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The description of the 7T deformation in terms of two-dimensional gravity is analyzed from the
Hamiltonian point of view, in a manner analogous to the Arnowitt-Deser-Misner description of general
relativity. We find that the Hamiltonian constraints of the theory imply relations between target-space
momentum at finite volume that are equivalent to the TT finite-volume flow equations. This fully quantum
TT result emerges already at the classical level within the gravitational theory. We exemplify the analysis
for the case when the undeformed sector is a collection of D — 2 free massless scalars, where it is shown
that—somewhat nontrivially—the target-space two-dimensional Poincaré symmetry is extended to D
dimensions. The connection between canonical quantization of this constrained Hamiltonian system and
previous path integral quantizations is also discussed. We extend our analysis to the “gravitational”
description of JT-type deformations, where it is found that the flow equations obtained involve

deformations that twist the spatial boundary conditions.
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I. INTRODUCTION

The so-called TT deformation has gathered considerable
attention in recent years due to its connection to a variety of
different aspects of quantum field theory, ranging from
integrability to holography and three-dimensional (3D)
gravity. This deformation, originally introduced in [1,2],
consists of a procedure to define a one-parameter family of
quantum field theories (QFTs) starting from a “seed” or
“undeformed” theory. The procedure may be defined as
follows [1]. Any 2D QFT may be infinitesimally deformed
by the TT operator, defined as

TT = det(T,,). (1.1)

As shown in [1], this deformation is well defined due to
the fact that, when regularizing this product of operators by
point splitting, any singularities in the coincident limit
appear only as total derivatives and thus are absent from the
infinitesimal deformation, which is built from the space-
time integral of this composite operator. This argument
relies on the conservation of the stress-energy tensor, which
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holds for any relativistic 2D QFT. Thus, any relativistic 2D
QFT may be infinitesimally deformed in this manner, so
that the deformation defines a vector field in the space of
relativistic 2D QFTs. Integral curves of this vector field
define one-parameter families of theories, indexed by some
parameter 4. Following some such curve starting from some
particular theory S,—the seed or undeformed theory—one
obtains at finite 4 the theory S, which is often referred to as
the TT deformation of S,."

Interest in these one-parameter families of theories has
been due to the fact that they satisfy some remarkable
properties. For instance, as noticed first in [1,2], the finite-
volume spectrum of a given one-parameter family satisfies
the exact equation

2

P
0, = EOgE + .

(1.2)
which in hydrodynamics is known as the Burgers equation.
Here R denotes the size of the compact spatial direction and
P is the total spatial momentum, which is conserved under
the deformation. This is a remarkable formula: while finite-
volume spectra of QFTs are, in general, very difficult to
calculate, for 7T-deformed theories these can be obtained
by solving the partial differential equation in (1.2), assum-
ing the spectrum of the seed theory is known.

'In this paragraph, the letter S does not necessarily refer to the
action but rather more abstractly to some 2D quantum field
theory S.
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In this work, we elaborate on the idea put forward in
[3,4] that the TT deformation may be realized by coupling
the undeformed theory to a two-dimensional gravita-
tional sector. In [3], it was shown that this reproduces
the TT-deformed S matrix, whereas [4] showed how the
TT-deformed finite-volume spectrum emerges in the gravi-
tational theory.

The proposal of [4] suggests that,” at finite deformation
parameter A, the deformed theory may be described by the
action

S, = SO[gv ¢] + Sgrav[X’ 6], (13)

where

-1
Soray = ﬁ/eab(X*E —e)" A (X*E—e) (1.4)

and Sy[g, ¢] is the action of the undeformed theory coupled
to the dynamical metric g of the gravitational sector, with ¢
standing for the fields in the undeformed theory. The
formulation of the gravitational part of the action requires
the addition of an auxiliary spacetime with fixed geometry,
which we will refer to as “target space.” This auxiliary
spacetime is taken to have the same topology as the
spacetime in which we are formulating the undeformed
theory, which we will refer to as “world sheet,” although, in
general, no stringy interpretation will be implied. The fixed
geometry of the target space is described by the dyad E“. In
the gravitational action, the dynamical metric on the world
sheet appears through the dyad e“, although the coupling to
matter—that is, to the undeformed action S;—is accom-
plished through the coupling to the two-dimensional metric
g built out of ¢ in the standard way. The gravitational
action also includes an auxiliary field X, which is a map
from the world sheet to target space in a particular
homotopy class, on which we will elaborate below for
the cases of interest, and X*E stands for the pullback to the
world sheet of the target-space form E“. Thus, the dynami-
cal fields in the gravitational sector are the world sheet dyad
e and the map X, whereas the dyad E“ is to be thought of
as a background field.

In this paper, we analyze this gravitational theory from
the Hamiltonian point of view, in analogy of the Arnowitt-
Deser-Misner [6] analysis of classical general relativity
(see, for instance, [7]). From the canonical point of view,
the theory behaves as a constrained Hamiltonian system,
with the constraints generating the gauge transformations
(diffeomorphisms) of the system when acting on canonical
variables. The dynamics is restricted to the constraint
surface inside of the phase space of the theory. One of

>This is a slight reformulation of the action presented in [4] to
contemplate the possibility of a nonflat geometry in target space
(see, for instance, [5] for a discussion on this).

the main results of this paper is to show that, when
considering the gravitational theory in finite volume,
imposing the aforementioned constraints necessarily
requires the observables associated with target-space time
translations (the physical energy and momentum) to satisfy
the TT-flow equation (1.2). It is interesting that this
happens already when imposing the constraints at the
classical level.’

For simplicity, in this paper we will focus on scalar
matter with only one-derivative-per-field terms. However,
we expect the main framework of our analysis to be
applicable to more general matter sectors and our con-
clusions to extend there as well.

We also analyze the gravitational description of the 77 at
the quantum level. In [4], a path integral quantization of this
theory was introduced, and the torus partition function

,_ J DeDX

Diffs

e Zolg(e)] (1.5)

was calculated, showing that this theory indeed reproduces
the TT-deformed spectrum given by (1.2). Here Z|[g] is the
torus partition function of the undeformed theory with
background metric g(e) (built out of ) and Vg, is the
volume of the group of spacetime diffeomorphisms, which
must be factored out of the integration measure via a
Faddeev-Popov-type procedure.

Our objective here will be to compare with the results of
[4] starting from the canonical perspective. The starting
point of the approach considered here is the construction of
the so-called “reduced” phase space: the phase space
obtained by quotienting the constraint surface by the gauge
transformations generated by them. In practice, this phase
space is constructed by picking a representative of each
gauge orbit by a suitable gauge-fixing condition. By
choosing a specific gauge, it is shown that the reduced
phase space is identical to that of the undeformed theory,
for which we assume a canonical quantization prescription
exists. We consider the partition function over the quan-
tized reduced phase space built taking the generators of
spacetime translations in the gravitational theory as energy
and momentum. We then compare this canonical partition
function to that given by (1.5) and attempt to rederive the
TT-deformed spectrum. The procedure we follow is
straightforward and similar to that followed in many
textbooks [14,15] to go from the canonical quantization
of gauge-fixed gauge theories to the covariant Faddeev-
Popov path integral in terms of the action functional. We
present this calculation in some detail to focus on the

JA similar analysis to that done here can be found in [8],
although in this paper the focus is more on how the Burgers
equation for target-space observables emerges from the con-
straints, and we consider a somewhat different class of unde-
formed theories to analyze their spectrum, perhaps more general
in a certain sense. For related work, see also [9-13].
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analysis of the path integral measure obtained from this
procedure and compare it with that of [4]. Since in that
work the path integral measure played a crucial role in
getting the TT result, it is interesting to compare with the
measure obtained from the canonical analysis.

Regarding the general presentation of our results, many
of the ideas applied here are well-known textbook level
concepts about the canonical analysis of constrained
Hamiltonian systems (e.g., [16]). We spell these out in
detail to keep the presentation self-contained and because
we believe that this system is simple yet interesting enough
to warrant a detailed exposition exemplifying this type of
analysis.

The rest of the paper proceeds as follows. In Sec. 11, we
develop the canonical formalism for the 77-gravitational
theory at the classical level and obtain our main result
regarding the deformed spectrum. In Sec. III, we discuss
the free massless scalar field case and its connection to
noncritical strings. In Sec. IV, we apply similar ideas to a
JT-type of deformation. Section V discusses the emergence
of the covariant path integral quantization of [4] from
canonical quantization. Finally, we present some conclu-
sions drawn from our analysis and outline future work.

II. CANONICAL ANALYSIS OF TT GRAVITY:
CLASSICAL EQUATIONS OF MOTION

We now proceed to study the theory specified in (1.3) in
the canonical formalism at the level of the classical
equations of motion. As explained in the Introduction,
this theory is expected to describe the 77 deformation of
the seed theory S, at deformation parameter A. From the
point of view of the gravitational interpretation, the
undeformed theory S, is the “matter” sector to which
the gravitational field e“ couples to. Our objective will be to
see how the formula (1.2) for the finite-volume spectrum
arises from the point of view of the canonical formalism.

We will proceed as follows. We first foliate spacetime
into spatial surfaces as required by the canonical formalism
and identify the canonical variables and the gravitational
and matter Hamiltonians. These are seen to be of the “pure-
constraint” form—as usual in the canonical formalism for
gravity—the constraints being imposed by the equations of
motion of the nondynamical parts of the metric field, which
act as Lagrange multipliers. We then identify the target-
space observables and, via a partial gauge fixing, we will
show that the zero modes of the constraints yield relations
between these observables equivalent to the T7-flow
equations.

As mentioned before, we begin by foliating spacetime by
spatial surfaces, as required by the canonical formalism.
Since we are interested in placing the theory in finite
volume, this implies that we need to consider the theory in a
spacetime with the topology of a cylinder S x R. Notice
that the prescription for the gravitational description of the
TT deformation requires both world sheet and target space

to be of this form. The world sheet cylinder will be
coordinatized by the pair (7, x), where the compact spatial
coordinate x satisfies x ~x + 1. We take the target-space
cylinder to have circumference R: this will be the “physi-
cal” volume our finite-volume spectra will eventually
depend on. Target-space recoordinatizations are realized
as field redefinitions of the field X“. We choose a
coordinatization where we take the target-space dyad to
be constant, which without loss of generality we can take to
be of the form®

E; = oy. (2.1)
With E constant in our coordinatization of target space, it is
useful to define

X =X'Ej. (2.2)
In these terms, the action (1.3) becomes
S =8y + Serav (2.3)
with
1
Saray = ~5; d*xepe? (0, X" — e5)(9pX" —ef).  (2.4)

As mentioned in the Introduction, the field X in our
gravitational sector must be restricted to a particular
homotopy class. In this case, where X describes a mapping
between the world sheet and target-space cylinders, we fix
X so that the mapping has winding 1. The target space is
coordinatized in such a way that this implies

X' (t,x+1) = X' (t,x) + R. (2.5)
In order to implement this, it is useful to perform the change
of variables
Xt =Xy + Y9, (2.6)
where X¢ is some fixed function implementing the winding
and Y“, which satisfies periodic boundary conditions on the
world sheet spatial circle, is our new dynamical field.

We now proceed to analyze the theory specified by the
action (2.3) in the canonical formalism. The first step is to
identify what the phase-space variables are and the sym-
plectic structure in said phase space. After performing the
aforementioned split of spacetime, we notice that the action

“In our notation, Greek indices are used for tangent-space
indices both of the world sheet and the target-space spacetimes.
Latin letters are reserved for the frame field internal indices.
When specializing the indices to particular values, the spacetime
indices will turn into ¢ or x, whereas the internal indices take the
values 0 and 1.
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Seray 18 first order in time derivatives and that there are no
time derivatives acting upon e,

1
‘%W:E/mmkmwaﬁ—dggaﬂwwmx (2.7)

from which we would conclude that the phase-space
variables in the gravitational sector are Y“ and e¢, the
corresponding symplectic form being given by

1
Qgrav = _I/ dxeabéX“ A 56)13 (28)

From S, we can conclude that ef is not be a phase-space
variable but rather plays the role of a Lagrange multiplier.
These conclusions may, however, be altered depending on
the nature of the matter action S,. In order to avoid these
complications, we consider a somewhat less general
undeformed theory and take S, to be the action of a single
scalar field with only one-derivative-per-field terms, as
mentioned in the Introduction.

The matter action S, thus may be written in terms of
an arbitrary scalar function K of the scalars ¢ and

u= gaﬁaa¢aﬁ¢’

Sy = /dzx\/—_gK(u,qﬁ). (2.9)

Under these circumstances the only phase-space
variables in the gravitational sector are indeed e{ and
X, with the symplectic form on the full phase space being
given by

Q:va+/dﬁ¢A&L (2.10)

Notice that in our conventions the field z—the conjugate
momentum to ¢p—is a spatial 1-form. The variables e{ are
indeed nondynamical in this case and act as Lagrange
multipliers, as will be seen explicitly below.
The Hamiltonian of the full deformed theory is of the
form
H = Hypoy + Hpars (2.11)
where H,,, is the contribution from the gravitational sector

and H,, denotes the matter sector contribution. From
(2.7), we see that H,,, is given by

1
HWW:L/Mﬁ%AQMWw@. (2.12)

A

The matter contribution H ,,,, is obtained from the Legendre
transform of (2.9) in the standard way, although with the
extra complication that the action (2.9) for the scalar is
somewhat general and is in the presence of an arbitrary

metric. Details on the procedure to obtain H,,; are provided
in Appendix B. The result is that H ,, is of the form

a b
Hmat _ et nuhex ,PO + |et 6abe)c| HO? (213)
\/ V ‘ex : exl
where
d
Py = ——T0P (2.14)
\% |ex ' exl
and the function H,, is of the form
o
=+/|e f< , ,qb). (2.15)
\/|e x| \/|ex'ex|

Here f is some function whose details depend on the
particular form of K (see Appendix B for more details) and
whose only importance for us here is to specify the
dependence of H,, on the canonical variables.

Crucially for what follows—as explained in more detail
in Appendix B—it should be noted that

/dﬁm:EMU (2.16)

is the energy of the undeformed theory in flat space when
placed on a spatial circle of size

L:/dx le, - eyl

(2.17)
Similarly,

/ dxPy = Po(L) (2.18)

is the spatial momentum density of the undeformed scalar
theory when placed on a spatial circle of size L.

We therefore find, as expected for a diffeomorphism-
invariant theory, that the Hamiltonian is a linear combina-
tion of the constraints

H:/#ﬂ

where the ef play the role of Lagrange multipliers as
anticipated and the F, = O are the constraints of the theory,
with’

(2.19)

Here we have lifted the absolute value of le¢e,pe?| under the
assumption that e%e,,e? > 0. This is merely a convention that
somewhat simplifies what follows, as changing the sign of this
quantity is equivalent to changing the sign of A and of the
definition of P.
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9 Xb b _ b b
Fa =, ( X + ex) Nab€x PO + €ap€x HO-
A |ex ex| |ex'ex|
(2.20)

To summarize our discussion thus far, from the canonical
point of view, the gravitational T7 theory consists of a
constrained Hamiltonian system. The unconstrained phase
space, which we will denote M,;,, is described by the
canonical variables {e,, X, ¢, z} and is imbued with the
symplectic form Q given by (2.10). It is over this phase
space that the constraints F, = 0 are imposed.

We now turn to the analysis of this constrained
Hamiltonian system. The first important aspect of this is
the fact that, as expected for a gravitational theory, the
constraints are first class. Given the generality of the matter
action we consider, it is worthwhile to discuss this in some
detail, even if this is a completely expected result.

It turns out that, in order to analyze their structure, it is
convenient to consider a redefined form of the constraints,
which we take to be

C, = —Fyehet = (einap(et +0,.X") +Hy), (2.21)

Cy = e%F), = (e%€,50,X" + Py). (2.22)
Notice that, since we are assuming that the e,, seen as a
vector in the Minkowski-signature auxiliary space, is
nonlightlike everywhere, the conditions C; = 0 are equiv-
alent to the original constraints F, =0 (there is an
invertible relation between the C’s and F’s under this
assumption). Observe that, if e, were lightlike at a given
point, the induced metric on the spatial slice would be
singular at that point. In fact, many of the previous formulas
are only sensible within the assumption that this does not
happen.

The advantage of the formulation in terms of the C; over
the F, is that, the C; being (at least) quadratic in the fields,
their action via Poisson brackets on the canonical variables
starts with a linear term instead of a constant (as happens
for the F,); thus their Poisson brackets have a better chance
of closing on a more manageable algebraic structure.

Furthermore, in order to check their brackets, it is more
practical to define the smeared constraints

C[N] = / dxNC,, (2.23)

C.IN"] = / dxN*C,, (2.24)

defined for some arbitrary functions N and N . Notice that
this is equivalent to performing a redefinition of the
Lagrange multipliers

¢! —> N¥e? + Nebed, (2.25)
where N and N* are taken to be independent from the
canonical variables. With this redefinition, (2.19) becomes

H = C[N] + C,[N7]. (2.26)
Although this redefinition does not look too covariant, this
is not an issue since in the canonical approach explicit
covariance is broken by picking a particular foliation of
spacetime.

Let us examine the Poisson brackets between the
smeared constraints. A simple calculation shows that the
smeared constraint C,[N*] generates, via its Poisson
bracket, spatial diffeomorphisms parametrized by the
spatial vector field N*. Therefore, all Poisson brackets
involving C,[N*] are obtained trivially. The only bracket
that is left is that of C[N] with itself, which is somewhat
subtle due to the degree of generality we are assuming for
the matter action. The details are presented in Appendix C.
The end result is

(CIN],C[M]} = C,[NO.M — MO, N],  (2.27)
(C.[N*].C[N]} = C[N*O,N — No,N*|,  (2.28)
(C.INY], CIM?]} = C[MFO.N* — N*O.M*].  (2.29)

We see then that the C; constraints are indeed first class.
Since the F, can be obtained from the C; by an invertible
linear transformation, then this implies that the F', are also
first class.®

As it usually happens for constrained Hamiltonian
systems, first-class constraints generate gauge transforma-
tions on functions of the canonical variables via their
Poisson brackets. In this case, the C,[N*] generate spatial
diffeomorphisms and the C[N] generate the evolution along
the timelike direction.”

Regarding the constraint algebra obtained, a few final
comments are in order. First, the constraint algebra
obtained here is the usual one present in the canonical
formulation of string theory and 1 + 1-dimensional gravity
theories (see, for example, [17] or [18]). Second, there are
no structure functions present in the right side of the
Poisson brackets, only structure constants (so the algebra

®In the terminology of constrained Hamiltonian systems, the
F, would be secondary constraints. The primary constraints are
those corresponding to the vanishing of the conjugate momenta to
the ef variables. The F, are secondary constraints in that they
result from the requirement that the primary constraints be
conserved. The fact that these are first class and that the
Hamiltonian is of the form (2.26) ensures that no tertiary
constraints arise. The distinction between primary, secondary,
and tertiary constraints is, however, irrelevant at the end of the
da}; (see, e.g., [16]).

Modulo a spatial diffeomorphism.
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obtained here is thus a true Lie algebra); the presence of
structure functions in the constraint algebra is one of the
main obstacles in the canonical quantization of gravity,
since they imply that the group associated with the action of
the constraints is noncompact, thus rendering the group
averaging procedure to find physical states nonviable (see,
e.g., [19,20]). Finally, it is worth noting that the previous
result was obtained considering matter consisting of a
scalar field with a fairly general form of the action, having
assumed only that the Lagrangian density depends on
Lorentz-invariant combinations of the scalar field and its
derivatives up to second order. We have not been able to
find analyses of the constraint structure of gravitational
systems with matter in the degree of generality considered
here in the literature, and for this reason we present this
calculation in detail in Appendix C.

We now turn to the description of the physical observ-
ables of the theory. From the point of view of the canonical
formalism, these will be what are known as Dirac observ-
ables: functions of the phase-space variables that commute
with the constraints of the theory. In general, these will to a
certain degree depend on the particularities of the matter
sector. However, in the case of T7T gravity there are
observables associated with the symmetries of the target
space (which is the physical space of the theory) that are
present independent of the nature of the matter sector.
Indeed, examining (1.3) it is clear that the theory is
symmetric under the action on X of the isometries of the
target-space metric. In the case of constant £, which we are
restricting to here, these will be Poincaré transformations of
target- space. The conserved quantities associated with
these symmetries are given by8

a b
pa= / dxebf , (2.30)
V& b
E—/dx#. (2.31)

It is easy to check that the Poisson algebra of these
quantities represents the Poincaré algebra

{J. P} = eapb, (2.32)

{Pe, PP} =0, (2.33)

and that these generate Poincaré transformations of the X*
through the Poisson brackets
{X4,J} = eiXxb, (2.34)

(X% PP} = . (2.35)

$Notice that the X equations of motion imply de® = 0, and so
Jo €* depends only topologically on the curve C.

On the e“ these act as

{ed,J} = €fel, (2.36)

{e4,P*} =0, (2.37)
and they Poisson commute with the matter fields.

From the canonical action of the P% on the fields, it is
clear that they are indeed Dirac observables of the theory, as
they generate constant shifts of X¢, which appear with
derivatives in the constraints. On the other hand, J is only a
Dirac observable when periodic boundary conditions are
taken for the X, but not in the winding sector, as expected,
given that compactifying the target-space spatial slice
breaks target-space boosts.

An important observation for what follows is that P and
P! generate target-space translations and are thus the target-
space energy E and momentum P, respectively, which we
crucially interpret as the 77-deformed energy and momen-
tum. The key point that we will show is that the constraints
of the gravitational theory imply nontrivial relations
between these observables that are equivalent to the
finite-volume 7T-flow equation (1.2).

In order to do this, it will be useful to perform a gauge-
fixing procedure that will allow one to carve out the
reduced phase space (in a sense, the physical phase space)
out of the full phase space of the theory M,;,. As we have
recalled earlier, in a Hamiltonian system with first-class
constraints, these are interpreted to generate via their
Poisson action infinitesimal gauge transformations of the
system. Thus, to remove ambiguities coming from gauge
equivalences, the reduced phase space of the system is
obtained by quotienting the full phase space by the action
of these gauge transformations. One way to accomplish this
is to supplement the constraints of the theory with a set of
extra constraints—the gauge-fixing conditions—so that
imposing the full set of constraints picks out a single
representative of each gauge orbit. Notice that the specific
way these gauge-fixing conditions are imposed does not
affect Dirac observables since they—by definition—
Poisson commute with the first-class constraints and are
therefore gauge invariant. Indeed, we will see that the TT
finite-volume flow equations arise from the constraints as
gauge-invariant algebraic relations between gauge-invari-
ant observables and thus are independent of the particular
gauge-fixing procedure will follow.

We will perform the gauge-fixing procedure in two steps
and start by imposing first the partial gauge-fixing
condition

0.ef =0. (2.38)
Notice that indeed this does not fully fix the gauge freedom
of the system given that the zero modes of the constraints
Poisson commute with this condition

046015-6
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(2.39)

{/dxFa,axefz} =0.

However, condition (2.38) does fully fix the gauge trans-
formations generated by the nonzero modes. To see this, let
us define the expansion of the constraints and gauge-fixing
conditions over the nonzero modes

G{, = /de"(x)eixz””, n#0, (2.40)

Fa(m) E/dxFa(x)eixz”m, m#0. (2.41)

Then the matrix G2, of Poisson brackets between G?n) and

F E’m> is given by

GZmn = {Fa(m)v G?n)} = —/lm25§;5mn. (242)
Let us now define the space M,;, as that obtained from

imposing the conditions F(“n) =0 and Gé’m) =0 on the

phase space M,;,. Then, the fact that G%,, is invertible
implies that condition (2.38) does fix the gauge trans-
formations generated by F¢ ) and that the closed differ-

(m
ential form Q induced on M,;, is invertible and thus
symplectic. Indeed, this symplectic form is given by

~ 1 ~
O = —z/dxeuhéxa A beb + / dxép N om, (2.43)

where the X and & denote the zero modes for the
corresponding variables. The partial gauge-fixing pro-
cedure finally leaves us then with the phase space My,
on which we have two remaining constraints,

F, = / dxF |\, = 0, (2.44)

where the |,;, implies that this phase-space function is to be
evaluated at F,(,,) = G%’n) =0.

We will now see how these leftover constraints imply
nontrivial relations between the Dirac observables of the
theory P“ that are equivalent to the 77-flow equation for
the finite-volume spectrum.

Notice first that on M,;, we have

€% |in = &% = Ay PP. (2.45)

If we now consider, as explained in the Introduction,
winding boundary conditions for X where

/ dx0, X% = R, (2.46)

then the /', = 0 constraints can be written as

R P,
€41 I + Pb + Sgn(ﬂ) WEO(L)

€abe

(2.47)
with L, Eq(L), and Py(L) defined as in (2.16)—(2.18). We
now identify P with the T7-deformed energy E, and the
momentum P, as follows:

PY = —R/|A| + sgn(A)E,(R), (2.48)
P! = —sgn(2)P,(R), (2.49)
and define 6, so that

P° R — AE,;(R)

cosh@, = — I = 7 , (2.50)
. P! P;(R)

sinh§, = — P =1 7 (2.51)

where combining (2.17) with (2.45) we have
L =[[|P*|'? = |(R = 2E;(R))* = P;(R)’|'*  (2.52)

(notice that the physical sign for 4 in our conventions is
negative). Then the F, = 0 equations can be written as

E,{(R) = cosh GOEO(L) — sinh eopo(L), (253)

P,(R) = —sinh@yEq(L) + cosh 0y Py(L). (2.54)

These are precisely the equations that define the implicit
form of the solution to the 77T finite-volume energy-flow
equation (1.2), as can be found in [2,21]. This is one of the
main results of this paper: that the constraints arising from
the gravitational system imply relations between the target-
space energy and momentum that are equivalent to the 77-
deformed spectrum. Even though it was necessary to fix
(partially) the gauge to arrive at these equations, these are
algebraic relations between gauge-invariant observables
and are thus gauge invariant.

Following [2,21], let us further analyze the flow equa-
tions (2.53) and (2.54) to clarify their meaning. Noticing
that they are of the form of a Lorentz transformation of
rapidity 6, between (E(L), Po(L)) and (E;(R), P;(R)), it
is straightforward to invert these equations into

Ey(L) = cosh6yE,;(R) + sinh 6yP;(R), (2.55)

Po(L) = sinh6yE,;(R) + cosh6,P,(R). (2.56)
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The last of these equations can be written as

LPy(L) = RP,(R). (2.57)
Since in finite spatial volume spatial momentum is quan-
tized, then for any given state there are integers Ny and N,
such that Py(L)=2zNy/L and P;(R)=2zN,/R.
Equation (2.57) then immediately implies that Ny = N,,
so that the integer describing the quanta of total spatial
momentum is undeformed by the flow, as expected for an
integer-quantized quantity in the presence of a continuous
deformation. In the zero momentum sector, the deformation
takes a particularly simple form

E;(R) = Eo(R — AE;(R)). (2.58)
which is the well-known implicit solution of (1.2)
when P = 0.

It is interesting to note that the T7-flow equations
between E,(R) and Ey(R), which are supposed to be exact
quantum mechanically, already arise at the classical level
within the gravitational description we have presented. This
could mean that, as far as the finite-volume spectrum is
concerned, quantum effects in this gravitational theory only
need to be considered at the level of the undeformed theory.
In other words, it may be that quantum corrections to E,
can be fully accounted for by including quantum effects
only in the computation of E,. The quantum-mechanical
value of E; would then result from using this quantum-
corrected E( as input to the classical-flow equations.

Let us briefly discuss this last statement a bit further, as it
may be somewhat naive. The arguments given in [1,2]
show that the TT deformation does indeed give rise to
quantum-mechanical finite-volume energy spectra satisfy-
ing the flow equation (1.2). This is a nontrivial fact, given
that the operator defining the deformation is composite, and
thus quantum mechanically it gives rise to coincident-point
divergences that are sensitive to the UV. Since the
deforming operator is irrelevant, it would appear that the
deformed theory in the UV would be ill defined. However,
as shown in [1,2], because of the particular structure of the
TT operator, the deformation procedure is such that the
deformation of finite-volume spectra is in a certain sense
insensitive to these issues, and these are unambiguously
given by solutions of (1.2).

The question is then whether these conclusions survive
upon quantization of the gravitational theory we have
presented. One may further ask if issues such as UV
divergences or operator ordering can be addressed simply
by incorporating them into the definition of the undeformed
quantum theory, or if, instead, the gravitational sector
introduces additional difficulties of its own. We have
speculated that the former may hold for the finite-volume
energy spectrum. This may indeed be the case, even though
intermediate stages in the construction of the fully quantum

gravitational theory could still exhibit such problems within
the gravitational sector.

A related problem is studied in [22], where the authors
attempt to find a T7-deformed Hamiltonian that reproduces
the deformed finite-volume spectrum. There it is found
that, due to operator ordering issues, the Hamiltonian is not
uniquely defined: the perturbative expansion of the
deformed Hamiltonian in the deformation parameter
includes free undetermined constants. Crucially, for any
values of these constants, the resulting spectra satisfy the
flow equation.

One may ask whether a similar phenomenon occurs from
the point of view of the gravitational formulation of the TT
deformation discussed in this paper. As we have discussed,
in the gravitational theory there is no Hamiltonian, unless
the gauge is fixed, in which case one obtains a gauge-
dependent Hamiltonian. Indeed, one of the main points of
our analysis is that the flow equation emerges from the
constraint structure of the system as a relation between
gauge-invariant observables.

It is possible, however, that similar conclusions as those
reached in [22] are obtained when attempting to perform a
canonical quantization of the gravitational system we study.
For instance, one may try a “quantize first” approach, where
one quantizes the unconstrained phase space and then tries to
impose the constraints (2.21) and (2.22) quantum mechan-
ically as operator equations on the physical Hilbert space. It
may be that new ordering ambiguities then appear in the
gravitational sector, in addition to those already presentin the
undeformed theory. A thorough analysis of this kind is,
however, beyond the scope of this work.

To conclude our analysis of the canonical structure of the
theory, we will construct the fully gauged-fixed reduced
phase space. As discussed above, the gauge-fixing con-
dition (2.38) does not fully fix the gauge: transformations
infinitesimally generated by the zero modes of the con-
straints remained unfixed. To obtain the fully gauge-fixed
Hilbert space, we have to supplement (2.38) with extra
conditions that remove this leftover gauge freedom. We will
now briefly discuss two possible ways in which this can be
achieved.

One possibility is to fix the gauge in order to simplify the
on-shell behavior of the metric. The X¢ equations of motion
(EOM) in the spacetime split we have chosen are

0.e$ —d.ef! =0. (2.59)

Combined with the gauge-fixing condition (2.38) these

EOM imply that d,e{ is only a function of ¢, meaning that
e? is of the form

ed = xo.ef(t) + g°(1) (2.60)

for some functions ¢“(¢). If we impose that e¢ is periodic on

the spatial circle, then this periodicity requires the first term
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in the previous expression to vanish; thus e{ is independent
of x and only a function of 7 in the gauge we have chosen.
The remaining gauge freedom is generated by two func-
tions (the zero modes of the F,) and thus can be used to
fully fix to constants the two functions ¢g*(7) that determine
ef on shell. This is another way of seeing that ej; can be
gauge fixed to be on-shell flat (indeed constant on the
cylinder), which was one of the key points used in [4] to
calculate the quantum partition function and spectrum of
this theory. Notice that the matter equations of motion in
this gauge are the undeformed equations of motion in the
presence of a constant metric on the cylinder, and thus the
quantities Eq(L) and Py(L) that appear in the TT-flow
equations are obviously constant in this gauge.

From the canonical point of view, the gauge-fixing
outlined in the previous paragraph is somewhat counter-
intuitive, as one is gauge-fixing Lagrange multipliers and
not canonical variables, and so the fully constrained phase
space and induced symplectic structure are not easy to
construct from this. Another perhaps more natural pos-
sibility from the canonical point of view is to take the
gauge-fixing condition

Xe=0. (2.61)
From the point of view of the matter equations of motion,
this condition has the disadvantage that these will involve a
time-dependent metric. However, in this gauge the structure
of the fully fixed phase space M4 is far more evident.
Indeed, in this gauge M4 is identical to the phase space of
the unconstrained matter theory—in this case, a simple real
scalar—and the induced symplectic form is just the
symplectic form of the matter sector. The gravitational
sector is completely removed by the gauge-fixing con-
ditions and equations of motion.

III. FREE MASSLESS SCALARS AND
NONCRITICAL STRINGS

As a particular example of the procedure we have
discussed, it is instructive to consider the simplest possible
case, namely, that of a system of N free massless scalars.
This is particularly interesting because, as it is well known,
the TT deformation of free massless scalars appears to be
related to noncritical strings. A number of previous studies
have discussed this (see [1,2,8,23-25] for a sample of
various perspectives on this) and we will discuss this
mostly to give a simple concrete example of the ideas
discussed in the previous section.

The matter sector of the action we consider is therefore
simply’

°In our normalization, whatever factor in front of the matter
action may be reabsorbed into A without altering the classical
equations of motion.

Sy = / dedx\/=gg",4' 9,4, (3.1)

where I = 1...N. The matter Hamiltonian and momentum
densities are

(z'z" + op'0.9") ho
Hoy = = , 3.2
0 2|ex : ex|1/2 |€x ' exll/z ( )
ﬂax¢ Po
Py = = 33
0 |ex’ex|1/2 |ex'ex|1/2 ( )

(we have defined A and p, for later convenience) so that
the total Hamiltonian becomes

i [ {N[@gnab(efz; 0X") G eilo 4))2)}

a 9 Xb
+ N* <ex€ab X +ﬂ'()x¢> }

; (3.4)

It is interesting to note that the ISO(1,1) algebra of
target-space isometries described in the previous section is
now extended to /SO(1, N + 1). This is not surprising in
view of the fact that at the classical level this theory is
expected to describe a bosonic string propagating in flat
(N + 2)-dimensional spacetime, with the fields ¢’ realizing
the embedding into the extra N coordinates. The extra
generators allowing one to go from ISO(1,1) to
ISO(1,N + 1) are given by

P! :/d)ml,

0" = [ axta's’ - '),

al _ I a a"ﬁ — IaX_b
0 /dx(qb (ex+ 2) 7Z€b2>. (3.7)

Then P/ and Q! generate translations and rotations in the
@' sector, whereas Q% has the following action on the
canonical variables:

(3.5)

(3.6)

{Xu,QhI} — €ah¢1’ (38)
1 1
(.0 = (M) 69
1 all _— 51./ ax_b 3.10
¢, 0} = 8es = (3.10)

1
(.0 ==y (e + Jox). ()
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so that the action of Q% is a rotation/boost between the X¢
variables and the ¢’. A straightforward calculation shows
that indeed the Poisson brackets of the generators
{P4, P!, Q,0", 04} close into the ISO(1,N + 1) alge-
bra. This shows that indeed at the classical level the theory
realizes the isometries of flat N + 2-dimensional space-
time. We interpret this theory to give a kind of “Polyakov-
like” formulation of a noncritical bosonic string, where
Xt ={X4,¢'} give the embedding coordinates and e?
plays the role of a “Polyakov metric.” Interestingly, in
contrast to what happens in the usual Polyakov formulation
of the bosonic string, in this formulation the dynamical
geometry on the world sheet e}, is also charged under target-
space transformations.

Let us now analyze the spectrum of this theory according
to the analysis outlined in the previous section. We will
consider that we are as before in the winding sector in X! so
that we have an N + 2-dimensional closed string winding
around a compact target-space dimension of size R, with ¢
being the transverse coordinates. From our previous argu-
ments, we start from the constraint equations, which formu-
lated in terms of (3.4) appear naturally in the C; = 0 form

AP% — P%,,0,.X" + hy = 0, (3.12)

P00, X — py =0, (3.13)
where we have already formulated the constraints in the
d,e¢ = 0 gauge and identified the P¢ as in (2.45). The zero-
mode equations in the winding sector then yield

AP? — P°R + / dxhy = 0, (3.14)
d
P' = %, (3.15)

which combine to give P of the form

R 1 dxpy\?
PO_ﬂiﬂ\/Rz—M(/dxho—ﬂ(%) ) (3.16)

which yields the target-space energy spectrum of the string
in terms of the spectrum of the operators [ dxh, and
J dxpy, which are the flat-space energy and momentum of
a system of N free two-dimensional massless bosons on a
compactified spatial circle of size 1. Notice that in our
formulation from Sec. II the constraint equations giving rise
to the TT-deformed spectrum were naturally written in
terms of the Ey(L) = [dxH, and Py(L) = [ dxP,. For
the simple system we consider in this section, the relation
between Ey(L) and Py(L) and [ dxhg and [ dxpy is trivial
at constant e, and the equation for the spectrum is readily
obtained in terms of the latter.

The undeformed theory of free massless bosons is
readily solved at the full quantum level and its spectra is
expressed in terms of two non-negative integers N; and N
describing the total number of left- and right-moving
momentum

/ dxhy = 2zNg + 22N, —2zaN/12,  (3.17)

/dxpO—Zn'NR—Zﬂ'NL. (318)

Plugging this into expression (3.16) and taking 1 = —[2/2,

R

Poz—ﬁ
1 |R? 47%12(N, — Ng)?
:FZ\/E—'—‘L]T(NL—’_NR_N/]Z)—F%'
(3.19)

This is precisely the light-cone-quantized bosonic string
spectrum in D = N + 2 in the unit-winding sector (for the
positive energy branch and up to subtraction of some linear
in R terms). Notice that we have obtained this by plugging
in the full quantum result for the undeformed free theory
describing the transverse modes into the “classical” 7T-
flow equations. As mentioned before, the fact that the TT
deformation of N free massless bosons yields this spectrum
is well known and can be seen directly by solving the
Burgers equation (1.2) with free theory spectra as initial
condition. We have merely presented this in order to
exemplify our more general procedure.

Notice that, even from our point of view, it is hardly
surprising that we have obtained the light-cone string
spectrum, given that the zero modes of our gauge-fixed
constraints, Egs. (3.14) and (3.15), coincide with the zero
modes of the Virasoro constraints

/ dx(9,X"9,X, + 0,X*9,X,) =0,  (3.20)

/ dx0,X*9,X, = 0 (3.21)

in light-cone gauge where in the winding sector one has'’

X0 = (BP'+R)t+ > (a7 4 &ye+0), (3.22)
n#0

x! = I%Plt—i—Rx— Z(a;ein(x—t) +a;ein(x+t))’
n#0

(3.23)

"Here we are using the somewhat unconventional notation
of t and x for the world sheet coordinates.
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where we have introduced the slightly unconventional
parametrization of target-space momentum in order to
reproduce Eq. (3.14) on the nose.

A very important point to mention before moving on is
that, from our previous construction, one may be misled
into thinking that the spectrum we have obtained is that of a
well-defined quantum bosonic string theory propagating in
N + 2 dimensions. Of course, this is not the case, and it is
well known that this spectrum is incompatible with target-
space Poincaré invariance except for N =24 or N = 1. In
light-cone quantization, the Poincaré algebra is not realized
quantum mechanically outside those dimensions, and
indeed our comments about ISO(1,N + 1) generators
were only about classical Poisson brackets and are not
expected to carry on into the full quantum theory.

IV. JT-TYPE DEFORMATIONS

The type of classical-flow equations for the spectra
obtained in the previous sections for the 77 deformation
from its gravitational description can be extended to JT-
type deformations. These are deformations of theories with
global U(1) symmetries, and the deformations are built out
of Lorentz-breaking bilinears built out of the U(1) current
and the stress-energy tensor. Deformations of this type have
been the subject of a several studies (see, for instance, [26—
31] for a small sample of these). As explained in [32], these
deformations can be described in a gravitational manner
analogous to that of the 7T deformation by coupling the
undeformed theories S, not only to the dynamical geometry
e but also to a dynamical U(1) gauge field A,. Again, we
consider a setup where the undeformed theory consists of a
scalar field, in this case a complex scalar charged under the
aforementioned U(1) symmetry. The action of the
deformed theory is then of the form

ST = Sérjzw + SO[D”(]SDD(]SQ/W, ¢¢]’ (41)
where the coupling of the undeformed theory to the
gravitational sector is as before and the coupling to the
U(1) gauge fields is through the covariant derivatives

D,p=0d,¢+iA,9, (4.2)

D,p=0,0—iA,. (4.3)

Similar to what happens with the 7T case, the deforma-
tion is implemented by the gravitational action governing
the dynamics of the e and A fields, which we take to be
form

- o1
g = SEh+ 5 / 8, Xe,n? (0,0 — A, )e"

1
—I—z/ eﬁeabn’b(dya—Av)ef‘”, (4.4)

where « is an auxiliary scalar playing a similar role to the
X% in this framework and n% and n'® are fixed vectors in
target space. Notice that this action breaks target-space
Lorentz invariance, as expected for these types of Lorentz-
breaking deformations. Notice also that in [32] the defor-
mation involves two U(1) gauge fields, as the authors
consider the undeformed theory to be a conformal field
theory and the possibility of coupling separately to the
right- and left-moving currents. Here we consider a some-
what different situation where the undeformed theory is an
arbitrary theory with a U(1) symmetry and attempt to build
a Lorentz-breaking deformation out of a procedure inspired
by the gravitational action suggested in [32], but with only
one gauge field.

Taking this formulation as a starting point, we may
proceed as in Sec. II and extract from the constraints flow
equations for the finite-volume observables of the theory.
To the observables available before, associated with the
generators of target-space translations, now is added a
generator of the symmetry

a — a + const, (4.5)
which we interpret as the deformed U(1) charge. We
proceed in an analogous way to Sec. II and sketch the
relevant steps, commenting on where they differ from the
earlier procedure.

The symplectic form of the theory is extracted from the
part of the action that is linear in time derivatives

S| 1
ST zz/eabX"d,efZ+1/6,X“€abnbAX

1
—I—Z/e;’eabn’ba,a. (4.6)

It is useful to bring this expression to Darboux form by the
redefinition

X=X+ na (4.7)
and
e" = el + nPAy (4.8)
in terms of which the symplectic form becomes''
QJT——%/&?“/\éé’(eab—%/éa/\(%x(n’-e-n). (4.9)
The Poisson brackets are then the following:
{Xa, 85} = —de, (4.10)

[T . .
We introduce the notation n’ - € - n = n'“e,,n’.
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A

n-e-n’

{a,Ax} = - (4.11)

We can express the Hamiltonian of the full deformed theory
in the same way we did in Sec. II,

HIT Hgav + Hjm{;t (4.12)
with
7y D.gD.¢
Hil, = rF( b D:#D; )
V=99 /=99° \/~gg™
+ At(i(/mq;) —igmy) (4.13)
& oo )
0 (Oxp + iAp) Ty — g (0xp — iAp)my  (4.14)

being the matter contribution, which is derived through the
Legendre transform of the action using the standard

approach.

From (4.4) we can see that the gravitational part of (4.12)
is given by

JT TT OxX“ b exeapn’”
ngdV = ngdv +A 2 ——€upl” + T

b
€ab
+ e? ﬂ (axa - Ax) (415)

(superindices 7T indicate terms that are identical to the
pure TT case). Again, the total Hamiltonian is a linear
combination of constraints of the form

HT = ¢?FIT + A,G'T, (4.16)
where
0, X" ee pn' ) -
G= < 2 epn’ + T) — i(myp — ) (4.17)
and
F,= G%b (0, X0 + eb + n'[o,a — Ay))
b€t _pi__Cai gur (4 g)
|e x| |€x T €y

Note that P, and H,, have the same form as in Sec. II, but
they are evaluated in the background of the gauge field
Ay, SO

zD.¢

|ex'ex|

P =~ (4.19)

and

HJT / f( TpTp . Dx¢Dx§Z
|ex : ex| \/|ex : ex|

To summarize, as for the case of the 77T deformation
theory, the JT theory is also a constrained Hamiltonian
system. The imposition of the constraints F, =0 and
G =0 occurs over the phase space described by the
canonical variables {e,,X,A,a,¢.7,. ¢. 75} equipped
with the symplectic form (4.9). In an analogous manner
to Sec. II, it can be verified that constraints are indeed first
class, as expected.

Let us now identify the Dirac observables of the theory.
As previously mentioned, the theory is symmetric under the
action of isometries of the target-space metric on X and the
shift (4.5). The conserved quantities associated with these
symmetries are

). wn

_ bA
pe = / dx bEr = B A - (4.21)
and
0, = / dxnjn (4.22)

which are the generators of translations in X“ and a,
respectively.
As before, we use diffeomorphisms and U(1) gauge

transformations to fix the gauge where e¢¢ and A, are
constants (denoted by tildes), so
~ A
A, = —,i, (4.23)
(n'-€-n)
ﬂQin“
e¢ = e4Pb) — =, 4.24
€x €p (I’l/ .e- n) ( )

Proceeding similar to Sec. II, we find that the zero modes
of the constraints lead to the following equations, which
represent a deformation mixing the P with the deformed
charge Q;:

1

Rn
Q42Q0+P'n/+7, (4.25)
R nl _ n/l
I—i— P’ —Q, e coshOyE (L, u)
-+ sinh Hopo(L,//l), (426)
W —n
-0 = sinh Oy Eo(L, u)
n-e-n
+ cosh 60P0(L,ﬂ), (427)
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where we have defined

n'-e-n

~211/2 n' 2
L= =il (P - 0 )

0 \2[1/2
_ (Pl_Q/I : ) , (4.28)
n-e-n
coshy, =2 = (-0, ") A o)
T L ‘W.e-n)L’ '
) &0 n° y)
Slnh90 = Z = (Pl - Q,{ e n> z (430)

Also, in the previous equations, Q, stands for the U(1)
charge generator in the undeformed theory

O =i / dx(myp - 73D) (431)
and

EoL) = [l (432)

Po(Loy) = / &Py, s (4.33)

are the energy and momentum of the undeformed theory
when placed on a spatial circle of length L and in the
presence of a background constant background U(1) gauge
field of the form

0,

n-e-n

Aa = 50:)(/4 = _5axl

, (4.34)

which can be equivalently thought of as a U(1) twist of the
boundary conditions for the scalars along the circle

d(t,x + L) = e*p(t, x) (4.35)
with y defined in (4.34).

In principle, it is not evident how to relate the flow
equations we have obtained to those found for the JT
deformations in the literature. This is because our expres-
sions involve the undeformed charges evaluated at twisted
boundary conditions, with the twist parameter itself
depending on the deformed spectra, in an analogous
way as happens for the radius in the usual 7T flow.
This feature—to our knowledge—is absent from usual
formulations of JT-type flows.

Itis interesting to point out, however, that having the flow
depend on the undeformed theory at twisted boundary
conditions with twists depending on the deformed conserved
quantities is precisely what was found in [33] for the flows
induced by higher-spin currents in integrable theories. Even

though these results were specifically about these types of
deformations, it seems likely that this twist dependence is a
general feature of deformations of integrable theories by
Castillejo-Dalitz-Dyson factors. In any case, we have pre-
sented this result mostly as an application of the gravitational
approach to adifferent type of deformation and relegate further
study of the flow equation we have obtained to future work.

V. FROM CANONICAL QUANTIZATION TO THE
PATH INTEGRAL FORMULATION

Let us see now how the covariant path integral quanti-
zation (1.5) discussed in [4] emerges from the canonical
point of view. We will follow the standard procedure (as
found in many textbook treatments of QED [14—16]) which
starts from canonical quantization of a fully constrained
system and its canonical-variables path integral and builds
from there the covariant path integral over the uncon-
strained configuration space.

We will start from the assumption that we have managed
to quantize the theory in a “constrain first” type of
approach, meaning that we have built a fully constrained
reduced or physical phase space M, by imposing at the
classical level all of the constraints of the theory and have
performed the canonical quantization procedure of this
phase space. To be concrete, we will assume that this phase
space is constructed out of the gauge-fixing procedure
discussed in the last paragraphs of Sec. II by imposing the
gauge-fixing conditions (2.38) and (2.61). As explained
before, the phase space thus constructed is equal to the
phase space of the undeformed theory imbued with the
symplectic form of the undeformed theory. Therefore, we
may well assume that a quantization of this phase space is
available, that is, that the undeformed theory is defined at
the quantum level. In particular the canonical quantization
procedure applied to the undeformed theory would yield a
Hilbert space H,,, and a way to promote phase-space
variables in M, to operators (modulo ordering issues as
usual) and our preceding argument implies that this
quantizes the fully constrained gravitational theory as well.

From the point of view of the constrained gravitational
theory, the P“ are natural (commuting) observables real-
izing physical spacetime translations and it is natural then
to write down the partition function'?

Z(L,R) = Try, {e ™"} (5.1)
This function is theoretically well defined, given that, on
the constraint surface, P can be written in terms of phase-
space variables of the undeformed theory for which we
assume a canonical quantization procedure makes sense.

2We are keeping the Minkowskian i in the exponent, whereas
for the partition function Euclidean signature would be more
natural (as considered in [4]). This is irrelevant for our discussion,
which is completely formal in any case.
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The P* denote the operators on Hpnys that would be
obtained from this procedure. The R dependence appears
because the equations [ dxF, = 0 that are used to write P
in terms of the reduced phase-space canonical variables
depend on R via the winding of X along the spatial cycle,
which we take to be nonzero.

Standard manipulations allow us to write the Z(L, R)
partition function as a path integral over the fully con-
strained phase space

. (const) . ; a
Z(L.R) = / Dzt Ja@™ L) (5.2)
Z/(1=1)=z'(1=0)

where the 7' stand for the phase-space variables of the fully
constrained phase space in a Darboux coordinatization and

o™ for the corresponding symplectic potential. Of

1

course, as we have mentioned, these coincide with the
undeformed phase-space variables and in our scalar field
example they would be represented by the {¢, 7} canonical
pair. It is important to point out that in the previous
expression P? stand for phase-space functions built out
of the P“ operators according to some ordering procedure
(for instance, following [15], by pushing all canonical
momentum to the right). Notice that since the P on the
fully constrained phase space are obtained by solving the
constraint equations, these are very nontrivial functions over
this phase space and ordering issues may be very complicated
toresolve in practice. Keeping this in mind, we can follow the
usual procedure [14,16] and express this path integral as one
over the unconstrained gravitational phase space by adding
the suitable ¢ functions and measure factors

(5.3)

Z(L.R) = / De¢DY*D¢pDrb(F,)5(G") det {F,, G}eif atmer)—i [ diL, P

where all of the path integral integration variables are subject to periodic boundary conditions along ¢ € (0, 1). Notice that our
canonical variable is the periodic ¥ and not X as we are assuming we are in the sector with spatial winding so that
X = XVind 1y Here F, are the constraints as previously discussed and G” = 0 stand for our gauge-fixing conditions (2.38)
and (2.61). In the previous formula, a(*"°™V stands for (the pullback to the circle of) the unconstrained symplectic potential
which is given by

1
/ ounconst) =~ / dtdxe ;,e90,Y" + / dtdxmo, . (54)

We can now write the § function enforcing the constraints of the theory as an exponential by integrating in a Lagrange
multiplier, which is immediately identified with ef,

5(F,) = / Dege™ [ ddreiFs _ / Dege™ J P tHo) (5.5)
The path integral therefore becomes
Z(L,R) = /DY“Deije?é(Gb)det {F,,G}
X exp {%/dtdxeabejﬁd,Yb - %/ dtdxete,;,(0,X? + ) — i/dtLaP”}ZO[e], (5.6)

where X includes the part realizing the spatial winding and we have used expression (2.12) for Hg,,. Here we have
identified the undeformed partition function in the presence of the gravitational field

Zole] = /Dd)Dﬂ_eifdtdxna,zf)—ifdtHo’ (5.7)

where the dependence on the dynamical geometry enters through Hy, as given in (2.13). Notice that we have been using the
notations for a scalar field, although we expect these rather formal manipulations to be valid for some more general cases.
Finally, we can use (2.30) to write P? in the exponent in terms of the unconstrained canonical variables

a,b 0.(tL¢
exp{—i/dtLaP“} :exp{—i/dtLa/dxeb;x} :exp{i/dt/dxeﬁeu,, [(/1 )}

046015-14

(5.8)



CANONICAL ANALYSIS OF THE GRAVITATIONAL ...

PHYS. REV. D 113, 046015 (2026)

given that the path integral is actually nonzero only in the
support of the § function §(F,) that enforces the con-
straints. Notice that this last point is actually somewhat
subtle: the P“ that appears in the constrained phase-space
path integral is really some ordered version of an operator
whose expression in terms of the constrained canonical
variables is expected to be complicated. The fact that after
the ordering procedure this function of the constrained
canonical variables can still be written as in (5.8) is not at
all evident. Under the assumption that this is so, if we
redefine the field X so that now it also includes winding
along the time cycle

X4 — X4+ 1L, (5.9)
we then recover (up to a constant term coming from total
derivatives) the covariant path integral on the torus,

Z(L,R) = / DX“De?8(G?) det {F,, G}eSewXelZ[e].
(5.10)

This is precisely a gauge-fixed form of the covariant path
integral on the torus considered in [4], where the X
windings around the two cycles of the torus encode the
L and R dependence. Crucially, this path integral expres-
sion is, in fact, independent of the gauge-fixing conditions
used (see, for instance, [14] for arguments directly within
the canonical approach). Notice that usually (e.g., in actions
that are second order in time derivatives), to get from the
canonical path integral to the covariant path integral, it is
necessary to integrate out some conjugate momenta,
whereas here the phase-space integral already yields a
covariant path integral after exponentiation of the con-
straints (which is natural from the fact that actions that
are first order in time derivatives—such as this one—
naturally weight paths in phase space, not in configura-
tion space).

It is interesting to compare the path integral expressions
obtained here with that used in [4]. In (5.10), the integration
measures obtained from the canonical procedure and
implied in De and DX are in a sense trivial, in that they
simply run over all phase-space values of X“ and e{ and
all real values of ef, and there is no extra measure
factor attached except what would come from the
5(G?) det{F,,G"} factor. From the canonical point of
view, this is natural, as the only requirement for our
measure over the fully constrained phase space is that it
is invariant under canonical transformations. Indeed the
path integral measure in (5.2) can be thought of, at every
time slice, as the symplectic measure of the induced
symplectic form on the gauge-fixed phase space.

This is in contrast to the situation in the gauge-fixed
path integral considered in [4], where even aside from the
determinant factors coming from the Faddeev-Popov

procedure the path integral measures over ¢ and X are
nontrivial and defined via diffeomorphism-invariant inner
products on the space of fields (as is usual in path integral
formulations of string theory [34,35]). Indeed, in the
treatment of [4], these measure factors were crucial to
get the “correct” TT answer. Furthermore, the range of
integration of the fields considered in the path integral
formulation of [4] ran only over explicitly invertible
geometries by construction.'” On the other hand, in the
canonical formulation the Lagrange multiplier variable e,
runs over all real values, including values corresponding
to noninvertible metrics.

This discrepancy of the covariant and canonical
approaches in the range of integration for metric variables
imposing constraints is often present in quantization of
gravitational theories." In fact, this problem is already
present for the simplest possible diffeomorphism-invariant
action, that of the free relativistic massive particle. As
discussed, for instance, in [37,38] the worldline “lapse”
function emerges in the canonical formalism as a Lagrange
multiplier, whose range is naturally unrestricted. However,
for the path integral to correctly yield the Klein-Gordon
propagator, its range of integration must be restricted
ultimately to positive values."”

It is also interesting to compare the two path integral
formulations for the TT gravity theory regarding the one-
loop exactness property found in [4]. There, after the path
integral has localized into the space of constant metrics
(constant dyads, strictly speaking), the remaining finite-
dimensional integral is also found to be one-loop exact.
From the point of view of that procedure, this one-loop
exactness was somewhat surprising, although crucial to
obtain the correct TT-deformed spectrum. As we have
pointed out before, considering this perspective, the emer-
gence of the equation for the 7T spectrum at the classical
level is not surprising, given that at the level of the quantum
partition function it arises from some saddle-point
equation.

In the context of the analysis presented in this paper,
the one-loop exactness of the path integral and the
resulting T7 spectrum follow from our canonical
analysis and the expression for the canonical partition
function we start with (5.1). It is instructive to see how
this one-loop exactness comes about, and as a sanity
check of this whole procedure, to rederive the T
spectrum from (5.10) working backward. From this
point of view, the step where one would find the
localization to constant geometries would be when

“One could argue, however, that since that path integral ended
up being one-loop exact in a sense, the localization on the saddle
point makes questions regarding the region of integration some-
what subtle.

See, for instance, [36] for recent comments on this.

BIt is also interesting to compare statements in [37,38]

regarding to what extent locality fixes the path integral measure.
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arriving at (5.3). In order to analyze this expression, it
is convenient to separate the constraints F, and the
gauge-fixing conditions G“ into zero modes (denoted
with tildes) and nonzero modes (denoted with primes).
For the gauge-fixing conditions, the nonzero-mode part
G'a is the d,e% = 0 constraint, while the zero-mode part
G“ is given by X? =0 [as in (2.61)]. Notice that, since
the Poisson bracket between the zero mode of F, and
the nonzero mode of G vanish, the determinant factor in
(5.3) factors into

det{F,.G} = det {F c”;} det{F,.G"},  (5.11)

where the second factor is a functional determinant
given by

det {F;, G’(bn)} — det(—0%)%.

(5.12)
To perform the path integral in (5.3), it is useful to
factor the integration into zero and nonzero modes as

DY? = dY*DY", (5.13)

Del = deDe'?, (5.14)
where the primed variables again refer to the nonzero
modes. Notice that the integral over the nonzero modes
have no extra measure factor coming from a nontrivial
path integral measure as in [4]. The integrals over the
nonzero modes of Y* and e¢ are immediately taken care
of by the nonzero-mode part of the constraints and
gauge-fixing conditions, respectively. The fact that this
sets to zero the nonzero-mode part of e{ means that
these variables (that is, their nonzero-mode parts)
disappear from the exponent in (5.3), since this expo-
nent is linear in e{ and depends on Y via its product
with e{. Then these integrations yield only leftover
functional determinants that are given by

/ DY's(F,) = / DY5(3, ¥ +...) =det(d,) 2, (5.15)

/ De'?5(0.e¢) = det(a, ). (5.16)

These functional determinants can be turned into
determinants of Hermitian operators by using

det(Q) = det(QTQ)"/2. (5.17)
If we assume, as mentioned before, that the path
integral measures of integration for the Y and e, are

defined by the trivial inner product for functions on the
circle

(r.9)= [ assg (5.18)

(notice that, as mentioned before, there is no need to
use a diffeomorphism-invariant inner product on the
circle to define a path integral over the canonical
variables) then, using this inner product to define the
adjoint, the aforementioned manipulations of functional
determinants (5.17) yield

det(d,) = det(—0d2)"/2. (5.19)
Thus, the functional determinants coming from the
integration over the nonzero modes cancel with the
functional determinant factor from det{F,,G}. The
integral over the zero mode of Y trivially sets it to
zero because of the zero mode of the gauge-fixing
condition and we are left with a finite-dimensional
integral over constant e and a path integral over the
canonical variables of the undeformed theory

Z(L.R) = / D¢Dx
x/déﬁeifd’dx”a"/’é(lfa)det(aFa) e~iLa€i?/2,

0e’
(5.20)
where we have used that at constant e¢
. oF
det{Fa,G} - det(aj) (5.21)
ex

and P* = ¢¢82/). The & function that imposes F, fixes

&% to be such that P“ satisfy the T7-flow equation, as
explained in Sec. II. This, of course, gives back the
expression (5.2) for the partition function, modulo the
fact that in (5.2) P? requires some ordering procedure,
whereas in the expression we have just obtained P¢
appears to be just the phase-space function obtained
from solving F, = 0, this subtlety being another avatar
of the ordering issues we have pointed out earlier.

However, in order to make contact with the procedure
performed in [4], some different manipulations are useful.
First, the finite-dimensional 6 function can be exponenti-
ated by integrating in a constant variable é¢,

§(F*) = / detei#Fa = / dede=iHen=iflo  (522)

where H gray and H, are the zero modes of the gravity and
matter Hamiltonians, respectively, evaluated at constant
geometry &;. Then the partition function can be written as
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Z(L,R) = / detded e~ Huw=iLP'E /W [E] - (5.23)

where

We] = / prDpe’ S d“’*”"(/dt(af )e“HO (5.24)

This last quantity W[e] is calculated purely in terms of the
matter theory (the undeformed theory) at fixed constant
geometry. As we have mentioned for our starting point, we
may assume that it is understood how to quantize the
undeformed matter theory, in the sense that when placing
the theory in a cylinder with constant geometry of size L we
have a basis of energy and momentum eigenstates of the

undeformed theory |k) with eigenvalues E(()k) (L) and

Pék)(L), respectively (here k stands for some multi-index
labeling these states). Then, modulo ordering subtleties, we

can write
) —zHO |k>
X

where the hat denotes that we have promoted these
functions of the phase space of the undeformed theory
into operators in the Hilbert space of the undeformed
theory. Both F, and H, are functions of the undeformed
energy Ey(L) and momentum Py (L) on a circle of size L,
where L in these expressions depends on &¢ via L|e2|'/2.
Then naively we would want to write

k
Zde ( H) ity

where F) and I:Iék) denote these quantities with E,(L) and

Py(L) evaluated at Eék) (L) and Pék)(L).

What may obstruct the passage from (5.25) to (5.26) is
the fact that the expectation values summed over also
include insertions of d; Eq(L) and 0; Py(L) coming from
the derivatives of F, with respect to &¢. Because of the
quantization of total momentum at fixed size L, Py(L) is
necessarily of the form Py(L) = N/L for some integer N.
Therefore, |k) are also eigenvectors of d;Py(L) and
insertions of this operator do not introduce complications
in the passage from (5.25) to (5.26).

Let us focus on terms in (5.25) involving insertions of
0.Ey(L). Because of the structure of F,, given by (2.47)
with P* = €52¢/4, these insertions can appear at the most
at quadratic order in (5.25). However, because of the
structure of the determinant, it turns out that quadratic
insertions of these operators vanish from (5.25). Terms
linear in d; Ey(L) are easily taken care of by the fact that

(5.25)

= (K det<

k

(5.26)

(k|lopEo(L)|k) = 6LE(<)k> (L) by standard perturbation
theory arguments and thus expression (5.26) appears to
be valid.

Plugging in then (5.26) into our expression (5.23) for
Z(L,R) yields

k

(k)
FON

x det (a — )e"Hék).
fe;

This is—if not precisely the same—of the form found for
the gravitational T'7T partition function found in [4] [see, for
instance, equations (43)—(50) there]: an integral over
constant dyads on the torus and a sum over the eigenstates
of the undeformed theory. However, for the integral found
in [4], the fact it was one-loop exact seemed quite
surprising, a conspiracy of factors coming from the non-
trivial path integral measures, coming from inner products
in the space of fields fixed by demanding diffeomorphism
invariance.

Here, however, this saddle-point exactness property is
quite simple. Indeed, undoing in these last expressions the
steps going from (5.20) to (5.23) by integrating over &¢,
we get

(k)
y oF —
Z(L.R)=> / de?5(FH)det (ﬁ) e~iLaP!(&) - (5.28)
k X

Then the § function fixes the integral to values of ¢ such
that P“(2,) coincide with the TT-deformed spectrum (as
discussed in detail in Sec. II. The determinant factor gives
the right measure so that

(5.27)

Z(L.R) = Ze—iLO(E;k)(R)+R/1)—iL1P;k)(R)

k

(5.29)

without there being any extra factors. Here Eﬁk) (R) and
Pflk)(R) are the solutions to the T7-flow equations with
Eék)(R) and Pék) (R) as initial (1 = 0) conditions. We have
arrived thus at the TT-deformed partition function.

Let us briefly recap what we have accomplished. We
started from the observation that, in a particular gauge, the
gauge-fixed phase space is identical to the undeformed
phase space; thus we have assumed that the gauge-
fixed phase space admits a canonical quantization pro-
cedure identical to that of the undeformed theory. The
physical spacetime translation operators of the gravitational
theory are the P“, which are made into functions exclu-
sively of this phase space after one solves the constraint
equations. Since these generate physical spacetime trans-
lations, it makes sense to consider the partition function
defined by (5.1) over the gauge-fixed—equivalently,
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the undeformed—phase space. Via an expression of this
partition function as a path integral over canonical variables
in the constrained phase space and a type of canonical
Faddeev-Popov trick, we managed to write this as a gauge-
fixed form (in a particular gauge) of the covariant path
integral discussed in [4]. Following a slightly different
version of this procedure in reverse, we have shown that
this reproduces the T7T-deformed partition function.

Many of the steps we have followed are dependent on
how one handles ordering ambiguities that may arise,
which we have mentioned at every relevant step, yet not
analyzed in detail. It would seem to be difficult to do this at
the level of generality about the undeformed theory we are
assuming here, and perhaps this analysis is better per-
formed on a case-by-case basis.

It is interesting to point out, however, that in going from
the gauge-fixed covariant expression (5.10) to the TT-
deformed partition function (5.29) the only ordering issues
that arose were those within the quantization of the
undeformed theory, related to the operators appearing in
the expectation values taken in (5.25). This lends some
weight to the intuitive idea mentioned in Sec. II that
perhaps to get the fully quantum 7'T-deformed spectrum
in a sense only quantum corrections at the level of the
undeformed theory need to be considered. It appears that
further analysis is required from this point of view, perhaps
on a case-by-case basis considering specific undeformed
theories, to put these types of arguments on more solid
footing.

VI. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we have analyzed the gravitational
description of the T7 deformation from the Hamiltonian
point of view, where it is described as a constrained
canonical system. We have found that the constraints imply
nontrivial relations between the target-space observables of
the theory (the physical energy and momentum) and the
energy and momentum of the undeformed theory. These
relations, given by (2.53) and (2.54), coincide with the
implicit form of the solutions of the 77 finite-volume flow
equation (1.2) once one identifies the target-space energy
and momentum with the TT-deformed energy and momen-
tum. We have found that this result holds for a quite general
undeformed matter content. It is interesting that these
equations emerge within the gravitational description at
the level of the classical equations of motion, whereas the
TT-deformed spectrum is supposed to hold fully quantum
mechanically. As it is well known, this already happens at
the level of the light-cone-quantized critical bosonic string,
and we have pointed out the similarity between the
two cases.

We have followed a similar approach to study a similar
deformation, inspired by gravitational formulations of the
Lorentz-breaking J7 deformation proposed in the litera-
ture. Here we have found that the deformed spectrum

depends on the undeformed quantities evaluated at twisted
boundary conditions. Although this feature is expected if
one considers S-matrix deformations of integrable theories,
it makes comparison with previous results somewhat
difficult and further work is warranted in this direction.
It would also be interesting to see whether a similar analysis
to that performed here can also be applied to other
“cousins” of the TT deformation, such as the double
current deformations considered in [39], the TT + A,
deformation discussed in [40], or the root-TT deformation
introduced in [41,42].

Perhaps the most interesting avenue for future work in
terms of possible applications is to extend the 77 gravity
formulation of noncritical string theories discussed in
Sec. III to the sector without winding, particularly for a
three-dimensional target space, where the spectrum in the
winding sector is known to be compatible with target-space
Lorentz symmetries at the quantum level. Here, instead of
the finite-volume energy spectrum E(R), one would be
interested in the energies as a function of the angular
momentum J. A possible approach would be to consider
the path integral on the Euclidean torus with boundary
conditions twisted by J along some cycle. A first step
toward attempting this calculation is to identify how
rotations act on the gravitational variables (in contrast to
what happens in the Polyakov formulation, this action is
nontrivial in our case), which we have done in this paper.
Very likely, this path integral calculation will involve
considering singular metric configurations, which adds
an extra complication with respect to the nonzero winding
case. In any case, it will be interesting to see whether an
exact formula emerges from this procedure, as happens in
the winding sector.
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APPENDIX A: CONSTRAINED HAMILTONIAN
SYSTEMS

In this appendix, we will introduce the most general
aspects of constrained Hamiltonian systems (which include
gauge systems). Part of the importance of having an
appropriate Hamiltonian formulation for constrained sys-
tems lies in the need to develop a valid canonical quan-
tization procedure.

It can be shown (see [16]) that the total Hamiltonian in
these cases is of the form
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Hy =H+u"c,, (A1)
where the u™ are Lagrange multipliers of the constraints
¢y, and H=¢"p, — L.

In order to appreciate the relation between quantities that
appear in the Hamiltonian formalism, a distinction between
first- and second-class functions is usually made. This
relies only on the fundamental structure of the Hamiltonian
theory, the Poisson bracket. Any quantity that has a weakly
null bracket with all the constraints is called first class.
Quantities that do not have this property are called second
class. The total Hamiltonian (A1) is expressed as the sum of
a first-class Hamiltonian plus a linear combination of first-
class constraints.

All the first-class constraints generate gauge transforma-
tions that are independent if and only if the constraints are
irreducible. The transformation generated by a first-class
constraint preserves all first- and second-class constraints,
so it maps an allowed state onto an allowed state. Also, the
Poisson brackets of any two first-class constraints is a first-
class constraint and generates a gauge transformation.

On the other hand, second-class constraints are present if
the matrix C;; = [c;, ¢;] does not vanish on the constraint
surface. These kinds of constraints do not generate any
transformation of physical significance, including gauge
transformations, because the transformation generated by a
second-class constraint does not preserve all the constraints
of the system, so it maps an allowed state onto a non-
allowed state. To treat second-class constraints, we must
define the Dirac bracket,

[F,G]" = [F,G] - [F,c;]CY[c;,G]. (A2)

If the theory is formulated in terms of the Dirac brackets,
the second-class constraints become strong identities
expressing canonical variables in terms of others, and in
some cases they can be used to eliminate some degrees of
freedom.

APPENDIX B: HAMILTONIAN FOR SCALAR
FIELDS WITH ONE-DERIVATIVE
INTERACTIONS IN GRAVITATIONAL
BACKGROUND

In order to obtain the Hamiltonian for the scalar matter
theory in the gravitational background, we must first find
the canonical momentum 7 of the matter field in terms of
the time derivatives of ¢. This is accomplished via the
defining relation

7 = /G0,K (u, ) -

00 (B1)

Using that u can be written as

901
V19|

where r = sgn(¢"), the equation to invert d,¢ in terms of 7
is thus of the form

g _ . (0,9)
00 dhp=f 00, 40,
vl 199l 979

for some function f of the variables made explicit above,
the specific details of which depend on the particular
form of K. Using this, we get that the Hamiltonian can
be written as

u:r( Lo+ x¢) . L 0.0 B2

lop+r ,¢) (B3)

I_ImatE

/ dxmo,fp— / dx/=gK (u,)

_/dx< zmnax¢+mf
(e i) )
:/dx(—z—;);)ﬂax¢+\/__9}<\/|;()—og|’%’¢>>’

(B4)

from which (2.13) immediately follows. Notice also that by
evaluating the previous expression in flat space g,, = 7, it
is clear that f is the flat-space matter Hamiltonian density,
so that by a change of variables it is seen that the
interpretation of (2.16) given in the main text follows.

APPENDIX C: CONSTRAINT ALGEBRA

In this appendix, we are going to show some details of
the calculation of the constraint algebra and compute the
Poisson brackets (2.27). Defining the gravitational part of
(2.23) as

Cgrav [N] = /Nefgrlab(e)bc + axXb) (Cl)
and the material part as
mat /NHO (Cz)

we have

{C[N]’C[M}} = {Cgrav[ ] grav[ ]} + {Cmat[ ] Cmat [M]}
+ {Cgrav[ ] mat[ }} + {Cmat[ ] Cgrav [M]}
(C3)

The first term in (C3) corresponds to the Poisson
brackets between the gravitational part. This is
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{/ dxNedn (el + dxXb),/dx’Me;/narb,(ef/ + aerb/)}.

(C4)

Before continuing, we first note that the only terms that contribute to the final result are those involving the Poisson brackets

{o.x",

e?} and {e?,0,X"'}, while the other two terms cancel due to the antisymmetry of the Levi-Civita symbol (which

appears when taking the Poisson bracket of the canonical variables). With this in mind, we can write (C4) as

/ N(x
+ / N(M

x’){ez<x>,ax/xb’<x'>}nab< L) + 0. X0 () et (-

€3 ()1 { 0K (3), €4 (¥) frra (€ () + 00 X" ()

(C5)

It is a simple task to verify that only each second term in the curved parentheses contributes to the final result. We are then

left with

_RE
/ N(x
- [ v

Integrating over the Dirac 6, and noticing that the only

nonvanishing terms are those involving the derivative of the
Lagrange multipliers, we finally get

)”ab{axxb(x) a’( )}?’]abfa X
()0 X" ()" Ny 0,8 (x = x)

(x)£ap 00 X" (x')0,5(x — x')

{Coms [N]. Cas [M]} = / Ax(NOM — MO,N)etend, X"

= Cx,grav [NaxM - MaxN]’ <C7)
where C, g, stands for the gravitational part of the
diffeomorphism constraint.

We now proceed to calculate the second term in (C3),
which will be the most complicated because of the degree
of generality we are assuming for the matter action. We
start by remembering that the matter Hamiltonian density is
obtained after performing a Legendre transform

Hmat = JT(),Q& WV -9k,

where ,/—gK is the Lagrangian density and we have
assumed it to be of the form

(C8)

K=K(p.u).  u=0,pd¢=g"0,4d,4. (C9)
so that K depends exclusively on Lorentz-invariant combi-
nations of the field and its derivatives up to second order. =
is the conjugate momentum associated with the field ¢ and

is defined as

= \/—_ga(aal;). (C10)

/N<x M)

{ez<x>,ax/x"’<x'>}naha XP(x)e (¥
;l, ()C/)axXb (x)’//abgab/ﬂa’b’ax’é(x - )C/)

(x) e (x)eap0xX" ()0 8(x — x'). (Co)

Let us now perform some preliminary calculations as
follows:

(A 00H(3). 90} =005 ) =a(2) 05,

(B0 p(x). ()} =20 )

(VK. 900} ==ar() ger .

(VK .2(0) =iyt Gt
(C11)

where we used the shorthand notation K(x) =

K(¢(x),u(x)) and 9,¢p(x) is determined by inverting
Eq. (C10), the vertical bar on the first term on the rhs
denoting that the functional derivative is taken at constant
0,¢(x). With these results, we have

(M), $)} = ~0,(2)5(x — ).
(M), 2(x')} = —ﬁ(wf(—’i,) § (C12)

We now come to the key trick that is used to perform the
calculation. Notice that the matter part of the C[N] con-
straints, that is, C; [V], can be obtained from [ dxH,p,(x)
by the substitution
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e! - Nebes. (C13)

However, due to the arguments in Appendix B, H,,, is linear in ef and therefore
Cmat[N] = /dXHmat|e§‘—>Ne)’§ez = /dXN(x)Hmat|e§'—>e€eZ' (C14)
Thus, in order to calculate {Cpaier[NV], Cnanier[M]}, We start by calculating

{ [t [ dyM(y)Hmat(y)} — [ AN M) (Ho ). )}

-/ dXdyN(x)M(”dZ{ p(z) onle) | on(z) ah(z) } (C15)

and we will later on evaluate this at ef — e,’gez. Using now the results (C12), we get

{ [t 0. [ ¥ 011} = [ NN 303 = 0 v=00) 35 - o). (€16)

where we have now omitted the measures of integration. The functional derivative appearing in the previous equation can be
calculated as

5K (x) Su(x)
5p(y) 5p(y)

When inserting this expression into (C16), we can see that the contribution proportional to the first term vanishes due to the
antisymmetrization, so we are left with

= 0,K(x)3(x — y) + 9,K(x) (C17)

0rp

{ [, [ M0} = [ MU0 o500 501K | =] 19
Since u = ¢"?0,¢0,¢, we have
S =2000)030 =)+ 290,900 - ). (c19)

From the expression for the metric in terms of the dyad g,, = nabel‘jeff , we then have

1 )nga _axa
gﬂy__(ee efe ) (C20)

a a
—€;€xq €€

We now evaluate at ef = efez. With this choice of ef, (C19) becomes

e 29" 0, (y)0,6(y — 2) = 2g™0,p(v)9,8(y — 2). (C21)

Then, we have

{ / AN () . (%), / dyM(y)Hmm(y)}

= [ MM = st TR - (e )]
X [ N@MO)6x - 0 V=T0)0,K )25 0,9(2)0,30 - 2) = (x <> ). (c22)
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Integrating over the Dirac 6 [keeping in mind that only the N (x dvM
terms involving the derivatives of N(x) or M(y) will Honar(x)s | dyM(y)Hopa(¥)

b

survive due to the antisymmetrization] and then integrating e
on z and on one of the other spatial variables, we obtain - / (NO.M — MO,N)zd ¢
= Cx.mat {NaxM - MaxN]’ (CZS)
{ [ ottt to). [ asmo)an}]
ef=eje;

where in the last equality we have identified the matter

— [ (NOM — MA,N)[\/=§0,K0,429"0.4). 23 contribution to the C, constraint.
/ ( )V=99.K9,42470.¢] (C23) Finally, it is possible to verify that the last two terms in

(C3) vanish. In order to see this, it is enough to note that

Let us now recall the definition of 7,

{Cgrav [N ] ’ Cmat [M ] }

oK ou
=9 ~=vV—90. K- will be proportional to
0(0,9) 0(0,h) prop
= /=90,K(29%0,¢ +2¢°'0,¢). C24 a .
V=90.K(297016 +29"0:9) (C24) {etebencd, Xe(x), (20 = =GK) )|ty | (C26)
With the choice of ef = e2e¢, we have ¢°! =0, so (C23)  Since the second term depends on the gravitational variables
becomes | only through the dyad, we can write the previous term as
5(ﬂat¢ K) g =e g”
etehen {0.X° (). (70— /=GK) () e | = 0u5(x = y)et — (c27)
The function 79, — \/—gK depends on e? both explicitly and through d,¢, therefore
5(7[0,4) WV _gK) e;’:efeg a<ﬂaf¢ Y _gK) eﬁ’:efsz I a(ﬂat¢ Y _gK> ei’:efeg ( f¢)|e“:eveb (C28
Set a del o (9:) . 0k )

The second term vanishes when taking the derivative with respect to d,¢p while holding z fixed by virtue of the properties
of the Legendre transform. We are then left with

(a(na,¢ - \/—_gK)Ieaebab>

7 (C29)

@f/).

The first term in (C29) vanishes since the derivative is taken while holding 9,¢ fixed. Moreover, keeping in mind that we
bsz, using the chain rule, we have that

are also evaluating on ef = e}
a(_ V _gK) |gf:ei’gz
oeb

a a ,c
« M;ex)' (C30)
0,9 de;

When holding 0,¢ fixed and evaluating on e¢ = ¢ v€7, the term —, /=gK can be regarded as a function of e 4ebn.p- This
allows us to obtain the following result for (C26),

d
} o 6;182 a(rlcd)e}ccex

{e €0€pc0x X¢(x), (2019 — /=gK) ()] e

“ oe’
x elebn,e = etele,, =0, (C31)
so that the last two terms in (C3) vanish, giving us the desired result
{C[N],C[M]} = C,[No .M — MJ,N]|. (C32)
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