is the smallest open set containing {i}. We write Ty for the topology
with atoms T'(¢) = {¢,e + 1,...,M + 1}, Tp for the topology with atoms T'(i) = {i}.
An admissible topology T is finer than another one 7 (denoted T' < T") if any
T’-open set is T-open. By definition, any admissible topology is finer that Tj.

Given an admissible topology T, we define the (weighted) configuration space Xr
(with weights p1,pa — p1,...,d — par) as the space of sequences (z7)rer such that

(1) @ris a >, ;(pi — pi—1)-dimensional subspace of R? for each I € T,

(2) zjug=zr+ayforall I,J €T, and

3) zfpg=zrNayforall I,J eT.

Each configuration space Xr is endowed with the distance corresponding to its
natural embedding in the product of Grassmannian manifolds.

For T' < T, there is a natural projection mpr : Xr — Xg. The space Xr, is
identified with the pairs in (Fp, Fp«) in general position. In particular, given y € Fp«,
the projection 7, 7, is of the form 7% x Id, where 7¥ is the natural projection from
the set of flags in Fp in general position with y to a point. The fibers (7¥)~!(y) are
#S(P)-dimensional open subsets of Fp.

We say a sequence of subspaces V = (V1,...,Vy41) is a splitting compatible with
y € Fp«ifforalli,1 <i< M +1,
(13) Yz = D Vi
{4:52i}

Notice that in particular this implies dim(V;) = p; — p;_; for all i and R? =
@f‘f{l V;. In [LL24] lemma 4.1, we show that setting

(14) W(y) = y{j:j}i}ﬂ(

y{j:j>i))L’
yields a compatible splitting for each y € Fp- that we call the perpendicular splitting
compatible with y.

Given y € Fp- and V a splitting compatible with y, we denote by Nil(V') the space
of linear mapping f : R¢ — R? such that
(15) f(Viga) ={0} and f(Vi)C D Vj,

J:g>n
for i = 1,..., M. We have dim Nil(V) = #S(P). Given y € Fp- and a compatible
splitting V' we define a mapping
oy Nil(V) — FY
by setting
(16) ev(f)r = 14+£) (@ V).
1€

for all I € Tp, where Id : R? — R? is the identity mapping.
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92 I. Leprappier & P LEssa

For each y € Fp- we consider the perpendicular compatible splitting V(y) =
Vi(y),-- -, Vmr+1(y)) and we define
(17) V=A{(y,f):y € Fp,f €Nil(V)}.

This is a vector bundle with base Fp« given by the projection onto the first coor-
dinate. It is a sub-bundle of the product Fp- x Hom(R%, R?). We endow it with the

metric given by the sum of the distance in Fp+ and the Hilbert-Schmidt norm on
Hom(R?, R?) associated with the Euclidean structures on V;, V;. We have

Turorem 5.2. — The mapping ¢ : V — Fp defined by
e, f) = vy (f),

1s a locally bi-Lipschitz homeomorphism.
Proof. — This follows from [LL24, Th.2.4 & its proof] ([LL24, §4]). O

Turorem 5.3. — Lety € Fp« and V,W be two splittings compatible with y. Then, the
mapping
cp;Vl oy : Nil(V) — Nil(W),

is affine.
Proof. — See [LL24, Lem. 5.8]. O

Let g € SL(d,R). We note that if V.= (V1,...,Var41) is a splitting compatible
with y then g7V = (g7 !V4,...,97Vasr41) is a splitting compatible with g~'y. For
the coordinates given by these two splittings the action of g is linear between the
corresponding fibers:

Tueorewm 5.4 (Linearizing coordinates). — For each y € Fp« and each adapted split-
ting V' one has
pviogopiv(f)=gfg ",
for all g € SL(d,R) and all f € Nil(g=V).
In particular, cp(,l 0go,1y : Nil(g7'V) — Nil(V) is linear and the action of
SL(d,R) on X, is affine on each fiber.
Proof. — See [LL24, Lem. 6.2 & Cor.6.3]. O

5.4. Proor or Prorosition 5.1. — Let y#e€T. Recall that we defined £P(y) CR? as
the unique p-dimensional subspace on which p-dimensional volume is most contracted
by p()~!. Since the representation p satisfies the P*-Anosov condition, we can asso-
ciate to the matrix p(v) the flag

€ (7) = ({0}, €77 (v7h), ... (7). RY) € Tpe.

From the definitions we obtain:

Lemma 5.5. — The sequence of subspaces V.= (Vi,...,Varq1) is a splitting com-

patible with y = £*(yr) where V; is the sum of the eigenspaces of v/p(vr)(p(7r))!

corresponding to the singular values s; for p;_1 < i < p;.
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Let y = £*(vr). Using the coordinates on the space F% given by Theorem 5.2 with
the splitting compatible with y given by Lemma 5.5, we can write

LeEmma 5.6. Let y = & (yr) and V the splitting compatible with y given by
Lemma 5.5. Write py : Nilg, 1,(V) — X5, 5 = Fp for the coordinate mapping
giwen by (16). Let = belong to the R-shadow of the geodesic ray o = {v;}o<;<R-
Then, there exists K, 7 > 0 such that for R > K,
lev (gl o)l < 7
Proof. — Since = belongs to the R-shadow of the geodesic ray o = {7, }o<;j<r there
is a geodesic ray o’(z) =: {7}};>0 such that 5 = e,7; = yr and {(0’) = x. Applying
7', there is a geodesic ray o’ (z) = v5 0’ () =: {7} }i=0 such that v5 = YR,V =€
and &(0”) = v '2. By the proof of Theorem 2.2, if R is large enough, there exists 7o
such that
dist(£(V),7z'z) < 7o,

where £(V) € Fp is given by (V) :=0cC V; c Vi @V, C --- C RY Using Theo-
rems 5.2 and 5.3, the lemma follows. O

We can now prove Proposition 5.1: let ¢ = {7,},>0 be a geodesic ray with vy = e.
Let V' the splitting compatible with £*(ygr) given by Lemma 5.5. By Lemma 5.6,
if R > K, the R-shadow of o is contained in <p;(£/R)V o p(vr) © ov(B(0,7)), where
B(0, 7) is the ball of radius 7 in Nilp, 7, (V). Proposition 5.1 amounts to the following:

Lemva 5.7. — With the preceding notations, the image by w;@m)v op(yr) o pv of
B(0,7) is an ellipsoid with azes T exp((; ;j(vr)), for all (i,5) € S(P).

Proof. — By Theorem 5.4,

© oy © PR 0 0 (f) = plyr)fo(yr) ™"

Write Nilz, 7, (V) as @<, j<ary s Hom(V;, V;) and decompose f € B(0,7) as f =
{fijhi<i<i<m+1, with all |f; ;| < 7. The matrix p(yg) is block diagonal, made of
matrices g* € Hom(V;, V;). Therefore,

p(vr) fr(vr) "t = {g’ fis(g) L1 <i<j < M+ 1)

There is an orthonormal basis of V;, namely {v1,...,vp,—p, , }, such that (g*) 1oy,
1 < ¢ < p; — pi—1 form an orthogonal system with ||(¢°) ~tve|| = (si—14¢(p(7r))) " .
Similarly, there is an orthonormal basis of V;, namely {ui,...,up;,—p;_,}, such that

¢ ug, 1 <k < p; — pj—1 form an orthogonal system with ||¢7ux|| = sj—11k(p(Vr))-
For 1 < £ < p;—pi—1, 1 <k < pj—pj_1, write £ for the element of Hom(V;, V;)
that sends (g%)~'ve/||(9") " ve|| to ux and the orthogonal space ((g%)~lv,)t to 0.
For all £,k, 0 < £ < pi —pi—1, 0 < k < pj — pj—1, the f&* form an orthogo-
nal basis of Hom(V;,V;) such that the <p;(£{R)V o p(yr) o v (f*) are orthogonal
with norm (si—11¢(p(vr))) ' sj-14%(p(YR))- Since (si—1+¢(p(Yr))) ™' 8j-14(p(VR)) =
exp(—Ci—1+k,j—1+¢(7R)), the lemma follows by putting all the Hom(V;, V;) together.
U
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APPENDIX. Q[TASI-GEODESIC SEMI-GROUPS

A.1. GoarL. — If T is the free group with generators a, b then the semi-group S con-
sisting of reduced words which begin and end with a has the following nice properties:

(1) S generates I' as a group.

(2) For every n and ~v1,...,7v, € S the geodesic joining the neutral element e to
Y1 -+ -V passes through all partial products 71 -y for k=1,...,n.

(3) For every v € T there exist two letter words L(y) and R(y) such that
L(y)yR(7) € S.

We may for instance set L(7) to be a if the reduced form of v does not begin with a~!
and ab otherwise, and R(7) similarly to be a if the last letter of + is not a=! and ba
otherwise.

Our goal in this appendix is to give a similar construction for a general hyperbolic
group. For this purpose we fix a group I' with a finite symmetric generating set S.
We let || be the word length of v € T' with respect to § and consider the word
distance dist(y,n) = |y~ 1n|. We assume that there exists § > 0 (fixed from now on)
such that T' is d-hyperbolic with respect to dist, and non-elementary (i.e., contains
two independent loxodromic elements).

Recall that given positive constants C, D > 0 a (C, D)-quasi-geodesic is a sequence
x:INZ — T where I is an interval, satisfying

CYm —n| — D < dist(x, x,) < C|m —n| + D,

for all m,n € INZ.
We say a semigroup S C I is quasi-geodesic if there exist constants C, D > 0 such
that for all n and 71, ...,7, € S the sequence

€V, V1Y25 - -5V U

is visited in left to right order by some (C, D)-quasi-geodesic.
We now state the main result of the appendix.

Provosirion A.1. — Let (I',8) be a non-elementary hyperbolic group with a finite
symmetric generating set 8. Then there exists a semigroup S C I', a finite set F C T
and mappings L, R : T' — F with the following properties:

(1) S generates T as a group,

(2) S is quasi-geodesic, and

(3) L(v)yR(y) € S for ally €T.

The arguments in what follows use the local-to-global principle for hyperbolic
groups as in [Gou22, §3].

A.2. Proor or Prorosition A.1. — Recall that the Gromov product (based at the

neutral element e € T') is defined by

v+ [0 = v
(v,m) = | 5 .
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We assume 6 > 0 is such that

min{(’yl? 72>7 (,72773)} < (,71773) + 67
for all vy1,7v2,7vs € I'. We further assume that

dist(e, O[) < (pa q) + 67

for all p,q € T" and geodesic « joining them (such a choice of ¢ is possible by [BH99,
Prop. 1.22]).

Lemva A2, — For each C > 1 there ewist a,b € T' such that setting A =
{a,b,a=1,b71} and defining

= d = 1
¢ JE’yérlqu:ng#y(:E,y) and co fpr.lelg'x"

one has ¢ +20 +r < %CQ for somer > C(c; +25+1).

Proof. Since I' is non-elementary we may take x,y two independent loxodromic
elements (i.e., the set of boundary fixed points of x and y are disjoint). Letting a = z"
and b = y" for sufficiently large n establishes the claim since ¢;(z",y™) remains
bounded, while co(z™,y™) goes to infinity. a

We fix from now on a set A as in the previous lemma with corresponding constants
c1,C2, 7 satisfying

(18) > 32(ct +26 + 1).
Lemva A3, — The sets defined for x € A by V(x) = {y: (v,2) = ¢1 + 20 +r} are
pairwise disjoint.

— Forallz € A and v ¢ V(1) one has xy € V().

— Forallz,y € A withx # vy, if vy € V(z) and n € V(y) then (v,n) < c1 + 26.
— If vy e V(x) for some xz € A then |y| > r.

Proof. — By hypothesis 26 + r € (2§, c2/2 — ¢1). With this property, the first three
statements are claims 1-3 in the proof of [AGG23, Lem. 4.1].
For the last statement observe that

vl = (7,7) 2 min{(v, ®), (z,2)} =6 > min{c1 +20 +7r,c} =6 > 1. O

Lemvia A4, — There exists m such that for ally€V (a) and all n with dist(v,n) <2cy
one has a™n € V(a).

Proof. — We first observe that by Lemma A.3 we have (a™1, a) < ¢;+26 and therefore
a geodesic fixed under multiplication by a is at distance at most ¢; + 3d from a™ for
all m. It follows, letting £ = lim,,_, 1 oo %|a”| be the translation length of a, that

L= |al —2(c1 +30) = 2(c1 +20 + 1) —2(c1 + 30) = 2r — 26.
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Hence we obtain for all m > 1 that
m| _ |,m—1
() = el = o
< £—2(c1 4+ 36) +ml —2(c1 +35) — (m — 1)€ — 2(c1 + 39)
- 2
=0—-3(c1+30)=22r—3c; — 116 21 + 30+ .

In what follows we will need to switch basepoints, so we recall that the Gromov
product

dist(z, z) + dist(y, z) — dist(x,y

satisfies (z,y), + (z,y). = dist(x, z). We now calculate using Lemma A.3

(ama a‘mn) = (ean)a*"”
= |am| - (a_man)e
> |a™ = (a7 Y)e —2c2 = |a™| —c1 —20 —2¢2 =1 + 30 + 1,

if we choose m large enough depending only on ¢, cs and 4.
We conclude the proof using the hyperbolicity property since

(a,a™n) = min{(a,a™), (a™,a™n)} — 6 = c1 + 20 +r,
so a™n € V(a) as required. O

We define
T={y:y€V(a)andy € V(a ")}
With m given by the previous lemma, for each v € T" let

a™tt  ify ¢ ViaTl), a if (L(7y)y)~! ¢ V(a),
by [ VA fa e V)

a™t1b  otherwise, ba otherwise.
Lemva A5, — One has L(y)vR(y) € T for all v €T.

Proof. — Since dist(L(y)7y, L(v)yR(y)) < 2¢y this follows immediately from Lem-
ma A 4. O

We now let S be the semigroup generated by T'.
Lemva ALG. The semigroup S generates I' as a group.

Proof. From the definition @ € S and, using Lemma A.3, aba € S. Therefore
L(v), R(7) belong to the group generated by S for all 4. The equation

v =L(y) " (L(Y)YR()) R(y) !

now implies that S generates I' as a group, as required. O

As a first step towards showing that S is quasi-geodesic we prove the following.
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Lemva A7, For any n and v1,...,v, € T, letting a be a geodesic joining e and
Y1 Vn, One has

vyl Z el + e -l = /8,
and dist(yy - Yg, ) < /8 for allk =0,...,n.

Proof. — Setting xp =71 -+ for k =0,...,n, we observe that
(Th—1: Trg1)z = (V5 Vh41) < €1 + 26,

and dist(zg, Tx1+1) = |Ye+1| = r by Lemma A.3. Hence the sequence is a (¢; + 9, 7)-
chain as in [Gou22]. We observe that
r>2(cp +20) +45+ 1,

and therefore by [Gou22, Lem. 3.8] we have
(0, Tn )z, < €1+ 496,
for all k. This implies that
dist(zg, o) < 1 + 55 < /8.
Also since (zg, Tn )z, = (x,zl, zlzlxn)e we get by definition

Iv1 - Vel + Yerr Yol = 171 Wl
2

which yields the required lower bound for |y; - - - |- O

< e+ 46 < r/16,

We now conclude the proof of Proposition A.1.

Lemva A.8. — The semigroup S is quasi-geodesic.
Proof. — Fix n and 71,...,v, € T, and let a be a geodesic with ag = e and ay, =
Y1 Y with N, = |1+ 7,|. Since the word distance is integer valued, setting

C = |r/8] we have by Lemma A.7 that there exist Ng = 0, N1,..., Ny = |1+ Vnl
such that
dist(y1 - ks an,) S C < 1/8,
for all k.
We also obtain from Lemma A.7 applied to v1,...,7x+1 and Lemma A.3 that

Nigr = Ne = |y el = 7r/8 =y —7/8
> |Ykt1| — 3r/8 = 5r/8 = 5C,

and in particular Ny < Ng4q for k=0,...,n — 1.

We now construct a path § which we claim to be quasi-geodesic (with constants
independent of n and 71, ...,7,) by concatenating segments of « with a paths to and
from each 77 - - -5 (which will have length at most 2C' as seen above). To be precise,
we choose [ : [0, N, +2(n —1)C]NZ — T such that

(1) For each k¥ = 0,...,n — 1 one has BniNn,t20c = amin, for all m €
[O, Niq1 — Nk] NZ.

(2) BNpt2tk—1)c4c =M1 for k=1,...,n—1.

(3) dist(Bm, Bm+1) < 1 for all m.
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In view of the third property above we have dist(8¢, 81) < |€ — m|. For the lower
bound, given 0 < £ < m < N,, +2(n — 1)C we write

m—£ m—£
dist(Be, Bm) = Y _ dist(Begr, Berrr1) = Y f(k),
k=0 k=0
where we set f(k) = 1if k € [N; + 2iC, N;31 + 2iC] for some ¢ and f(k) = —1
otherwise. Since the sequence f(0),..., f(¢{ —m) consists of subsequences of runs of

at most 2C' consecutive times the value —1, with runs of at least 5C' times the value 1
in between, we obtain

which establishes that S is (7/3, 6C)-quasi-geodesic. O
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