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Abstract

We are interested in heterogeneous domain decomposition methods to couple par-
tial differential equations in space-time. The coupling can be used to describe the
exchange of heat or forces or both, and has important applications like fluid-structure
or ocean-atmosphere coupling. Heterogeneous domain decomposition methods per-
mit furthermore the reuse of existing codes which represent long term investments, a
further great advantage in applications. We require that our method can use different
and adaptive time steps for the different models, can be executed in parallel, is robust,
and can use independent fast inner solvers. An ideal candidate is Optimized Schwarz
Waveform Relaxation (OSWR) that can be used without overlap, which is important
for the different physical models. We focus here on the model problem of coupling a
heat and a wave equation in one spatial dimension, which we consider to be a minimal
example of relevance, and our goal is to design and analyze transmission conditions
such that OSWR converges as fast as possible. We propose two strategies, a first one
where we optimize the transmission using one common parameter, and a second one
where we use the wave characteristics of one subdomain to choose one parameter, and
then optimize the other. We illustrate our results with numerical experiments.
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1 Introduction

Heterogeneous domain decomposition methods are a very active field of research, for
a brief introduction, see [1]. Since Optimized Schwarz Methods (OSMs) can be used
with non-overlapping subdomains, see [2], they are ideal candidates for heterogeneous
domain decomposition where the physics in different domains is different and requires
different numerical treatment with possibly different codes. In addition, in OSMs
one optimizes transmission conditions between subdomains for fast convergence, and
OSMs can even take advantage of the different physics to converge faster than if the
physical properties were the same, see [3] for a typical example of diffusion with
jumping coefficients.

There has been substantial progress in heterogeneous domain decomposition for
steady problems, see for example [4] for Helmholtz-Laplace coupling, [5] for the
coupling of different elliptic partial differential equations, [6-9] for Stokes-Darcy
coupling, [10] for time discretized fluid-structure interaction in cylindrical geometry,
[11] for a corresponding stationary case in spherical geometry, and [12] for stationary
porous medium equations coupled with Navier-Stokes. As alternative, one can also
use more monolithic approaches for fluid-structure interaction, see e.g. [13—17] and
references therein, but the reuse of existing codes is more difficult then.

More recently, also time dependent heterogeneous domain decomposition meth-
ods were proposed and analyzed, see [18, 19] where the heterogeneity in the models
comes from the need of computational savings, [20, 21] where Dirichlet-Neumann
Waveform Relaxation methods were studied, and [22, 23] with continuous and dis-
crete analyses of SWR for a reaction diffusion problem with jumping coefficients. In
[24], an Optimized Schwarz Waveform Relaxation algorithm (OSWR) was studied
for a heat-wave coupling in 1D on unbounded domains, which is a minimal exam-
ple of relevance for fluid-structure interaction [25]. This type of parabolic-hyperbolic
coupling appears in many fluid-structure interaction phenomena and lies at the heart
of many applications, where the viscous fluid acts as a parabolic operator, while
the elastic structure acts as a second order hyperbolic operator. Coupling conditions
ensure the continuity of velocity and stresses at the interface between the fluid and the
solid. Fluid-structure interaction has its origins in aerospace/aeronautics [26, 27] and
nuclear energy production [28-30], but nowadays it covers many more applications,
for instance in bio-mechanics for blood flows [31-34] and respiratory flows [16, 35].
It is also involved in industrial applications such as wind energy production [36] or
parachute simulation [37]. General monographs on fluid-structure interaction are for
instance [38, 39]. On unbounded domains in 1D, optimal transmission conditions for
OSWR turn out to be particularly simple for the wave equation domain [24], since the
best transmission condition choice is still local, see [40] for OSWR for wave equa-
tions, and [41] for a general discussion. The best transmission condition for the heat
domain still involves a non-local operator [42], see also [43] for the specific case of
the 1D heat equation.

Changing to bounded domains has however a fundamental influence on the perfor-
mance of such algorithms for the wave equation domain and hyperbolic problems in
general, which was only recently discovered for the time harmonic case, see [44]. We
therefore study here for the first time the relevant heat-wave coupling problem and

@ Springer



Numerical Algorithms (2025) 100:1739-1763 1741

associated OSWR algorithms for the case of bounded domains with Robin, Dirichlet
or Neumann boundary conditions on the external boundaries. This is closer to prac-
tical applications in which fluid and solid domains are bounded and displacements,
velocities and tractions are imposed on the external boundaries, see, e.g., [45]. We
derive optimized conditions that take into account the size of each subdomain and the
external boundary conditions. The optimal transmission conditions in this situation
are more complicated than those of [24], and require approximations for practical use,
leading to an optimization process for best performance. We propose here two new
such approximations, a first one where both the heat and the wave domain use the
same optimized parameter, and a second one where we use for the wave domain a
local optimal parameter, and then optimize the heat parameter for this setting.

2 Heat-Wave coupled model problem

Letl,, > 0 and [, > 0 be the domain length of the wave and heat domains, 2, :=
(—lyw, 0) and Q; := (0,1;), and let ¥ := Q,, N Q;, = {0} be the interface, see Fig. 1.

We denote the outer physical boundaries by I', = {l;} and ', = {—[,}. We are
interested in designing and studying a heterogeneous OSWR algorithm for the heat
and wave coupled problem: Find v : [0, T] x Q, — Randu : [0,T] x 2, - R

such that
v—c?dlv=f in[0,T]x Qy,

—0vt+oyv=0 on[0,T] x Ty,

v(0, ) = v in Qy,

3;v(0, ) = vy in Qy, (1
8,u—/c8§u=g in [0, T] x @,

ohu+oa,u=0 on[0,T]xTIYy,

u(0, ) =up in Qp,

together with the coupling conditions at the interface X

2
czaxv—fc ou=0 on[0,T]x XZ.

{B,vzu on[0,T] x 2,
In the coupled system (1)-(2), ¢ > 0 is the wave speed and ¥ > 0 is the heat diffusion
coefficient, the source terms are denoted by f and g, and ug, vy and ¥ are the initial
conditions. On each external boundary I'y, and I';, we have chosen a Robin condition
with Robin parameters «,, and ¢y, so that by setting o, = 0, or oy, = +00, we

Qw Qh
| j |
_lw =Ty % lh =Ty

Fig.1 Wave domain €2, heat domain €2}, and interface X
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can also obtain Neumann and Dirichlet boundary conditions (and similarly for «,).
The essential and natural transmission conditions on X lead to a well-posed problem,
with energy that remains bounded in time. They mimic the transmission of velocities
and surface constraints (action-reaction principle) in the case of more realistic fluid-
structure interaction problems, see [25, 45, 46].

3 Heterogeneous OSWR

We now present and study a heterogeneous OSWR algorithm for the coupled heat-wave
problem (1)-(2). The algorithm starts with an initial guess u? 0,71 x Q) — R,
which can be arbitrary, and then computes on both the heat and wave domain for
iteration index k = 1,2, ...

Btzvk —c? 3§vk = f, in [0, T] x Qy,
v5(0, 1) = v, in Q,
9,0%(0, ) = 1o, in Q,,
—3 VK + ayy VF =0, on [0, T] x Ty,
(813 + ?3,) vk = (S) + k3 ) uF " on [0, T] x =, 3)
duk —k 2uk =g, in [0, T] x Q,
uk (0, ) = ug, in ©,
ek +apuk =0, on [0, T] x Ty,
(82 + kdy) uh = (828, + ?d) vF on [0, T] x =,

where §1 and S, are general operators to be chosen such that the convergence of
the algorithm is fast. An alternating version can also be considered, by replacing v
in the last line on the right by v¥~!, the algorithm can then be executed in parallel.
The convergence of both variants is very much related: in fact, the parallel version
computes simultaneously two alternating iterations, starting once on the wave and
once on the heat domain.

3.1 Convergence analysis using laplace transforms

In order to study the heterogeneous OSWR algorithm (3) and optimize the transmission
conditions, we consider now an unbounded time interval 7 = oo and use the Laplace
transform in time with Laplace parameter T € C, Re(t) > 0,

U(x, 1) =L ) (x, 1) = / v(x, e F'de,
A )

ulx, 1) := Zi(u)(x, 1) = / u(x, r)e”"'ds.
R+

Since the problem is linear, we can directly study the error equations and set the
source terms and initial conditions to zero, f =0, g =0, vp = 0, vp = 0 and ug = 0.
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Applying the Laplace transform to the wave equation in (3) with f = 0 gives
2
02 (x, 7) — (5) 1) =0, x€Q.
c
whose general solution is
~k _ Ak Ix k —-Ix
vi(x,T)=A,(T)ec” + B, (t)e <7, x € Q. (®)]

From the Robin boundary condition on the outer boundary I',,,, which in Laplace space
is
~3: 0 (~lw, 7) + V(L. 1) = 0,

— T
we obtain B{; (v) = —Akw () Zw_+£e_2? b , and thus the solution of the wave problem
in Laplace space is of the form

|~

Ay

Ay +

a

7 (x, 1) = Ak (1) (eix - 'e5<—21w—">) . xEQ,.

alx

Its derivative in space can easily be computed to be

T
~] T © TOw =~ ¢ (o _
R (x, 1) = ALK (0) (—ev“r— e (T2 x)), X € Qy,
c caw—{—;

which can be rewritten in the form

O[w—% —2tly
~k ~k . I wrtl
00" (0, 7) = ¢y (7)V" (0, 7) With ¢y (1) := Py (6)
1 _ w %e -
aw‘l’z

We next consider the heat equation in (3), which with zero source term g = 0
becomes in Laplace space

~ T
%k (x, 1) — —@*(x, 1) =0, xeQ.
K
The general solution is therefore of the form
W (x,7) = AK(DeVET 4 BE (e Vi, x e %)

The Robin boundary condition on the outer boundary I'j, becomes after the Laplace
transform
3t (In, ©) + oy @ Uy, ) = 0. ®)
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Inserting (8) into equation (7), evaluated at x = [}, yields Bl}f (1)= %Aﬁ (r)e\/? 2y
%

As aresult, we get

T
T \/j—i_ah T
) = Ak [eVir g Yo —oVE@ ) req

T
K ®h

The spatial derivative is readily computed to be
\/E +oap
~ T T T T _
ik (x, ) = Ak (D) | [ZeVir — [INE V@) peqy,
K K \/Z_ an
K

which can be written in the form

| Miten /T e
=

T

9,750, ) = ¢y ()7 (0, T) with ¢y () := ./ — )

X ¢h ¢h K . \/;+ah E\/;(ZZ}')
NI

From these computations, we can obtain a theoretically optimal choice of the operators
S; in the transmission conditions for all time, T = +00:

Theorem 1 (Convergence Factor of heterogeneous OSWR) Let s;, i = 1,2, denote

the Laplace symbols of S;. The convergence factor of Algorithm (3) defined by

~k 0, ~k 0, . .
p('L', S1, 52) = Ell':—g(ol:.)[) = ’l‘}‘llc)—g (01:.)[) s glven by

p(T; s1,52) == pu(T; s1, 52) pu(T; $1,52), (10)
where the two factors are

) st +kdn(r)
on(T; 81,82) == 2t kon(t) (11)

and
SHT + c2¢>w(r)

SI1T + Py () (12)

Pw(T; 81, 52) =
Proof The transmission conditions in (3) in Laplace space are

(517 4+ 23V (0, T) = (51 + x3)T* (0, 1),
(52 + k)T, T) = (527 + 23)T*(0, 7).
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Using the explicit form of the wave and heat solution in (6) and (9) yields

(517 + P (DT(0, T) = (51 + 10 ()@ 0, 1),
(52 + e (D)F (0, ) = (527 + Py (V)T (0, 7).
Combining the two equations then concludes the proof. O

Remark 1 The alternating version of the heterogeneous OSWR achieves the conver-
gence factor (10) in one alternating iteration, instead of two parallel ones.

Corollary 1 (Optilznal choice of transmission operators) If s; = sfpt = —k¢p(t) and
= sgpt i= —¢u(t) then the algorithm converges in one iteration for all time,

t € [0, T = +00). The corresponding transmission conditions are called the optimal
transmission conditions.

Proof The given si)p[ and sgpt make the convergence factor vanish identically. O

3.2 Optimization of transmission conditions

The optimal operators corresponding to the Laplace symbols s?pt and sgpt are not
differential operators, and would need convolution operations to be used, which is
inconvenient and expensive in practice. We therefore follow the by now classical
approach described in [2] to approximate the optimal choice and simply use constants
s1 and s, which are determined as solutions of a min—max problem obtained by setting
T:=iw,

inf sup lp(iw; s1, $2)], (13)

(s1,52)€R? WE[®min s ®max |

and the bounds on the frequency range can be estimated as wmin = 7, with 7' the
length of the time interval used, and wmax = % with At the time step, see e.g. [47].
Solving the min—max problem (13) is not straightforward for two parameters, and we
therefore simplify now the problem further by reducing it to a one parameter min—max
problem. A first idea is to choose

s1=—s2 =5 € R, (14)

and then to optimize using the one remaining parameter s. A second idea, inspired by
[24], is to choose
52 = —c, 15)

and then to optimize using the remaining parameter s. In this approach, we impose
the simple, transparent boundary condition for the wave equation on the unbounded
domain, and use only the heat parameter s to further optimize the convergence.

We analyze now the optimization for first choice (14), in which the convergence
factor satisfies the following intriguing Lemma, which states that the wave domain
does not contribute to the contraction of the algorithm.
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Lemmal Ifs; = —so = s € R, then the convergence factor of the Algorithm (3)
satisfies
lpliw;s, —s)| = |pp(iw; s, —s)|. (16)
Proof Aswe have shownin Theorem 1, the convergence factoris a product, p = pj, oy,
and we show now that if s1 = —s» = s € R, then |p,| = 1. Using (12) we obtain
T e (=2l,)
_ —sio+ Aopliv) . , PR
pw(w;s, —s) = — 5 ——, with ¢, (iw) = — P .
Siw 4 c* Py (iw) ¢y =P )

We next show that ¢y, (iw) is a real number. To do so, we use that for any a €

C we have Re({%g) = 1ol which implies for our expression of ¢, (iw) with

1—al? > )
=2 v _ +12 : :
w—,fyef( 2lw)| — 1 that the real part of the factor —~—¢— in ¢y, (i w) must
a4+ aw—"= 1D (9]
c P G
aw+%

be 0, and hence ¢, (iw) is a real number.
This implies that the numerator and the denominator of p,, (iw; s, —s) are conjugate,
and hence |py (iw; s, —s)| = 1 which concludes the proof. O

With the choice (14), one can therefore only optimize the factor | p, | coming from the
heat equation, and to simplify the resulting formulas, we assume that the heat domain
is of infinite length here. This has very little influence on the resulting optimized
parameter, the finite length of the wave domain is much more important, as we will
see.

Theorem 2 (Optimized transmission parameter for choice 1) Let I, — +oo. If 51 =
—§o = s, then the optimal parameter s > 0 solving the min-max problem (13) is given
by
1
s* = \/E(wminwmax)z~ (17)
Furthermore, with wmax = 1/ At, the optimized parameter and corresponding con-
vergence factor behave for At small like

1 1
s*~\/EM, inf  sup  |plio;s, —s)|2~1—2\/§(m)4m%.
T

At3 seR @E[Wmin,®max]
(18)

Proof With Lemma 1, it suffices to minimize | pj, | defined in (11), and with the assump-

tionl;, — 400, the term ¢, (i w) becomes ¢y, (iw) = —,/ % and the convergence factor
pp can be simplified to

s — Aiwk , 2= 2wk s + wx

oniw; s, —s) = = |pn(iow;s, —s)|” = :
52 + 2wk s + wk

B —85 — AIwK
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To find the maximum of | p, |2 with respect to w on an interval [@pin, ®max] We compute
the derivative

d on i )|2 e s(wk — 52)
—lpn(iw;s, —s)|” =/ — .
90" ® (s + 2wk s + wi)?

. . . . . 2
This shows that the function ® — |pp(iw; s, —s)|2 is first decreasing on (0, S?] and
then increasing on [*-, +00), see Fig. 2. We next consider the three possible positions

. . . . . g2 .
of the interval [wmin, ®max] With respect to the inflection point S?, which shows that
D($) := MaAX gy <w<wmax 108 (EWO; S, —s)|2 is given by

, . 2 .
| o5 (i Omax; §, —S5)| if [s] < A/ K ®Wmin,
. 2 . 2 :
@(s) = § max(|pp(iomin; s, =), |on ((@max; $, =$)|7)  if /kOmin < [s| < V/KOmax,
. ) 2 .
| on (i Omin; 5, —5)| if [s] > A/ K ®Wmax -

Now to find the minimum of @ with respect to s, we compute the derivative

i|ph(la) Ky —s)|2 — _2m(a}/( _ SZ)
as O R (32+WS+CUK)2’

which shows that the minimum of s — |pp(iw; s, —s)|? is reached at s = /ko.
Hence for a given w, the function s — |pp(iw; s, —s)|2 is decreasing on [0, /k®]
2-2

and increasing on [+/k®, +00). For any value of @ the minimum is Srvh See Fig. 3.
Thus we can compute the minimum of ® on the three intervals:

— On [/K®min, /K®max] the minimum of & is reached when both functions
| on (iomin; s, —s)|* and |pp (iomax; 5, —5)|? are equal, i.e. for s* € [\/KOmin,

/K Wmax ] such that

|on (i omin: 5%, —s*)[> = | on (iomax; 5%, =) .
This leads after simplification to the equation
S(—Z\/E(V WminK — +/ wmax’C)S2 - 2“/5’( (Wmax /K Wmin — Ominv/K Omax)) = 0,

whose unique positive root is (17), and then min /g oci< fkom, P6) =

| on (i Omax; 8%, —s*)|%.

w 0 i 400

onliwss, ) | ——\

Fig.2 Variations of the function v — |pp (iw; s, —s)\2

@ Springer



1748 Numerical Algorithms (2025) 100:1739-1763

S 0 V FWmin V FWmax +00

. - . 22 OO
|pn (iwmin; 5, —s)|? 2Tv3

. R B/
|pn (iWmax; s, —5)|7 2+I//;

Fig.3 Variations of the functions s — |0 (iowmin); 5, —s)|% and s = |pp (iwmax; s, —))|?

— On [0, \/kwmin] we have ming<,< o d>(s)=|ph(iwmax;4//ca)min,—4//cwmin)|2
> | pn(iOmax; 8%, — *)|2
— On [ /k ®max,+09) Wehavemlns> VK Omax D (s) =10n (i ®min; /K Omax» «/meax)l

> | on (i Omin; s*, - *)|2

This shows that the global minimum of ® on (0, 4+-00) is reached at s = s*.
Now to find the behavior of the convergence factor when wmax = % and At — 0,
we expand for wmyx tending to infinity to conclude the proof,

12 1,2 34 1/4

*)|2 _ Opin@Pmax — ﬁwmma)max + Omin ~1-2V2 1/4 _1/4
12 172 N 3/4 1/4 . 20,1, Orax -
min@max T @ pin®@max 1 @min

| on (i Omin; 8™, —s

]

Remark 2 We see that with this first choice of the transmission parameters, the het-
erogeneous OSWR algorithm converges like OSWR applied to a decomposed heat
equation problem [42], the wave equation does not contribute anything to the conver-
gence of the method.

We next study the second choice, where we set s, := —c and optimize the remaining
parameter s1 only. We first notice that the wave domain and the heat domain contribute
very differently to the convergence of the iteration:

— the heat subdomain contributes for a good choice of the parameter s; to a uniform
contraction over the entire time window [0, T'].

— the wave subdomain contributes for a good choice of the parameter s, to conver-
gence in a finite number of steps on a bounded time window [0, T'].

In order to understand this convergence in a finite number of steps, suppose s» is chosen
to obtain a transparent transmission conditions if the wave equation spatial domain
was unbounded, i.e. sp := —c. Then, if the wave domain was really unbounded in
space, one would achieve convergence in 3 parallel iterations, see [24]. In the case of
a bounded wave domain in space and on a bounded time window [0, T'], convergence
is still in a finite number of iterations, as we show in the next theorem.

Theorem 3 (Finite Step Convergence of heterogeneous OWWR) If so = —c, and the
time window length T satisfies T < kT with T\ := @, then convergence starting
with the wave domain is achieved in at most k alternating iterations plus a final wave
equation solve.
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Proof Suppose we are interested in the solution up to time 7" indicated by the dashed
line in Fig. 4, and we start by solving in the wave domain €2,,. Since the initial
condition in €2, is known, and the outer boundary condition at —/,, as well, the only
error in this first solve on €2,, is along the interface at x = 0, over the entire time axis.
Therefore the error is also zero in the lower left triangle marked with 1, below the first
characteristic starting at (0, 0) with slope —1/c, since in this triangle the solution is
entirely determined by the initial condition and the outer boundary condition, due to
the finite speed of propagation c in the hyperbolic wave domain €2,,. In the triangle
above this characteristic, marked with 2, the error in the solution of the wave equation
is of the form v!(x, r) = g(x + ct), since only a left going wave can come from the
error at the interface at x = 0, and only above the second characteristic with slope
1/c there is also a right going component of the error, because of the reflection at
the outer boundary at x = —I[,,, provided a non-transparent boundary condition is
imposed there. When we solve now on the heat domain €2, in the error equations the
transmission condition

(52 +kdou' = (529, + 0! (19)

is imposed on X, with u! in the heat domain €2, and v; in the wave domain ,,, and
for ¢+ < T1 we obtain for the right hand side in (19)

(520 + 200 (x, 1) = (520; 4+ ?9x)g(x + ct) = s2cg" (x +ct) + 2’ (x +ct) =0,
since s = —c. Therefore, by the causality principle, the error in the heat solve on 2,

is zero for t < T7, because on the initial line + = 0, on the outer boundary at x = [
and also on the interface at x = 0 the condition imposed on the error by (19) is zero

t
T
,,,,,,,,,,,, L
4
Ty
3
2
1
_lw 0 lh t
Fig.4 Convergence in a finite number of steps due to the wave domain when s, = —c¢
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(for r < Tj). Solving again on the wave domain $2,,, we have now the correct data
along the interface x = 0 for r < T, and thus the error is only non-zero for t > T7,
leading after the wave solve to the exact solution in the triangle 1 as before, but now
also in triangles 2 and 3, and only a left going wave in triangle 4. Solving again on
the heat domain 2, the solution is now correct for t < 75, and since T < T, the
algorithm has converged in €2;. Solving again in the wave domain €2,,, we also have
the exact solution there. The general result follows by induction in the same way. O

The heterogeneous OSWR algorithm therefore converges with this second choice
still in a finite number of steps, like for the unbounded wave domain, butif 7 > T,
more iterations will be needed than for the unbounded wave domain case.

In this second choice, s = —c, we still have the parameter of the heat subdomain
s1 to optimize the performance of the heterogeneous OSWR algorithm, and as before,
to simplify the formulas, we assume again that the heat domain is of infinite size,
lp — o0, since this has very little influence on the result, compared to the wave
domain size, as we have now seen. We show in Fig. 5 on the left the convergence
factor in modulus squared, |p |2, and also | ps |2, for the parameter choicexk = 1,¢c =1,
ly = —1,ay = 2,51 = 2 with T = iw. On the right, we show the corresponding
result for |p,|2. We see that in the case! s > ¢, the oscillating convergence factor
|p|? is bounded by the envelope function |p,|?, and hence we propose to study the
approximate optimization problem

min max lon(iw; s1, —c)|2. (20)
§12€ w€[Wmin,®Wmax

Theorem 4 Let I, — +00, oy, — +00 and so = —c, and assume that

A/ @min - v 2Wmink + ¢
@max V2wmink + 2¢

and K/ ®min®Wmax — ¢z > 0. 21

Then the solution of the min—max problem (20) is given by

c(/Omink + +/@maxk) + \/QK\/ ®Wmin 4/ ®max (22)
V2¢ + \/Omink + /Omaxk

Moreover if wmax 1= 7/ At, then the optimized parameter behaves for At small like

5] =

2 N 2 .
sF~ ¢+ /2komim — V2N K‘”m‘% K Omin (23)

and the associated asymptotic convergence factor satisfies

2(2 2 i
min  max oyl s, —o) ~ 1 — Y22 V)

24
5120 w€[wmin,®max] ATTK ( )

LIf 51 < ¢, the oscillations are above the envelope and the algorithm can even diverge, because the
convergence factor p can exeed one.

@ Springer



Numerical Algorithms (2025) 100:1739-1763 1751

1.0
0.6
0.9
0.5
0.8
0.41 0.7
0.6
0.3
0.5
0.2+ 04
0.1 0.3
10 20 30 40 10 20 30 40
w w
Fig. 5 Case sp = —c. Left: plot of |p|2 and | Ph|2 in the simplified situation where the heat domain is

unbounded, as functions of T = iw. Right: corresponding plot for | oy, 12

Proof When I, — +o00 and o, — +00, using the definitions (9) and (11), we get
VkT=s1

pn(T; 81, —¢) = erie” and we have for t = iw

. S12 — 2wk + wk
2 4+ 2wk + wk .

AT
lonl“(iw; s1, —c)

To solve (20), we first study the behavior of the function w — |pp, 12(iw; 51, —c) for a
fixed s1. Computing the derivative gives

8|ph|2 s s o k(¢ + s1) 2(c—sl)«/a)lc+\/§a)/c —V2s1¢
s 91, — = )
dw 2. /oK (€2 + V2wkc + wk)?

which shows that w — |pp (iw; 51, —c)|2 is decreasing on (0, wo(s1)) and increasing
on (wo(s1), +00) where wo(s1) = (,/c2 + 57 — (c — 51))?/2k. Therefore, d(s) :=

MAX e[ wmin, omax] 108 EWO; 81, —c)|2 is given by

. . 2 .
| o (i wmin; 51, —C)| if omax < wo(s1),
. 2 , 2 .
D (s1) = § max(|pp(iwmin; 1, —c)|°, | on (®Omax; S1, —€)|7) if Wmin < wo(51) < Wmax.,
. X 2 .
| o (iwmax; 51, —C)| if wo(s1) < @min,

or equivalently, since the function s; — wq(s1) is increasing,

| on (i @max; 51, —¢)| ifs1 < Simn,
®(s1) = { max(|pp (i @min; 51, =), |0 (0max; 51, —€)[?)  if sPM < 51 < s
. . 2 .
|on (i @min; s1, =€) if 51 > s,
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where we have introduced s{™" and s;"**, the solutions of wo(s{"") = wmin and
@ (s7"™) = wmax, which are

S{nin — wminK+C\/m _ W\/m+20
V20mink + ¢ V2 20mink + ¢’
s /P T+ 2¢
V2 N 20maxk +c

With the first assumption in (21), we have the inequalities

WminkK i Wmax K
< simn < < sinax .
2 2

Moreover, for a fixed w, the function s; — | ph|2(ia); s1, —c) is a second degree

polynomial, and it is decreasing on [0, ,/ %) and increasing on (,/%-, +00), see Fig.
6, which implies

— on [0, s{“in], since s{ni“ < /=% that

: ; . . 2 : . i 2.
min ®(s1) = min |pp(iomax; 51, =) = |op (i Omax; Sllmn, —o)|*;
st{mn st;nm

— on [s]™*, +00), since |/ “Hr< < 5" that

: : : . 2 ; . 2.
min ®(s;) = min |05 @min; 51, =)~ = [pp i @min; ST, =€)
sZlemx SZS?MX

— and on [s{nin, s"¥%], since the function w — |p, (iw; s{nin, —c)|? is increasing on
[@min, ®max] that [ (iwmin; ST, —0) > < | o4 (i @max; s, —c)|*. In the same

way, we have if | pj, (i@min; 57", —0)* > | pniomax: s, —¢)|? that the mini-
mum of @ is reached at sy = 57 with |04 |*(s7; @min, —¢) = |pn]*(s}; Omax, —C),
see Fig. 7.

Simplifying this equation, we find that s} is solution of

Sz(ﬁc + VOmink + /@Omaxk) + sﬁ(c2 — K o/ ®Omin+/®max)
- C(C(V Wmink + +/ Wmaxk) + \/EKV @Wmina/ ®max)) = 0.

S1 0 \/% Srlnin \/meXK SmaX 4 oo
|ph(iwmax; S1, _C)|2 \> /
|ph(iwmin; S1, *C)‘Q ~ ’/”

Fig.6 Variations of s1 — |pp (i®min; 51, —)? and s1 — |pp (iomax; S1, —0)?
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Fig.7 Example of 1 —
L > —— [P lwnmion—0)
|on (iwmin; 51, —¢)|* and [P (i 51, —0)
o (i @max: 51, —¢)|? as 08
functions of s \
0.6
0.4 —]
0.2 \—/

gmaz

smin
s7 57

This equation has two roots, one equals —c < 0, and the other one is shown in
(22).

Hence s* in (22) is the solution, provided it is larger than c. A direct verification shows
that this is the case if the second inequality in (21) holds. This is true when wmax 18
large, i.e. At small, for which we obtain (23) and (24), which concludes the proof. O

Remark 3 The optimized parameter s} from Theorem 4 is very different from the
optimized parameter one obtains for example when coupling two heat equations, since
it tends to a constant, while for two heat equations, it grows like Ar~14 see [42].
This is because in the denominator of p, the parameter is fixed to ¢, while in the heat
equation case, it would also equal s1. Also, the asymptotic contraction factor in our
heterogeneous case behaves like 1 — O (v/At), and when coupling two heat equations
itis 1 — O(Ar1/%), see [42].

Note that we can obtain a slightly better estimate, if we do not equioscillate between
Wmin and wmax, but really between the first and last point where the maximum is
actually attained by |p|, as seen in Fig. 5 on the left. The location of these maxima
can be estimated by a direct calculation, as one can suspect from the regularity of
the oscillating function in Fig. 5 on the right. Computing the derivative of |p,,|> with
respect to w, we find that the locations of the extrema are given by

- cz
0 =—)
2Ly
where 7 is solution of the transcendental equation

f(z) := tan(2)(z* — 4a> 1) + 4zl 0, = 0.

Choosing instead of wpj, in the min-max problem (20) the corresponding first
maximum point @ (which is larger than wp;p), and instead of wmax in the min-max
problem (20) the last maximum point @ (which is smaller than wmax), equioscillation
would give then the truly best possible parameter s} one could use. Note that this
parameter would behave asymptotically as predicted by Theorem 4. Moreover, one
could use the formula (22) in Theorem 4 replacing wpi, by the corresponding first
maximum point o (larger than wnjy) to obtain an asymptotic formula for the truly best
possible parameter s7.
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4 Numerical experiments

We present now numerical experiments, both for a monolithic scheme, as in [24], and
then also for OSWR, with the two choices of optimization from Subsection 3.2.

4.1 The monolithic solution

We use a Crank-Nicolson scheme to numerically solve the heat-wave coupled problem
(1). We discretize [y, [] for the case 1, = [;, using the uniform mesh (x;)_ny<i<n
with mesh size Ax, and At is the time step. The scheme for the wave equation for

~N+1<j=—1withe! "2 = @ — v/ Arand VT2 = (00 4 07) /20

n+l _ en n+1/2  n+1/2 n+l1/2  n+1/2
§j §j b czvj+1 vj _szj Yi-t | _ Flxs, 2
At Ax Ax Ax a '

The heat equation scheme for 1 < j <N — 11is

1/2 1/2 1/2 1/2
u' Tt yn 1 un.+1/ AR Wt u"tl/
Jj J Jj+ J J J _ . n+1/2
St - — |« — = g(xj, 1"/,
At Ax Ax Ax
Velocity Displacement
4 . 1.004
1.2 {"% ” 0.75{ __.
10.0
1.04 - I3 o.501
: 5.0
”~ X 25
- 031 00, M 0.251
0.6 / -5.0
/ -75  0.001
0.41 -10.0
-0.251
0.21 ,
0.0 ~ - —-0.50 pg
'=1.0 -05 0.0 0.5 1.0 -10 -08 -06 -04 -02 0.0
X X

Fig.8 Initial data supported in the wave domain. Left: monolithic numerical approximation for the velocity
drv in 2y, and u in 2. Right: displacement v in 2, at several points in time
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Velocity

Displacement

-1.0 8 | § 1.0

Fig.9 As in Fig. 8, but now with initial data supported in the heat domain

At the interface, using the coupling conditions (2), we impose

172 1/2
S"H —gn 2 ot /2 _ v'i"; / uttl _oyn ) un+1/2 _ un+1/2
0 0 _20 + 2o 0 P 0

At Ax Ax At Ax Ax

_ n+1/2 n+1/2 ith £MT1/2 vS* —U a2
= f(xo, ¢ )+ g(xo, ), with &, =T A T

We choose for the physical parameters ¢ = 2, k = 1, for the boundary conditions
ap =0, ay = +00, for the domain sizes [, = [, = 1 and T = 1.5, and for the mesh
sizes Ax = At = %. We show in Fig. 8 a typical test for f =0, g = 0, 99 = 0,
and (vg, ug)(x) = e‘50(x+0'5)2, i.e. the initial data is mostly supported in the wave
domain. We clearly see the waves in €2,, propagating at the speed %, and how a part
of the information is transmitted to the heat domain and diffuses into it.

In Fig. 9, we show the case (vg, up)(x) = e’so(x’0'5)2, i.e. when the initial data is
supported in the heat domain. The Gaussian is diffused and when it reaches the wave

iteration 1 t=0.30 iteration 2 t=0.30

solution
solution

-8 — ! -8
o
+  Mono. Sol. (v, u) +  Mono. Sol. (v, u)
-10 -10
-1.0 0.5 0.0 05 10 -1.0 0.5 0.0 05 10
x x

Fig. 10 Discretized OSWR algorithm (3) with data in the wave domain: solution at + = 0.3 after one
iteration (left) and two iterations (right). Here so = —c and 51 = 4
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Iter. 1 Iter. 3
5
0
4
-5
+~ 3
-10
<05 2
1
0 \_‘
-1 0 1
b

Iter. 1

5
0
4
=5
+ 3
-10
—-15 2
1
0 \
-1 0 1
X

Fig. 11 Discretized OSWR algorithm (3) with initial data in the wave domain: error after one, two and

5
4
3
2
o
0

-1 0
X X

-

three iterations. Top: s1 = —sp = 3.5, bottom: 5] = 3,50 = —c = =2
domain it is transported at the speed %, and reflections appear at x = —1, c.f. Theorem
3.

4.2 lllustration of heterogeneous OSWR

We first use the discretized heterogeneous OSWR algorithm (3) when (vg, ug)(x) =
e—50(x+0.5)2, i.e. the initial data is in the wave domain, and s1 = 4, s = —¢c = —2.In
Fig. 10 we show the solution at # = 0.3 for iterations 1 and 2. While at the first iteration
the velocity is clearly not continuous at the interface, after only one more iteration
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T=0.8
101 —k— [uk—ul- — V=V
1072/ —— IV =Vl 107
s
&
6x107°
4x107°
1 2 3 4 5 6 0 20 40 60 80 100
Iterations k S1
Fig.12 Errors when so = —c for short time 7 = 0.8 (in black truncation error levels of the scheme). Left:

convergence with s; = 4. Right: error after 2 iterations as function of s

the continuity is greatly improved. In Fig. 11 we show the error between the OSWR
approximations at iterations 1, 2 and 3 and the monolithic solution on the time interval

[0, 6]; at the top the case s = —s» = 3.5, at the bottom the case s, = —c = —2,
T=5 T=25
10-1 —— S51= —5=5" 10-1 —*— S = —5,=5"
T S=—0s1=85 —— s;=—c¢,s1=57
; 1072 ,1072
|> >
-3 I -
i 10 S 1073
107* 104
10 20 30 10 20 30
Iterations k Iterations k
T=50 T=100
10-1 —*— S1=—S5;=S" 10-1] —— S1= —S5=5"
—— S»=—-(C,S1=5] —— S=—¢(,51=57
5,1072
>
I
-3
é 10
1074

10 20 30 10 20 30
Iterations k Iterations k
Fig. 13 Errors for longer time 7 = 5, 25, 50 and 100 with 51 = —sp = s* from the first optimization
choice and sp = —c and 51 = sf from the second optimization choice
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Fig. 14 Optimal parameters
from Theorems 2 and 4 as —— s (S = —s* )
functions of T 71 x . &

o —— S’ (s2=—-0)

L6

Q

S

O 54

©

o

© 4

E

ded

Q.

O 34

2
0 50 100 150 200
T

s1 = 3. The case at the bottom illustrates well the convergence mechanisms analyzed
in Theorem 3: we see in the first iteration in the wave domain on the left the typical
triangle where there is no error due to the finite speed of propagation, and then in the
second iteration a great error reduction in the rhomboid above due to the small error
in the heat domain, and the reduction continues like this in the third iteration.

4.3 Thorough numerical investigation of heterogeneous OSWR

We now study more precisely the numerical convergence of the algorithm. The phys-
ical data f, g, vo, vo and ug are now 0, the only non zero data is the initial guess used
to start the iteration,

Z}(l)l tsin(jt)

00
max;efo,r1 | Y ;= ¢ sin(j1)|

(s1 +xdou’ = (s +x)

1 2 3 4 5
s,

Fig. 15 From left to right: logarithm of the error in the wave domain after 2, 4 and 6 iterations depending
ons; = —sp and T. The crosses represent the theoretical values s* from Theorem 2
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Fig. 16 From left to right: logarithm of the error in the wave domain after 2, 4 and 6 iterations depending
on s and 7 when sp = —c. The crosses represent the theoretical values s‘l' from Theorem 4

so that the want to compute the zero solution, and computing the norm of the solution
is equivalent to compute the error in the algorithm. We first consider a short time
interval T = 0.8 < T = @ = 1 when s = —c. We show in Fig. 12 on the
left the convergence history given by the errors |[v — vl L°([0,T]1xQ,,) and |u —
uk Il Lo [0, 71x%2,) as functions of the iterations k (1 and v are the monolithic solutions)
when s; = 4. As predicted by Theorem 3, we obtain the solution (up to the truncation
error of the scheme) after the second iteration, and other values of s give similar
results, as shown in Fig. 12 on the right.

For larger values T > Ti, we show in Fig. 13 the convergence history of OSWR,
when 51 = —sy = s* from the first optimization choice (Theorem 2) and with s = —c¢
and 51 = s7 from the second optimization choice (Theorem 4). We see that for the
second choice and for longer time windows, convergence is not reached anymore after
2 iterations, as expected from our analysis, and now the value of the parameters has
an important influence on the convergence speed.

To go further, we show in Fig. 14 the optimal parameters from Theorems 2 and
4 as functions of T. We observe that for the first choice, inspite of the fact that the

Fig. 17 Logarithm of the error in the wave domain after 6 iterations depending on s and 7 when s = —s]
and |l | = |I;| = 2 and 4 (from left to right). The crosses represent the theoretical values s* from Theorem 2
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Fig. 18 Logarithm of the error in the wave domain after 6 iterations depending on s1 and 7" when s = —c¢
and |l | = |l;| = 2 and 4 (from left to right). The crosses represent the theoretical values sf from Theorem 4

limit for T — +o00 of s7 is 0, the convergence in T—1/4 s slow and for T = 200 this
parameter is still close to s* from the second choice. However in numerical simulations
one typically considers small time intervals (if not, one should decompose the time

interval into several time windows), and then we recommend to choose s, = —c to
achieve the best convergence speed.
Figure 15 shows the error reached after 2, 4 and 6 iterations for s = —s; depending

on sy and 7. We see that when the number of iterations becomes larger, the optimized
parameter from Theorem 2 behaves like the best performing numerical one. In Fig. 16
we show the error after 2, 4 and 6 iterations for s, = —c. In the bottom part, we clearly
see the behavior of the error described in Theorem 3 that convergence is reached in
a finite number of iterations for a given 7', but we also see above that the optimized
parameter computed in Theorem 4 is close to the numerically best performing one.

We now study the influence of |[,,|] = |l;| in Figs. 17 and 18. As expected, the
larger the domain length |l,,| = |/;|, the better the computed parameter s* in the case
s» = —s1. We also see that the algorithm converges very quickly when s, = —c.

5 Conclusion

We made an important step forward in the design and analysis of time dependent
fluid-structure interaction problems by studying as a first example of relevance a het-
erogeneous optimized Schwarz waveform relaxation algorithm applied to a heat-wave
coupled problem in space time on bounded domains. We optimized two choices of
transmission conditions, and showed that the boundedness of the wave domain has
an important influence on the convergence mechanisms and the optimized choice of
parameters. We illustrated our analysis with numerical experiments, which indicate
that the second choice s = —c is preferable, since it gives a very accurate solution
for small time intervals (for larger time intervals one can use time windows). There
are many further directions that need to be explored: higher spatial dimensions, more
than two subdomains for layered material situations, the real fluid-structure interac-
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tion problem, and also more sophisticated analysis techniques to replace the Laplace
transform well suited for long time intervals.
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