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Abstract

This chapter describes how a posteriori error estimates targeting a user-defined quantity of interest, using the Dual

Weighted Residual (DWR) technique, can be easily applied for biomechanical simulations in current engineering practice. The

proposed method considers a very general setting that encompasses complex geometries, model non-linearities (hyperelasticity,

fluid-structure interaction) and multi-goal oriented techniques. The developments are substantiated with some numerical tests.

1 Introduction

The importance of finite element analyses (FEA) for biomechanical investigations has increased considerably worldwide in

recent years. A survey of applications using simulation modeling for the healthcare sector can be found for instance in [91].

In this context, one major issue is meshing, since the reliability of the predicted mechanical response arising from computer

simulation heavily relies on the quality of the underlying finite element mesh [73]. The patient-specific mesh has to be built

from segmented medical images (CT, MRI, ultra-sound), and has to conform to anatomical details with potentially complex

topologies and geometries [21]. In general, the quality of a given mesh is assessed through purely geometrical criteria, that

allow in some way to quantify the distortion of the geometry of the elements [27]. Beyond mesh quality, mesh density is

another, related, parameter that must be controlled during biomechanics simulations. Moreover, solutions must be obtained on

commodity hardware within clinical time scales: milliseconds (for surgical training); minutes (for surgical assistance); hours (for

surgical planning). To limit the impact of the discretization error, a common practice is to carry out a ”convergence study”,

where the initial mesh is refined uniformly until the quantity of interest to the practitionner stops fluctuating.

In this chapter, we investigate the capability of a posteriori error estimates [5, 125] to provide useful information about the

discretization error, i.e., the difference between the finite element solution and the exact solution of the same boundary value

problem on the same geometry. A posteriori error estimates are quantities computed from the numerical solution, that indicate
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the magnitude of the local error. These estimates are at the core of mesh adaptive techniques [94]. Many a posteriori error

estimation methods have been developed in the numerical analysis community. These methods have different theoretical and

practical properties. However, despite their great potential, error estimates have rarely been considered for patient-specific

finite element simulations in the biomechanical community.

To the best of our knowledge, the existing works that address this issue are rare: see for instance [96] in the context of

tumor growth or [30, 31] in the context of neurosurgery. In the two aforementiond works, the authors study the discretization

error (based on the energy norm) of real time simulations using the recovery-based technique of Zienkiewicz and Zhu [138].

This approach is inexpensive and allows for the dealing of real time simulations. However, the error in the energy norm might

not provide useful information for applications where one is interested in the error of a real physical quantity of interest.

To overcome this difficulty, estimates based on duality arguments are common for a posteriori error estimation, see e.g.

[17, 52, 53, 78, 100, 102, 86, 70, 120, 113, 134, 54, 49]. This chapter builds up particularly on two studies that have been carried

out using the Dual Weighted Residuals (DWR) method, as presented in [17]: a study in small strain elasticity, see [47], and

another one in large strain elasticity, see [29]. The reader can also refer to [84, 128, 71, 72] for previous applications of goal

oriented error estimation in non-linear elasticity. It also addresses new aspects such as fluid-structure interaction [110] and

multi-goal error control and adaptivity [51].

This chapter is organized as follows. In Section 2 and Section 3, we describe the linear elastic and hyperelastic settings for

soft tissue, the corresponding finite element discretization, the DWR a posteriori error estimation as well as the algorithms

for mesh refinement. Section 4 presents techniques for fluid-structure interaction. In Section 5, we illustrate and validate the

methodology for different test cases. The results are discussed in Section 6 and perspectives are provided in Section 7.

2 Small strain elasticity

To emphasize the main ideas of the method and to avoid technical difficulties, we start by describing it in the context of small

strain elasticity and a linear goal functional. Next sections will be devoted to more general cases.

2.1 Setting

Let us denote by Ω in Rd, d = 2, 3, the domain for an elastic body in reference configuration. We assume small deformations,

combined with the plain strain assumption when d = 2. The boundary ∂Ω of the elastic body consists of two disjoint parts ΓD

and ΓN , with meas(ΓD) > 0. The unit outward normal vector on the boundary ∂Ω is denoted by n. A displacement uD = 0 is

applied on ΓD, and the body is subjected to volume forces B ∈ L2(Ω;Rd) and surface loads BN ∈ L2(ΓN ;Rd). The virtual

work of external loads in the body and on its surface is

ℓE(w) :=

∫
Ω

B ·w dx +

∫
ΓN

BN ·w ds.

For two displacement fields v,w : Ω → Rd, we introduce the (internal) virtual work associated to passive elastic properties:

a(v,w) :=

∫
Ω

σ(v) : ε(w) dx.

The notation ε(v) = 1
2
(∇v + ∇v

T

) represents the linearized strain tensor field, and σ = (σij), 1 ≤ i, j ≤ d, stands for the

Cauchy stress tensor field. Finally we take into account genuinely the active properties of soft tissue as a linear anisotropic

pre-stress which reads

ℓA(w) := −βT
∫
ωA

(ε(w)eA) · eA dx,

where ωA is the part of the body where muscle fibers are active, T ≥ 0 is a scalar which stands for the tension of the fibers, eA

is a field of unitary vectors that stands for muscle fibers orientation, and β ∈ [0, 1] is the activation parameter. When β = 0

there is no activation of the muscle fibers, and the value β = 1 corresponds to the maximum of activation. This modelling

can be viewed as a linearization of some more sophisticated active stress models of contractile tissues in large strain (see, e.g.,

[40, 101]).
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The small strain elasticity problem reads: Find a displacement u ∈ V such that

a(u,v) = ℓ(v), ∀v ∈ V,
(1)

where ℓ(·) = ℓE(·) + ℓA(·), and where u and v lie in the space of admissible displacements

V :=
{
v ∈ H1(Ω;Rd) | v = 0 on ΓD

}
.

From the displacement field, we are interested in computing a linear quantity

J : V ∋ u 7→ J(u) ∈ R, (2)

which can be defined according to a specific application and the interest of each practitioner. Thereby, the quantity J will be

called quantity of interest (QoI). Typical QoIs are point evaluations (if solution is sufficiently regular), line integrals over (parts

of) the boundary or (sub-)domain integrals. Physically, they can represent deflections, stresses or mean values of the solutions.

We will provide various expressions in Section 5.

2.2 Finite element approximation

Consider a family of meshes (Kh)h>0 constituted of triangles and assumed to be subordinate to the decomposition of the

boundary ∂Ω into ΓD and ΓN . For a mesh Kh, we denote by Eh the set of edges/faces, by Eint
h := {E ∈ Eh : E ⊂ Ω} the set of

interior edges/faces, and by EN
h := {E ∈ Eh : E ⊂ ΓN} the set of boundary edges/faces that correspond to Neumann conditions

(we assume that any boundary edge/face is either inside ΓN or inside ΓD). For an element K of Kh, we set EK the set of

edges/faces of K, Eint
K := EK ∩ Eint

h and EN
K := EK ∩ EN

h . We also assume that each element K is either completely inside ωA or

completely outside it. Let σ be a second-order tensorial field in Ω, which is assumed to be piecewise continuous. We define the

jump of σ across an interior edge E of an element K, at a point y ∈ E, as follows

JσKE,K(y) := lim
α→0+

(σ(y + αnE,K) − σ(y − αnE,K))nE,K ,

where nE,K is the unit normal vector to E, pointing out of K.

The finite element space Vh ⊂ V is built upon continuous Lagrange finite elements of degree k = 1, 2 (see, e.g., [56]), i.e.

Vh :=
{
vh ∈ C0(Ω;Rd) : vh|K ∈ Pk(K;Rd),∀K ∈ Kh,vh = 0 on ΓD

}
.

The finite element approximation of the small strain elasticity Problem (1) is, as usual: Find uh ∈ Vh such that

a(uh,vh) = ℓ(vh), ∀vh ∈ Vh.
(3)

2.3 A first taste of Dual Weighted Residuals in a fully linear setting

We provide a first insight into the Dual Weighted Residual (DWR) technique introduced in [16, 17] in a very general (nonlinear)

setting. For the linear setting described above, we can simplify many calculations, to emphasize the main ideas, see [114].

2.3.1 Estimator based on an exact dual problem

To uh, the solution to Problem (3), we associate the weak residual defined for all v ∈ V by

r(v) := ℓ(v) − a(uh,v).
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Moreover, we recall that we have the goal functional J(u) at hand. In the following, we are interested in minimizing the finite

element discretization error measured in J(·) such that

J(u) − J(uh)

is sufficiently small. This problem statement can be framed as a constrained optimization problem on the continuous

(non-discretized) level as follows:

min J(u) s.t. a(u,v) = ℓ(v) ∀v ∈ V.

Employing the Lagrange formalism yields an unconstrained optimization problem with the Lagrangian L : V ×V → R with

L(u, z) := J(u) − a(u, z) + ℓ(z)

in which z ∈ V is a Lagrange multiplier, i.e., the so-called adjoint solution. The solution of this saddle-point problem is obtained

by its first-order necessary condition, by which we differentiate in both solution variables, namely u (primal solution) and z

(adjoint solution). The optimality system reads

J(u)′(δu) − a(u, z)′(δu) = 0 ∀δu ∈ V,

−a(u, z)′(δz) + ℓ(z)′(δz) = 0 ∀δz ∈ V.

We notice that for linear PDEs and linear goal functionals the optimality system reads

J(δu) − a(δu, z) = 0 ∀δu ∈ V,

−a(u, δz) + ℓ(δz) = 0 ∀δz ∈ V.

To summarize, let z denote the solution to the dual problem: Find z ∈ V such that

a(v, z) = J(v), ∀v ∈ V.
(4)

From

J(δu) − a(δu, z) = 0

by using δu = u, we obtain

J(u) = a(u, z)

The same procedure can be done for the finite element solution, i.e.,

J(uh) = a(uh, zh).

Then, the DWR method, in a linear setting, relies on the fundamental observation that

J(u) − J(uh) = a(u, z) − a(uh, z) = ℓ(z) − a(uh, z) = r(z). (5)

From this, we design an error estimator of J(u) − J(uh) as an approximation of the residual r(z). We detail the different steps

below.

2.3.2 Numerical approximation of the dual problem and global estimator

The exact solution z to the dual system (4) is unknown in most practical situations, and thus needs to be approximated. Let us

consider a finite element space V̂h ⊂ V. This space is assumed to be finer than Vh. For instance, it can be made of continuous

piecewise polynomials of higher order (k + 1) or with a finer (nested) mesh. The approximation ẑh of the solution z to the dual

problem can be obtained:
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1. Either by solving the following discrete dual problem directly on the finer space V̂h: Find ẑh ∈ V̂h such that

a(v̂h, ẑh) = J(v̂h), ∀ v̂h ∈ V̂h.
(6)

2. Or by, first, solving an approximate dual problem on the original finite element space Vh: Find zh ∈ Vh such that

a(vh, zh) = J(vh), ∀vh ∈ Vh.
(7)

And then, by extrapolating the dual solution zh on the finer space:

ẑh = Ehzh

where

Eh : Vh → V̂h

is an extrapolation operator, described for instance in [114]. This option can be a little less accurate howerver it is

obviously much cheaper than solving a finite element problem on a finer space.

We define

ηh := |r(ẑh)| (8)

as the global estimator that approximates the residual |r(z)|.

2.3.3 Derivation of local estimators

Following [17, 114], we can split the global estimator into a sum of contributions on each mesh cell, which allows to refine cells

that contribute the most to the error on J . The local estimator of the error |J(u) − J(uh)| is of the form

∑
K∈Kh

ηK , ηK :=

∣∣∣∣∣∣
∫
K

RK · (ẑh − ihẑh)dx +
∑

E∈EK

∫
E

RE,K · (ẑh − ihẑh)ds

∣∣∣∣∣∣ , ∀K ∈ Kh, (9)

where the notation ih stands for the Lagrange interpolant onto Vh. The local element-wise and edge-wise residuals are given

explicitly by

RK := BK + divσA(uh)

and

RE,K :=

−1

2
JσA(uh)KE,K if E ∈ Eint

K ,

BE − σA(uh)nE,K if E ∈ EN
K ,

where

σA(uh) := σ(uh) + βT (eA ⊗ eA)χA.

The notation χA stands for the indicator function of ωA, i.e. χA = 1 in ωA and χA = 0 elsewhere. The quantity σA(uh)

represents the sum of passive and active contributions within the stress field. The quantity BK (resp. BE) is a computable

approximation of B (resp. BN ).

2.3.4 Some additionnal comments

Remark first that the following bound always holds

ηh ≤
∑

K∈Kh

ηK ,
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since compensation effects (balance between positive and negative local contributions) can occur for ηh, see, e.g., [95]. Thus ηh

is expected to be sharper than
∑

K∈Kh

ηK . In practice,
∑

K∈Kh

ηK aims at quantifying the local errors for mesh refinement.

Each local estimator ηK is made up of two contributions. On the one hand, the residuals RK and RE,K represent the local

error in the natural norm. On the other hand, the contribution (ẑih − ihẑh) coming from the dual problem can be interpreted as

a weight (or a sensitivity factor) that measures the local impact on the quantity of interest J(·), see, e.g., [17, Remark 3.1].

2.4 Algorithm for goal-oriented mesh refinement

Using the Dörfler marking strategy [44], we describe, in Algorithm 1, a simple algorithm to refine the mesh by taking into

account these quantities. The corresponding flowchart is given as well Figure 1. In this algorithm, there are two independent

numerical parameters: first a parameter 0 < α ≤ 1 that controls the level of refinement in Dörfler marking, and then a tolerance

threshold ε > 0 for the global estimator, that serves as a stopping criterion. A complete Python/FEniCS script is available, see

[46].

Algorithm 1 Refinement Algorithm

1: Select an initial triangulation Kh of the domain Ω.
2: Build the finite element spaces Vh and V̂h.
3: while ηh > ϵ do
4: Compute uh ∈ Vh such that:
5: a(uh,vh) = ℓ(vh), ∀vh ∈ Vh.

6: Compute ẑh ∈ V̂h.
7: Evaluate the global error estimator ηh = |r(ẑh)|.
8: if ηh ≤ ε then
9: stop.

10: end if
11: Evaluate the local estimators:

ηK :=

∣∣∣∣∣
∫
K

RK · (ẑh − ihẑh) dx+
∑

E∈EK

∫
E

RE,K · (ẑih − ihẑh) ds

∣∣∣∣∣ , ∀K ∈ Kh.

12: Sort the cells {K1, . . . ,KN} by decreasing order of ηK .
13: Dörfler marking:
14: Mark the first M∗ cells for refinement, where:

M∗ := min

{
M ∈ N

∣∣∣∣∣
M∑
i=1

ηKi ≥ α
∑

K∈Kh

ηK

}
.

15: Refine all marked cells (and propagate refinement to avoid hanging nodes).

16: Update the finite element spaces Vh and V̂h accordingly.
17: end while
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Select initial triangulation Kh and build spaces Vh, V̂h

Compute uh ∈ Vh and ẑh ∈ V̂h

Evaluate global error estimator ηh = |r(ẑh)|

ηh ≤ ε? Stop

Evaluate local estimators ηK for all K ∈ Kh

Sort cells by ηK in decreasing order

Dörfler marking: Mark first M∗ cells

Refine marked cells and update spaces Vh, V̂h

Yes

No

Figure 1: Flowchart for adaptive mesh refinement.
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3 Hyperelastic soft tissue

This section now details how the previous approach can be extended to a fully nonlinear setting, with large strain elasticity and

a possibly nonlinear goal functional.

3.1 Setting

In this section we use the same notations as previously in Section 2, but with the following changes. The domain Ω is occupied

by a hyperelastic body in its reference configuration and subjected to a given body force B. The unknown displacement field is

still denoted by u. The deformation gradient is denoted F , with F := I + ∇Xu, where I stands for the identity matrix, and

∇X denotes the gradient with respect to coordinates in the reference configuration. The first Piola-Kirchhoff stress tensor is

denoted Π and the second Piola-Kirchhoff stress tensor is denoted S.

Contractile structures like muscles in soft tissues can carry out an internal strain/stress for the tissue itself, see [36]. The

behaviour of contractile soft tissues can be modelled by using two different strategies: pre-stress or pre-strain activations, see,

e.g. [98]. In this paper, we adopt the pre-stress approach in order to model the active behaviour of soft biological tissues. This

method consists in adding an active stress tensor to the classical (passive) stress tensor [24, 117]. The total stress reads

Π = F · S + Πa, (10)

where F · S is the passive contribution and where Πa is an active stress tensor. The expression of this latter is chosen as

Πa = βTa(F f0) ⊗ f0, (11)

in which 0 ≤ β ≤ 1 is the activation parameter, Ta stands for the active tension of the muscle fibre, and f0 is a unitary vector

which describes the fibre orientation. The coefficient β stands for the rate of activation: when β = 0 there is no activation

(purely passive behavior) whilst β = 1 corresponds to the maximum activation. In this paper we employ a constant active

tension Ta for the fibre. However, the active tension can be modelled as a function of fibre stretch ratio, see, e.g., [93, 103].

The virtual works associated with the internal forces is:

A(u;v) :=

∫
Ω

Π(u) : ∇Xv dx,

where u and v are admissible displacements. The virtual work relative to external forces reads:

L(v) :=

∫
Ω

B · v dx +

∫
ΓN

BΓ · v ds,

and, finally, the hyperelastic problem in weak form reads

Find a displacement u such that

A(u;v) = L(v), ∀v.
(12)

Remark 1 The model presented in the previous section can be viewed as a linearization of this hyperelastic model. Indeed, if

we decompose the (large) strain Green-Lagrange deformation tensor E(:= 1
2
(F TF − I)) into the sum of a linear term and a

nonlinear term as

E(u) = ϵ(u) + ρ(u), ϵ(u) =
1

2

(
∇Xu + (∇Xu)T

)
, ρ(u) =

1

2
(∇Xu)T∇Xu,

and if we suppose the constitutive law of the form

S = Ss(ϵ) + Sl(ρ),

then

Π(u) = F (u)S(u) = (I + ∇Xu)(Ss(ϵ(u)) + Sl(ρ(u))) = C : ϵ(u) + Πl(ρ(u))

where C : ϵ(u) is a small strain (linear) elasticity term, see Section 2.1 (C is a fourth-order elasticity tensor), and Πl contains
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the nonlinear terms, of high order in ∇Xu.

Let us still denote Kh a mesh of the domain Ω. Let us denote by Vh a conforming finite element space made for instance of

Lagrange finite elements. The finite element method to solve our hyperelastic problem reads Find a displacement uh ∈ Vh such that

A(uh;vh) = L(vh), ∀vh ∈ Vh.
(13)

3.2 Dual problem for computing the weights

One of the main ingredients of the DWR method is to solve an adjoint problem to extract information from the quantity of

interest and get feedback about the regions where it is more, or less, influenced, by the approximation error. The motivation is

the same as in Section 2, i.e., the (discretization) error for a nonlinear quantity of interest J

|J(u) − J(uh)|

shall be minimized with the PDE as a constraint:

min |J(u) − J(uh)| s.t. A(·, ·; ·, ·) = L(·)

Thus, to satisfy this constrained minimization problem, Lagrange multipliers are introduced in order to formulate a Lagrangian

functional. This implies computing the following dual problem: Find z ∈ V such that

(A′)∗(u|z;v) = J ′(u|v) ∀v ∈ V ,
(14)

where A′ and J ′ denote the Fréchet derivative of A and J , respectively, and (A′)∗ is the adjoint form of A′.

3.3 Discrete dual solution

Let us still denote V̂h ⊂ V a finite element space finer than Vh, for instance made of continuous piecewise polynomials of

higher order (k + 1). As for small strain elasticity, the approximation ẑh of the solution z to the dual problem can be obtained:

1. Either by solving the following discrete dual problem directly on the finer space V̂h: Find ẑh ∈ V̂h such that

(A′)∗(uh|ẑh; v̂h) = J ′(uh|v̂h) ∀v̂h ∈ V̂h.
(15)

2. Or by, first, solving an approximate dual problem on the original finite element space Vh: Find zh ∈ Vh such that

(A′)∗(uh|zh;vh) = J ′(uh|vh) ∀vh ∈ Vh,
(16)

And then, by extrapolating the dual solution zh on the finer space:

ẑh = Ehzh

where

Eh : Vh → V̂h

is an extrapolation operator, described for instance in [114].

Remark that the dual problem (14) is linear, so solving it is not expensive in comparison to (12). Moreover, the bilinear

form (12) (left-hand side) has been already assembled in the last Newton iteration in the resolution of the primal problem. A

9



mathematical difficulty results from Galerkin orthogonality as both the continuous-level and finite element dual solutions enter

into the a posteriori error estimator. For a full practical evaluation, the continuous-level solution must be solved as well with

the help of the finite element method. If both come from the same discrete function spaces, the dual sensitivity weight will

vanish identically. Therefore, a high-order solution must be constructed, either by solving a higher-order finite element problem

or by a local higher order reconstruction.

For model problems or more complex problems such as (12), and some intricate expressions of J , the practical calculation

of A′ and J ′ can be fastidious. For this purpose, we take advantage of the capabilities of automatic symbolic differentiation

embedded into modern finite element software such as FEniCS or GetFEM++. Furthermore, this feature makes possible some

genericity in the implementation: virtually nothing has to be changed in the program if the hyperelastic constitutive law is

modified.

3.4 The representation formula of Becker and Rannacher

We introduce r(uh;v) the residual of Problem (13) as

r(uh;v) := L(v) −A(uh;v) ∀v ∈ V . (17)

This, roughly speaking, quantifies how well the hyperelasticity equations are approximated (it should tend to zero if the mesh is

uniformly refined). Thanks to the dual system (14), we obtain expression of the error on J as the best approximation term

involving the residual and the (exact) dual solution (see [17, Proposition 2.3]):

J(u) − J(uh) = min
vh∈Vh

r(uh;z − vh) +Rm (18)

where Rm is the high-order remainder related to the error caused by the linearization of the nonlinear problem (the precise

expression of which can be found in [17]). In practice, this quantity is, hopefully, negligible. Note at this stage that there

are various possibilities to represent the error on J , which are detailed in [17], and for instance, in [114], the authors make

use of another representation formula (Proposition 2.4) which is then approximated. Proceeding as usual in a posteriori

error estimation, i.e., after performing integration by parts on the residual r, we localize the different contributions to the

goal-oriented error as follows:

|J(u) − J(uh)| ≤
∑

K∈Kh

ηK(uK ,zK) +H.O.T. (19)

In the above expression, K denotes any cell of the mesh Kh, and expressions such as uK denote the local restriction of the finite

element variable uh on the cell K. Moreover, H.O.T. denotes high order terms, that are not considered in the implementation.

In section 2.6 below, the detailed expression of ηK is given. Alternative approaches for the error localization are the filtering

approach [25] or a partition-of-unity [113]. The latter was extended to space-time versions in [122, 50]; see also the overview

article [49].

3.5 Expression of the estimator

We provide below for each cell-wise contribution:

ηK =

∣∣∣∣∫
K

Ru · (ẑh − ih(ẑh)) dx +

∫
∂K

J · (ẑh − ih(ẑh)) ds

∣∣∣∣ (20)

with, Eh and Ih are resp. the extrapolation (see [114]) and the Lagrange interpolation, the interior residual

Ru = B + divΠ(uh)

and the stress jump

J =


− 1

2
[[Π(uh)]] if F ̸⊂ Γ,

T −Π(uh) · nF if F ⊂ ΓN ,

0 if F ⊂ ΓD,
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for each facet F , where nF is the exterior normal to the facet F of ΓN . The jump can be defined for a function vh on a facet

F between two cells K and K′ by [[vh]] = vh|K · nK + vh|K′ · nK′ , where nK and nK′ are the normal of K and K′ on F .

3.6 Adaptive mesh refinement

Using the error estimate on J , we implement a standard procedure for mesh refinement. As described in Algorithm 2, we start

with an initial mesh called meshi, and by providing a guessed solution u
(0)
i , the nonlinear primal problem can be solved using

Newton’s method. Once accepting ui as the solution of the discrete primal problem, solving the discrete dual problem provides

the dual solution zi on the current mesh meshi. The estimator ηK is then computed by using the primal and dual solutions ui

and zi, respectively. From the estimator, different strategies can be used to mark the elements whose error is high. In this

paper, we use the Dörfler marking strategy [44].

3.7 Multigoal-oriented error control and adaptivity

For complex biomechanics situations in which several physical phenomena interact, multigoal-oriented error estimates are of

interest. Therein, several quantities of interest, say S, such as J1, . . . , JS , might be considered simultaneously. They allow to

focus simultaneously into the different parts of the geometry and/or different solution components and/or different types of

quantities of interest such as point evaluations, line integrals or domain integrals. For such cases, one possibility is to construct

a combined functional of the form

Jc(u) :=

S∑
i=1

wiJi(u), (21)

with some positive or negative weights wi ∈ R for i = 1, . . . , S. Single goal functionals are modeled as before with S = 1 and

w1 = 1. In the case S ≥ 2, it can easily happen situations where Jc(u) ≃ 0 due to cancellations of different Ji with same

absolute values, but opposite signs. This can be seen as follows. As in the previous sections, at the end, we are interested in the

discretization error J(u)− J(uh). For simplification, let us assume the linear case, where J(u)− J(uh) = J(u−uh). Then, let

us employ (21) for some arbitrary element v, yielding

Jc(v) :=

S∑
i=1

wiJi(v). (22)

In order to obtain a meaningful error representation for the choice v := u−uh, we must know the signs of Ji(u)− Ji(uh), thus

we choose

wi := ωi
sign(Ji(u) − Ji(uh))

|Ji(uh)| , ωi ≥ 0. (23)

Employing this expression and v := u− uh into (22), we obtain

Jc(u− uh) :=

S∑
i=1

ωi
sign(Ji(u) − Ji(uh))

|Ji(uh)| Ji(u− uh). (24)

Therefore, to have a meaningful overall error in the combined goal functional Jc, the single errors Ji(u− uh) should not cancel

out due to their signs. The task is to get the information about the signs

sign(Ji(u) − Ji(uh)). (25)

We mention that a first sign computation using an adjoint-adjoint problem was introduced in [74, 75]. A brief explanation of

the adjoint-adjoint is as follows (see [75][Section 2]). Solving S adjoint problems, namely for each goal functional Ji, becomes

costly if S ≫ 1. As an alternative, an error equation can be introduced as: Find the error e in some admissible function

space such that A(e, w) = r(uh, w) for all admissible test functions w. Here, r(uh, ·) is the primal residual introduced in (17).

With the error e at hand, the S goal functionals Ji(e) can be evaluated directly. The mathematical operation to deduce

A(e, w) = r(uh, w) is to take the adjoint of the adjoint equation (see again [75][Section 2]).

In order to avoid the adjoint-adjoint problem, which means to solve a third PDE besides the primal PDE (our original

problem statement) and the adjoint PDE (for the dual weights), an alternative way was proposed in [54] by approximating (23)

11



with

wi := ωi
sign(Ji(u

(2)
h ) − Ji(uh))

|Ji(uh)| , ωi ≥ 0, (26)

where u
(2)
h is some higher order approximation [53, 54] (see also [49]). We mention that this sign approximation is also

mathematically justified; see [54][Prop. 3.1].

Using the above definition of Jc in (21), under the condition that the signs are computed as shown in (26), the further

procedure is the same as discussed in Section A.2, namely we have for the dual problem Find (zh,wh) ∈ V 0
h × Jh such that

(A′)∗(uh,ph|zh,wh;vh, qh) = J ′
c(uh,ph|vh, qh) ∀(vh, qh) ∈ V 0

h × Jh.
(27)

We notice that on the right hand side Jc is employed, that takes into account all the different functionals.

The adaptive mesh refinement can be carried out with the same previous algorithms. The only additional step is the sign

computation (26) for wi after the primal problem has been computed. Then, the Jc is designed, which is followed by the

computation of the dual problem. As mentioned before, in [54][Prop. 3.1], the sign computation was simplified in comparison

to [74, 75]. As explained in [54] a higher order solution u
(2)
h of the primal problem is required. As before in the previous

sections, the same procedure can be applied: either by a higher order finite element solution or by subsequent higher order

local interpolation of a low-order solution. Several comparisons about the consequences of either way were conducted in [53].

Then, with Jc, the dual problem (27) can be solved. The rest of the adaptive algorithm and mesh refinement is the same as

in the single goal case. Therein, it should be mentioned that for nonlinear goal functionals that calculation of the derivative

J ′
c(·)(·) can be cumbersome in practice. However, the mathematical procedure is the same as usual by computing the directional

derivative of Jc(u) in the linearization point u into the direction δu in some admissible function space, i.e., we obtain J ′
c(u)(δu).

For details, we refer to [51][Section 4].

4 Fluid-structure interaction

In the previous two sections, we have focussed on solid mechanics only. In the following, we extend those to the interaction

with fluid flows. In fact, fluid-structure interaction (FSI) plays a central role in many biomechanical systems, where biological

tissues deform in response to fluid flow, and vice versa. Prominent examples include blood flow in arteries [65, 58, 22, 105, 42],

airflow in the lungs [76, 127] or in the upper airways [35, 76], cerebrospinal fluid dynamics [32], and the motion of heart

valves [124, 9, 129, 133, 81, 79, 68, 63]. In these systems, the mechanical interaction between a fluid (e.g., blood, air) and

compliant biological structures (e.g., vessel walls, heart tissue) critically affects both function and pathology.

In cardiovascular biomechanics, for instance, the pulsatile nature of blood flow induces complex pressure and shear forces

on arterial walls, which in turn deform and influence flow patterns. This two-way coupling is essential to understanding

atherogenesis, aneurysm development, and vascular remodeling. Neglecting structural compliance can lead to significant errors

in predicting flow fields and stresses within tissues [65, 136, 137, 58, 22, 105].

Similarly, in respiratory biomechanics, the interaction between airflow and lung tissue is vital for accurately modeling lung

mechanics and disease progression in conditions like emphysema or pulmonary fibrosis [62]. In the same way, interaction between

the respiratory flow and the surrounding soft tissue in the upper airway is fundamental for pathologies such as obstructive

sleep apnea [8] and snoring [62]. It is also strongly involved in speech production processes [76, 92], notably at the level of the

vocal folds [119]. FSI is also critical in the design of prosthetic heart valves, where device performance is governed by dynamic

interactions with blood flow [6]. Let us finally mention biomechanics of the digestive system where fluid-structure interactions

occur during the whole trajectory of the food bolus [55].

From a computational standpoint, the accurate resolution of such coupled phenomena is challenging due to the multiphysics

coupling between incompressible fluids and hyperelastic solids, the large structural deformations in soft tissues and the moving

boundaries and interfaces, which demand flexible and robust numerical schemes.

A critical numerical challenge in fluid-structure interaction problems - especially in biomechanics - is the so-called added

mass effect. This phenomenon arises when a light or compliant structure is immersed in a denser fluid, leading to a strong

inertial coupling between the two domains [34]. The effect is particularly pronounced in applications like blood flow in arteries

or cerebrospinal fluid–brain tissue interaction, where the density of the fluid is comparable to or exceeds that of the surrounding
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tissue. In such cases, even small structural displacements can induce significant changes in the surrounding fluid field, which

then exerts substantial feedback forces on the structure. From a computational standpoint, the added mass effect can lead to

instabilities and loss of accuracy in partitioned FSI solvers, especially when the coupling is treated explicitly [64].

Mathematical modeling and simulation of fluid-structure interactions is well developed [110] (as well as the research

monographs [13, 66, 65, 22]), the problem however remains a highly challenging one. For biomechanical problems often strongly

coupled or monolithic formulations must be used [77]. Efficient solvers are rare [109, 60, 23, 83, 12, 11, 69, 41] and the

computational cost is immense. Hence, adaptivity as a measure to reduce the complexity is of great importance.

There are several contributions to goal oriented adaptivity for fluid-structure interactions starting with the early works

of Dunne [45] considering a Eulerian formulation, van der Zee [123] treating the stationary Stokes problem coupled to a

lower-dimensional solid and Richter and Wick [107, 131] considering the stationary nonlinear problem. Failer applied the

Dual Weighted Residual method to the fully coupled nonstationary and nonlinear fluid-structure interactions problem [57, 61].

Multigoal error control applied to stationary fluid-structure interaction and academic benchmark examples was done in [2].

In the following, we start by introducing the most basic fluid-structure interaction problem coupling the incompressible

Navier-Stokes equation in a d-dimensional domain to an hyperelastic solid of same dimensionality. To focus on the essentials,

we present a fully monolithic formulation and derive its variational form as basis for the upcoming discussion. Next, we briefly

describe the basics discretizing the problem in space and time. We then give a detailed derivation of the adjoint problem with a

special consideration of the coupling conditions between fluid and solid.

4.1 Governing equations

Taking cardiovascular mechanics as the prototypical typical biomechanical application of FSI, models of great complexity are

studied to describe blood [20] and tissue [80]. In this book chapter, we will therefore limit ourselves to a simple model, the

incompressible Navier-Stokes equations for the fluids velocity v and pressure p

div v = 0, ρf
(
∂tv + (v · ∇)v

)
− divσf = ρf f in F (28)

and the St. Venant Kirchoff model for the structure’s deformation u and velocity v

dtu = v, ρsdtv − div
(
FΣs

)
= ρsf in S. (29)

Here, ρf and ρs are the densities of fluid and solid, F = ∇u the deformation gradient,

σf := ρfνf (∇v + ∇vT ) − pI (30)

is the Cauchy stress of the fluid with the pressure p and the kinematic viscosity νf and

Σs := 2µsE + λs tr(E)I (31)

is the St. Venant Kirchhoff material law, where µs and λs are the Lamé parameters and

E =
1

2

(
FTF− I) (32)

is the Green-Lagrange strain tensor.

4.1.1 Coordinate systems

The two equations for fluid (28) and solid (29) are formulated in different coordinate systems. While the Navier-Stokes equations

are noted in the classical Eulerian system, where the coordinate x ∈ Rd denotes a fixed point in space, the solid problem is

given in the Lagrangian system and x̂ ∈ Rd here denotes a material point with a position x(x̂, t) = x + u(x̂, t) ∈ Rd that moves

in time. This means that the solid problem is formulated on a fixed Lagrangian domain S ⊂ Rd while the fluid problem is given

on the moving domain F(t) ⊂ Rd, where the domain motion originates from the solution of the coupled system itself. Bringing

these two frameworks together is the main technical difficulty of fluid-structure interactions.
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Basically, two different approaches exist: first, we transform the fluid problem onto a coordinate system that matches the

solid’s one. This coordinate system is neither Eulerian nor Lagrangian but an artificial one. This approach is called Arbitrary

Lagrangian Eulerian (ALE) and it is the standard approach for most cases and also detailed in the following. The alternative

way for coupling is to map the solid problem into Eulerian coordinates onto a moving framework S(t) that is naturally given by

its deformation as

S(t) = {x = x̂ + u(x̂, t), x̂ ∈ S}.

This Fully Eulerian approach goes back to pioneering works by Dunne [45] and Cottet, Maitre and Milcent [37]. It has some

theoretical advantages, all based in the fact that both the Eulerian and the Lagrangian system are physically sound, whereas

the ALE formulation has no physical foundation. However, technically, the Fully Eulerian approach brings difficulties when it

comes to discretization and solution, such that it is only considered in special cases, such as contact problems [126]. We refer

to [108, 132, 110, 67] for details. The DWR method has already been tested for the Fully Eulerian approach in early works of

Dunne [45].

To construct the ALE formulation we must introduce a reference domain F , usually the domain at initial time F = F(0),

which matches to the solid. Then, we need a map

T (t) : F 7→ F(t), (33)

that maps the reference domain onto the moving Eulerian domain F(t) in such a way, that F(t) always matches the Eulerian

solid counterpart S(t). This is realized by mimicking the physical Lagrangian-Eulerian map of the solid

T (t) : S 7→ S(t), T (x̂, t) := x̂ + u(x̂, t) (34)

namely, by defining the ALE map as

T (t) : F 7→ F(t), T (x̂, t) := x̂ + u(x̂, t), (35)

where u|F is an extension of u|S from the common interface I = ∂F ∩ ∂S to F . The most simple strategy is to harmonically

extend the solid deformation

−∆u = 0 in F , u|F = u|S on I, u = 0 on ∂F \ I. (36)

While simple and efficient to realize, this construction fail for large deformations. Variants are discussed in [118, 130] or [110,

Sec. 5.3.5].

Using some fundamental relations for transforming differential operators from F(t) to F , see [110, Sec. 2.1.7], the

Navier-Stokes equations in ALE reference system is given as

ρfJ
(
∂tv + ∇̂vF−1(v − ∂tu)

)
− d̂iv

(
Jσ̂fF

−T ) = ρfJf , d̂iv
(
JF−1v

)
= 0 on F , (37)

where we denote by an hat the derivatives with regard to the reference system and with the Cauchy stress in ALE coordinates as

σ̂f = ρfνf (∇̂vF−1 + F−T ∇̂v̂T ) − pI

Further, F := ∇̂T is the deformation gradient of the ALE map and J = det(F ) its gradient. The term Jσ̂fF
−T is called the

Piola transform [110, Lemma 2.12].

The classical ALE approach is an iterative algorithm, where the fluid mesh is updated according to the ale map T after

every time step [43]. Then, if the geometry is approximated explicitly, the fluid problem simplifies to

ρf
(
∂tv +

(
(v − ∂tu) · ∇

)
v
)
− div σf = ρf f , div v = 0 in F̃ , (38)

where F̃ is the current domain. We will however base our approach strictly on (37) without any remeshing as this simplifies the

derivation of the adjoint problem and since this is the only way to achieve higher order accuracy in time. We refer to [112]

for a detailed discussion of the temporal discretization and to [87] for an analysis of the interplay of temporal and spatial

discretization of fluid-structure interactions.

14



4.1.2 Coupling conditions

The typical coupling conditions request continuity of velocities, the so called kinematic condition

v|F = v|S on I, (39)

and continuity of normal stresses, the dynamic condition, which, in ALE coordinates, is given as

FΣnf + Jσ̂fF
−Tns = 0. (40)

By nf = −ns we denote the outward facing normal vectors at the interface in reference state. The continuity of deformations

which is part of the ALE map definition (36) is often denoted the geometric condition.

4.1.3 Variational formulation

We derive a monolithic variational formulation of the fluid-structure interaction problem that embeds the coupling conditions

in the functions spaces by choosing one global space for the velocity on Ω = F ∪ I ∪ S such that

v ∈ V := H1
0 (Ω; Γv

D)d,

where Γv
D ⊂ ∂Ω is the part of the outer boundary, either of the fluid- or the solid-domain, where the velocity has Dirichlet

conditions and one global deformation

u ∈ W := H1
0 (Ω; Γu

D)d,

where again Γu
D is the part of the boundary, where the deformation has Dirichlet conditions. Γv

D ̸= Γu
D is often needed, e.g., if

the fluid domain has a Neumann outflow boundary, hence v ̸= 0, but the domain itself is fixed and shall not move, i.e. u = 0.

Hereby, the kinematic and the geometric coupling conditions are strongly embedded in the function space. The velocity space

V does not properly fit to the regularity of the solid’s velocity, as the equation v = dtu, only gives L2-control. We do not stress

this difficult point here and refer to the sparse literature on the analysis of the fluid-structure interaction problem for details on

the theory and the regularity [38, 39].

As common test space for fluid’s and solid’s momentum equation use V. Hereby the dynamic coupling condition results

as natural condition by integration by parts, see [110, Sec. 3.4]. Together with the space Qf = L2(F) for the divergence,

Vf = H1
0 (F)d for the extension of the deformation to the fluid and Ls = L2(S)d for the solid’s velocity-deformation coupling

we obtain the variational problem:

v,u, p ∈ V ×W ×Q : A(v,u, p)(ϕ, ψf , ψs, ξ) = F (ϕ, ψ) ∀ϕ, ψf , ψs, ξ ∈ V ×Vf × Ls ×Qf

A(v,u, p) :=
(
JF−T : ∇̂v, ξ

)
F +

(
∇̂u, ∇̂ψf

)
F +

(
dtu− v, ψs

)
S

+
(
ρfJ

(
∂tv + ∇̂vF−1(v − ∂tu), ϕ

)
F +

(
ρsdtv, ϕ

)
S +

(
Jσ̂fF

−T , ∇̂ϕ
)
F +

(
FΣs, ∇̂ϕ

)
S

F (ϕ) :=
(
Jρf f , ϕ

)
F +

(
ρsf , ϕ

)
S

(41)

Here we used the relation

d̂iv (JF−1v) = JF−T : ∇̂v (42)

with the product A : B =
∑

ij AijBij to reformulate the divergence term, see [110, Lemma 2.61] and avoid the appearance of

the deformation’s second derivatives. In the following we will skip all the hats in the ALE formulation.

The setup of trial and test functions gives reason to concern, as the “global space” V balances the spaces Vf and Ls.

ψs ∈ Ls only gives L2-control which is not sufficient to define a trace suitable as boundary condition for the kinematic coupling.

Instead of going into detail we again refer to some details on the analysis [38, 39]. However, this mismatch in function spaces

also affects the adjoint problem discussed in Section 4.3.1.

4.2 Discretization

Discretization of the coupled fluid-structure problem (41) is fairly standard by choosing discrete subspaces Vh ⊂ V, Vh
f ⊂ Vf ,

Lh
s ⊂ Ls and Qh

f ⊂ Qf . The pair Vh ×Qh
f must either be inf-sup stable or stabilization terms must be added to the system of
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equations. Usually the same space is considered for v and u. We refer to [110, Sec. 5.3] for a detailed description of the finite

element discretization.

Discretization in time is more subtle, due to the non-standard appearance of nonlinearities coupling to the time derivatives.

Once, the term ρfJ∂tv includes the functional determinant of the ALE map J = det(I + ∇̂u) and the domain convection

term −ρfJ∇̂vF−1∂tu introduces even further couplings. It is hence not possible to derive a formulation where the temporal

derivatives are isolated. We refer to [112] for a discussion.

The resulting nonlinear problems can be efficiently solved in Newton iterations but the linear systems are large, ill-conditioned

and lack any desirable structure such as positivity or symmetry, see [109]. Generally speaking, efficient solvers must employ

some degree of segregation of fluid and solid to counteract the overall condition number [60, 23].

4.3 Dual Weighted Residual method for fluid-structure interaction

Basically, the monolithic fluid-structure problem in ALE coordinates and their discretisation with finite elements is a quite

common problem and the DWR method can be applied directly. However, the difficulty arises from the complexity of the

equations with strong nonlinearities (e.g. in the time derivative) and the coupling conditions. These play a special role in the

derivation of the dual equations, as the dual flow of information must be correctly reproduced.

Pioneering work has been done by van der Zee [123], who studied two different approaches to derive the correct conditions.

First, leaving the problems in their own coordinate system and using the concept of shape derivatives to obtain gradient

information on the interface and second, going via a transformation to a common reference system and taking the gradients

with respect to this map. This second approach is similar to just considering the derivatives with respect to all quantities in the

monolithic ALE formulation (41) and this shows a peculiarity of the FSI system, since the ALE transformation is only an

artificially introduced auxiliary variable, but different extensions of u|S to u|F should lead to the same physical solution. After

discretisation, of course, this strict equality no longer applies.

In the following, we discuss the adjoint of the FSI problem for reduced and simplified problems. The full adjoint of (41) is

described either in [107] or in [110, Sec. 8.3].

4.3.1 The adjoint of a stationary fluid-structure interaction problem

We study a highly simplified problem coupling the vector-valued Poisson equation for the “fluid-velocity” v to the vector-valued

Poisson problem for the “solid-deformation” u. We neglect the pressure and all nonlinearities apart from the linearized functional

determinant J̃ := 1 + div (u), to obtain the general structure. In the stationary setting v = 0 in S:

v ∈ Vf := H1
0 (F)d, u ∈ W := H1

0 (Ω)d :

((1 + divu)∇v,∇ϕ)F + (∇u,∇ϕ)S + (∇u,∇ψf )F︸ ︷︷ ︸
=A(v,u)

= (f , ϕ) ∀ϕ ∈ H1
0 (Ω)d, ψf ∈ H1

0 (F)d. (43)

This problem corresponds to

−∆u = 0, −div
(
(1 + divu)∇v

)
= f in F ,

−∆u = f in S,

v = 0, u|F = u|S , (1 + divu)∇vnf + ∇uns = 0 on I,

(44)

which has the same structure and coupling conditions as the stationary fluid-structure interaction problem. Note that ψf = 0

on I such that the extension problem is the Poisson problem with Dirichlet conditions u|F = u|S . We notice that the stationary

problem does not suffer from uncertainties regarding the regularity at the interface, as v|S = 0.

Taking the gradient of (43) in direction δv ∈ Vf and δu ∈ W gives

A′(v,u)(δv, δu;ϕ, ψf ) =
(
div (δu)∇v,∇ϕ

)
F +

(
(1 + divu)∇δv,∇ϕ

)
F +

(
∇δu,∇ϕ

)
S +

(
∇δu,∇ψf

)
F . (45)
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Hereby, the adjoint solution ϕ 7→ z ∈ H1
0 (Ω)d and ψf 7→ wf ∈ H1

0 (F)d is given as

(
div (χ)∇v,∇z

)
F +

(
(1 + divu)∇ζf ,∇z

)
F +

(
∇χ,∇z

)
S +

(
∇χ,∇wf

)
F︸ ︷︷ ︸

=:A′(v,u)(χ,ζf ;z,w)

= j(v,u)(χ, ζf ) ∀χ ∈ Vf , ζf ∈ W, (46)

with the test functions δu 7→ χ ∈ W and δv 7→ ζf ∈ Vf .

The strong formulation corresponding to (46) gets

−div
(
(1 + divu)∇z

)
= jζf (v,u) in F

−∆wf −∇(∇v : ∇z) = jχ(v,u) in F

−∆z = jχ(v,u) in S

z|F = z|S , wf = 0, ∂nfwf + ∂nsz + (∇v : ∇z)nf = 0 on I.

(47)

The structure of this simplified adjoint transfers to the full nonlinear fluid-structure interaction problem in the stationary

setting. Here, z|F can be computed in a “nearly decoupled” way as extension of z|S to F . The only feedback to S is by

means of the boundary term (∇v : ∇z)nf , which arises from the ALE deformation. Further similar terms appear when

the complete nonlinear system is considered. By jζf (·, ·) and jχ(·, ·) we denote the functional in strong formulation, i.e.

⟨jζf (v,u), χf ⟩ + ⟨jχ(v,u), χ⟩ = j(v,u)(χ, ζf ).

An open-source implementation of a stationary fluid-structure interaction problem with the primal residual of the DWR

estimator can be found on github∗ [135], which is based on the finite element library deal.II [1, 7]. This code serves as basis for

a FSI multigoal numerical example that is conducted in Section 5.

4.3.2 The adjoint of a nonstationary fluid-structure interaction problem

Now, we study a simplified nonstationary problem. Again, we neglect most of the ALE coupling terms, but this time we include

the domain convection to keep the overall nature of the couping:

(
∂tv − u · ∇v, ϕ

)
F +

(
∇v,∇ϕ

)
F +

(
∂tv, ϕ

)
S +

(
∇u,∇ϕ

)
S +

(
∇u,∇ψf

)
F +

(
∂tu− v, ψs

)
S =

(
f , ϕ

)
. (48)

We do not specify exact function spaces, but consider the problem in a space-time variational formulation. This problem

corresponds to

−∆u = 0, ∂tv − u · ∇v − ∆v = f in F

∂tu = v, ∂tv − ∆u = f in S,

u|F = u|S , v|F = v|S , ∂nfv + ∂nsu = 0 on I.

(49)

Again, the overall coupling structure matches that of the full nonlinear coupled problem. The gradient is defined by the form

A′(v,u)(δv, δu;ϕ, ψf , ψs) =
(
∂tδu− δu · ∇v − u · ∇δv, ϕ

)
F +

(
∇δv,∇ϕ

)
F +

(
∂tδv, ϕ

)
S +

(
∇δu,∇ϕ

)
S

+
(
∇δu,∇ψf

)
F +

(
∂tδu− δv, ψs

)
S .

(50)

We define the adjoint variables ϕ 7→ z ∈ H1
0 (Ω)d, ψf 7→ wf ∈ H1

0 (F)d and ψs 7→ ws ∈ L2(Ω)d and state the adjoint problem,

sorted by the test functions δu → χ ∈ H1
0 (Ω)d, δv → ζ ∈ H1

0 (Ω)d, as

(
∂tχ− χ · ∇v, z

)
F −

(
u · ∇ζ, z

)
F +

(
∇ζ,∇z

)
F +

(
∂tζ, z

)
S +

(
∇χ,∇z

)
S

+
(
∇χ,∇wf

)
F +

(
∂tχ,ws

)
S −

(
ζ,ws

)
S = j(v,u)(χ, ζ). (51)

The corresponding classical form gets

−∆z + div (z⊗ u) = jζ(v,u), −∂tz−∇vT z− ∆wf = jχ(v,u) in F ,

−∂tz−ws = jζ(v,u), −∂tws − ∆z = jχ(v,u) in S,

wf = 0, −(z⊗ u)nf + ∂nf z = 0, ∂nfwf + ∂nsz = 0, z|F = z|S on I.

(52)

∗https://github.com/tommeswick/goal-oriented-fsi
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As usual, the system runs backward in time. And as in the stationary case, the adjoint variable z|F is mostly an extension of

z|S into the solid domain and feedback to the solid is only by means of the ALE mapping, here shown in the term −(z⊗ u)nf .

The role of the adjoint coupling conditions and the flow of information between the two subproblems in the context of

optimization problems is analyzed in [111, 59].

5 Numerical experiments

In this section, we present the performance of the DWR method in controlling the discretization error in simulations of soft-tissue

biomechanics. The simulations in Section 5.1 and Section 5.2 have been realized thanks to the python library FEniCS and

the code is available online [48]. The computations in Section 5.3 are realized with an extension of the open-source code on

github† [135], which is based on the finite element library deal.II [1, 7].

5.1 First test case: human artery with fiber activation

As a first example, we showcase the performance of the method in the full linear setting (with small deformations) for the

analysis of the mechanical response of an artery with vulnerable coronary plaque to internal loading. This example comes

from [47]. Rupture of the cap induces the formation of a thrombus which may obstruct the coronary artery, cause an acute

syndrome and the patient death. The geometry (see Figure 2 (left)) comes from [85] where the authors develop a methodology

to reconstruct the thickness of the necrotic core area and the calcium area as well as Young’s moduli of the calcium, the

necrotic core and the fibrosis. Their objective is the prediction of the vulnerable coronary plaque rupture. As represented in

Figure 2 (left), the diameter of the Fibrosis is equal to 5 mm. Following [85], we set different elastic parameters in each region:

En = 0.011 MPa, ν = 0.4 in the necrotic core and Es = 0.6 MPa, ν = 0.4 in the surrounding tissue (contrast Es/En ≃ 55).

No volumetric force field is applied: f = 0. We consider muscle fibers only in the media layer, where smooth muscle cells are

supposed to be perfectly oriented in the circumferential direction eA = eθ, where (er, eθ) is the basis for polar coordinates, see

Figure 2 (center). Other parameters for fiber activation have been chosen as T = 0.01 MPa and β = 1. As depicted in Figure

2 (right), the artery is fixed on the red portion of external boundary ΓD. Elsewhere, on the remaining part of the boundary, a

homogeneous Neumann condition is applied: F = 0. In the same figure, the green part represents the region of interest ω,

which has been defined in order to be relevant in the study of vulnerable coronary plaque rupture. The quantity of interest for

this example is:

J(u) :=

∫
ω

(ux + uy) dx. (53)

Figure 3 depicts the magnitude of the solution in terms of displacements (left) and the dual solution associated to J (right). In

this example, the dual solution is computed directly using the finer finite element space.

Figure 2: Artery model. Geometry, from [85] (left), fiber orientation (center) and region of interest (right).

In Figure 4, we present the mesh after 2 and 6 iterations for the quantity of interest J . The refinement occurs in some

specific regions, such as those near Dirichlet-Neumann transitions and concavities on the boundary. Our results also show that

the proposed method leads to the strong refinement near the interface between the necrotic core and the fibrosis, where stresses

are localized because of the material heterogeneity.

†https://github.com/tommeswick/goal-oriented-fsi
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Figure 3: Artery model. Displacement (left) and dual solution for J (right).

Figure 4: Artery mesh. Refinement driven by the QoI J . Initial mesh (left) with 1242 cells and a relative error of 38.3 %, adapted
meshes after 2 iterations (center) with 2079 cells and a relative error of 5.2 % and after 6 iterations (right) with 15028 cells and a
relative error of 3.4 %.

Figure 5 (left) depicts the relative goal-oriented error |J(u) − J(uh)|/|J(u)| versus the number N of cells in the mesh,

both for uniform refinement (blue) and adaptive refinement (red). Here the quantity J(u) has been approximated using an

overrefined mesh. The stopping criterion ε has been fixed at 5.10−6. Remark that, for the intial mesh N = 1242, the relative

value of the discretization error is large (about 38 %), because the mesh does not resolve properly the discontinuity of material

parameters En and Es at the boundary of the necrotic core. This is typically a situation where the discretization error is not

negligible relatively to the modelling errors, even for a mesh with more than thousand cells. Of course, the modelling errors are

not quantified here, but there are generally considered acceptable when they are below 20%. The adaptive algorithm allows

to recover this interface, as illustrated by Figure 4, and to reduce the error, which is around 5 % after only two iterations.

In Figure 5 (right), we depict the effectivity indices for the global estimator ηh and the sum of local estimators
∑

K ηK . A

recommandation for the practitionner in such a situation would be to carry out 2 iterations of refinements, which allows to

decrease the discretization error below an acceptable threshold, while keeping a reasonable use of computational ressources and

a reasonable increase of the degrees of freedom. Refining too much may not be necessary since it increases a lot the degrees of

freedom, for a moderate gain in terms of accuracy.

5.2 Second test case: silicone samples

Now we provide numerical results for the nonlinear situation of hyperelasticity, with an example based on a silicone sheet,

which properties are close to those of soft tissue, while allowing to have reproductible and accurate experimental measurements.

The results are a summary from [29]. The experimental procedure is briefly recalled here for the sake of clarity. The reader is

referred to [90] for more information. Simple tensile tests are performed on dumbbell-shaped samples of silicone rubber (RTV

141) having an initial gauge length l0 of 82.5 mm, a gauge width b0 of 61.5 mm, and a gauge thickness e0 of 1.75 mm. The

sample contains five holes of diameter 20 mm and the position of the centers of the holes and the corners are given in Figure 6.

There is also a cut between the circles C1 et C3.

Tested samples are deformed using a universal mechanical testing machine (MTS 4M) (see [90]). Dirichlet boundary

conditions are imposed on the bottom edge of the dumbell silicone sample. On the left and right boundaries, we impose

a homogeneous Neumann boundary condition (F = 0). In the experiment, the following Neumann boundary condition is

imposed on the top edge: F = (fA/(b0 × e0))n such that
∫
ΓN

F · nds = 20 N, with n the normal vector. This force implies an
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Figure 5: Artery model. Left: relative error for the quantity of interest J vs. the number N of cells in the case of uniform (blue)
and adaptive (red) refinement. Right: effectivity indices of ηh (blue) and

∑
K ηK vs. the number of cells N for the quantity of

interest J .

X (mm) Y (mm)
O 0 0
B -62 0
C -62 -82.5
D 0 -82.5
C1 -47.5 -21.4
C2 -14.0 -23.0
C3 -31.5 -41.0
C4 -47.7 -59.1
C5 -14.5 -58.0

Figure 6: Geometry of the silicone sample, position of the holes and initial mesh.

observed vertical displacement of 57.3mm. In the simulations, we do it the other way round: we fix the bottom and we impose

a displacement of 57.3mm on the top. We guess the corresponding traction force on the top boundary. Thus, we will consider

the following quantities of interest

J(u) =

∫
top

(Π(u) · n) · n ds,

where the integral is taken on the top of the silicone band. In this example, the dual solution is computed using the primal

finite element space and then is extrapolated onto the finer finite element space.

Table 1 recalls the value (estimated in [90]) of the constitutive parameters used in the simulations. In Table 2, we compare

the model and discretisation error for the constitutive law of Haine-Wilson, for the quantity J . The model error corresponds to

the relative error between a very fine FEM solution ufine (4.5 × 106 degrees of freedom) and the experimental quantity of

interest. The discretization error corresponds to the relative error between the computed solution on the current mesh and the
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Mooney C10 = 0.14 C01 = 0.023
Gent E = 0.97 Jm = 13
Haines-Wilson C10 = 0.14 C20 = −0.0026 C30 = 0.0038

C01 = 0.033 C02 = 0.00095 C11 = −0.0049

Table 1: First test case (silicone sample). Values of the constitutive parameters of each hyperelastic law, following [90].

Haine Wilson
Number of Number of Number of degrees Model Discr.
Iteration Cells of freedom Error Error

1 1325 9597 8.3 %
2 1860 12568 8.2 %
3 3384 20734 6.5 %
4 5364 30854 3.6 %
5 9127 49369 0.5% 2.6 %
6 16924 86952 1.6 %
7 33392 165252 1.4 %
8 68919 332323 1.3 %
9 130293 619881 1.1 %

Table 2: Hyperelastic (nonlinear) test case (silicone sample) with the Haine Wilson law. Relative model and discretisation error
of the quantity of interest Q with respect to the number of cells. The model error is computed thanks to the experimental data.

computed solution on a very fine mesh, i.e.

model error =
|J(ufine) − 20|

20
and discr. error =

|J(uh) − J(ufine)|
J(ufine)

.

We give in Figure 7 the refined mesh in the case of the Haine-Wilson law (left) and the deformed geometry when we apply the

load (right). We remark that the refinement occurs mainly on the top of the silicone where the quantity of interest is localised

but also near the holes. The efficiency of the estimator is represented in Figure 8.
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Figure 7: Hyperelastic (nonlinear) test case (silicone sample). Refined mesh for the Haine-Wilson model (left); Deformed geometry
(right).
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Figure 8: Hyperelastic (nonlinear) test case (silicone sample). Relative error of discretisation (left) and efficiency of the estimator
(right).
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5.3 Multigoal error control in stationary fluid-structure interaction: stenosis in artery

In this section, we employ the multigoal technology from Section 3.7. The following data on the overall domain (geometry) and

material parameters are academic choices, but result from discussions with a medical doctor, Jeremi Mizerski, and were used

prior in related studies; e.g., [129, 133]. The geometry of the domain Ω and initial mesh are shown in Figure 9. The velocity

inflow profile (non-homogeneous Dirichlet condition) is given by

v(t, 0, y) = 0.1(y − 0.1)(y − 1.6) on Γin := {x ∈ R2| x = 0cm, 0.1cm ≤ y ≤ 1.6cm}. (54)

On the top and bottom boundaries, we prescribe no-slip conditions, v = 0. At the outflow boundary, we have the do-nothing

condition. For the displacements u, we prescribe u = 0 on ∂Ω.

The material parameters are as follows: the kinematic viscosity is ν = 0.1cm2/s, the fluid’s and solid’s densities are

ρf = 100g/cm3. The solid’s Lamé parameter is µ = 1.0 × 106dyne/cm2 and Poisson’s ratio is 0.4.

We choose two goal functionals J1(U) and J2(U) (with the notation U = (v,u, p)): stress in x direction over the FSI

interface, i.e., J1(U) =
∫
Γi
Jσ̂fF

−T · ne1 ds, with e1 = (1, 0)T , and the point value J2(u) := ux = (6.5, 0.1). We notice that the

latter has a significant lower value than the first goal functional. The combined goal functional is Jc(U) := ω1J1(U) + ω2J2(u),

with ω1 = ω2 = 1. Graphical illustrations of the adaptive meshes, primal solutions and adjoint solutions are provided in

Figure 10 and Figure 11. The effectivity indices are quite satisfactory as shown in Table 3.

Figure 9: Example multigoal FSI: Geometry and initial mesh. The solid is prescribed in the brown-colored regions. The units are
given in cm.

Dofs Exact err Est err Est ind Eff Ind
8561 1.97e+ 00 1.37e+ 00 2.61e+ 00 6.93e− 01 1.32e+ 00
15915 8.86e− 01 6.52e− 01 1.60e+ 00 7.36e− 01 1.81e+ 00
31361 4.07e− 01 3.63e− 01 1.06e+ 00 8.93e− 01 2.61e+ 00
55377 1.51e− 01 2.22e− 01 6.83e− 01 1.47e+ 00 4.51e+ 00

Table 3: Example multigoal FSI. Degrees of freedom (DoFs) on the adaptively refined meshes. The exact error reduction (reference
value numerically computed) Jc(U)− Jc(Uh) with U = (v,u, p), the estimated error reduction ηh, estimated indicator reduction,
effectivity index, and indicator index. The indicator index and its estimator were introduced in [113]; here all local error indicators
ηK are taken as their absolute values in the sum to obtain the global estimator ηh.
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Figure 10: Example multigoal FSI. Primal solutions and adaptively refined mesh. From top to bottom: flow field in x direction,
pressure field, displacement field in x direction.
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Figure 11: Example multigoal FSI. Adjoint solutions. From top to bottom: flow field in x direction, pressure field, displacement
field in x direction.
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6 Discussion

In computational biomechanics, errors can significantly impact the reliability of numerical simulations. These errors can be

categorized into three main types: modeling errors, discretization errors, and numerical errors. Understanding and controlling

these errors is crucial for developing clinically relevant and accurate biomechanical models. We provided here a methodology to

control and reduce the discretization error and illustrated it. Let us however briefly discuss about the other sources of errors.

6.1 Modeling errors

Modeling errors arise from simplifications and assumptions made during the formulation of a mathematical model. These

errors can be introduced at various stages, including the definition of geometry, material properties, boundary conditions, and

constitutive laws. Modeling error can be defined as the discrepancy between the system output and the numerical prediction,

assuming that other sources of error (such as discretization and numerical errors) are negligible. However, defining modeling

error is inherently challenging due to the absence of a perfect model; all models are, to some extent, approximations of reality.

The sources of modeling errors can be broadly categorized as follows:

• Dimensional Reduction: Simplifications such as representing 3D structures as beams or shells, or assuming plane strain

conditions.

• Geometric Simplification: Approximations in the geometry, such as idealizing complex shapes or ignoring fine details.

• Boundary Conditions: Simplifications in boundary conditions, for example, using Dirichlet conditions instead of more

realistic Signorini conditions.

• Simplified PDEs: Assumptions such as small strain elasticity or simplified fluid dynamics equations.

• Constitutive Laws: Simplifications in the material behavior, such as using isotropic hyperelastic laws instead of anisotropic

ones.

• Parameter Calibration: Errors arising from inaccurate or oversimplified parameter estimation.

• Neglecting Multiphysics and Multiscale Effects: Ignoring interactions between different physical phenomena or scale-

dependent behaviors.

Despite most of the effort in the computational mathematics community has been devoted to the discretization error, some

works address errors due to approximations in the model. Let us mention for instance some well-known or recent works (the list

is far from being exhaustive):

• The general methodologies described in [25, 97] based on dual weighted residuals, or more recently in [106], based upon a

very general duality theory and functional identities.

• Still based on the dual weighted residual technique, methodologies to control the error and adapt the discretization in the

context of parameter calibration, see [18, 15].

• Adaptive refinement for defeaturing problems [28].

• Estimation of modelling errors in the context of neutronics applications [121].

In situations where one can assume a hierarchy of models, ranging from the most complex to the simplest. The modeling

error associated with a coarse model C can be quantified as |JC − JF |, where J is a quantity of interest, and F represents the

fine (”perfect”) model (which, in practice, is often the most complex available model).

In this context, we can sketch, following [25] (see also [97]) how the Dual Weighted Residual method can be adapted and

useful. Consider a fine model of the form: find uF ∈ V such that

a(uF , v) + aϵ(uF , v) = L(v), ∀v ∈ V,

where V is a vector space, a(uF , v) represents the main (coarse) part of the model, and aϵ(uF , v) represents the complex part

containing detailed physics. The source term is denoted by L(v). The quantity of interest is still given by a linear continuous

functional J(·). If the computation is performed using the coarse model: find uC ∈ V solution to

a(uC , v) = L(v), ∀v ∈ V,
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the modeling error is defined as:

eu := uC − uF ∈ V.

This error satisfies the perturbed Galerkin orthogonality:

a(eu, v) = a(uC , v) − a(uF , v) = L(v) − L(v) − aϵ(uF , v) = −aϵ(uF , v).

To analyze the error in the quantity of interest, we introduce the fine dual problem: find zF ∈ V solution to

a(ϕ, zF ) + aϵ(ϕ, zF ) = J(ϕ), ∀ϕ ∈ V.

Using this dual problem with ϕ = eu and the perturbed Galerkin orthogonality, we obtain:

J(eu) = a(eu, zF ) + aϵ(eu, zF ) = −aϵ(uF , zF ) + aϵ(uC − uF , zF ) = −aϵ(uC , zF ).

In practice, a coarse dual problem is often used for increased efficiency: find zC ∈ V solution to

a(ϕ, zC) = J(ϕ), ∀ϕ ∈ V.

Starting from the error identity and splitting the right-hand side, we have:

J(eu) = −aϵ(uC , zC) − aϵ(uC , zF − zC).

A simple argument allows to show (see [25]) that the second term can be neglected in a first approximation:

J(eu) ≃ −aϵ(uC , zC).

This allows to use the complex model as a residual for the evaluation of the model error, with the primal and dual solutions

computed solely with the coarse model. As a result, this approach provides a systematic framework for quantifying and

controlling modeling errors. In [25] more details can be found, particularly about how to treat nonlinear problems, and how to

combine this method with Galerkin approximations.

6.2 Discretization errors

Discretization errors occur due to the approximation of continuous problems with discrete numerical methods, such as finite

element methods (FEM). A posteriori error estimation acts mostly on this source of errors. We recall that, for finite element or

related (variational) approximations, the discretization error comes mostly from

1. the choice of the discrete variational formulation, particularly if constraints such as incompressibility are treated in a

mixed fashion (i.e., introducing extra variables), and if stabilizing or regularizing terms are present. Particularly these

terms need to be taken into account into the a posteriori error estimator, and the choice of the stabilization terms

or regularizing terms can have an influence on the discretization error. See, e.g., [3] for a methodology to adapt the

stabilization parameter in the context of Stokes equations.

A difficulty can arise for some models (quasi-incompressible elasticity, some beams or plate models, etc) when phenomena

such as locking happens: the discretization error remains large while the mesh is really refined. Choosing the appropriate

discretization technique for a specific model always remain of the utmost importance.

2. the polynomial order of finite elements: traditional a priori error analysis show that higher order finite elements yield

higher order methods, with much better accuracy. For instance, in a context of uniform refinement, quadratic finite

elements perform better than linear finite elements, at the same price in terms of degrees of freedom. However, this is true

for instance only if the continuous solution is regular enough. In the context of adaptive mesh refinement, linear finite

elements can remain a competitive choice.

Moreover, Lagrange finite elements perform poorly for order three and beyond, and in this case techniques such as

Bernstein-Bézier or Isogeometric Analysis can be preferred, see, e.g., [4, 10, 82].
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3. the mesh resolution: as illustrated in this chapter, a coarse mesh can lead to significant discretization errors, while a fine

uniform mesh may result in high computational costs. Goal oriented a posteriori error estimation allows to reduce the

discretization error without global overrefinement of the mesh.

6.3 Numerical errors

Numerical errors arise from the practical implementation of numerical algorithms, including linearization errors, numerical

integration errors, iterative solver errors, and round-off errors. In general these errors are assumed to be of small magnitude in

comparison to model and discretization errors in most of situations. However this point is not always thoroughly studied, and it

can happen situations where the numerical errors can be significant, for instance for nonstationnary simulations with large time

scales, with accumulation of round-off errors, or when iterative methods are stopped before convergence to save computational

time. Many recent works in the adaptive finite element community have been devoted to this subject (see for instance [99] and

references therein), but not in the context of computational biomechanics to the best of our knowledge.

6.4 Balancing the errors

The concept of balance of errors has become the key paradigm in adaptive finite elements. It is also highly relevant in

computational biomechanics. Indeed, a classical convergence study, following the canonical validation/verification paradigm,

allows, hopefully, to ensure in practice that discretization errors are negligible, but at the price of a finite element mesh with too

much degrees of freedom and a high computational cost. With goal-oriented adaptivity driven by a posteriori error estimation,

an optimized mesh can be obtained in a few iterations, that allows to ensure that the magnitude of the discretization error is

below some threshold. This threshold can be fixed, for instance, in order to balance the modelling errors.

7 Perspectives

The goal-oriented error estimators based on the dual-weighted residual method from this work can be further extended to

estimate model errors [97, 25], balancing discretization and iteration errors, see, e.g., [104] (single goals) or [51](multiple

goals), up to adaptive multiscale predictive modeling [96]. The dual-weighted residual method can also be extended in the

context of parameter calibration: see for instance [18, 15]. Another class of goal-oriented methods is concerned with theoretical

investigations (see also the axioms of adaptivity [33]) such as recent studies towards optimal cost complexities [14, 26]. For

time-dependent biomechanics problems, space-time modeling allows for Galerkin finite element discretizations both in space and

time. Consequently, goal-oriented error estimates can be extended to the temporal domain that allow for adaptivity in space

and time simultaneously. So far, space-time dual-weighted residual methods have been developed for heat and combustion

problems [116, 122], incompressible Navier-Stokes equations [19, 115], and the p-Laplacian [50]. Using space-time modeling, but

estimating the temporal error only, was developed for parabolic problems and for the incompressible Navier-Stokes equations

in [88, 89], and for fluid-structure interaction in [61]. An overview is given in [49].

A Incompressible hyperelasticity

In this appendix, we demonstrate how the methodology can be extended to treat (true) incompressible hyperelasticity, see as

well [29].

A.1 Case of an incompressible material

To account for incompressibility, we can make the following changes in the setting of Section 3. In the incompressible case, the

virtual work of internal forces reads:

A(u,p;v, q) :=

∫
Ω

Π(u,p) : ∇Xv dx +

∫
Ω

(1 − det(C))q dx,
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where C := F T · F denotes the right Cauchy-Green tensor, and where u and v are admissible displacements and p and q are

admissible pressures. The condition det(C) = 1 is the incompressibility condition. The hyperelastic problem in weak form reads Find a displacement u,with u = uD on ΓD and a pressure p such that

A(u,p;v, q) = L(v), ∀(v, q), v = 0 on ΓD.
(55)

Let Kh be a mesh of the domain Ω. Let us denote by Vh ×Qh the finite element pair that makes use of the lowest-order

Taylor-Hood finite elements on Kh (continuous piecewise polynomials of order 2 for the displacement and of order 1 for the

pressure). The finite element method to solve our hyperelastic problem reads Find a displacement uh ∈ Vh, with uh = uh
D on ΓD and a pressure ph ∈ Qh such that

A(uh,ph;vh, qh) = L(vh), ∀(vh, qh) ∈ V 0
h ×Qh,

(56)

where V 0
h is composed by the functions of Vh vanishynig on ΓD and where uh

D is a finite element approximation of uD, obtained

for instance by Lagrange interpolation or by projection.

A.2 Dual problem for computing the weights

For incompressible hyperelasticity, the nonlinear quantity of interest Q reads

|J(u,p) − J(uh,ph)|

and shall be minimized with the PDE as a constraint:

min |J(u,p) − J(uh,ph)| s.t. A(·, ·; ·, ·) = L(·)

This implies to compute the following dual problem: Find (zh,wh) ∈ V 0
h ×Qh such that

(A′)∗(uh,ph|zh,wh;vh, qh) = Q′(uh,ph|vh, qh) ∀(vh, qh) ∈ V 0
h ×Qh,

(57)

where A′ and Q′ denote the Fréchet derivative of A and Q, respectively, and (A′)∗ is the adjoint form of A′.

A.3 The representation formula of Becker and Rannacher

We introduce r(uh,ph;v, q) the residual of Problem (55) as

r(uh,ph;v, q) = L(v, q) −A(uh,ph;v, q) ∀(v, q) ∈ V ×Q. (58)

This, roughly speaking, quantifies how well the hyperelasticity equations are approximated (it should tend to zero if the mesh is

uniformly refined). Thanks to the dual system (57), we obtain expression of the error on Q as the best approximation term

involving the residual and the (exact) dual solution (see [17, Proposition 2.3]):

J(u,p) − J(uh,ph) = min
(vh,qh)∈Vh×Qh

r(uh,ph;z − vh,w − qh) +Rm (59)

where Rm is the high-order remainder related to the error caused by the linearization of the nonlinear problem (the precise

expression of which can be found in [17]).

Proceeding as usual in a posteriori error estimation, i.e., after performing integration by parts on the residual r, we localize

the different contributions to the goal-oriented error as follows:

|J(u,p) − J(uh,ph)| ≤
∑

K∈Kh

ηK((uK ,pK), (zK ,wK)) +H.O.T. (60)

In the above expression, K denotes any cell of the mesh Kh, and expressions such as uK denote the local restriction of the finite
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element variable uh of the cell K. Moreover, H.O.T. denotes high order terms, that are not considered in the implementation.

A.4 Adaptive mesh refinement

Using the error estimate on J , we implement a standard procedure for mesh refinement. As described in Algorithm 2, we start

with an initial mesh called meshi, and by providing a guessed solution u
(0)
i , the nonlinear primal problem can be solved using

Newton’s method (see Algorithm 3). Once accepting ui as the solution of the discrete primal problem, solving the discrete dual

problem (see Algorithm 4) provides the dual solution zi on the current mesh meshi. The estimator ηK is then computed by

using the primal and dual solutions ui and zi, respectively. From the estimator, different strategies can be used to mark the

elements whose error is high. In this paper, we use the Dörfler marking strategy [44] (see Algorithm 5).

A.5 Expression of the estimator and algorithms

We give below for each cell-wise contribution:

ηK =

∣∣∣∣∫
K

Ru · (ẑh − ih(ẑh))dΩ +

∫
K

Rp · (ŵh − ih(ŵh))dΩ +

∫
∂K

J · (ẑh − ih(ẑh))dγ

∣∣∣∣ (61)

with, the interior residual

Ru = B + divΠ(uh) and Rp = det(C) − 1

and the stress jump

J =


− 1

2
[[Π(uh)]] if F ̸⊂ Γ,

T −Π(uh) · nF if F ⊂ ΓN ,

0 if F ⊂ ΓD,

for each facet F , where nF is the exterior normal to the facet F of ΓN .

Algorithm 2 Algorithm for mesh refinement

Select an initial triangulation meshi of the domain Ω

Guessed solution (u
(0)
i ,p

(0)
i )

while
∑

K ηK > ϵ do
F (ui,pi;v, q)← A(ui,pi;v, q)− L(v, q)

ui,pi ← NewtonMethod (F (ui,pi;v, q), (u
(0)
i ,p

(0)
i )) ▷ Problem (12), see Algo 3

zi,wi ← DualProblem (ui,pi, Q) ▷ Problem (14), see Algo 4
ηK ← ComputeEstimator (ui,pi, zi,wi)
markedElements ← DorflerMarking (ηK , α) ▷ See Algo Algorithm 5
meshi ← meshi.refine(markedElements)
Compute

∑
K ηK

end while

Algorithm 3 Solving a non-linear problem: NewtonMethod (F (u
(0)
i ,p

(0)
i ;v,p),u

(0)
i ,p

(0)
i )

(uk,pk) = (u
(0)
i ,p

(0)
i )

while |(δu, δp)| > ϵ do
F ′(uk,pk; δu, δp,v, q) = −F (uk,pk;v, q) ▷ Solve for (δu, δp)
(uk+1,pk+1)← (uk + δu,pk + δp) ▷ Update the solution
Compute |(δu, δp)|

end while
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Algorithm 4 Solving the dual problem: DualProblem (ui,pi, Q)

Compute A′(ui,pi|zi,wi;v, q)
Compute Q′(ui,pi;v, q)
(zi,wi)← solve (A′(ui,pi|zi,w;v, q) = Q′(ui,pi;v, q)) ▷ Solve the linear system

Algorithm 5 Mark elements after Dörfler strategy by providing a element-wise estimator ηK = [ηK1
, ηK2

, . . . ηKN
], and 0 < α < 1

a parameter which characterises the marking rate: the smaller the value of α is, the fewer the number of elements will be marked:
DorflerMarking (ηK , α)

Sort the elements Ki after descending order of the corresponding estimator ηKi

Mark the first M elements such that

markedElements← min

{
M ∈ N

∣∣∣∣∣
M∑
i=1

ηKi
≥ α

N∑
i=1

ηKi

}
.
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