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The description of the TT̄ deformation in terms of two-dimensional gravity is analyzed from the
Hamiltonian point of view, in a manner analogous to the Arnowitt-Deser-Misner description of general
relativity. We find that the Hamiltonian constraints of the theory imply relations between target-space
momentum at finite volume that are equivalent to the TT̄ finite-volume flow equations. This fully quantum
TT̄ result emerges already at the classical level within the gravitational theory. We exemplify the analysis
for the case when the undeformed sector is a collection of D − 2 free massless scalars, where it is shown
that—somewhat nontrivially—the target-space two-dimensional Poincaré symmetry is extended to D
dimensions. The connection between canonical quantization of this constrained Hamiltonian system and
previous path integral quantizations is also discussed. We extend our analysis to the “gravitational”
description of JT̄-type deformations, where it is found that the flow equations obtained involve
deformations that twist the spatial boundary conditions.
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I. INTRODUCTION

The so-called TT̄ deformation has gathered considerable
attention in recent years due to its connection to a variety of
different aspects of quantum field theory, ranging from
integrability to holography and three-dimensional (3D)
gravity. This deformation, originally introduced in [1,2],
consists of a procedure to define a one-parameter family of
quantum field theories (QFTs) starting from a “seed” or
“undeformed” theory. The procedure may be defined as
follows [1]. Any 2D QFT may be infinitesimally deformed
by the TT̄ operator, defined as

TT̄ ≡ detðTμνÞ: ð1:1Þ

As shown in [1], this deformation is well defined due to
the fact that, when regularizing this product of operators by
point splitting, any singularities in the coincident limit
appear only as total derivatives and thus are absent from the
infinitesimal deformation, which is built from the space-
time integral of this composite operator. This argument
relies on the conservation of the stress-energy tensor, which

holds for any relativistic 2D QFT. Thus, any relativistic 2D
QFT may be infinitesimally deformed in this manner, so
that the deformation defines a vector field in the space of
relativistic 2D QFTs. Integral curves of this vector field
define one-parameter families of theories, indexed by some
parameter λ. Following some such curve starting from some
particular theory S0—the seed or undeformed theory—one
obtains at finite λ the theory Sλ, which is often referred to as
the TT̄ deformation of S0.

1

Interest in these one-parameter families of theories has
been due to the fact that they satisfy some remarkable
properties. For instance, as noticed first in [1,2], the finite-
volume spectrum of a given one-parameter family satisfies
the exact equation

∂λE ¼ E∂REþ P2

R
; ð1:2Þ

which in hydrodynamics is known as the Burgers equation.
Here R denotes the size of the compact spatial direction and
P is the total spatial momentum, which is conserved under
the deformation. This is a remarkable formula: while finite-
volume spectra of QFTs are, in general, very difficult to
calculate, for TT̄-deformed theories these can be obtained
by solving the partial differential equation in (1.2), assum-
ing the spectrum of the seed theory is known.
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In this work, we elaborate on the idea put forward in
[3,4] that the TT̄ deformation may be realized by coupling
the undeformed theory to a two-dimensional gravita-
tional sector. In [3], it was shown that this reproduces
the TT̄-deformed S matrix, whereas [4] showed how the
TT̄-deformed finite-volume spectrum emerges in the gravi-
tational theory.
The proposal of [4] suggests that,2 at finite deformation

parameter λ, the deformed theory may be described by the
action

Sλ ¼ S0½g;ϕ� þ Sgrav½X; e�; ð1:3Þ

where

Sgrav ¼
−1
2λ

Z
ϵabðX�E − eÞa ∧ ðX�E − eÞb ð1:4Þ

and S0½g;ϕ� is the action of the undeformed theory coupled
to the dynamical metric g of the gravitational sector, with ϕ
standing for the fields in the undeformed theory. The
formulation of the gravitational part of the action requires
the addition of an auxiliary spacetime with fixed geometry,
which we will refer to as “target space.” This auxiliary
spacetime is taken to have the same topology as the
spacetime in which we are formulating the undeformed
theory, which we will refer to as “world sheet,” although, in
general, no stringy interpretation will be implied. The fixed
geometry of the target space is described by the dyad Ea. In
the gravitational action, the dynamical metric on the world
sheet appears through the dyad ea, although the coupling to
matter—that is, to the undeformed action S0—is accom-
plished through the coupling to the two-dimensional metric
g built out of ea in the standard way. The gravitational
action also includes an auxiliary field X, which is a map
from the world sheet to target space in a particular
homotopy class, on which we will elaborate below for
the cases of interest, and X�E stands for the pullback to the
world sheet of the target-space form Ea. Thus, the dynami-
cal fields in the gravitational sector are the world sheet dyad
ea and the map X, whereas the dyad Ea is to be thought of
as a background field.
In this paper, we analyze this gravitational theory from

the Hamiltonian point of view, in analogy of the Arnowitt-
Deser-Misner [6] analysis of classical general relativity
(see, for instance, [7]). From the canonical point of view,
the theory behaves as a constrained Hamiltonian system,
with the constraints generating the gauge transformations
(diffeomorphisms) of the system when acting on canonical
variables. The dynamics is restricted to the constraint
surface inside of the phase space of the theory. One of

the main results of this paper is to show that, when
considering the gravitational theory in finite volume,
imposing the aforementioned constraints necessarily
requires the observables associated with target-space time
translations (the physical energy and momentum) to satisfy
the TT̄-flow equation (1.2). It is interesting that this
happens already when imposing the constraints at the
classical level.3

For simplicity, in this paper we will focus on scalar
matter with only one-derivative-per-field terms. However,
we expect the main framework of our analysis to be
applicable to more general matter sectors and our con-
clusions to extend there as well.
We also analyze the gravitational description of the TT̄ at

the quantum level. In [4], a path integral quantization of this
theory was introduced, and the torus partition function

Z ¼
R
DeDX
VDiffs

eSgravZ0½gðeÞ� ð1:5Þ

was calculated, showing that this theory indeed reproduces
the TT̄-deformed spectrum given by (1.2). Here Z0½g� is the
torus partition function of the undeformed theory with
background metric gðeÞ (built out of e) and VDiffs is the
volume of the group of spacetime diffeomorphisms, which
must be factored out of the integration measure via a
Faddeev-Popov-type procedure.
Our objective here will be to compare with the results of

[4] starting from the canonical perspective. The starting
point of the approach considered here is the construction of
the so-called “reduced” phase space: the phase space
obtained by quotienting the constraint surface by the gauge
transformations generated by them. In practice, this phase
space is constructed by picking a representative of each
gauge orbit by a suitable gauge-fixing condition. By
choosing a specific gauge, it is shown that the reduced
phase space is identical to that of the undeformed theory,
for which we assume a canonical quantization prescription
exists. We consider the partition function over the quan-
tized reduced phase space built taking the generators of
spacetime translations in the gravitational theory as energy
and momentum. We then compare this canonical partition
function to that given by (1.5) and attempt to rederive the
TT̄-deformed spectrum. The procedure we follow is
straightforward and similar to that followed in many
textbooks [14,15] to go from the canonical quantization
of gauge-fixed gauge theories to the covariant Faddeev-
Popov path integral in terms of the action functional. We
present this calculation in some detail to focus on the

2This is a slight reformulation of the action presented in [4] to
contemplate the possibility of a nonflat geometry in target space
(see, for instance, [5] for a discussion on this).

3A similar analysis to that done here can be found in [8],
although in this paper the focus is more on how the Burgers
equation for target-space observables emerges from the con-
straints, and we consider a somewhat different class of unde-
formed theories to analyze their spectrum, perhaps more general
in a certain sense. For related work, see also [9–13].
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analysis of the path integral measure obtained from this
procedure and compare it with that of [4]. Since in that
work the path integral measure played a crucial role in
getting the TT̄ result, it is interesting to compare with the
measure obtained from the canonical analysis.
Regarding the general presentation of our results, many

of the ideas applied here are well-known textbook level
concepts about the canonical analysis of constrained
Hamiltonian systems (e.g., [16]). We spell these out in
detail to keep the presentation self-contained and because
we believe that this system is simple yet interesting enough
to warrant a detailed exposition exemplifying this type of
analysis.
The rest of the paper proceeds as follows. In Sec. II, we

develop the canonical formalism for the TT̄-gravitational
theory at the classical level and obtain our main result
regarding the deformed spectrum. In Sec. III, we discuss
the free massless scalar field case and its connection to
noncritical strings. In Sec. IV, we apply similar ideas to a
JT̄-type of deformation. Section V discusses the emergence
of the covariant path integral quantization of [4] from
canonical quantization. Finally, we present some conclu-
sions drawn from our analysis and outline future work.

II. CANONICAL ANALYSIS OF TT̄ GRAVITY:
CLASSICAL EQUATIONS OF MOTION

We now proceed to study the theory specified in (1.3) in
the canonical formalism at the level of the classical
equations of motion. As explained in the Introduction,
this theory is expected to describe the TT̄ deformation of
the seed theory S0 at deformation parameter λ. From the
point of view of the gravitational interpretation, the
undeformed theory S0 is the “matter” sector to which
the gravitational field ea couples to. Our objective will be to
see how the formula (1.2) for the finite-volume spectrum
arises from the point of view of the canonical formalism.
We will proceed as follows. We first foliate spacetime

into spatial surfaces as required by the canonical formalism
and identify the canonical variables and the gravitational
and matter Hamiltonians. These are seen to be of the “pure-
constraint” form—as usual in the canonical formalism for
gravity—the constraints being imposed by the equations of
motion of the nondynamical parts of the metric field, which
act as Lagrange multipliers. We then identify the target-
space observables and, via a partial gauge fixing, we will
show that the zero modes of the constraints yield relations
between these observables equivalent to the TT̄-flow
equations.
As mentioned before, we begin by foliating spacetime by

spatial surfaces, as required by the canonical formalism.
Since we are interested in placing the theory in finite
volume, this implies that we need to consider the theory in a
spacetime with the topology of a cylinder S ×R. Notice
that the prescription for the gravitational description of the
TT̄ deformation requires both world sheet and target space

to be of this form. The world sheet cylinder will be
coordinatized by the pair ðt; xÞ, where the compact spatial
coordinate x satisfies x ∼ xþ 1. We take the target-space
cylinder to have circumference R: this will be the “physi-
cal” volume our finite-volume spectra will eventually
depend on. Target-space recoordinatizations are realized
as field redefinitions of the field Xa. We choose a
coordinatization where we take the target-space dyad to
be constant, which without loss of generality we can take to
be of the form4

Ea
μ ¼ δaμ: ð2:1Þ

With E constant in our coordinatization of target space, it is
useful to define

Xa ≡ XμEa
μ: ð2:2Þ

In these terms, the action (1.3) becomes

S ¼ S0 þ Sgrav ð2:3Þ

with

Sgrav ¼ −
1

2λ

Z
d2xϵabϵαβð∂αXa − eaαÞð∂βXb − ebβÞ: ð2:4Þ

As mentioned in the Introduction, the field X in our
gravitational sector must be restricted to a particular
homotopy class. In this case, where X describes a mapping
between the world sheet and target-space cylinders, we fix
X so that the mapping has winding 1. The target space is
coordinatized in such a way that this implies

X1ðt; xþ 1Þ ¼ X1ðt; xÞ þ R: ð2:5Þ

In order to implement this, it is useful to perform the change
of variables

Xa ¼ Xa
w þ Ya; ð2:6Þ

where Xa
w is some fixed function implementing the winding

and Ya, which satisfies periodic boundary conditions on the
world sheet spatial circle, is our new dynamical field.
We now proceed to analyze the theory specified by the

action (2.3) in the canonical formalism. The first step is to
identify what the phase-space variables are and the sym-
plectic structure in said phase space. After performing the
aforementioned split of spacetime, we notice that the action

4In our notation, Greek indices are used for tangent-space
indices both of the world sheet and the target-space spacetimes.
Latin letters are reserved for the frame field internal indices.
When specializing the indices to particular values, the spacetime
indices will turn into t or x, whereas the internal indices take the
values 0 and 1.

CANONICAL ANALYSIS OF THE GRAVITATIONAL … PHYS. REV. D 113, 046015 (2026)

046015-3



Sgrav is first order in time derivatives and that there are no
time derivatives acting upon eat ,

Sgrav ¼
1

λ

Z
dtdxðϵabXa

∂tebx − eat ϵabð∂xXb þ ebxÞÞ; ð2:7Þ

from which we would conclude that the phase-space
variables in the gravitational sector are Ya and eax , the
corresponding symplectic form being given by

Ωgrav ¼ −
1

λ

Z
dxϵabδXa ∧ δebx: ð2:8Þ

From Sgrav we can conclude that eat is not be a phase-space
variable but rather plays the role of a Lagrange multiplier.
These conclusions may, however, be altered depending on
the nature of the matter action S0. In order to avoid these
complications, we consider a somewhat less general
undeformed theory and take S0 to be the action of a single
scalar field with only one-derivative-per-field terms, as
mentioned in the Introduction.
The matter action S0 thus may be written in terms of

an arbitrary scalar function K of the scalars ϕ and
u≡ gαβ∂αϕ∂βϕ,

S0 ¼
Z

d2x
ffiffiffiffiffiffi
−g

p
Kðu;ϕÞ: ð2:9Þ

Under these circumstances the only phase-space
variables in the gravitational sector are indeed eax and
Xa, with the symplectic form on the full phase space being
given by

Ω ¼ Ωgrav þ
Z

dxδϕ ∧ δπ: ð2:10Þ

Notice that in our conventions the field π—the conjugate
momentum to ϕ—is a spatial 1-form. The variables eat are
indeed nondynamical in this case and act as Lagrange
multipliers, as will be seen explicitly below.
The Hamiltonian of the full deformed theory is of the

form

H ¼ Hgrav þHmat; ð2:11Þ

whereHgrav is the contribution from the gravitational sector
and Hmat denotes the matter sector contribution. From
(2.7), we see that Hgrav is given by

Hgrav ¼
1

λ

Z
dxeat ϵabð∂xXb þ ebxÞ: ð2:12Þ

The matter contributionHmat is obtained from the Legendre
transform of (2.9) in the standard way, although with the
extra complication that the action (2.9) for the scalar is
somewhat general and is in the presence of an arbitrary

metric. Details on the procedure to obtainHmat are provided
in Appendix B. The result is that Hmat is of the form

Hmat ¼
Z

dx
−eat ηabebxffiffiffiffiffiffiffiffiffiffiffiffiffiffijex ·exj
p P0þ

Z
dx

jeat ϵabebx jffiffiffiffiffiffiffiffiffiffiffiffiffiffijex ·exj
p H0; ð2:13Þ

where

P0 ¼ −
π∂xϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijex · exj

p ð2:14Þ

and the function H0 is of the form

H0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jex · exj

p
f̃

�
πffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijex · exj

p ;
∂xϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijex · exj

p ;ϕ

�
: ð2:15Þ

Here f̃ is some function whose details depend on the
particular form of K (see Appendix B for more details) and
whose only importance for us here is to specify the
dependence of H0 on the canonical variables.
Crucially for what follows—as explained in more detail

in Appendix B—it should be noted that

Z
dxH0 ¼ E0ðLÞ ð2:16Þ

is the energy of the undeformed theory in flat space when
placed on a spatial circle of size

L ¼
Z

dx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jex · exj

p
: ð2:17Þ

Similarly,

Z
dxP0 ¼ P0ðLÞ ð2:18Þ

is the spatial momentum density of the undeformed scalar
theory when placed on a spatial circle of size L.
We therefore find, as expected for a diffeomorphism-

invariant theory, that the Hamiltonian is a linear combina-
tion of the constraints

H ¼
Z

eat Fa; ð2:19Þ

where the eat play the role of Lagrange multipliers as
anticipated and the Fa ¼ 0 are the constraints of the theory,
with5

5Here we have lifted the absolute value of jeat ϵabebx j under the
assumption that eat ϵabebx > 0. This is merely a convention that
somewhat simplifies what follows, as changing the sign of this
quantity is equivalent to changing the sign of λ and of the
definition of P0.
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Fa ≡ ϵab
ð∂xXb þ ebxÞ

λ
þ −ηabebxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijex · exj
p P0 þ

ϵabebxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijex · exj
p H0:

ð2:20Þ

To summarize our discussion thus far, from the canonical
point of view, the gravitational TT̄ theory consists of a
constrained Hamiltonian system. The unconstrained phase
space, which we will denote Mkin, is described by the
canonical variables fex; X;ϕ; πg and is imbued with the
symplectic form Ω given by (2.10). It is over this phase
space that the constraints Fa ¼ 0 are imposed.
We now turn to the analysis of this constrained

Hamiltonian system. The first important aspect of this is
the fact that, as expected for a gravitational theory, the
constraints are first class. Given the generality of the matter
action we consider, it is worthwhile to discuss this in some
detail, even if this is a completely expected result.
It turns out that, in order to analyze their structure, it is

convenient to consider a redefined form of the constraints,
which we take to be

C1 ≡ −Fbϵ
b
aeax ¼ ðeaxηabðebx þ ∂xXbÞ þH0Þ; ð2:21Þ

C2 ≡ eaxFb ¼ ðeaxϵab∂xXb þ P0Þ: ð2:22Þ

Notice that, since we are assuming that the ex, seen as a
vector in the Minkowski-signature auxiliary space, is
nonlightlike everywhere, the conditions Ci ¼ 0 are equiv-
alent to the original constraints Fa ¼ 0 (there is an
invertible relation between the C’s and F’s under this
assumption). Observe that, if ex were lightlike at a given
point, the induced metric on the spatial slice would be
singular at that point. In fact, many of the previous formulas
are only sensible within the assumption that this does not
happen.
The advantage of the formulation in terms of the Ci over

the Fa is that, the Ci being (at least) quadratic in the fields,
their action via Poisson brackets on the canonical variables
starts with a linear term instead of a constant (as happens
for the Fa); thus their Poisson brackets have a better chance
of closing on a more manageable algebraic structure.
Furthermore, in order to check their brackets, it is more

practical to define the smeared constraints

C½N� ¼
Z

dxNC1; ð2:23Þ

Cx½Nx� ¼
Z

dxNxC2; ð2:24Þ

defined for some arbitrary functions N and Nx. Notice that
this is equivalent to performing a redefinition of the
Lagrange multipliers

eat ⟶ Nxeax þ Nebxϵab; ð2:25Þ

where N and Nx are taken to be independent from the
canonical variables. With this redefinition, (2.19) becomes

H ¼ C½N� þ Cx½Nx�: ð2:26Þ

Although this redefinition does not look too covariant, this
is not an issue since in the canonical approach explicit
covariance is broken by picking a particular foliation of
spacetime.
Let us examine the Poisson brackets between the

smeared constraints. A simple calculation shows that the
smeared constraint Cx½Nx� generates, via its Poisson
bracket, spatial diffeomorphisms parametrized by the
spatial vector field Nx. Therefore, all Poisson brackets
involving Cx½Nx� are obtained trivially. The only bracket
that is left is that of C½N� with itself, which is somewhat
subtle due to the degree of generality we are assuming for
the matter action. The details are presented in Appendix C.
The end result is

fC½N�; C½M�g ¼ Cx½N∂xM −M∂xN�; ð2:27Þ

fCx½Nx�; C½N�g ¼ C½Nx
∂xN − N∂xNx�; ð2:28Þ

fCx½Nx�; Cx½Mx�g ¼ Cx½Mx
∂xNx − Nx

∂xMx�: ð2:29Þ

We see then that the Ci constraints are indeed first class.
Since the Fa can be obtained from the Ci by an invertible
linear transformation, then this implies that the Fa are also
first class.6

As it usually happens for constrained Hamiltonian
systems, first-class constraints generate gauge transforma-
tions on functions of the canonical variables via their
Poisson brackets. In this case, the Cx½Nx� generate spatial
diffeomorphisms and the C½N� generate the evolution along
the timelike direction.7

Regarding the constraint algebra obtained, a few final
comments are in order. First, the constraint algebra
obtained here is the usual one present in the canonical
formulation of string theory and 1þ 1-dimensional gravity
theories (see, for example, [17] or [18]). Second, there are
no structure functions present in the right side of the
Poisson brackets, only structure constants (so the algebra

6In the terminology of constrained Hamiltonian systems, the
Fa would be secondary constraints. The primary constraints are
those corresponding to the vanishing of the conjugate momenta to
the eat variables. The Fa are secondary constraints in that they
result from the requirement that the primary constraints be
conserved. The fact that these are first class and that the
Hamiltonian is of the form (2.26) ensures that no tertiary
constraints arise. The distinction between primary, secondary,
and tertiary constraints is, however, irrelevant at the end of the
day (see, e.g., [16]).

7Modulo a spatial diffeomorphism.
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obtained here is thus a true Lie algebra); the presence of
structure functions in the constraint algebra is one of the
main obstacles in the canonical quantization of gravity,
since they imply that the group associated with the action of
the constraints is noncompact, thus rendering the group
averaging procedure to find physical states nonviable (see,
e.g., [19,20]). Finally, it is worth noting that the previous
result was obtained considering matter consisting of a
scalar field with a fairly general form of the action, having
assumed only that the Lagrangian density depends on
Lorentz-invariant combinations of the scalar field and its
derivatives up to second order. We have not been able to
find analyses of the constraint structure of gravitational
systems with matter in the degree of generality considered
here in the literature, and for this reason we present this
calculation in detail in Appendix C.
We now turn to the description of the physical observ-

ables of the theory. From the point of view of the canonical
formalism, these will be what are known as Dirac observ-
ables: functions of the phase-space variables that commute
with the constraints of the theory. In general, these will to a
certain degree depend on the particularities of the matter
sector. However, in the case of TT̄ gravity there are
observables associated with the symmetries of the target
space (which is the physical space of the theory) that are
present independent of the nature of the matter sector.
Indeed, examining (1.3) it is clear that the theory is
symmetric under the action on X of the isometries of the
target-space metric. In the case of constant Ea which we are
restricting to here, these will be Poincaré transformations of
target- space. The conserved quantities associated with
these symmetries are given by8

Pa ≡
Z

dx
ϵabe

b

λ
; ð2:30Þ

J ≡ −
Z

dx
Yaebxηab

λ
: ð2:31Þ

It is easy to check that the Poisson algebra of these
quantities represents the Poincaré algebra

fJ; Pag ¼ ϵabP
b; ð2:32Þ

fPa; Pbg ¼ 0; ð2:33Þ

and that these generate Poincaré transformations of the Xμ

through the Poisson brackets

fXa; Jg ¼ ϵabX
b; ð2:34Þ

fXa; Pbg ¼ ηab: ð2:35Þ

On the ea these act as

feax; Jg ¼ ϵabe
a
x; ð2:36Þ

feax; Pag ¼ 0; ð2:37Þ

and they Poisson commute with the matter fields.
From the canonical action of the Pa on the fields, it is

clear that they are indeed Dirac observables of the theory, as
they generate constant shifts of Xa, which appear with
derivatives in the constraints. On the other hand, J is only a
Dirac observable when periodic boundary conditions are
taken for the Xa, but not in the winding sector, as expected,
given that compactifying the target-space spatial slice
breaks target-space boosts.
An important observation for what follows is that P0 and

P1 generate target-space translations and are thus the target-
space energy E and momentum P, respectively, which we
crucially interpret as the TT̄-deformed energy and momen-
tum. The key point that we will show is that the constraints
of the gravitational theory imply nontrivial relations
between these observables that are equivalent to the
finite-volume TT̄-flow equation (1.2).
In order to do this, it will be useful to perform a gauge-

fixing procedure that will allow one to carve out the
reduced phase space (in a sense, the physical phase space)
out of the full phase space of the theory Mkin. As we have
recalled earlier, in a Hamiltonian system with first-class
constraints, these are interpreted to generate via their
Poisson action infinitesimal gauge transformations of the
system. Thus, to remove ambiguities coming from gauge
equivalences, the reduced phase space of the system is
obtained by quotienting the full phase space by the action
of these gauge transformations. One way to accomplish this
is to supplement the constraints of the theory with a set of
extra constraints—the gauge-fixing conditions—so that
imposing the full set of constraints picks out a single
representative of each gauge orbit. Notice that the specific
way these gauge-fixing conditions are imposed does not
affect Dirac observables since they—by definition—
Poisson commute with the first-class constraints and are
therefore gauge invariant. Indeed, we will see that the TT̄
finite-volume flow equations arise from the constraints as
gauge-invariant algebraic relations between gauge-invari-
ant observables and thus are independent of the particular
gauge-fixing procedure will follow.
We will perform the gauge-fixing procedure in two steps

and start by imposing first the partial gauge-fixing
condition

∂xeax ¼ 0: ð2:38Þ

Notice that indeed this does not fully fix the gauge freedom
of the system given that the zero modes of the constraints
Poisson commute with this condition

8Notice that the X equations of motion imply dea ¼ 0, and soR
C e

a depends only topologically on the curve C.
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�Z
dxFa; ∂xebx

�
¼ 0: ð2:39Þ

However, condition (2.38) does fully fix the gauge trans-
formations generated by the nonzero modes. To see this, let
us define the expansion of the constraints and gauge-fixing
conditions over the nonzero modes

Ga
ðnÞ ≡

Z
dxGaðxÞeix2πn; n ≠ 0; ð2:40Þ

FaðmÞ ≡
Z

dxFaðxÞeix2πm; m ≠ 0: ð2:41Þ

Then the matrixGb
amn of Poisson brackets betweenGa

ðnÞ and
Fa
ðmÞ is given by

Gb
amn ≡

n
FaðmÞ; Gb

ðnÞ
o
¼ −λm2δabδmn: ð2:42Þ

Let us now define the space M̃kin as that obtained from
imposing the conditions Fa

ðnÞ ¼ 0 and Gb
ðmÞ ¼ 0 on the

phase space Mkin. Then, the fact that Gb
amn is invertible

implies that condition (2.38) does fix the gauge trans-
formations generated by Fa

ðmÞ and that the closed differ-

ential form Ω̃ induced on M̃kin is invertible and thus
symplectic. Indeed, this symplectic form is given by

Ω̃ ¼ −
1

λ

Z
dxϵabδX̃a ∧ δẽbx þ

Z
dxδϕ ∧ δπ; ð2:43Þ

where the X̃a and ẽbx denote the zero modes for the
corresponding variables. The partial gauge-fixing pro-
cedure finally leaves us then with the phase space M̃kin
on which we have two remaining constraints,

F̃a ≡
Z

dxFajkin ¼ 0; ð2:44Þ

where the jkin implies that this phase-space function is to be
evaluated at FaðmÞ ¼ Gb

ðnÞ ¼ 0.
We will now see how these leftover constraints imply

nontrivial relations between the Dirac observables of the
theory Pa that are equivalent to the TT̄-flow equation for
the finite-volume spectrum.
Notice first that on M̃kin we have

eax jkin ¼ ẽax ¼ λϵabP
b: ð2:45Þ

If we now consider, as explained in the Introduction,
winding boundary conditions for Xa whereZ

dx∂xXa ¼ Rδa1; ð2:46Þ

then the F̃a ¼ 0 constraints can be written as

ϵa1
R
λ
þ Pb þ sgnðλÞ Pa

jP2j1=2 E0ðLÞ

− sgnλ
ϵabPb

jP2j1=2 P0ðLÞ ¼ 0 ð2:47Þ

with L, E0ðLÞ, and P0ðLÞ defined as in (2.16)–(2.18). We
now identify Pa with the TT̄-deformed energy Eλ and the
momentum Pλ as follows:

P0 ¼ −R=jλj þ sgnðλÞEλðRÞ; ð2:48Þ

P1 ¼ −sgnðλÞPλðRÞ; ð2:49Þ

and define θ0 so that

cosh θ0 ¼ −
P0

jP2j1=2 ¼
R − λEλðRÞ

L
; ð2:50Þ

sinh θ0 ¼ −
P1

jP2j1=2 ¼ λ
PλðRÞ
L

; ð2:51Þ

where combining (2.17) with (2.45) we have

L ¼ jλjjP2j1=2 ¼ jðR − λEλðRÞÞ2 − PλðRÞ2j1=2 ð2:52Þ

(notice that the physical sign for λ in our conventions is
negative). Then the F̃a ¼ 0 equations can be written as

EλðRÞ ¼ cosh θ0E0ðLÞ − sinh θ0P0ðLÞ; ð2:53Þ

PλðRÞ ¼ − sinh θ0E0ðLÞ þ cosh θ0P0ðLÞ: ð2:54Þ

These are precisely the equations that define the implicit
form of the solution to the TT̄ finite-volume energy-flow
equation (1.2), as can be found in [2,21]. This is one of the
main results of this paper: that the constraints arising from
the gravitational system imply relations between the target-
space energy and momentum that are equivalent to the TT̄-
deformed spectrum. Even though it was necessary to fix
(partially) the gauge to arrive at these equations, these are
algebraic relations between gauge-invariant observables
and are thus gauge invariant.
Following [2,21], let us further analyze the flow equa-

tions (2.53) and (2.54) to clarify their meaning. Noticing
that they are of the form of a Lorentz transformation of
rapidity θ0 between ðE0ðLÞ; P0ðLÞÞ and ðEλðRÞ; PλðRÞÞ, it
is straightforward to invert these equations into

E0ðLÞ ¼ cosh θ0EλðRÞ þ sinh θ0PλðRÞ; ð2:55Þ

P0ðLÞ ¼ sinh θ0EλðRÞ þ cosh θ0PλðRÞ: ð2:56Þ
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The last of these equations can be written as

LP0ðLÞ ¼ RPλðRÞ: ð2:57Þ

Since in finite spatial volume spatial momentum is quan-
tized, then for any given state there are integers N0 and Nλ

such that P0ðLÞ ¼ 2πN0=L and PλðRÞ ¼ 2πNλ=R.
Equation (2.57) then immediately implies that N0 ¼ Nλ,
so that the integer describing the quanta of total spatial
momentum is undeformed by the flow, as expected for an
integer-quantized quantity in the presence of a continuous
deformation. In the zero momentum sector, the deformation
takes a particularly simple form

EλðRÞ ¼ E0ðR − λEλðRÞÞ; ð2:58Þ

which is the well-known implicit solution of (1.2)
when P ¼ 0.
It is interesting to note that the TT̄-flow equations

between EλðRÞ and E0ðRÞ, which are supposed to be exact
quantum mechanically, already arise at the classical level
within the gravitational description we have presented. This
could mean that, as far as the finite-volume spectrum is
concerned, quantum effects in this gravitational theory only
need to be considered at the level of the undeformed theory.
In other words, it may be that quantum corrections to Eλ

can be fully accounted for by including quantum effects
only in the computation of E0. The quantum-mechanical
value of Eλ would then result from using this quantum-
corrected E0 as input to the classical-flow equations.
Let us briefly discuss this last statement a bit further, as it

may be somewhat naive. The arguments given in [1,2]
show that the TT̄ deformation does indeed give rise to
quantum-mechanical finite-volume energy spectra satisfy-
ing the flow equation (1.2). This is a nontrivial fact, given
that the operator defining the deformation is composite, and
thus quantum mechanically it gives rise to coincident-point
divergences that are sensitive to the UV. Since the
deforming operator is irrelevant, it would appear that the
deformed theory in the UV would be ill defined. However,
as shown in [1,2], because of the particular structure of the
TT̄ operator, the deformation procedure is such that the
deformation of finite-volume spectra is in a certain sense
insensitive to these issues, and these are unambiguously
given by solutions of (1.2).
The question is then whether these conclusions survive

upon quantization of the gravitational theory we have
presented. One may further ask if issues such as UV
divergences or operator ordering can be addressed simply
by incorporating them into the definition of the undeformed
quantum theory, or if, instead, the gravitational sector
introduces additional difficulties of its own. We have
speculated that the former may hold for the finite-volume
energy spectrum. This may indeed be the case, even though
intermediate stages in the construction of the fully quantum

gravitational theory could still exhibit such problems within
the gravitational sector.
A related problem is studied in [22], where the authors

attempt to find a TT̄-deformed Hamiltonian that reproduces
the deformed finite-volume spectrum. There it is found
that, due to operator ordering issues, the Hamiltonian is not
uniquely defined: the perturbative expansion of the
deformed Hamiltonian in the deformation parameter
includes free undetermined constants. Crucially, for any
values of these constants, the resulting spectra satisfy the
flow equation.
One may ask whether a similar phenomenon occurs from

the point of view of the gravitational formulation of the TT̄
deformation discussed in this paper. As we have discussed,
in the gravitational theory there is no Hamiltonian, unless
the gauge is fixed, in which case one obtains a gauge-
dependent Hamiltonian. Indeed, one of the main points of
our analysis is that the flow equation emerges from the
constraint structure of the system as a relation between
gauge-invariant observables.
It is possible, however, that similar conclusions as those

reached in [22] are obtained when attempting to perform a
canonical quantization of the gravitational system we study.
For instance, one may try a “quantize first” approach, where
one quantizes the unconstrained phase space and then tries to
impose the constraints (2.21) and (2.22) quantum mechan-
ically as operator equations on the physical Hilbert space. It
may be that new ordering ambiguities then appear in the
gravitational sector, in addition to those alreadypresent in the
undeformed theory. A thorough analysis of this kind is,
however, beyond the scope of this work.
To conclude our analysis of the canonical structure of the

theory, we will construct the fully gauged-fixed reduced
phase space. As discussed above, the gauge-fixing con-
dition (2.38) does not fully fix the gauge: transformations
infinitesimally generated by the zero modes of the con-
straints remained unfixed. To obtain the fully gauge-fixed
Hilbert space, we have to supplement (2.38) with extra
conditions that remove this leftover gauge freedom.Wewill
now briefly discuss two possible ways in which this can be
achieved.
One possibility is to fix the gauge in order to simplify the

on-shell behavior of the metric. The Xa equations of motion
(EOM) in the spacetime split we have chosen are

∂teax − ∂xeat ¼ 0: ð2:59Þ

Combined with the gauge-fixing condition (2.38) these
EOM imply that ∂xeat is only a function of t, meaning that
eat is of the form

eat ¼ x∂xeat ðtÞ þ gaðtÞ ð2:60Þ

for some functions gaðtÞ. If we impose that eat is periodic on
the spatial circle, then this periodicity requires the first term
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in the previous expression to vanish; thus eat is independent
of x and only a function of t in the gauge we have chosen.
The remaining gauge freedom is generated by two func-
tions (the zero modes of the Fa) and thus can be used to
fully fix to constants the two functions gaðtÞ that determine
eat on shell. This is another way of seeing that eaμ can be
gauge fixed to be on-shell flat (indeed constant on the
cylinder), which was one of the key points used in [4] to
calculate the quantum partition function and spectrum of
this theory. Notice that the matter equations of motion in
this gauge are the undeformed equations of motion in the
presence of a constant metric on the cylinder, and thus the
quantities E0ðLÞ and P0ðLÞ that appear in the TT̄-flow
equations are obviously constant in this gauge.
From the canonical point of view, the gauge-fixing

outlined in the previous paragraph is somewhat counter-
intuitive, as one is gauge-fixing Lagrange multipliers and
not canonical variables, and so the fully constrained phase
space and induced symplectic structure are not easy to
construct from this. Another perhaps more natural pos-
sibility from the canonical point of view is to take the
gauge-fixing condition

X̃a ¼ 0: ð2:61Þ

From the point of view of the matter equations of motion,
this condition has the disadvantage that these will involve a
time-dependent metric. However, in this gauge the structure
of the fully fixed phase space Mred is far more evident.
Indeed, in this gaugeMred is identical to the phase space of
the unconstrained matter theory—in this case, a simple real
scalar—and the induced symplectic form is just the
symplectic form of the matter sector. The gravitational
sector is completely removed by the gauge-fixing con-
ditions and equations of motion.

III. FREE MASSLESS SCALARS AND
NONCRITICAL STRINGS

As a particular example of the procedure we have
discussed, it is instructive to consider the simplest possible
case, namely, that of a system of N free massless scalars.
This is particularly interesting because, as it is well known,
the TT̄ deformation of free massless scalars appears to be
related to noncritical strings. A number of previous studies
have discussed this (see [1,2,8,23–25] for a sample of
various perspectives on this) and we will discuss this
mostly to give a simple concrete example of the ideas
discussed in the previous section.
The matter sector of the action we consider is therefore

simply9

S0 ¼
Z

dtdx
ffiffiffiffiffiffi
−g

p
gμν∂μϕI

∂νϕ
I; ð3:1Þ

where I ¼ 1…N. The matter Hamiltonian and momentum
densities are

H0 ¼
ðπIπI þ ∂xϕ

I
∂xϕ

IÞ
2jex · exj1=2

¼ h0
jex · exj1=2

; ð3:2Þ

P0 ¼
π∂xϕ

jex · exj1=2
¼ p0

jex · exj1=2
ð3:3Þ

(we have defined h0 and p0 for later convenience) so that
the total Hamiltonian becomes

H ¼
Z

dx

�
N

�ðeaxηabðebx þ ∂xXbÞÞ
λ

þ
�
1

2
π2 þ 1

2
ð∂xϕÞ2

��

þ Nx

�
eaxϵab∂xXb

λ
þ π∂xϕ

��
: ð3:4Þ

It is interesting to note that the ISOð1; 1Þ algebra of
target-space isometries described in the previous section is
now extended to ISOð1; N þ 1Þ. This is not surprising in
view of the fact that at the classical level this theory is
expected to describe a bosonic string propagating in flat
(N þ 2)-dimensional spacetime, with the fields ϕI realizing
the embedding into the extra N coordinates. The extra
generators allowing one to go from ISOð1; 1Þ to
ISOð1; N þ 1Þ are given by

PI ¼
Z

dxπI; ð3:5Þ

QIJ ¼
Z

dxðπIϕJ − πJϕIÞ; ð3:6Þ

QaI ¼
Z

dx

�
ϕI

�
eax þ

∂xXa

2

�
− πIϵab

Xb

2

�
: ð3:7Þ

Then PI and QIJ generate translations and rotations in the
ϕI sector, whereas QaI has the following action on the
canonical variables:

fXa;QbIg ¼ ϵabϕI; ð3:8Þ

feax; QbIg ¼ ηab
πI

2
− ϵab

�
∂xϕ

I

2

�
; ð3:9Þ

fϕI; QaJg ¼ δIJϵab
Xb

2
; ð3:10Þ

fπI; QaJg ¼ −δIJηab

�
ebx þ

1

2
∂xXb

�
; ð3:11Þ

9In our normalization, whatever factor in front of the matter
action may be reabsorbed into λ without altering the classical
equations of motion.
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so that the action of QaI is a rotation/boost between the Xa

variables and the ϕI . A straightforward calculation shows
that indeed the Poisson brackets of the generators
fPa; PI; Q;QIJ; QaIg close into the ISOð1; N þ 1Þ alge-
bra. This shows that indeed at the classical level the theory
realizes the isometries of flat N þ 2-dimensional space-
time. We interpret this theory to give a kind of “Polyakov-
like” formulation of a noncritical bosonic string, where
Xμ ¼ fXa;ϕIg give the embedding coordinates and eax
plays the role of a “Polyakov metric.” Interestingly, in
contrast to what happens in the usual Polyakov formulation
of the bosonic string, in this formulation the dynamical
geometry on the world sheet eaμ is also charged under target-
space transformations.
Let us now analyze the spectrum of this theory according

to the analysis outlined in the previous section. We will
consider that we are as before in the winding sector in X1 so
that we have an N þ 2-dimensional closed string winding
around a compact target-space dimension of size R, with ϕI

being the transverse coordinates. From our previous argu-
ments, we start from the constraint equations, which formu-
lated in terms of (3.4) appear naturally in the Ci ¼ 0 form

λP2 − Paϵab∂xXb þ h0 ¼ 0; ð3:12Þ

Paηab∂xXb − p0 ¼ 0; ð3:13Þ

where we have already formulated the constraints in the
∂xeax ¼ 0 gauge and identified the Pa as in (2.45). The zero-
mode equations in the winding sector then yield

λP2 − P0Rþ
Z

dxh0 ¼ 0; ð3:14Þ

P1 ¼
R
dxp0

R
; ð3:15Þ

which combine to give P0 of the form

P0¼ R
2λ

� 1

2λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2−4λ

�Z
dxh0−λ

�R
dxp0

R

�
2
�s
; ð3:16Þ

which yields the target-space energy spectrum of the string
in terms of the spectrum of the operators

R
dxh0 andR

dxp0, which are the flat-space energy and momentum of
a system of N free two-dimensional massless bosons on a
compactified spatial circle of size 1. Notice that in our
formulation from Sec. II the constraint equations giving rise
to the TT̄-deformed spectrum were naturally written in
terms of the E0ðLÞ≡

R
dxH0 and P0ðLÞ≡

R
dxP0. For

the simple system we consider in this section, the relation
between E0ðLÞ and P0ðLÞ and

R
dxh0 and

R
dxp0 is trivial

at constant ex and the equation for the spectrum is readily
obtained in terms of the latter.

The undeformed theory of free massless bosons is
readily solved at the full quantum level and its spectra is
expressed in terms of two non-negative integers NL and NR
describing the total number of left- and right-moving
momentumZ

dxh0 ¼ 2πNR þ 2πNL − 2πN=12; ð3:17Þ
Z

dxp0 ¼ 2πNR − 2πNL: ð3:18Þ

Plugging this into expression (3.16) and taking λ ¼ −l2s=2,

P0¼−
R
l2s

∓ 1

ls

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

l2s
þ4πðNLþNR−N=12Þþ4π2l2sðNL−NRÞ2

R2

s
:

ð3:19Þ

This is precisely the light-cone-quantized bosonic string
spectrum in D ¼ N þ 2 in the unit-winding sector (for the
positive energy branch and up to subtraction of some linear
in R terms). Notice that we have obtained this by plugging
in the full quantum result for the undeformed free theory
describing the transverse modes into the “classical” TT̄-
flow equations. As mentioned before, the fact that the TT̄
deformation of N free massless bosons yields this spectrum
is well known and can be seen directly by solving the
Burgers equation (1.2) with free theory spectra as initial
condition. We have merely presented this in order to
exemplify our more general procedure.
Notice that, even from our point of view, it is hardly

surprising that we have obtained the light-cone string
spectrum, given that the zero modes of our gauge-fixed
constraints, Eqs. (3.14) and (3.15), coincide with the zero
modes of the Virasoro constraintsZ

dxð∂xXμ
∂xXμ þ ∂tXμ

∂tXμÞ ¼ 0; ð3:20Þ
Z

dx∂tXμ
∂xXμ ¼ 0 ð3:21Þ

in light-cone gauge where in the winding sector one has10

X0 ¼ ðl2sP0 þ RÞtþ
X
n≠0

ðα−n einðx−tÞ þ α̃−n einðxþtÞÞ; ð3:22Þ

X1 ¼ l2sP1tþ Rx −
X
n≠0

ðα−n einðx−tÞ þ α̃−n einðxþtÞÞ; ð3:23Þ

10Here we are using the somewhat unconventional notation
of t and x for the world sheet coordinates.
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where we have introduced the slightly unconventional
parametrization of target-space momentum in order to
reproduce Eq. (3.14) on the nose.
A very important point to mention before moving on is

that, from our previous construction, one may be misled
into thinking that the spectrum we have obtained is that of a
well-defined quantum bosonic string theory propagating in
N þ 2 dimensions. Of course, this is not the case, and it is
well known that this spectrum is incompatible with target-
space Poincaré invariance except for N ¼ 24 or N ¼ 1. In
light-cone quantization, the Poincaré algebra is not realized
quantum mechanically outside those dimensions, and
indeed our comments about ISOð1; N þ 1Þ generators
were only about classical Poisson brackets and are not
expected to carry on into the full quantum theory.

IV. JT̄-TYPE DEFORMATIONS

The type of classical-flow equations for the spectra
obtained in the previous sections for the TT̄ deformation
from its gravitational description can be extended to JT̄-
type deformations. These are deformations of theories with
global Uð1Þ symmetries, and the deformations are built out
of Lorentz-breaking bilinears built out of the Uð1Þ current
and the stress-energy tensor. Deformations of this type have
been the subject of a several studies (see, for instance, [26–
31] for a small sample of these). As explained in [32], these
deformations can be described in a gravitational manner
analogous to that of the TT̄ deformation by coupling the
undeformed theories S0 not only to the dynamical geometry
eaμ but also to a dynamical Uð1Þ gauge field Aμ. Again, we
consider a setup where the undeformed theory consists of a
scalar field, in this case a complex scalar charged under the
aforementioned Uð1Þ symmetry. The action of the
deformed theory is then of the form

SJT̄ ¼ SJT̄grav þ S0½Dμϕ̄Dνϕgμν; ϕ̄ϕ�; ð4:1Þ

where the coupling of the undeformed theory to the
gravitational sector is as before and the coupling to the
Uð1Þ gauge fields is through the covariant derivatives

Dμϕ≡ ∂μϕþ iAμϕ; ð4:2Þ

Dμϕ̄≡ ∂μϕ̄ − iAμϕ̄: ð4:3Þ

Similar to what happens with the TT̄ case, the deforma-
tion is implemented by the gravitational action governing
the dynamics of the e and A fields, which we take to be
form

SJT̄grav ¼ STT̄grav þ
1

λ

Z
∂μXaϵabnbð∂να − AνÞϵμν

þ 1

λ

Z
eaμϵabn0bð∂να − AνÞϵμν; ð4:4Þ

where α is an auxiliary scalar playing a similar role to the
Xa in this framework and na and n0a are fixed vectors in
target space. Notice that this action breaks target-space
Lorentz invariance, as expected for these types of Lorentz-
breaking deformations. Notice also that in [32] the defor-
mation involves two Uð1Þ gauge fields, as the authors
consider the undeformed theory to be a conformal field
theory and the possibility of coupling separately to the
right- and left-moving currents. Here we consider a some-
what different situation where the undeformed theory is an
arbitrary theory with a Uð1Þ symmetry and attempt to build
a Lorentz-breaking deformation out of a procedure inspired
by the gravitational action suggested in [32], but with only
one gauge field.
Taking this formulation as a starting point, we may

proceed as in Sec. II and extract from the constraints flow
equations for the finite-volume observables of the theory.
To the observables available before, associated with the
generators of target-space translations, now is added a
generator of the symmetry

α ⟶ αþ const; ð4:5Þ

which we interpret as the deformed Uð1Þ charge. We
proceed in an analogous way to Sec. II and sketch the
relevant steps, commenting on where they differ from the
earlier procedure.
The symplectic form of the theory is extracted from the

part of the action that is linear in time derivatives

SJT̄t ¼ 1

λ

Z
ϵabXa

∂tebx þ
1

λ

Z
∂tXaϵabnbAX

þ 1

λ

Z
eaxϵabn0b∂tα: ð4:6Þ

It is useful to bring this expression to Darboux form by the
redefinition

X̃a ≔ Xa þ n0aα ð4:7Þ

and

ẽa ≔ eb þ nbAX ð4:8Þ

in terms of which the symplectic form becomes11

ΩJT̄ ¼−
1

λ

Z
δX̃a∧ ẽbXϵab−

1

λ

Z
δα∧δAXðn0 ·ϵ ·nÞ: ð4:9Þ

The Poisson brackets are then the following:

fX̃a; ẽbXg ¼ −λϵab; ð4:10Þ

11We introduce the notation n0 · ϵ · n≡ n0aϵabṅb.
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fα; AXg ¼ −
λ

n0 · ϵ · n
: ð4:11Þ

We can express the Hamiltonian of the full deformed theory
in the same way we did in Sec. II,

HJT̄ ¼ HJT̄
grav þHJT̄

mat ð4:12Þ

with

HJT̄
mat ¼

ffiffiffiffiffiffi
−g

p
F̃

�
πϕffiffiffiffiffiffiffiffiffiffiffiffi
−gg00

p ;
πϕ̄ffiffiffiffiffiffiffiffiffiffiffiffi
−gg00

p ;
Dxϕ̄Dxϕffiffiffiffiffiffiffiffiffiffiffiffi

−gg00
p �

þ Atðiϕ̄πϕ̄ − iϕπϕÞ ð4:13Þ

−
g01

g00
ð∂Xϕþ iAxϕÞπϕ −

g01

g00
ð∂Xϕ̄ − iAxϕ̄Þπϕ̄ ð4:14Þ

being the matter contribution, which is derived through the
Legendre transform of the action using the standard
approach.
From (4.4) we can see that the gravitational part of (4.12)

is given by

HJT̄
grav ¼ HTT̄

grav þ At

�
∂XXa

λ
ϵabnb þ

eaXϵabn
0b

λ

�

þ eat
ϵabn0b

λ
ð∂Xα − AXÞ ð4:15Þ

(superindices TT̄ indicate terms that are identical to the
pure TT̄ case). Again, the total Hamiltonian is a linear
combination of constraints of the form

HJT̄ ¼ eat FJT̄
a þ AtGJT̄ ; ð4:16Þ

where

G≡
�
∂xXa

λ
ϵabnb þ

eaxϵabn0b

λ

�
− iðπϕϕ − πϕ̄ϕ̄Þ ð4:17Þ

and

Fa ≡ ϵab
λ

ð∂xXb þ ebx þ n0b½∂xα − AX�Þ

−
ηabebxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijex · exj

p PJT̄
0 −

ϵabebxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijex · exj
p HJT̄

0 : ð4:18Þ

Note that P0 andH0 have the same form as in Sec. II, but
they are evaluated in the background of the gauge field
AX, so

PJT̄
0 ¼ −

πDxϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijex · exj
p ð4:19Þ

and

HJT̄
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jex · exj

p
f̃

�
πϕπϕ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijex · exj

p ;
DxϕDxϕ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijex · exj
p ; ϕ̄ϕ

�
: ð4:20Þ

To summarize, as for the case of the TT̄ deformation
theory, the JT̄ theory is also a constrained Hamiltonian
system. The imposition of the constraints Fa ¼ 0 and
G ¼ 0 occurs over the phase space described by the
canonical variables fex; X; A; α;ϕ; πϕ; ϕ̄; πϕ̄g equipped
with the symplectic form (4.9). In an analogous manner
to Sec. II, it can be verified that constraints are indeed first
class, as expected.
Let us now identify the Dirac observables of the theory.

As previously mentioned, the theory is symmetric under the
action of isometries of the target-space metric on X and the
shift (4.5). The conserved quantities associated with these
symmetries are

Pa ¼
Z

dx
ϵabe

b
x − ϵabn

bAx

λ
ð4:21Þ

and

Qλ ¼ −
Z

dx
n0ϵn
λ

Ax; ð4:22Þ

which are the generators of translations in Xa and α,
respectively.
As before, we use diffeomorphisms and Uð1Þ gauge

transformations to fix the gauge where eax and Ax are
constants (denoted by tildes), so

Ãx ¼ −
λQλ

ðn0 · ϵ · nÞ ; ð4:23Þ

ẽax ¼ ϵabP
bλ −

λQλna

ðn0 · ϵ · nÞ : ð4:24Þ

Proceeding similar to Sec. II, we find that the zero modes
of the constraints lead to the following equations, which
represent a deformation mixing the Pa with the deformed
charge Qλ:

Qλ ¼ Q0 þ P · n0 þ Rn1

λ
; ð4:25Þ

R
λ
þ P0 −Qλ

n1 − n01

n0 · ϵ · n
¼ cosh θ0E0ðL; μÞ
þ sinh θ0P0ðL; μÞ; ð4:26Þ

P1 −Qλ
n0 − n00

n0 · ϵ · n
¼ sinh θ0E0ðL; μÞ
þ cosh θ0P0ðL; μÞ; ð4:27Þ
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where we have defined

L ¼ jẽ2xj1=2 ¼ jλj
				
�
P0 −Qλ

n1

n0 · ϵ · n

�
2

−
�
P1 −Qλ

n0

n0 · ϵ · n

�
2
				1=2; ð4:28Þ

cosh θ0 ¼
ẽ1x
L

¼
�
P0 −Qλ

n1

n0 · ϵ · n

�
λ

L
; ð4:29Þ

sinh θ0 ¼
ẽ0x
L

¼
�
P1 −Qλ

n0

n0 · ϵ · n

�
λ

L
: ð4:30Þ

Also, in the previous equations, Q0 stands for the Uð1Þ
charge generator in the undeformed theory

Q0 ¼ i
Z

dxðπϕϕ − πϕ̄ϕ̄Þ ð4:31Þ

and

E0ðL; μÞ ¼
Z

dxHJT̄
0 jex¼ẽx ; ð4:32Þ

P0ðL; μÞ ¼
Z

dxPJT̄
0 jex¼ẽx ð4:33Þ

are the energy and momentum of the undeformed theory
when placed on a spatial circle of length L and in the
presence of a background constant backgroundUð1Þ gauge
field of the form

Aα ¼ δαxμ ¼ −δαxλ
Qλ

n0 · ϵ · n
; ð4:34Þ

which can be equivalently thought of as a Uð1Þ twist of the
boundary conditions for the scalars along the circle

ϕðt; xþ LÞ ¼ eiμϕðt; xÞ ð4:35Þ

with μ defined in (4.34).
In principle, it is not evident how to relate the flow

equations we have obtained to those found for the JT̄
deformations in the literature. This is because our expres-
sions involve the undeformed charges evaluated at twisted
boundary conditions, with the twist parameter itself
depending on the deformed spectra, in an analogous
way as happens for the radius in the usual TT̄ flow.
This feature—to our knowledge—is absent from usual
formulations of JT̄-type flows.
It is interesting to point out, however, that having the flow

depend on the undeformed theory at twisted boundary
conditionswith twists dependingon the deformed conserved
quantities is precisely what was found in [33] for the flows
induced by higher-spin currents in integrable theories. Even

though these results were specifically about these types of
deformations, it seems likely that this twist dependence is a
general feature of deformations of integrable theories by
Castillejo-Dalitz-Dyson factors. In any case, we have pre-
sented this result mostly as an application of the gravitational
approach toadifferent typeofdeformationandrelegate further
study of the flow equation we have obtained to future work.

V. FROM CANONICAL QUANTIZATION TO THE
PATH INTEGRAL FORMULATION

Let us see now how the covariant path integral quanti-
zation (1.5) discussed in [4] emerges from the canonical
point of view. We will follow the standard procedure (as
found in many textbook treatments of QED [14–16]) which
starts from canonical quantization of a fully constrained
system and its canonical-variables path integral and builds
from there the covariant path integral over the uncon-
strained configuration space.
We will start from the assumption that we have managed

to quantize the theory in a “constrain first” type of
approach, meaning that we have built a fully constrained
reduced or physical phase space Mphys by imposing at the
classical level all of the constraints of the theory and have
performed the canonical quantization procedure of this
phase space. To be concrete, we will assume that this phase
space is constructed out of the gauge-fixing procedure
discussed in the last paragraphs of Sec. II by imposing the
gauge-fixing conditions (2.38) and (2.61). As explained
before, the phase space thus constructed is equal to the
phase space of the undeformed theory imbued with the
symplectic form of the undeformed theory. Therefore, we
may well assume that a quantization of this phase space is
available, that is, that the undeformed theory is defined at
the quantum level. In particular the canonical quantization
procedure applied to the undeformed theory would yield a
Hilbert space Hphys and a way to promote phase-space
variables in Mphys to operators (modulo ordering issues as
usual) and our preceding argument implies that this
quantizes the fully constrained gravitational theory as well.
From the point of view of the constrained gravitational

theory, the Pa are natural (commuting) observables real-
izing physical spacetime translations and it is natural then
to write down the partition function12

ZðL; RÞ ¼ TrHphys



e−iLaP̂

a�
: ð5:1Þ

This function is theoretically well defined, given that, on
the constraint surface, Pa can be written in terms of phase-
space variables of the undeformed theory for which we
assume a canonical quantization procedure makes sense.

12We are keeping the Minkowskian i in the exponent, whereas
for the partition function Euclidean signature would be more
natural (as considered in [4]). This is irrelevant for our discussion,
which is completely formal in any case.
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The P̂a denote the operators on Hphys that would be
obtained from this procedure. The R dependence appears
because the equations

R
dxFa ¼ 0 that are used to write Pa

in terms of the reduced phase-space canonical variables
depend on R via the winding of X along the spatial cycle,
which we take to be nonzero.
Standard manipulations allow us to write the ZðL; RÞ

partition function as a path integral over the fully con-
strained phase space

ZðL;RÞ ¼
Z
ziðt¼1Þ¼ziðt¼0Þ

Dzei
R

dtðαðconstÞi żi−LaPaÞ; ð5:2Þ

where the zi stand for the phase-space variables of the fully
constrained phase space in a Darboux coordinatization and

αðconstÞi for the corresponding symplectic potential. Of
course, as we have mentioned, these coincide with the
undeformed phase-space variables and in our scalar field
example they would be represented by the fϕ; πg canonical
pair. It is important to point out that in the previous
expression Pa stand for phase-space functions built out
of the P̂a operators according to some ordering procedure
(for instance, following [15], by pushing all canonical
momentum to the right). Notice that since the Pa on the
fully constrained phase space are obtained by solving the
constraint equations, these are very nontrivial functions over
thisphase spaceandordering issuesmaybeverycomplicated
to resolve inpractice.Keeping this inmind,wecan follow the
usual procedure [14,16] and express this path integral as one
over the unconstrained gravitational phase space by adding
the suitable δ functions and measure factors

ZðL;RÞ ¼
Z

DeaxDYaDϕDπδðFaÞδðGbÞ det fFa;Ggei
R

αðunconstÞ−i
R

dtLaPa

; ð5:3Þ

where all of the path integral integration variables are subject to periodic boundary conditions along t∈ ð0; 1Þ. Notice that our
canonical variable is the periodic Y and not X as we are assuming we are in the sector with spatial winding so that
X ¼ Xwind þ Y. Here Fa are the constraints as previously discussed andGb ¼ 0 stand for our gauge-fixing conditions (2.38)
and (2.61). In the previous formula, αðunconstÞ stands for (the pullback to the circle of) the unconstrained symplectic potential
which is given by Z

αðunconstÞ ¼ 1

λ

Z
dtdxϵabeax∂tYb þ

Z
dtdxπ∂tϕ: ð5:4Þ

We can now write the δ function enforcing the constraints of the theory as an exponential by integrating in a Lagrange
multiplier, which is immediately identified with eat ,

δðFaÞ ¼
Z

Deat e
−i
R

dtdxeat Fa ¼
Z

Deat e
−i
R

dtðHgravþH0Þ: ð5:5Þ

The path integral therefore becomes

ZðL;RÞ ¼
Z

DYaDeaxDeat δðGbÞ det fFa;Gg

× exp

�
i
λ

Z
dtdxϵabeax∂tYb −

i
λ

Z
dtdxeat ϵabð∂xXb þ ebxÞ − i

Z
dtLaPa

�
Z0½e�; ð5:6Þ

where X includes the part realizing the spatial winding and we have used expression (2.12) for Hgrav. Here we have
identified the undeformed partition function in the presence of the gravitational field

Z0½e�≡
Z

DϕDπei
R

dtdxπ∂tϕ−i
R

dtH0 ; ð5:7Þ

where the dependence on the dynamical geometry enters throughH0 as given in (2.13). Notice that we have been using the
notations for a scalar field, although we expect these rather formal manipulations to be valid for some more general cases.
Finally, we can use (2.30) to write Pa in the exponent in terms of the unconstrained canonical variables

exp

�
−i

Z
dtLaPa

�
¼ exp

�
−i

Z
dtLa

Z
dx

ϵabe
b
x

λ

�
¼ exp

�
i
Z

dt
Z

dxeaxϵab
∂tðtLaÞ

λ

�
; ð5:8Þ

BENÍTEZ, HERNÁNDEZ-CHIFFLET, and MATO PHYS. REV. D 113, 046015 (2026)

046015-14



given that the path integral is actually nonzero only in the
support of the δ function δðFaÞ that enforces the con-
straints. Notice that this last point is actually somewhat
subtle: the Pa that appears in the constrained phase-space
path integral is really some ordered version of an operator
whose expression in terms of the constrained canonical
variables is expected to be complicated. The fact that after
the ordering procedure this function of the constrained
canonical variables can still be written as in (5.8) is not at
all evident. Under the assumption that this is so, if we
redefine the field X so that now it also includes winding
along the time cycle

Xa ⟶ Xa þ tLa; ð5:9Þ

we then recover (up to a constant term coming from total
derivatives) the covariant path integral on the torus,

ZðL; RÞ ¼
Z

DXaDeaδðGbÞ det fFa;GgeiSgrav½X;e�Z0½e�:

ð5:10Þ

This is precisely a gauge-fixed form of the covariant path
integral on the torus considered in [4], where the X
windings around the two cycles of the torus encode the
L and R dependence. Crucially, this path integral expres-
sion is, in fact, independent of the gauge-fixing conditions
used (see, for instance, [14] for arguments directly within
the canonical approach). Notice that usually (e.g., in actions
that are second order in time derivatives), to get from the
canonical path integral to the covariant path integral, it is
necessary to integrate out some conjugate momenta,
whereas here the phase-space integral already yields a
covariant path integral after exponentiation of the con-
straints (which is natural from the fact that actions that
are first order in time derivatives—such as this one—
naturally weight paths in phase space, not in configura-
tion space).
It is interesting to compare the path integral expressions

obtained here with that used in [4]. In (5.10), the integration
measures obtained from the canonical procedure and
implied in De and DX are in a sense trivial, in that they
simply run over all phase-space values of Xa and eax and
all real values of eat , and there is no extra measure
factor attached except what would come from the
δðGbÞ det fFa;Gbg factor. From the canonical point of
view, this is natural, as the only requirement for our
measure over the fully constrained phase space is that it
is invariant under canonical transformations. Indeed the
path integral measure in (5.2) can be thought of, at every
time slice, as the symplectic measure of the induced
symplectic form on the gauge-fixed phase space.
This is in contrast to the situation in the gauge-fixed

path integral considered in [4], where even aside from the
determinant factors coming from the Faddeev-Popov

procedure the path integral measures over e and X are
nontrivial and defined via diffeomorphism-invariant inner
products on the space of fields (as is usual in path integral
formulations of string theory [34,35]). Indeed, in the
treatment of [4], these measure factors were crucial to
get the “correct” TT̄ answer. Furthermore, the range of
integration of the fields considered in the path integral
formulation of [4] ran only over explicitly invertible
geometries by construction.13 On the other hand, in the
canonical formulation the Lagrange multiplier variable et
runs over all real values, including values corresponding
to noninvertible metrics.
This discrepancy of the covariant and canonical

approaches in the range of integration for metric variables
imposing constraints is often present in quantization of
gravitational theories.14 In fact, this problem is already
present for the simplest possible diffeomorphism-invariant
action, that of the free relativistic massive particle. As
discussed, for instance, in [37,38] the worldline “lapse”
function emerges in the canonical formalism as a Lagrange
multiplier, whose range is naturally unrestricted. However,
for the path integral to correctly yield the Klein-Gordon
propagator, its range of integration must be restricted
ultimately to positive values.15

It is also interesting to compare the two path integral
formulations for the TT̄ gravity theory regarding the one-
loop exactness property found in [4]. There, after the path
integral has localized into the space of constant metrics
(constant dyads, strictly speaking), the remaining finite-
dimensional integral is also found to be one-loop exact.
From the point of view of that procedure, this one-loop
exactness was somewhat surprising, although crucial to
obtain the correct TT̄-deformed spectrum. As we have
pointed out before, considering this perspective, the emer-
gence of the equation for the TT̄ spectrum at the classical
level is not surprising, given that at the level of the quantum
partition function it arises from some saddle-point
equation.
In the context of the analysis presented in this paper,

the one-loop exactness of the path integral and the
resulting TT̄ spectrum follow from our canonical
analysis and the expression for the canonical partition
function we start with (5.1). It is instructive to see how
this one-loop exactness comes about, and as a sanity
check of this whole procedure, to rederive the TT̄
spectrum from (5.10) working backward. From this
point of view, the step where one would find the
localization to constant geometries would be when

13One could argue, however, that since that path integral ended
up being one-loop exact in a sense, the localization on the saddle
point makes questions regarding the region of integration some-
what subtle.

14See, for instance, [36] for recent comments on this.
15It is also interesting to compare statements in [37,38]

regarding to what extent locality fixes the path integral measure.
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arriving at (5.3). In order to analyze this expression, it
is convenient to separate the constraints Fa and the
gauge-fixing conditions Ga into zero modes (denoted
with tildes) and nonzero modes (denoted with primes).
For the gauge-fixing conditions, the nonzero-mode part
G0a is the ∂xeax ¼ 0 constraint, while the zero-mode part
G̃a is given by X̃a ¼ 0 [as in (2.61)]. Notice that, since
the Poisson bracket between the zero mode of Fa and
the nonzero mode of G vanish, the determinant factor in
(5.3) factors into

det fFa;Gg ¼ det
n
F̃a; G̃

o
det fF0

a; G0bg; ð5:11Þ

where the second factor is a functional determinant
given by

det
n
F0
a; G0b

ðnÞ
o
¼ detð−∂2xÞ2: ð5:12Þ

To perform the path integral in (5.3), it is useful to
factor the integration into zero and nonzero modes as

DYa ¼ dỸaDY 0a; ð5:13Þ

Deax ¼ dẽaxDe0ax; ð5:14Þ

where the primed variables again refer to the nonzero
modes. Notice that the integral over the nonzero modes
have no extra measure factor coming from a nontrivial
path integral measure as in [4]. The integrals over the
nonzero modes of Ya and eax are immediately taken care
of by the nonzero-mode part of the constraints and
gauge-fixing conditions, respectively. The fact that this
sets to zero the nonzero-mode part of eax means that
these variables (that is, their nonzero-mode parts)
disappear from the exponent in (5.3), since this expo-
nent is linear in eax and depends on Y via its product
with eax . Then these integrations yield only leftover
functional determinants that are given byZ

DY 0aδðF0
aÞ¼

Z
DY0aδð∂xYaþ…Þ¼detð∂xÞ−2; ð5:15Þ

Z
De0axδð∂xeaxÞ ¼ detð∂xÞ−2: ð5:16Þ

These functional determinants can be turned into
determinants of Hermitian operators by using

detðQÞ ¼ detðQ†QÞ1=2: ð5:17Þ

If we assume, as mentioned before, that the path
integral measures of integration for the Y and ex are
defined by the trivial inner product for functions on the
circle

ðf; gÞ≡
Z

dxf�g ð5:18Þ

(notice that, as mentioned before, there is no need to
use a diffeomorphism-invariant inner product on the
circle to define a path integral over the canonical
variables) then, using this inner product to define the
adjoint, the aforementioned manipulations of functional
determinants (5.17) yield

detð∂xÞ ¼ detð−∂2xÞ1=2: ð5:19Þ

Thus, the functional determinants coming from the
integration over the nonzero modes cancel with the
functional determinant factor from det fFa;Gg. The
integral over the zero mode of Y trivially sets it to
zero because of the zero mode of the gauge-fixing
condition and we are left with a finite-dimensional
integral over constant eax and a path integral over the
canonical variables of the undeformed theory

ZðL; RÞ ¼
Z

DϕDπ

×
Z

dẽaxe
i
R

dtdxπ∂tϕδðF̃aÞ det
�
∂F̃a

∂ẽbx

�
e−iLaϵ

a
bẽ

b
x=λ;

ð5:20Þ

where we have used that at constant eax

det
n
F̃a; G̃

o
¼ det

�
∂F̃a

∂ẽbx

�
ð5:21Þ

and Pa ¼ ϵabẽ
b
x=λ. The δ function that imposes F̃a fixes

ẽax to be such that Pa satisfy the TT-flow equation, as
explained in Sec. II. This, of course, gives back the
expression (5.2) for the partition function, modulo the
fact that in (5.2) Pa requires some ordering procedure,
whereas in the expression we have just obtained Pa

appears to be just the phase-space function obtained
from solving F̃a ¼ 0, this subtlety being another avatar
of the ordering issues we have pointed out earlier.
However, in order to make contact with the procedure

performed in [4], some different manipulations are useful.
First, the finite-dimensional δ function can be exponenti-
ated by integrating in a constant variable ẽat ,

δðF̃aÞ ¼
Z

dẽat e−iẽ
a
t Fa ¼

Z
dẽat e−iH̃grav−iH̃0 ; ð5:22Þ

where H̃grav and H̃0 are the zero modes of the gravity and
matter Hamiltonians, respectively, evaluated at constant
geometry ẽaμ. Then the partition function can be written as
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ZðL;RÞ ¼
Z

dẽaxdẽat e−iH̃grav−iLaPaẽbx=λW½ẽ�; ð5:23Þ

where

W½ẽ� ¼
Z

DπDϕei
R

dtdxπ∂tϕ det

�
∂F̃a

∂ẽbx

�
e−iH̃0 : ð5:24Þ

This last quantity W½ẽ� is calculated purely in terms of the
matter theory (the undeformed theory) at fixed constant
geometry. As we have mentioned for our starting point, we
may assume that it is understood how to quantize the
undeformed matter theory, in the sense that when placing
the theory in a cylinder with constant geometry of size Lwe
have a basis of energy and momentum eigenstates of the

undeformed theory jki with eigenvalues EðkÞ
0 ðLÞ and

PðkÞ
0 ðLÞ, respectively (here k stands for some multi-index

labeling these states). Then, modulo ordering subtleties, we
can write

W½ẽ� ¼
X
k

hkj det
�
∂
ˆ̃Fa

∂ẽbx

�
e−i

ˆ̃H0 jki; ð5:25Þ

where the hat denotes that we have promoted these
functions of the phase space of the undeformed theory
into operators in the Hilbert space of the undeformed
theory. Both F̃a and H̃0 are functions of the undeformed
energy E0ðLÞ and momentum P0ðLÞ on a circle of size L,
where L in these expressions depends on ẽax via Lje2xj1=2.
Then naively we would want to write

W½ẽ� ¼
X
k

det

�
∂F̃ðkÞ

a

∂ẽbx

�
e−iH̃

ðkÞ
0 ; ð5:26Þ

where F̃ðkÞ
a and H̃ðkÞ

0 denote these quantities with E0ðLÞ and
P0ðLÞ evaluated at EðkÞ

0 ðLÞ and PðkÞ
0 ðLÞ.

What may obstruct the passage from (5.25) to (5.26) is
the fact that the expectation values summed over also
include insertions of ∂LE0ðLÞ and ∂LP0ðLÞ coming from
the derivatives of F̃a with respect to ẽax . Because of the
quantization of total momentum at fixed size L, P0ðLÞ is
necessarily of the form P0ðLÞ ¼ N=L for some integer N.
Therefore, jki are also eigenvectors of ∂LP0ðLÞ and
insertions of this operator do not introduce complications
in the passage from (5.25) to (5.26).
Let us focus on terms in (5.25) involving insertions of

∂LE0ðLÞ. Because of the structure of F̃a, given by (2.47)
with Pa ¼ ϵabẽ

a
x=λ, these insertions can appear at the most

at quadratic order in (5.25). However, because of the
structure of the determinant, it turns out that quadratic
insertions of these operators vanish from (5.25). Terms
linear in ∂LE0ðLÞ are easily taken care of by the fact that

hkj∂LE0ðLÞjki ¼ ∂LE
ðkÞ
0 ðLÞ by standard perturbation

theory arguments and thus expression (5.26) appears to
be valid.
Plugging in then (5.26) into our expression (5.23) for

ZðL; RÞ yields

ZðL;RÞ ¼
X
k

Z
dẽaxdẽat e−iH̃grav−iLaPaẽbx=λ

× det

�
∂F̃ðkÞ

a

∂ẽbx

�
e−iH̃

ðkÞ
0 : ð5:27Þ

This is—if not precisely the same—of the form found for
the gravitational TT̄ partition function found in [4] [see, for
instance, equations (43)–(50) there]: an integral over
constant dyads on the torus and a sum over the eigenstates
of the undeformed theory. However, for the integral found
in [4], the fact it was one-loop exact seemed quite
surprising, a conspiracy of factors coming from the non-
trivial path integral measures, coming from inner products
in the space of fields fixed by demanding diffeomorphism
invariance.
Here, however, this saddle-point exactness property is

quite simple. Indeed, undoing in these last expressions the
steps going from (5.20) to (5.23) by integrating over ẽat ,
we get

ZðL;RÞ¼
X
k

Z
dẽaxδðF̃ðkÞ

a Þdet
�
∂F̃ðkÞ

a

∂ẽbx

�
e−iLaPaðẽxÞ: ð5:28Þ

Then the δ function fixes the integral to values of ẽax such
that PaðẽxÞ coincide with the TT̄-deformed spectrum (as
discussed in detail in Sec. II. The determinant factor gives
the right measure so that

ZðL; RÞ ¼
X
k

e−iL0ðEðkÞ
λ ðRÞþR=λÞ−iL1P

ðkÞ
λ ðRÞ ð5:29Þ

without there being any extra factors. Here EðkÞ
λ ðRÞ and

PðkÞ
λ ðRÞ are the solutions to the TT̄-flow equations with

EðkÞ
0 ðRÞ and PðkÞ

0 ðRÞ as initial (λ ¼ 0) conditions. We have
arrived thus at the TT̄-deformed partition function.
Let us briefly recap what we have accomplished. We

started from the observation that, in a particular gauge, the
gauge-fixed phase space is identical to the undeformed
phase space; thus we have assumed that the gauge-
fixed phase space admits a canonical quantization pro-
cedure identical to that of the undeformed theory. The
physical spacetime translation operators of the gravitational
theory are the Pa, which are made into functions exclu-
sively of this phase space after one solves the constraint
equations. Since these generate physical spacetime trans-
lations, it makes sense to consider the partition function
defined by (5.1) over the gauge-fixed—equivalently,

CANONICAL ANALYSIS OF THE GRAVITATIONAL … PHYS. REV. D 113, 046015 (2026)

046015-17



the undeformed—phase space. Via an expression of this
partition function as a path integral over canonical variables
in the constrained phase space and a type of canonical
Faddeev-Popov trick, we managed to write this as a gauge-
fixed form (in a particular gauge) of the covariant path
integral discussed in [4]. Following a slightly different
version of this procedure in reverse, we have shown that
this reproduces the TT̄-deformed partition function.
Many of the steps we have followed are dependent on

how one handles ordering ambiguities that may arise,
which we have mentioned at every relevant step, yet not
analyzed in detail. It would seem to be difficult to do this at
the level of generality about the undeformed theory we are
assuming here, and perhaps this analysis is better per-
formed on a case-by-case basis.
It is interesting to point out, however, that in going from

the gauge-fixed covariant expression (5.10) to the TT̄-
deformed partition function (5.29) the only ordering issues
that arose were those within the quantization of the
undeformed theory, related to the operators appearing in
the expectation values taken in (5.25). This lends some
weight to the intuitive idea mentioned in Sec. II that
perhaps to get the fully quantum TT̄-deformed spectrum
in a sense only quantum corrections at the level of the
undeformed theory need to be considered. It appears that
further analysis is required from this point of view, perhaps
on a case-by-case basis considering specific undeformed
theories, to put these types of arguments on more solid
footing.

VI. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we have analyzed the gravitational
description of the TT̄ deformation from the Hamiltonian
point of view, where it is described as a constrained
canonical system. We have found that the constraints imply
nontrivial relations between the target-space observables of
the theory (the physical energy and momentum) and the
energy and momentum of the undeformed theory. These
relations, given by (2.53) and (2.54), coincide with the
implicit form of the solutions of the TT̄ finite-volume flow
equation (1.2) once one identifies the target-space energy
and momentum with the TT̄-deformed energy and momen-
tum. We have found that this result holds for a quite general
undeformed matter content. It is interesting that these
equations emerge within the gravitational description at
the level of the classical equations of motion, whereas the
TT̄-deformed spectrum is supposed to hold fully quantum
mechanically. As it is well known, this already happens at
the level of the light-cone-quantized critical bosonic string,
and we have pointed out the similarity between the
two cases.
We have followed a similar approach to study a similar

deformation, inspired by gravitational formulations of the
Lorentz-breaking JT̄ deformation proposed in the litera-
ture. Here we have found that the deformed spectrum

depends on the undeformed quantities evaluated at twisted
boundary conditions. Although this feature is expected if
one considers S-matrix deformations of integrable theories,
it makes comparison with previous results somewhat
difficult and further work is warranted in this direction.
It would also be interesting to see whether a similar analysis
to that performed here can also be applied to other
“cousins” of the TT̄ deformation, such as the double
current deformations considered in [39], the TT̄ þ Λ2

deformation discussed in [40], or the root-TT̄ deformation
introduced in [41,42].
Perhaps the most interesting avenue for future work in

terms of possible applications is to extend the TT̄ gravity
formulation of noncritical string theories discussed in
Sec. III to the sector without winding, particularly for a
three-dimensional target space, where the spectrum in the
winding sector is known to be compatible with target-space
Lorentz symmetries at the quantum level. Here, instead of
the finite-volume energy spectrum EðRÞ, one would be
interested in the energies as a function of the angular
momentum J. A possible approach would be to consider
the path integral on the Euclidean torus with boundary
conditions twisted by J along some cycle. A first step
toward attempting this calculation is to identify how
rotations act on the gravitational variables (in contrast to
what happens in the Polyakov formulation, this action is
nontrivial in our case), which we have done in this paper.
Very likely, this path integral calculation will involve
considering singular metric configurations, which adds
an extra complication with respect to the nonzero winding
case. In any case, it will be interesting to see whether an
exact formula emerges from this procedure, as happens in
the winding sector.
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APPENDIX A: CONSTRAINED HAMILTONIAN
SYSTEMS

In this appendix, we will introduce the most general
aspects of constrained Hamiltonian systems (which include
gauge systems). Part of the importance of having an
appropriate Hamiltonian formulation for constrained sys-
tems lies in the need to develop a valid canonical quan-
tization procedure.
It can be shown (see [16]) that the total Hamiltonian in

these cases is of the form
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HT ¼ H þ umcm; ðA1Þ

where the um are Lagrange multipliers of the constraints
cm, and H ¼ q̇npn − L.
In order to appreciate the relation between quantities that

appear in the Hamiltonian formalism, a distinction between
first- and second-class functions is usually made. This
relies only on the fundamental structure of the Hamiltonian
theory, the Poisson bracket. Any quantity that has a weakly
null bracket with all the constraints is called first class.
Quantities that do not have this property are called second
class. The total Hamiltonian (A1) is expressed as the sum of
a first-class Hamiltonian plus a linear combination of first-
class constraints.
All the first-class constraints generate gauge transforma-

tions that are independent if and only if the constraints are
irreducible. The transformation generated by a first-class
constraint preserves all first- and second-class constraints,
so it maps an allowed state onto an allowed state. Also, the
Poisson brackets of any two first-class constraints is a first-
class constraint and generates a gauge transformation.
On the other hand, second-class constraints are present if

the matrix Cjj0 ¼ ½cj; cj0 � does not vanish on the constraint
surface. These kinds of constraints do not generate any
transformation of physical significance, including gauge
transformations, because the transformation generated by a
second-class constraint does not preserve all the constraints
of the system, so it maps an allowed state onto a non-
allowed state. To treat second-class constraints, we must
define the Dirac bracket,

½F;G�� ¼ ½F;G� − ½F; ci�Cij½cj; G�: ðA2Þ

If the theory is formulated in terms of the Dirac brackets,
the second-class constraints become strong identities
expressing canonical variables in terms of others, and in
some cases they can be used to eliminate some degrees of
freedom.

APPENDIX B: HAMILTONIAN FOR SCALAR
FIELDS WITH ONE-DERIVATIVE

INTERACTIONS IN GRAVITATIONAL
BACKGROUND

In order to obtain the Hamiltonian for the scalar matter
theory in the gravitational background, we must first find
the canonical momentum π of the matter field in terms of
the time derivatives of ϕ. This is accomplished via the
defining relation

π ¼ ffiffiffiffiffiffi
−g

p
∂uKðu;ϕÞ

∂u
∂∂tϕ

: ðB1Þ

Using that u can be written as

u ¼ r

� ffiffiffiffiffiffiffiffiffi
jg00j

q
∂tϕþ r

g01ffiffiffiffiffiffiffiffiffi
jg00j

p ∂xϕ

�
2

þ 1

g00g
ð∂xϕÞ2; ðB2Þ

where r≡ sgnðg00Þ, the equation to invert ∂tϕ in terms of π
is thus of the form

ffiffiffiffiffiffiffiffiffi
jg00j

q
∂tϕþr

g01ffiffiffiffiffiffiffiffiffi
jg00j

p ∂xϕ¼f

�
πffiffiffiffiffiffiffiffiffiffiffi
jg00gj

p ;
ð∂xϕÞ2
g00g

;ϕ

�
ðB3Þ

for some function f of the variables made explicit above,
the specific details of which depend on the particular
form of K. Using this, we get that the Hamiltonian can
be written as

Hmat≡
Z

dxπ∂tϕ−
Z

dx
ffiffiffiffiffiffi
−g

p
Kðu;ϕÞ

¼
Z

dx

�
−
g01

g00
π∂xϕþ

πffiffiffiffiffiffiffiffiffi
jg00j

p f

−
ffiffiffiffiffiffi
−g

p
K

�
f2þð∂xϕÞ2

g00g
;ϕ

��

¼
Z

dx

�
−
g01

g00
π∂xϕþ

ffiffiffiffiffiffi
−g

p
f̃

�
πffiffiffiffiffiffiffiffiffiffiffi
jg00gj

p ;
ð∂xϕÞ2
g00g

;ϕ

��
;

ðB4Þ
from which (2.13) immediately follows. Notice also that by
evaluating the previous expression in flat space gμν ¼ ημν it
is clear that f̃ is the flat-space matter Hamiltonian density,
so that by a change of variables it is seen that the
interpretation of (2.16) given in the main text follows.

APPENDIX C: CONSTRAINT ALGEBRA

In this appendix, we are going to show some details of
the calculation of the constraint algebra and compute the
Poisson brackets (2.27). Defining the gravitational part of
(2.23) as

Cgrav½N� ¼
Z

Neaxηabðebx þ ∂xXbÞ ðC1Þ

and the material part as

Cmat½N� ¼
Z

NH0ðxÞ; ðC2Þ

we have

fC½N�;C½M�g¼fCgrav½N�;Cgrav½M�gþfCmat½N�;Cmat½M�g
þfCgrav½N�;Cmat½M�gþfCmat½N�;Cgrav½M�g:

ðC3Þ

The first term in (C3) corresponds to the Poisson
brackets between the gravitational part. This is
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�Z
dxNeaxηabðebx þ ∂xXbÞ;

Z
dx0Mea

0
x ηa0b0 ðeb0x þ ∂x0Xb0 Þ

�
: ðC4Þ

Before continuing, we first note that the only terms that contribute to the final result are those involving the Poisson brackets
f∂xXb; ea

0
x g and feax; ∂xXb0g, while the other two terms cancel due to the antisymmetry of the Levi-Civita symbol (which

appears when taking the Poisson bracket of the canonical variables). With this in mind, we can write (C4) asZ
NðxÞMðx0ÞexaðxÞηab

n
∂xXbðxÞ; ea0x ðx0Þ

o
ηa0b0 ðeb0x ðx0Þ þ ∂x0Xb0 ðx0ÞÞ

þ
Z

NðxÞMðx0Þ
n
eaxðxÞ; ∂x0Xb0 ðx0Þ

o
ηabðebxðxÞ þ ∂xXbðxÞÞea0x ðx0Þηa0b0 : ðC5Þ

It is a simple task to verify that only each second term in the curved parentheses contributes to the final result. We are then
left with

Z
NðxÞMðx0ÞexaðxÞηab

�
∂xXbðxÞ; ea0x ðx0Þ

�
ηa0b0∂x0Xb0 ðx0Þ þ

Z
NðxÞMðx0Þ

�
eaxðxÞ; ∂x0Xb0 ðx0Þ

�
ηab∂xXbðxÞea0x ðx0Þηa0b0

¼
Z

NðxÞMðx0ÞexaðxÞ∂x0Xb0 ðx0Þηabεba0ηa0b0∂xδðx − x0Þ þ
Z

NðxÞMðx0Þea0x ðx0Þ∂xXbðxÞηabεab0ηa0b0∂x0δðx − x0Þ

¼
Z

NðxÞMðx0ÞexaðxÞεab∂x0Xbðx0Þ∂xδðx − x0Þ þ
Z

NðxÞMðx0Þexaðx0Þεab∂xXbðxÞ∂x0δðx − x0Þ: ðC6Þ

Integrating over the Dirac δ, and noticing that the only
nonvanishing terms are those involving the derivative of the
Lagrange multipliers, we finally get

fCgrav½N�; Cgrav½M�g ¼
Z

dxðN∂xM −M∂xNÞexaεab∂xXb

¼ Cx;grav½N∂xM −M∂xN�; ðC7Þ

where Cx;grav stands for the gravitational part of the
diffeomorphism constraint.
We now proceed to calculate the second term in (C3),

which will be the most complicated because of the degree
of generality we are assuming for the matter action. We
start by remembering that the matter Hamiltonian density is
obtained after performing a Legendre transform

Hmat ¼ π∂tϕ −
ffiffiffiffiffiffi
−g

p
K; ðC8Þ

where
ffiffiffiffiffiffi−gp

K is the Lagrangian density and we have
assumed it to be of the form

K ¼ Kðϕ; uÞ; u ¼ ∂μϕ∂
μϕ ¼ gμν∂μϕ∂νϕ; ðC9Þ

so that K depends exclusively on Lorentz-invariant combi-
nations of the field and its derivatives up to second order. π
is the conjugate momentum associated with the field ϕ and
is defined as

π ¼ ffiffiffiffiffiffi
−g

p ∂K
∂ð∂tϕÞ

: ðC10Þ

Let us now perform some preliminary calculations as
follows:

fπðxÞ∂tϕðxÞ;ϕðx0Þg¼−∂tϕðxÞδðx−x0Þ−πðxÞδ∂tϕðxÞ
δπðx0Þ ;

fπðxÞ∂tϕðxÞ;πðx0Þg¼ πðxÞδ∂tϕðxÞ
δϕðx0Þ ;

f ffiffiffiffiffiffi
−g

p ðxÞKðxÞ;ϕðx0Þg¼−
ffiffiffiffiffiffi
−g

p
πðxÞδ∂tϕðxÞ

δπðyÞ ;

f ffiffiffiffiffiffi
−g

p ðxÞKðxÞ;πðx0Þg¼ ffiffiffiffiffiffi
−g

p δKðxÞ
δϕðx0Þ

				
∂tϕ

þπðxÞδ∂tϕðxÞ
δϕðx0Þ ;

ðC11Þ

where we used the shorthand notation KðxÞ ¼
KðϕðxÞ; uðxÞÞ and ∂tϕðxÞ is determined by inverting
Eq. (C10), the vertical bar on the first term on the rhs
denoting that the functional derivative is taken at constant
∂tϕðxÞ. With these results, we have

fHmatðxÞ;ϕðx0Þg ¼ −∂tϕðxÞδðx − x0Þ;

fHmatðxÞ; πðx0Þg ¼ −
ffiffiffiffiffiffi
−g

p δK
δϕðx0Þ

				
∂tϕ

: ðC12Þ

We now come to the key trick that is used to perform the
calculation. Notice that the matter part of the C½N� con-
straints, that is, Cmat½N�, can be obtained from

R
dxHmatðxÞ

by the substitution
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eat → Nebxεab: ðC13Þ

However, due to the arguments in Appendix B, Hmat is linear in eat and therefore

Cmat½N� ¼
Z

dxHmatjeat →Nebxεab
¼

Z
dxNðxÞHmatjeat →ebxεab

: ðC14Þ

Thus, in order to calculate fCmatter½N�; Cmatter½M�g, we start by calculating�Z
dxNðxÞHmatðxÞ;

Z
dyMðyÞHmatðyÞ

�
¼

Z
dxdyNðxÞMðyÞfHmatðxÞ;HmatðyÞg

¼
Z

dxdyNðxÞMðyÞdz
�
δHmatðxÞ
δϕðzÞ

δHmatðyÞ
δπðzÞ −

δHmatðxÞ
δπðzÞ

δHmatðyÞ
δϕðzÞ

�
; ðC15Þ

and we will later on evaluate this at eat → ebxεab. Using now the results (C12), we get

�Z
dxNðxÞHmatðxÞ;

Z
dyNðyÞHmatðyÞ

�
¼

Z
NðxÞNðyÞ

�
δðx − zÞ∂tϕðxÞ

ffiffiffiffiffiffi
−g

p ðyÞ δKðyÞ
δϕðzÞ − ðx ↔ yÞ

�
; ðC16Þ

where we have now omitted the measures of integration. The functional derivative appearing in the previous equation can be
calculated as

δKðxÞ
δϕðyÞ ¼ ∂ϕKðxÞδðx − yÞ þ ∂uKðxÞδuðxÞ

δϕðyÞ
				
∂tϕ

: ðC17Þ

When inserting this expression into (C16), we can see that the contribution proportional to the first term vanishes due to the
antisymmetrization, so we are left with�Z

dxNðxÞHmatðxÞ;
Z

dyMðyÞHmatðyÞ
�
¼
Z

NðxÞMðyÞ
�
δðx−zÞ∂tϕðxÞ

ffiffiffiffiffiffi
−g

p ðyÞ∂uKðyÞ
δuðyÞ
δϕðzÞ

				
∂tϕ

−ðx↔yÞ
�
: ðC18Þ

Since u ¼ gμν∂μϕ∂νϕ, we have

δuðyÞ
δϕðzÞ

				
∂tϕ

¼ 2g01∂tϕðyÞ∂yδðy − zÞ þ 2g11∂yϕðyÞ∂yδðy − zÞ: ðC19Þ

From the expression for the metric in terms of the dyad gμν ¼ ηabeaμebν , we then have

gμν ¼ 1

g

�
eaxexa −eat exa
−eat exa eat eta

�
: ðC20Þ

We now evaluate at eat ¼ ebxεab. With this choice of eat , (C19) becomes

δuðyÞ
δϕðzÞ

				
∂tϕ

¼ 2g11∂yϕðyÞ∂yδðy − zÞ ¼ 2g00∂yϕðyÞ∂yδðy − zÞ: ðC21Þ

Then, we have �Z
dxNðxÞHmatðxÞ;

Z
dyMðyÞHmatðyÞ

�				
eat ¼ebxεab

¼
Z

NðxÞMðyÞ
�
δðx − zÞ∂tϕðxÞ

ffiffiffiffiffiffi
−g

p ðyÞ∂uKðyÞδuðyÞ
δϕðzÞ

				
∂tϕ

− ðx ↔ yÞ
�

×
Z

NðxÞMðyÞ½δðx − zÞ∂tϕðxÞ
ffiffiffiffiffiffi
−g

p ðyÞ∂uKðyÞ2g00∂yϕðyÞ∂yδðy − zÞ − ðx ↔ yÞ�: ðC22Þ
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Integrating over the Dirac δ [keeping in mind that only the
terms involving the derivatives of NðxÞ or MðyÞ will
survive due to the antisymmetrization] and then integrating
on z and on one of the other spatial variables, we obtain

�Z
dxNðxÞHmatðxÞ;

Z
dyMðyÞHmatðyÞ

�				
eat ¼ebxεab

¼
Z

ðN∂xM −M∂xNÞ½ ffiffiffiffiffiffi
−g

p
∂uK∂tϕ2g00∂xϕ�: ðC23Þ

Let us now recall the definition of π,

π ¼ ffiffiffiffiffiffi
−g

p ∂K
∂ð∂tϕÞ

¼ ffiffiffiffiffiffi
−g

p
∂uK

∂u
∂ð∂tϕÞ

¼ ffiffiffiffiffiffi
−g

p
∂uKð2g00∂tϕþ 2g01∂xϕÞ: ðC24Þ

With the choice of eat ¼ ebxεab, we have g01 ¼ 0, so (C23)
becomes

�Z
dxNðxÞHmatðxÞ;

Z
dyMðyÞHmatðyÞ

�				
eat ¼ebxεab

¼
Z

ðN∂xM −M∂xNÞπ∂xϕ

¼ Cx;mat½N∂xM −M∂xN�; ðC25Þ

where in the last equality we have identified the matter
contribution to the Cx constraint.
Finally, it is possible to verify that the last two terms in

(C3) vanish. In order to see this, it is enough to note that

fCgrav½N�; Cmat½M�g

will be proportional to

n
eaxεbaεbc∂xXcðxÞ; ðπ∂tϕ −

ffiffiffiffiffiffi
−g

p
KÞðyÞjeat ¼ebxεab

o
: ðC26Þ

Since the second term depends on the gravitational variables
only through the dyad, we can write the previous term as

eaxεbaεbc
n
∂xXcðxÞ; ðπ∂tϕ −

ffiffiffiffiffiffi
−g

p
KÞðyÞjeat ¼ebxεab

o
¼ ∂xδðx − yÞeaxεba

δðπ∂tϕ − ffiffiffiffiffiffi−gp
KÞjeat ¼ebxεab

δebx
: ðC27Þ

The function π∂t −
ffiffiffiffiffiffi−gp

K depends on ebx both explicitly and through ∂tϕ, therefore

δðπ∂tϕ − ffiffiffiffiffiffi−gp
KÞjeat ¼ebxεab

δebx
¼

�
∂ðπ∂tϕ − ffiffiffiffiffiffi−gp

KÞjeat ¼ebxεab

∂ebx

�				
∂tϕ

þ
�
∂ðπ∂tϕ − ffiffiffiffiffiffi−gp

KÞjeat ¼ebxεab

∂ð∂tϕÞ
�				

π

∂ð∂tϕÞjeat ¼ebxεab

∂ebx
: ðC28Þ

The second term vanishes when taking the derivative with respect to ∂tϕ while holding π fixed by virtue of the properties
of the Legendre transform. We are then left with

�
∂ðπ∂tϕ − ffiffiffiffiffiffi−gp

KÞjeat ¼ebxεab

∂ebx

�				
∂tϕ

: ðC29Þ

The first term in (C29) vanishes since the derivative is taken while holding ∂tϕ fixed. Moreover, keeping in mind that we
are also evaluating on eat ¼ ebxεab, using the chain rule, we have that

�
∂ð− ffiffiffiffiffiffi−gp

KÞjeat ¼ebxεab

∂ebx

�				
∂tϕ

∝
∂ðηaceaxecxÞ

∂ebx
: ðC30Þ

When holding ∂tϕ fixed and evaluating on eat ¼ ebxεab, the term − ffiffiffiffiffiffi−gp
K can be regarded as a function of eaxebxηab. This

allows us to obtain the following result for (C26),

n
eaxεbaεbc∂xXcðxÞ; ðπ∂tϕ −

ffiffiffiffiffiffi
−g

p
KÞðyÞjeat ¼ebxεab

o
∝ eaxεba

∂ðηcdÞecxedx
∂ebx

∝ eaxεbaηbcecx ¼ eaxebxεab ¼ 0; ðC31Þ

so that the last two terms in (C3) vanish, giving us the desired result

fC½N�; C½M�g ¼ Cx½N∂xM −M∂xN�: ðC32Þ
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