PHYSICAL REVIEW RESEARCH 7, 023291 (2025)

Time-reversal inside a granular suspension to probe ultrasound diffusion
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We demonstrate that ultrasound diffusion—typically associated with the transport of average wave energy and
the breaking of time-reversal symmetry—can nonetheless be revealed through a time-reversal experiment. This
is achieved using an unprecedented configuration: A single piezoelectric transducer, acting as a time-reversal
mirror (TRM), is buried deep inside a strongly scattering medium (a dense granular suspension), while an array
of transducers is positioned at a distance, outside the scattering region. A short pulse is emitted by a single array
element and the TRM records the resulting ultrasonic field, composed of a coherent ballistic wave followed by
a diffuse coda wave. When the entire coda is time-reversed and re-emitted from the TRM, the wave refocuses
at the original source with a focal spot size that decreases with the inverse of the TRM depth, consistent with
diffusive transport. By time-reversing short coda segments at increasing times ¢, we observe a focal spot size
scaling as 1/+/Dr, where D is the ultrasound diffusion coefficient. Fitting this evolution with a microscopic

diffusion model allows us to extract D. Remarkably, this measurement does not require ensemble averaging,
because of the inherent stability of time-reversal against statistical fluctuations.

DOI: 10.1103/47wj-s8lj

I. INTRODUCTION

Multiple scattering is a regime in which a wave propagat-
ing through a random collection of obstacles is scattered more
than once. When the scattering medium becomes much larger
than the scattering mean free path, the transport of energy
is well described by the classical diffusion equation [1], as
successfully tested for ultrasonic waves propagating in a con-
centrated suspension of glass beads immersed in water [2,3].

Interestingly, while the diffusion equation describes intrin-
sically irreversible processes at the macroscopic level, the
wave equation keeps its time-reversal invariance at the micro-
scopic scale (before averaging over disorder). In the 1990s, the
reversibility of a multiply scattered ultrasonic wave (whose
average energy density is described by the diffusion equation)
was successfully tested using a time-reversal mirror (TRM),
a device that captures a broadband wavefield and re-emits it
in reverse chronological order, causing the wave to converge
back to its source [4]. This study demonstrated not only that
a wave can revive its past in a strongly scattering medium,
but also that it can be better focused than in a homogeneous
medium. As demonstrated in [5], the scattering medium can
be regarded as a random lens that allows a broad angular
spectrum of the source to be collected by a small-aperture
TRM, even if the latter is limited to a single transducer [6].
Moreover, the more disordered the lens, the more efficient
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the spectrum recovery [7]. This has led to a new paradigm
in wave manipulation in complex media: Contrary to long-
held beliefs, disorder is not merely an obstacle to focusing
and imaging but can be leveraged to control waves, as also
demonstrated in optics [8—10].

Here, we advance the concept by demonstrating that a
time-reversal experiment can even be used to measure the
ultrasound diffusion coefficient. To achieve this, we adopt the
configuration proposed by van Tiggelen [11], where the TRM
is buried deep within the scattering sample. We show that this
unprecedented experimental setup creates a situation where
the effective aperture of the random lens is governed solely by
diffusion transport, and where the size of the focal spot varies
as the inverse of the size of the diffusive halo that would be
created at the sample exit for a source located at the TRM
position.

II. EXPERIMENT

The scattering sample consists of a random close-packed
suspension of slightly polydisperse glass beads with diame-
ters ranging from 1.4 mm to 1.6 mm [see Fig. 1(a)]. This
polydispersity prevents crystallization effects, ensuring strong
positional disorder. The sample is immersed in a water tank
(400 mm x 150 mm x 200 mm) with beads placed at the
bottom and carefully mixed before each measurement to
create a new realization of disorder, achieving each time
a volume fraction close to the random close-packing limit,
i.e., ¢ ~0.64. Based on correlation measurements, we con-
firmed that these realizations are significantly independent
(see Fig. S5 within the Supplemental Material [12]). An
ultrasonic array of 64 piezoelectric rectangular transducer el-
ements (separated by 0.375 mm) with a central frequency of
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FIG. 1. (a) Schematic representation of the experimental setup. The photo shows that the beads forming the sample are not perfectly
spherical and exhibit slight polydispersity (see Fig. S4 within the Supplemental Material [12]). (b) (Top) A typical waveform recorded on
the TRM (in blue) is composed of a first low-frequency arrival, i.e., the ballistic coherent wave, followed by a long scattering signal, usually
called the coda wave. It is frequency-filtered to suppress the ballistic wave, resulting in the signal shown in red, before time-reversal. (Bottom)

Spectra of the recorded waveform before (blue) and after (red) filtering.

2 MHz is also immersed at a distance of a = 90 mm from
the sample surface. Each element is 0.315 mm wide (~ half-
wavelength in water at 2 MHz) and 15 mm high. A single
rectangular transducer (0.50 mm wide and 12 mm high) with
a central frequency of 1.5 MHz serves as the TRM. It is held
at the bottom of the water tank at a depth zy chosen to be
much larger than the scattering mean free path, which is of
the order of one bead diameter [13]. This choice ensures a
diffusive regime where a source at depth zy creates a diffusive
halo with a transverse size ~z7 at the sample exit.

A time-reversal experiment is carried out in two steps.
First, one element in the array is used as a source to emit a
two-cycle sinusoidal wave at a central frequency of 2 MHz.
The resulting transmitted waveform is then measured by the
TRM. As seen in Fig. 1(b), this waveform consists of a
low-frequency ballistic coherent wave (i.e., the part of the
wave that would resist averaging over disorder) followed by
a long scattered signal, commonly referred to as the coda
wave. As evidenced by the velocity of the ballistic wave,
c ~ 1700 ms~' (close to that of water), ultrasound prop-
agates predominantly through the interstitial fluid (water),
with limited coupling to the solid skeleton of the granular
packing. This behavior contrasts with that of dry granular
materials, where elastic waves propagate through the hetero-
geneous contact network depending on the confining stress
[14]. A bandpass filter, ranging from 1 to 3 MHz, is applied
to eliminate the low-frequency ballistic contribution, as well
as to reduce electronic noise. In the second step, a time
window, called the time-reversal window (TRW), is selected
from the transmitted signal and reemitted. The TRW can en-
compass the entire recorded signal (stationary time-reversal
experiment), or a smaller part of it (dynamic time-reversal
experiment).

In the dynamic time-reversal experiments, we set zp =
25 mm and select sliding TRWs of length T = 25 us, starting
at time t,, — 7'/2 [shown in red in the first row of Figs. 2(a)
and 2(b)]. The time step between consecutive TRWs is 5 us,
creating a 20 us overlap. After backpropagation, the result-
ing time-reversed wave amplitude is recorded by all array

elements and plotted as a function of space and time [second
row in Figs. 2(a) and 2(b)]. The focal spot is determined
from the amplitude at focusing time [third row in Figs. 2(a)
and 2(b)]. Figures 2 and 3(a) illustrate how the time-reversed
focal spot size decreases as the TRW is selected further into
the coda wave. For the stationary time-reversal experiment,
we need to select the longest possible TRW, at least greater
than the Thouless time z% /2D [11]. We choose a TRW of
400 ps (limited by the noise level), approximately equal to
the Thouless time for the largest TRM depth (z7 = 25 mm).
The focal spot size is observed to vary inversely as the TRM
depth [see Fig. 3(b)], indicating an isotropic diffusion regime,
as discussed below.

III. THEORY

These results are well described by the microscopic diffu-
sion theory we have developed (see the Supplemental Material
[12]), the main points of which are outlined here. We assume
the multiple scattering medium to be semi-infinite in the half
space z > 0 [see Fig. 4(a)]. When a Dirac pulse is emitted
from the point-like source at rg (one element in the array),
the signal received at the TRM at ry is G(rr, rs, t); i.e., the
Green’s function of the wave equation between points rg and
rr. A TRW G(ry, rs, t)rect(%) is then selected, where rect
is the rectangle function, time-reversed and sent back from ry
to the array [Fig. 4(b)]. The signal received at a position rp at

the array is then given by
F,(rp — 5|, 1)
—t —ty
= [rect(—T )G(rT, rg, —t)] ® G(rp, rr,1).

Given the reciprocity property G(rr, rs, 1) = G(rs, rr, t),
the focal spot size can be assessed by analyzing the variation
of

F,(X) = F,(Irp —rs|, 0)

tut T2
- f dtG(rs, v, )G 17, 7) (1)
t—T/2
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FIG. 2. Dynamic time-reversal for TRWs taken at two different times. (First row) A TRW (in red) is selected in the recorded signal and
time-reversed. (Second row) The resulting time-reversed signal measured at the array is focused in both time and space. (Third row) Cross
sections at the moment of focusing, defined as t = 0: the focal spot size is observed to decrease as a function of the TRW position. (Fourth
row) The signal received back at the source is compressed in time to almost its initial duration, equal to the inverse of the bandwidth.

at the focusing time ¢ = 0, as a function of the distance X =
|Irp — rg|| around the initial source position. This expression
is a statistical estimator of the spatial correlation function
(G(rg, rr, t,)G(rp, rr, t,)) that would be measured between
points rg and rp for a point source located at rr [6,11].

In the stationary case [which involves integrating Eq. (1)
over an infinite time], the spatial correlation function can be
predicted as C(X) = exp(—zrkX/a) with k the wavenumber
in the background medium (here water). This prediction is
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based on Akkermans and Maynard’s formula for coherent
backscattering (CBS) [15] generalized in [11] for a TRM
placed inside a scattering medium (see Fig. S3(a) within the
Supplemental Material [12]). The characteristic size of C(X),
given by a/kzr, indicates that the transverse size of the dif-
fusive halo at the sample exit should correspond to the depth
of the source within the scattering sample [see Fig. 4(c)]. The
celebrated van-Cittert Zernike theorem [16] indeed states that
a/kzr is the correlation length of a wave field generated by a
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FIG. 3. (a) Half-width at half-maximum of the focal spot as a function of the TRW position. Circles correspond to one realization of
disorder while triangles are determined after averaging the time-reversed wave field amplitudes over eight realizations. The time axis has been
shifted to align the origin with the activation time of the diffusive sources, accounting for the travel time in water. The experimental results
are fitted using Eq. (3) (dashed lines). (b) Half-width at half-maximum XIS/2 of the focal spot as a function of TRM depth in a stationary time
reversal experiment. The red-dashed line is a linear fit to the data for a/z;y > 2 and has slope 1.2. The theoretical prediction (blue line with a
slope 1.5) takes into account the directivity of the source as well as the finite TRW size (see Fig. S3 within the Supplemental Material [12] for
the influence of these parameters on the focal spot size predicted by diffusion theory).
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FIG. 4. Schematic diagram of the experimental set-up and coordinate system used for microscopic scattering theory. For clarity, we
use dark-gray disks to represent scattering events. (a) A half-wavelength-sized source (one of the elements of the transducer array) emits
a wavefront that reaches the scattering sample as a cylindrical beam with a transverse size 2a along x. Because of scattering, the angular
spectrum of the source is redirected towards the TRM, albeit limited to a single transducer. In this sense, the sample acts as a random lens.
(b) When the waveform measured at ry is time-reversed and sent back, the focal spot size of the refocused signal at ry is determined by the
transverse size of the wavefront emerging from the sample, which in the best case is given by 2a. (c) The focal spot size can also be viewed
as an estimator of the spatial correlation function of the scattered field measured at distance a from the sample exit for a source located at z7.
In the isotropic diffusion regime, the halo at the sample exit has a size zr and consists of random, uncorrelated sources. Consequently, the van
Cittert-Zernike theorem applies, predicting a correlation length of a/kzy provided that a > zr.

fully spatially incoherent random source of size zy at a dis-
tance a. In other words, in a stationary time reversal, the focal
spot size should vary inversely with the depth of the TRM.
This is what we observe as soon as a/zy > 1 [see Fig. 3(b)],
although the slope differs from the predicted In(2) as derived
from C(X) = exp(—zrkX/a). Actually, the In(2) slope would
imply an infinite TRW as suggested by the microscopic diffu-
sion theory we developed. When accounting for the finite size
of the TRW [see blue curve in Fig. 3(b) obtained for a TRW
of 400 us as in our stationary time-reversal experiment], the
agreement between experiment and theory improves. How-
ever, it remains imperfect, as the theory does not account for
all experimental parameters, particularly the finite aperture of
the TRM. Note that for a/z;y < 1, this linear dependence of
the focal spot size on inverse depth breaks down due the fail-
ure of the far-field assumption. Furthermore, the y intercept is
nonzero since the focal spot cannot be smaller than the initial
source size. And for a source size smaller than the wavelength,
the focal spot cannot be smaller than half the wavelength
(diffraction limit) of ultrasound near the transducer array (i.e.,
in water).

For the focal spot obtained in a dynamic time-reversal ex-
periment, the full calculation (see the Supplemental Material

[12]) gives

emax 5
F(X) x / d0 sin 0Jy (kX sin §)e= tan* 0/4D1
0

(©))

e~ /4Dt _ p—(ar+220)* /4Dt
X
(Dt )3/2

with 6, fixed to /4 by the finite directivity of the source
used in our experiment.

Equation (2) predicts that the focal spot size scales as
a/k~/Dr (see Fig. S2 within the Supplemental Material [12]),
which indicates that the diffusion process creates a halo of
size /Dt at the sample exit. This result is reminiscent of
the coherent backscattering (CBS) [17-20], especially in its
dynamic version [21], consistent with the known connection
between time reversal and CBS [11,22]. Quantitively, the
predicted half-width at half-maximum is

», 0.82a

Xip = Wi @)
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IV. DISCUSSION

Fitting our data for a single realization of disorder [circles
in Fig. 3(a)] to Eq. (3) yields D = 0.61 £ 0.08 mm? us~!,
with 0.08 mm?us~! corresponding to the fit uncertainty.
Remarkably, it appears that D can be extracted without en-
semble averaging, unlike conventional methods based on
time-dependent average transmitted intensity or CBS, that
require averaging over disorder. Here, we leverage the stabil-
ity of time reversal against statistical fluctuations [23]. Time
reversal is in fact known to be a self-averaging process, as
the average over disorder is replaced by an average over the
number of uncorrelated pieces of information measured by
the TRM, called spatial and temporal information grains as
shown in [6]. In our case, we have only one spatial infor-
mation grain (the single-channel TRM) but we have N =
T/t = Aw/Sw = 5 temporal/frequency information grains in
the TRW (with t the initial pulse duration, inverse of the
bandwidth Aw, and w the decorrelation frequency). Provided
that D does not vary significantly over the bandwidth, the
measurement here should thus be stable against statistical
fluctuations. To fully assess the statistical robustness of the
method, we repeated the dynamic time-reversal experiment for
eight realizations of disorder and found an average value of
D = 0.65 mm? us~!. Notably, the dispersion around the aver-
age value, £0.14 mm? pts‘l, is of the same order as the fitting
uncertainty for each disorder realization, confirming the sta-
tistical robustness of the method. If the time-reversed waves
are themselves averaged over the 8 realizations [triangles in
Fig. 3(a)], the fit of the resulting average focal spot to Eq. (3)
yields a value of D = 0.67 + 0.07 mm? us’l, consistent with
the previous measurements.

Using the same experimental setup, we also determined D
using the two already mentioned conventional techniques (see
details within the Supplemental Material [12]). The measure-
ment of the dynamic CBS (for which the full 3D theory can be
found in [24]) yields a value of D = 0.70 & 0.03 mm? us—!,
while the observed time dependence of the average trans-
mitted intensity gives D = 0.74 0.02 mm? us~!. A slight
discrepancy is thus observed between the diffusion coeffi-
cients obtained from these three approaches. Each method
has inherent limitations, and a detailed comparative analysis
would be required to fully identify the origin of these differ-
ences, an undertaking that lies beyond the scope of this paper.
Nonetheless, one possible explanation may stem from the
frequency dependence of the diffusion coefficient. Indeed, all
three measurements are based on pulsed experiments and thus
yield values that are effectively averaged over the bandwidth
of the respective signals. In the time-reversal and average
transmitted intensity measurements, the detected wave fields
exhibit a central frequency that is slightly downshifted (to
approximately 1.75 MHz) relative to the initial pulse (centered
at 2 MHz), as can be seen in Fig. 1(b). This shift can be
attributed to the frequency response of the TRM, which is cen-
tered at 1.5 MHz. In contrast, the CBS measurement involves
the same array for both emission and reception, resulting in a
bandwidth centered around 2 MHz. Consequently, the value of
D extracted from CBS is effectively averaged over a different
spectral range, which may partly account for the observed
variations.

V. CONCLUDING REMARKS

In this paper, we have demonstrated that a diffusion pro-
cess, known to account for the transport of average wave
energy and the breaking of time-reversal, can be revealed
from a time-reversal method. This demonstration is based
on ultrasound time-reversal experiments performed with a
time-reversal mirror buried deep inside a strongly scattering
medium. In this unprecedented experimental configuration,
the scattering medium creates an effective aperture that is
governed solely by diffusion transport. As an experimental
model, we have considered a random suspension of slightly
polydisperse glass beads. However, the underlying physics is
generic. Since diffusion is widely recognized as a universal
process, and as such hardly dependent on microscopic details,
we expect our results to be broadly applicable, to any type
of disordered medium (regardless of the nature of disorder)
and to any type of waves as long as they propagate in the
diffusive regime. In a stationary time-reversal experiment,
we have shown that the focal spot size scales inversely with
the time-reversal mirror depth, which can be interpreted as a
consequence of the van Cittert-Zernike theorem. In a dynamic
time-reversal experiment, we have demonstrated that the focal
spot size shrinks as 1/ A/Dt, where t denotes the time around
which the time-reversal window is centered, i.e., the inverse
transverse size of the diffusive halo at the sample exit. This
offers a novel and robust way for estimating the diffusion
coefficient, which, unlike conventional techniques, does not
require ensemble averaging thanks to the inherent stability of
TR against statistical fluctuations.

While the main purpose of this work is not to propose a
new measurement technique, our findings highlight potential
applications. First, it suggests that when a source is embed-
ded in a cluttered environment—either deliberately, as in our
experiment, or naturally, as with a seismic source—the spatial
correlations of the scattered field it generates can be measured
outside the scattering region, and used to infer the diffusion
coefficient or the source depth. This approach could thus
have relevance across several domains, including ultrasonic
imaging of nonlinear scatterers for nondestructive evaluation
[25], imaging of inaccessible interiors from their boundary, a
key problem in seismology [26], as well as the localization
of fluorescent emitters in optical microscopy [27,28] or quan-
tum dots in photonic crystals [29]. Our findings also strongly
resonate with recent advances in wavefront shaping [30],
particularly in the context of focusing optical waves inside
a diffusive medium, a field that has seen a rapid growth in
the past decade [31-36]. In most of these works, the incident
wavefront is shaped to match the time-reversed field of a
hypothetical source located at the desired focus point.
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