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1 Introduction

In a series of remarkable papers [1–6] Laddha, Saha, Sahoo, and Sen identified universal
logarithmic terms in the low-frequency expansion of gravitational radiation, along with the
associated early/late-time tails; see [7] for a review. The universal nature of the first log term
can be understood in terms of superrotations [8–10], within the broader setting of an “infrared
triangle” that connects asymptotic symmetries with soft theorems and memory effects [11].

In this paper, we revisit these classical soft theorems from a different perspective. Our
motivation lies in the seemingly “miraculous” cancellation of the outgoing massless con-
tributions to the log soft factors [3, 6]. This cancellation has so far been observed in the
first two known universal log terms but is believed to extend to conjectured higher-order
terms [5–7, 12]. Here we provide a simple explanation of this cancellation by making explicit a
gauge redundancy in the asymptotic description of the gravitational field known as logarithmic
translations [13–15].1 In a nutshell, the contribution from outgoing massless particles can
be removed altogether by a log translation. But since the soft factors are invariant under
such transformations, this contribution must vanish to begin with.

1These are distinct from log supertranslations, recently proposed as part of the symmetry algebra of
asymptotically flat gravity [16] (see also [17, 18]). Although we do not make use of this extension, our
perspective is consistent with [16] in treating log translations as pure gauge.
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Logarithmic translations were first introduced in the context of spatial infinity, but they
can also arise at timelike and even null infinity, as we discuss in the next section. Our analysis
draws from Ashtekar’s geometric treatment of spatial infinity [19–21], exported to the case
of timelike infinity, following the spirit of the “asymptotic framework” of Compère, Gralla,
and Wei [22] (see also [23–28]). The ideas presented here set the stage for a fully asymptotic
derivation of the log soft theorems, an approach we develop in [29].

The organization of the paper is as follows. In section 2 we review the concept of log
translations and introduce the notion of log deviation vector, which captures the leading
deviation of asymptotic geodesics from straight lines. In section 3 we present the description
of timelike infinity, and discuss how log translations arise in that context. We further argue
that there is a single “global” log translation group that simultaneously acts on the asymptotic
future and past. Given these preliminaries, in section 4 we show how the two known log
soft theorems can be expressed in terms of the log deviation vector in a log translation
invariant way. In section 5 we explore the consequences of log translation invariance on the
putative higher order log soft theorems. We conclude in section 6 with a brief discussion
of our results and future perspectives. The paper is complemented with two appendices
containing supporting details for the main discussion.

2 Log translations and log deviation vector

Any notion of asymptotic flatness requires that the spacetime metric becomes flat as some
distance parameter R goes to infinity. While the precise meaning of R varies with the setting

— in particular, with the signature of the direction along which infinity is approached — the
leading deviation from the flat metric typically scales as 1/R,

gµν
R→∞= ηµν +O(1/R), (2.1)

where gµν is the spacetime metric in appropriate asymptotic Cartesian coordinates, and ηµν

the Minkowski metric. Depending on the gauge condition being used, there may exist a
residual gauge freedom affecting the 1/R term in (2.1) due to logarithmic translations [13, 14],

ξµ
L

R→∞= logRLµ +O(R0), (2.2)

where Lµ are constant vectors. A well-studied instance where this occurs is in Beig-Schmidt
gauge at spatial [15] and timelike [22, 27] infinity. By contrast, radiative gauges at null infinity

— such as Bondi [30, 31] or Newman-Unti [32]—do not allow for log translations. A second
relevant example where log translations are frozen is harmonic gauge (see appendix A.2).

We will consider the standard situation in which the limit in (2.1) is approached along
asymptotic geodesics,

Xµ(s) s→∞= sV µ + log s cµ + · · · , (2.3)

where V µ is the geodesic asymptotic direction and s an affine parameter that, to leading
order, is proportional to R. The logarithmic term in (2.3) arises from the 1/R piece in the
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metric (2.1), which leads to non-trivial O(1/R2) Christoffel symbols [3].2 Indeed, using the
geodesic equation and (2.3) one can show that

cµ ≡ lim
R→∞

Γµ
νρX

νXρ. (2.4)

Under logarithmic translations (2.2), this log deviation vector transforms as

δLc
µ = −Lµ, (2.5)

as can be inferred directly from (2.3), or through a short calculation using the transformation
properties of the Christoffel symbols.3

In general, the log deviation vector obtained in the limit (2.4) depends on the asymptotic
direction V µ. A notable exception occurs for null rays, where cµ turns out to be independent
of the null direction [3], see section 3.2.4 In this case, it can be gauged away by a logarithmic
translation — precisely what is achieved in radiative coordinates. These considerations will
play a key role in elucidating structural properties of the log soft theorem.

3 Timelike infinity and log frames

In order to apply the ideas of the previous section to a scattering setting, we consider the case
in which infinity is approached along timelike directions.5 In this limit, the leading structure
of the gravitational field is captured by a scalar function on the unit hyperboloid that plays
the role of a gravitational potential. This potential encodes the same information as the
log deviation vector but is simpler to determine from Einstein equations. We present two
complementary methods for obtaining it: an “asymptotic approach”, formulated independently
of any specific gauge choice (aside from assuming the form (2.1)), and a “bulk approach”
that we implement in harmonic gauge. The asymptotic approach naturally exposes the
freedom under log translations, allowing one to select any desired log frame, such as those
associated with radiative or harmonic coordinates.

At this stage, we will essentially be recovering the leading term of the well-known
coordinate transformation between harmonic and radiative gauges [33, 34]. The novelty in
our treatment arises when considering both the incoming and outgoing versions of these
transformations, ultimately allowing us to identify global log translations that simultaneously
act at future and past infinities. This identification is a prerequisite for defining the action
of log translations on soft factors, discussed in section 4.

2In the case of asymptotic null directions, we further require that V µV ν∂ugµν = O(1/R2), where u is
the associated asymptotic retarded (or advanced) time. This condition is satisfied in solutions of Einstein
equations in harmonic coordinates of the type discussed in [3] and reviewed in section 3.3.

3We follow conventions such that the action of a vector field ξµ on the coordinates and the metric is
given by δξXµ = −ξµ and δξgµν = Lξgµν , respectively. The change of the O(1/R) metric perturbation
under log translations contains a piece from the O(R0) vector field in (2.2), whose precise form depends on
the gauge-fixing condition (see appendix A.2). This dependence, however, drops out in the combination of
Christoffel symbols given in (2.4).

4A similar contrast between null and spatial directions lies at the heart of the analysis in [19].
5By an appropriate limiting procedure, this will also allow us to describe asymptotic null geodesics, and

hence massless particles.
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3.1 Spacetime metric at timelike infinity

For simplicity, we set the discussion in the context of future timelike infinity, but entirely
analogous considerations apply to past time infinity. A comparison between the future and
past equations is presented in subsection 3.4.

The role of the parameter R in (2.1) is now played by the asymptotic proper time τ ,
while the asymptotic direction V µ is a unit timelike vector,

Xµ τ→∞= τV µ + · · · , V µVµ = −1, (3.1)

where the dots indicate subleading terms and the norm condition is taken with respect to
the Minkowski metric. The unit timelike hyperboloid is parametrized by coordinates xa

(see eq. (3.10) below for an explicit expression)

V µ = V µ(x), (3.2)

and the associated hyperboloid metric is

hab = ∂aV
µ∂bVµ. (3.3)

We denote by γµν(x) the tensor capturing the leading deviation from the flat metric
in the large time limit,

gµν(τ, x)
τ→∞= ηµν + 1

τ
γµν(x) + · · · (3.4)

As discussed in appendix A.2, this tensor contains both “pure gauge” and “non-gauge” pieces.
To disentangle them, it is convenient to decompose it in terms of 3d hyperboloid fields

γµν ↔


σ

γa

γab

, (3.5)

where6

σ = −1
2V

µV νγµν , γa = ∂aV
µV νγµν , γab = ∂aV

µ∂bV
νγµν . (3.6)

The gauge invariant information contained in these fields can be obtained by evaluating
the asymptotic electric and magnetic part of the Weyl curvature [19]. Under typical asymptotic
flatness conditions the latter vanishes, while the former is fully determined by σ. All remaining
components in (3.5) are therefore either pure gauge or not independent.7

Summarizing, the non-trivial part of the metric perturbation at order 1/τ is the scalar
σ, which we refer to as the gravitational potential. Our interest in this quantity is that it
determines the log deviation vector according to,

cµ = DaV µ∂aσ − V µσ, (3.7)

as can be checked by direct computation from the definition (2.4) for the case R = τ .
6In the notation of appendix A.1, σ = − 1

2 γ∥.
7Modulo a supertranslation Goldstone field [35], which plays no role for our analysis. See appendix A.2 for

a more detailed discussion of the material presented in this subsection.
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Conversely, the potential can be recovered from the deviation vector via

σ = cµVµ. (3.8)

Thus, σ and cµ encode the same information. Depending on the context, one or the
other may be more convenient to work with. Like the deviation vector, σ is not fully gauge
invariant due to logarithmic translations, which act as

δLσ = −LµVµ. (3.9)

3.2 Null limit

It will be of interest to consider the limit in which the timelike direction V µ becomes null.
To be explicit, let us consider coordinates xa = (ρ, xA) in (3.2) defined by

V µ = (
√
ρ2 + 1, ρ n̂), V µVµ = −1, (3.10)

where ρ is a radial coordinate and xA are coordinates on the unit sphere associated with the
unit 3-vector n̂. In this parametrization, the hyperboloid line element takes the form

habdx
adxb = dρ2

ρ2 + 1 + ρ2dΩ2 (3.11)

where dΩ2 is the unit sphere metric.
The null limit of V µ is achieved by taking ρ→ ∞ in (3.10). To leading order one gets

V µ ρ→∞= ρnµ +O(1/ρ) (3.12)

where
nµ = (1, n̂) (3.13)

is the null direction associated to the unit 3-vector n̂. The divergent ρ factor multiplying
the null direction (3.12) indicates the need to simultaneously rescale the affine parameter
to properly describe the corresponding null trajectory. Alternatively, when looking at a
particle’s momentum, (3.12) should be multiplied by a m → 0 mass such that the energy
E = mρ is kept constant.

From a 3d hyperboloid perspective, the limit ρ → ∞ brings us to its asymptotic
boundary. As we shall review in the next section, Einstein equations imply that, in this
limit, σ approaches [22]

σ
ρ→∞= ρnµc

µ
I + · · · , (3.14)

where cµ
I is a constant (i.e. independent of n̂) vector. It then follows from (3.7) that this

vector represents the large ρ limit of cµ,

cµ
I ≡ lim

ρ→∞
cµ. (3.15)

In fact, this vector coincides with the log deviation vector of null trajectories. This is
because the logarithmic coefficient in the asymptotic geodesics (2.3) is unaffected by rescalings
of the affine parameter. The independence of cµ

I from n̂ confirms the result quoted at the
end of section 2, namely that for asymptotically null trajectories, the log deviation vector
is independent of the null direction.
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Einstein eqs full metric

Einstein eqs at i+ metric at i+

solve

τ → ∞ τ → ∞

solve

asymptotic path

bulk path

Figure 1. Two ways to find the asymptotic metric at timelike infinity i+.

3.3 Solving Einstein equations

Our presentation so far has been mostly kinematical. We now discuss how Einstein equations
determine the gravitational potential (and more generally, the spacetime metric) at timelike
infinity. As illustrated in Figure 1, there are two paths one may follow, depending on whether
the large time limit is taken before or after solving Einstein equations.

Below, we discuss these two approaches, focusing on the gravitational potential. As we
will see, the two methods generally yield potentials that differ by a log translation. The
asymptotic approach will be presented in a way that is agnostic to gauge-fixing conditions.
For the bulk approach, however, a gauge-fixing condition is necessary. We will consider the
case of harmonic gauge, as used in standard perturbative treatments. This will allow us
to characterize the log translation gauge-fixing condition implicit in the analysis of [2, 3],
and eventually to relax it in section 4.

Asymptotic approach

To leading order in the τ → ∞ limit, Einstein equations, applied to (3.4) leads to (see
e.g. [10, 22, 29])

(D2 − 3)σ = 4πGρmassive, (3.16)

where D2 is the hyperboloid Laplacian and

ρmassive(x) =
∑

i
mi ̸=0

miδ(x, xi) (3.17)

is the energy density of massive particles at future timelike infinity. From the asymptotic
perspective, σ is to be determined by solving (3.16). Let G(x, x′) be a Green’s function
for this equation, i.e.

(D2 − 3)G(x, x′) = δ(x, x′). (3.18)

If we demand that G(x, x′) depends only on the geodesic distance d(x, x′) between x and x′,
one arrives at a one-parameter family of solutions (see eq. (C.7) of [10])

Gλ(x, x′) = − 1
4π

(
2χ2 − 1√
χ2 − 1

+ λχ

)
(3.19)
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where
χ = −V (x) · V (x′) = cosh d(x, x′) (3.20)

and λ is an undetermined constant. For a given choice of this constant, the resulting
potential is then

σ(λ)(x) = −G
∑

i
mi ̸=0

mi

 2χ2
i − 1√
χ2

i − 1
+ λχi

 (3.21)

= −G
∑

i
mi ̸=0

2(V · pi)2 −m2
i√

(V · pi)2 −m2
i

+GλV · Pmassive (3.22)

(3.23)

where
V µ ≡ V µ(x), V µ

i ≡ V µ(xi), pµ
i ≡ miV

µ
i , (3.24)

and
Pµ

massive =
∑

i
mi ̸=0

pµ
i (3.25)

is the total momentum of the massive particles. Comparing with (3.9), we see that different
choices of λ are related to each other by log translations that are proportional to Pµ

massive.
A natural way to eliminate the log translation freedom is to require that σ vanishes

asymptotically [22]

lim
ρ→∞

σ = 0 ⇐⇒ cµ
I = 0 (radiative log frame), (3.26)

which amounts to choosing λ = −2 in (3.21). This condition singles out a specific log
translation frame that we refer to as radiative frame.8

“Bulk” approach in harmonic gauge.

In harmonic gauge, the spacetime metric is written as

gharm
µν = ηµν(1− e) + 2eµν , (3.27)

where ηµν is a reference Minkowski metric, with associated Cartesian coordinates Xµ. eµν

is the so-called trace-reversed metric perturbation and e = ηµνeµν its trace. The gauge
condition is

∂νe
µν = 0, (3.28)

and allows Einstein equations to be written as

□eµν = −8πGTµν , Tµν = Tµν + T grav
µν , (3.29)

8As discussed in subsection 3.5 there are in fact two distinct radiative frames, depending on whether
condition (3.26) is imposed at the future or at the past.
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where □ ≡ ∂µ∂µ is the d’Alembertian w.r.t. the flat metric, Tµν is the usual matter stress-
energy tensor and T grav

µν is a “gravitational stress-energy tensor” that is constructed out of
eµν and its derivatives. We emphasize that (3.29) is simply a rewriting of the full non-linear
Einstein equations [7].

The formal solution to (3.29) with retarded boundary conditions is

eµν(X) = 4G
∫
d4X ′θ(X0 −X ′0)δ((X −X ′)2)Tµν(X ′), (3.30)

and can be evaluated perturbatively by regarding eµν as a series expansion in G. However,
for the purposes of obtaining the leading late-time component

eµν
τ→∞= 1

τ

1
eµν(x) + · · · , (3.31)

it suffices to evaluate (3.30) at the zeroth perturbative order, for which the only contribution
to Tµν is due to the freely propagating particles, see e.g. [42]. Setting

X ′µ = τ ′V µ(x′) + · · · , Xµ = τV µ(x) + · · · , τ → ∞ (3.32)

in (3.30) leads to (see appendix A of [36] for an analogous computation)

1
eµν(x) = 2G

∫
d3x′√
χ2 − 1

Vµ(x′)Vν(x′) ρ(x′) (3.33)

where
ρ(x′) =

∑
i

miδ(x′, xi) (3.34)

is the energy density at timelike infinity including massless contributions, as we discuss below.
We now extract from (3.33) the gravitational potential σ. The O(1/τ) metric perturba-

tion (3.4) is given by γµν = 21
eµν − 1

eηµν , and from the definition of σ (3.6) one gets

σharm = −1
eµνV

µV ν − 1
2

1
e (3.35)

= −G
∫
d3x′

2χ2 − 1√
χ2 − 1

ρ(x′). (3.36)

Upon using (3.34), this yields a potential that looks like σ(λ=0) in (3.21), but where the
sum includes both massive and massless particles. To account for the latter, we express the
potential in terms of the particle momenta, as in (3.22), leading to,

σharm = −G
∑

i

2(V · pi)2 −m2
i√

(V · pi)2 −m2
i

= σ(λ=0) + 2GV · Pmassless, (3.37)

where the two terms in the last equality correspond to the contributions from massive and
massless particles to the sum, and where we used that |V · pi| = −V · pi.

On the other hand, according to the discussion from the previous section, the potential
in the radiative log frame (3.26) can be written as

σrad = σ(λ=−2) = σ(λ=0) − 2GV · Pmassive. (3.38)

– 8 –
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Solving for σ(λ=0) in (3.38) and substituting in (3.37) leads to

σharm = σrad + 2GV · Ptotal, (3.39)

where Pµ
total = Pµ

massive + Pµ
massless.

Thus, the harmonic and radiative frame potentials are related by a log translation that
is proportional to the total spacetime momentum. In particular, the null limit of the log
deviation vector is now given by

cµ
I = 2GPµ

total (harmonic log frame). (3.40)

This reproduces, in our conventions, eq. (3.29) of [3]. The expression is also consistent with
the well-known asymptotic diffeomorphism that interpolates between harmonic and radiative
coordinates, see e.g. eq. (95) of [34]. We refer to (3.40) as the harmonic log frame.9

3.4 Future vs. past

The discussion of the previous subsections has a direct analogue at past timelike infinity.
Below we summarize the equations and conventions that we shall use to describe both
infinities. When needed, we will distinguish future and past quantities by a +/− label.

• Asymptotic geodesics:

Xµ(s) s→±∞= sV µ
± + log |s|cµ

± + · · · , V µ
± future-pointing. (3.41)

• Spacetime hyperbolic coordinates: (τ > 0, xa) and (τ < 0, xa) with

Xµ τ→±∞= τV µ(x) + · · · , V µVµ = −1, V µ future-pointing. (3.42)

• Gravitational potential and log deviation vector:

σ± = −1
2 lim

τ→±∞
V µV ν |τ |(gµν − ηµν) (3.43)

cµ
± = ±(DaV µ∂aσ± − V µσ±). (3.44)

σ± = ±cµ
±Vµ. (3.45)

cµ
I± = lim

ρ→∞
cµ
± (3.46)

• Energy density and leading Einstein equation:

ρ± = lim
τ→±∞

|τ3|V µV νTµν (3.47)

(D2 − 3)σ± = 4πGρ± (3.48)
9We are here presenting the harmonic log frame as a condition on the log deviation vector of outgoing null

rays. One can alternatively write it as a condition on incoming null rays, as reviewed in the next subsection.
There is a non-trivial relationship between the future and past null deviation vectors which we discuss in
subsection 3.5.
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• Gravitational potential in terms of outgoing/incoming momenta:

We follow standard amplitude conventions in which the particles’ momenta at past
timelike infinity are taken with an overall minus sign (so that they point to the past):

pµ
i = ±miV

µ
±i. (3.49)

With these conventions, the gravitational potential at future/past timelike infinity in
the various log frames discussed earlier is

σ̊± = −G
∑
i∈±

mi ̸=0

2(V · pi)2 −m2
i√

(V · pi)2 −m2
i

(3.50)

σrad±
± = σ̊± ∓ 2GV · Pmassive± (3.51)

σharm
± = σrad

± ± 2GV · Ptotal± (3.52)

where σ̊± ≡ σ(λ=0), i ∈ ± indicates outgoing/incoming particles and “rad±” refers to
the radiative log frame at future/past infinity. Pµ

total± = Pµ
massive± + Pµ

massless± is the
total outgoing/incoming momentum, with the conventions of (3.49) so that momentum
conservation reads

Pµ
total+ + Pµ

total− = 0. (3.53)

Since Pµ
total+ is just the total momentum of the system, we shall occasionally omit the

plus subscript and write it as

Pµ
total ≡ Pµ

total+. (3.54)

• The log deviation vector can be obtained by applying (3.44) to the corresponding
gravitational potential. In particular, the deviation vector associated to the λ = 0
potential (3.50) is

c̊µ
± = ∓G

∑
i∈±

mi ̸=0

(2(V · pi)3 − 3m2
iV · pi)pµ

i −m4
iV

µ(
(V · pi)2 −m2

i

)3/2 . (3.55)

The deviation vector associated to the other potentials can be obtained from (3.55)
by appropriate log translations. In the harmonic log frame the expression has the
form (3.55) but with the sum running over all (massive and massless) outgoing/incoming
particles. In particular, one finds10

cµ
I± = 2GPµ

total± (harmonic log frame). (3.56)

10The sign difference in (3.55) disappears in (3.56) because |V · pi| = ∓V · pi for outgoing/incoming pi,
according to the conventions (3.41) and (3.49).
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3.5 Global log translations

A priori, there are two independent log translations at the future/past

ξµ
L±

τ→±∞= log |τ |Lµ
± +O(τ0), (3.57)

which act according to

δL±c
µ
± = −Lµ

±, δL±σ± = ∓Lµ
±Vµ. (3.58)

However, as in the case of ordinary translations (or more generally, BMS supertransla-
tions [48]), these two transformations should not be regarded as independent, but instead
satisfy

Lµ
+ = Lµ

− ≡ Lµ. (3.59)

This condition arises naturally when working in harmonic coordinates, where a single patch
covers all spacetime (at least outside the scattering bodies). Alternatively, as discussed
in [29], it follows from the matching properties of the gravitational field across timelike,
null and spatial infinity.

The identification (3.59) leads to a single log translation group acting simultaneously
on both future and past log deviation vectors,

δLc
µ
± = −Lµ. (3.60)

This allows for a global notion of log frame, i.e., one that applies to all infinities. Among
the possible choices, three global log frames are of special relevance: the future and past
radiative frames, and the harmonic frame.

The first two are characterized by the vanishing of the corresponding log deviation
vector of null geodesics,

cµ
I± = 0 (rad± log frame). (3.61)

The harmonic log frame corresponds to condition (3.56) on either outgoing or incoming
null rays. In view of (3.59), however, the two conditions cannot be regarded as independent.
Taking the sum and difference of (3.56) and using momentum conservation one finds,

cµ
I+ + cµ

I− = 0 (harmonic log frame) (3.62)
cµ
I+ − cµ

I− = 4GPµ
total. (3.63)

Only the first combination is not invariant under (3.60), and thus serves to fix global log
translations. By contrast, eq. (3.63) is an identity that holds in any global log frame, even
though it was obtained from a harmonic gauge computation.11

Comment. It is interesting to note that there is a spatial infinity version of these equations,
in which cµ

I± is obtained from the null limit of asymptotic spacelike geodesics. In that
context, (3.62) coincides with the log translation fixing proposed in [14], while (3.63) repro-
duces a long-known “discontinuity” of the gravitational field at spatial infinity [19, 22, 37].
See [29] for further details.

11In particular, we learn that in the future radiative frame cµ

I− = −4GP µ
total, while in the past radiative

frame cµ

I+ = 4GP µ
total.
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4 Soft theorems and their log translation invariance

The classical soft theorems found in [1–5] constrain the soft limit of the gravitational waveform
through certain universal terms. Specifically, the Fourier transform of the metric perturbation
at null infinity satisfies

h̃µν(r, ω, n̂)
ω→0= 1

r

(
ω−1h(0)

µν (n̂) + logω h(log)
µν (n̂) + ω log2 ω h(log2)

µν (n̂) + · · ·
)

(4.1)

where we only kept the O(1/r) radiative field, ω is the frequency and n̂ the direction on the
celestial sphere from which the waveform is observed. The leading term12

h(0)
µν (n̂) = −4Gi

∑
i

pi
µp

i
ν

pi · n
, (4.2)

is described by Weinberg’s soft theorem [38] and captures what is known as the gravitational
memory effect [39]. The results from [1–5] concern the subleading logarithmic terms. In
this section we focus on the first two of what are believed to be infinitely many universal
“leading logs” ωk−1 logk ω with k = 1, 2, . . . [4–7, 12].13

The proofs of these soft theorems are based on rather involved perturbative computations.
There is, however, a shortcut that reproduces these results more directly [1, 3]. Although it
does not amount to a full proof, it provides insight into the origin of the various contributions.
More importantly for our purposes, it reveals where the harmonic log frame is implicitly
assumed and thus how it can be relaxed.

Following section 5 of [4], the starting point for the shortcut derivation is the tree-level
(or d > 4) O(G) soft expansion [42–45]

h̃tree
µν (r, ω, n̂) ω→0= 1

r

(
ω−1h(0)

µν (n̂) + h(1)
µν (n̂) + ω h(2)

µν (n̂) + · · ·
)

(4.3)

where14

h(1)
µν = 4G

∑
i

pi
(µJ

i
ν)ρn

ρ

pi · n
, h(2)

µν = 2iG
∑

i

J i
µρJ

i
νσn

ρnσ

pi · n
, (4.4)

with J i
µν the particle angular momenta.

The expansion (4.3) ignores the effect of the logarithmic deviation in the asymptotic
trajectories. This can be incorporated by taking into account: 1) The logarithmic deviation
of the soft null rays and 2) The logarithmic deviation of the hard particles. The first effect,
referred to as gravitational drag, is incorporated via the phase factor [1, 3]

h̃tree
µν → e−iω log ω n·cI+ h̃tree

µν , (4.5)

where, in harmonic gauge, cµ
I+ = 2GPµ

total, see eq. (3.40).
12Here and in what follows the index i runs over all incoming and outgoing particles, with sign conventions

as in (3.49), and nµ is the future-pointing null direction associated to n̂ (3.13). The sums include both massive
and massless “particles”, the latter capturing the contribution from radiation (gravitational or other) [7].

13See [40, 41] for results on non-leading soft logs.
14There could be non-universal terms at order O(ω) [44] which however play no role for the log soft theorems.
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The second effect is due to the divergent nature of the particle angular momenta. For
asymptotic trajectories of the form (3.41) one has

J i
µν

s→±∞= log |s|Jdiv i
µν + · · · , (4.6)

where
Jdiv i

µν := ci
µp

i
ν − ci

νp
i
µ. (4.7)

The corresponding contribution to the log soft theorem is then obtained by substituting (4.6)
in (4.3) and making the identification [1]

log |s| ∼ log(ω−1). (4.8)

Including both effects, one arrives at [4]

h̃µν = 1
r
e−iω log ω n·cI+

[
ω−1h(0)

µν − logω h(1)div
µν + ω log2 ω h(2)div

µν + · · ·
]
, (4.9)

where the “div” label indicates that J i
µν is replaced by Jdiv i

µν in the expressions (4.4).
Finally, by expanding the exponential in (4.9), one recovers (4.1) with

h(log)
µν = −in · cI+ h(0)

µν − h(1)div
µν , (4.10)

h(log2)
µν = −1

2(n · cI+)2 h(0)
µν + in · cI+h(1)div

µν + h(2)div
µν (4.11)

Remarkably, these expressions correctly reproduce the rigorously derived log soft factors [4,
5]. We recall that, in both the heuristic and rigorous derivations, the deviation vectors are
written in the harmonic log frame. We now show that the above expressions are in fact
valid in any log frame.

Under a log translation, both the “soft” null-ray deviation vector in (4.5) and the “hard”
particles’ deviation vector in (4.7) transform according to (3.60)

δLc
µ
I+ = δLc

µ
i = −Lµ. (4.12)

Applying this to the factors h(1)div
µν and h

(2)div
µν one finds

δLh
(1)div
µν = iL · nh(0)

µν , δLh
(2)div
µν = iL · nh(1)div

µν (4.13)

where in the first relation we used momentum conservation ∑i p
i
µ = 0 and in the second one∑

i J
div i
µν = 0.15 Using (4.12) and (4.13) one can verify the invariance of the log soft factors

δLh
(log)
µν = 0, δLh

(log2)
µν = 0. (4.14)

The result just proven can be used to explain the cancellations among outgoing massless
particles observed in [3, 6]. In the harmonic gauge setting used in these references, the
dependence on outgoing massless particles appears through: 1) their total momentum in the
drag term (4.5) and 2) their individual momenta in the factors h(k)div

µν . The cancellation of these
two contributions can be traced back to the fact that cµ

i ≡ cµ
I+ for outgoing massless particles.

The independence from outgoing massless particles is however manifest if one writes
the log soft factors in the future radiative log frame, where cµ

I+ = 0. In that case, each
contribution vanishes separately.

15In fact, the total incoming and outgoing divergent angular momentum vanishes separately.
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Comments:

• As a consistency check and illustration, in appendix B we evaluate the first log term (4.10)
both in harmonic and radiative log frames, recovering the expression as presented
in [3, 7].

• In time domain, the soft expansion translates into early and late time tails in the
gravitational waveform that can be extracted by giving the soft frequency a small
positive/negative imaginary part [7]. Without such prescription, the expansion (4.1)
only captures differences between these early/late time contributions, see appendix B
of [12] for further details. The soft terms considered here and in [29] are associated
to these differences. In particular, the log translation invariance does not apply to
individual early/late time components.

• Invariance under log translations leads to non-trivial identities only when the soft
factors are expressed in terms of the deviation vectors. Once the deviation vectors
are written in terms of particle momenta (in any log frame), the invariance is trivially
satisfied, since particle momenta are unaffected by log translations.

• The validity of (4.9) for the second log relies on the fact [4, 5] that the subleading
deviation in the asymptotic trajectory (2.3) is of order ln s/s, and therefore does not
contribute to ω log2 ω in the replacement s → ω−1. This fall-off can be shown by
expanding (3.30) to subleading order, which yields an O(ln τ/τ2) term.

5 On higher order soft theorems

Following the success of the heuristic derivation of the first two log soft theorems, the general
structure of higher-order leading log terms was described in [5, 12]. In this section we revisit
these considerations from the perspective of the preceding discussion.

The starting point is again the O(G) waveform. One can argue on general grounds that
it admits a power expansion in the frequency that extends (5.1) to all orders

h̃tree
µν (r, ω, n̂) = 1

rω

∞∑
k=0

ωkh(k)
µν (n̂). (5.1)

In [46, 47] it was shown that the k ≥ 2 coefficients take the form16

h(k)
µν (n̂) = −4Gi(−i)

k

k!
∑

i

J i
µρJ

i
νσn

ρnσ

pi · n
(bi · n)k−2 + r̃(k)

µν , k ≥ 2, (5.2)

for O(G0) asymptotic trajectories Xµ
i (s) = ±spµ

i /mi + bi + · · · . These are referred to as
partial soft theorems, since there is an undetermined piece r̃(k)

µν . The “universal” term in (5.2)
is distinguished from this remainder through its dependence on nµ, the latter being of the
form r̃

(k)
µν = r̃

(k)
µν α1...αk−1n

α1 . . . nαk−1 . The remainders are generically non-trivial, except for
the k = 2 case which vanishes according to (4.4).

16The analysis of [46, 47] is in the context of momentum-space scattering amplitudes. We adapt their
expressions by making the replacement ∂/∂pi

µ → −ibµ
i .
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Doing the replacement bµ
i → − lnωcµ

i , one arrives at the expansion [5, 12]

h̃µν(r, ω, n̂) ≈ −4Gi
rω

e−iω log ω n·cI+
∑
k=0

1
k! (−iω logω)k a(k)

µν , (5.3)

where the wiggly equal sign means that we are ignoring terms of the form ωk logn ω with
n < k and where we adopt the normalization of [12] for the coefficients.17 These are given by

a(0)
µν =

∑
i

pi
µp

i
ν

pi · n
, a(1)

µν =
∑

i

pi
(µJ

div i
ν)ρ n

ρ

pi · n
, (5.4)

a(k)
µν = (−1)k

∑
i

Jdiv i
µρ Jdiv i

νσ nρnσ

pi · n
(ci · n)k−2 + r(k)

µν , k ≥ 2, (5.5)

with r
(k)
µν = r

(k)
µν α1...αk−1n

α1 . . . nαk−1 undetermined for k ≥ 3.
In [12], a proposal is given for the remainders whose general applicability is yet to be estab-

lished [7]. Unfortunately, the proposal of [12] does not appear to admit a rewriting in terms of
deviation vectors and hence we cannot establish its consistency with log translation invariance.

We can, however, reverse the logic of the previous section and ask: if the remainders
admit arbitrary log-frame expressions, what restrictions are imposed by log translation
invariance? To answer this question, we first note that, by applying an infinitesimal log
translation to (5.3) and requiring it to vanish leads to

δLa
(k)
µν = k (n · L) a(k−1)

µν , (5.6)

generalizing the relations (4.13) to arbitrary order. Using the general form (5.5) in (5.6)
leads to,

δLr
(k)
µν = k (n · L) r(k−1)

µν

− (−1)k
∑

i

(
L[µc

i
ρ]p

i
[νc

i
σ] + (µ↔ ν)

)
nρnσ(ci · n)k−3, k ≥ 3, (5.7)

where v[µwν] ≡ vµwν − vνwµ. We emphasize the non-trivial cancellation in the 1/(pi · n)
dependence on both sides of (5.6), so that the recursion relation for the remainder is
polynomial in nµ.

We leave for future investigations the study of solutions of (5.7). The initial seed is given
by r(2)

µν = 0. Although not immediately obvious, the integrability of (5.7) (i.e. the condition
that the r.h.s. of (5.7) is consistent with [δL, δL′ ] = 0) follows from that of (5.6), where it is
trivially satisfied. Note also that (5.7) is consistent with ordinary gauge invariance, r(k)

µν nν = 0.

6 Discussion

In this paper, we uncovered the role of log translations in classical gravitational soft theorems.
Unlike the by now standard link between asymptotic symmetries and soft theorems, log

17Except for the k = 0 one, which here differs by an overall sign from [12]. To relate their expressions
with ours, note that the log deviation vector of the i-th particle in harmonic gauge can be written as
cµ

i = −2G
∑

j
τijpµ

j + (· · · )pµ
i where the sum is over either incoming or outgoing particles and τij is the

“relative logarithmic drift” as defined in [12].
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translations are pure gauge and lead to trivial conservation laws. However, by writing the soft
factor in terms of log translation-dependent quantities one can extract non-trivial information
on the form of these coefficients. In particular, this explains why the log soft factors cannot
depend on outgoing massless particles.

We explicitly checked the log translation invariance of the first two known log soft
coefficients. Although there exist specific proposals for higher order terms, these do not admit
any obvious rewriting in terms of log translation-dependent quantities and hence we could not
verify their consistency with log translations. Nevertheless, if general log frame expressions
exist for such terms, they would obey a recurrence relation that constrains their structure.

From a broader perspective, our results represent a new example, among the many that
followed [48], of the rich interplay between perturbative results and the geometric description
of the gravitational field at infinity. In an upcoming paper [29] we deepen this interplay by
providing a proof of the first log soft theorem purely from an asymptotic perspective.

There are many avenues for future research. It would be important to understand how the
considerations presented here connect to the realization of soft theorems as Ward identities.
These are typically discussed in a context where log translations are fixed (e.g. by working
in radiative or harmonic coordinates). A first step in this direction would be to achieve a
description of superrotations (and, more generally, asymptotic higher-spin symmetries [49–54])
that is valid in arbitrary log frames. Such a framework should be useful for an eventual
extension of [10] to the higher-order log soft theorems.

Our focus was on the classical theory, but much of the motivation comes from quantum
gravity. It would be interesting to explore the consequences of log translation invariance
for the quantum soft theorems [3, 55–57], and, more ambitiously, for asymptotically flat
holography [58–65].
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A More on timelike infinity

In this appendix, we expand the discussion of timelike infinity given in the body of the paper.
We start by introducing notation and summarizing useful identities. We then present a
systematic description of the first order gravitational field at timelike infinity, and specialize
it to the harmonic gauge case. In this setting, we give a general argument showing that log
translations are frozen, and recover the BMS diffeomorphisms at timelike infinity as described
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in [26]. Finally, we show that the metric (3.30) has a vanishing asymptotic magnetic Weyl
tensor, consistent with standard assumptions in the asymptotic literature.

A.1 Hyperboloid decomposition of tensors

Given a Minkowski 4-vector Fµ, we write its decomposition with respect to the hyperbolic
splitting as

Fµ = fV µ + fa∂aV
µ (A.1)

where
f = −VµF

µ, fa = DaVµF
µ. (A.2)

We note the identities:

FµG
µ = −fg + faga, (A.3)

DaVµDaVν = ηµν + VµVν . (A.4)

More generally, one can decompose any Minkowski tensor into longitudinal and transverse
components by contracting its Lorentz indices with ηµν = −VµVν +DaVµDaVν . For instance,
a symmetric tensor Tµν can be written as

Tµν = t∥VµVν − 2taDaV(µVν) + tabD
aVµD

bVν (A.5)

with
t∥ = V µV νTµν ,

ta = DaV
µV νTµν ,

tab = DaV
µDbV

νTµν .

(A.6)

The subscript in the 3-scalar is to distinguish it from the trace of the 3-tensor,

t⊥ := habtab (A.7)

so that

T ≡ ηµνTµν = −t∥ + t⊥. (A.8)

Useful identities

DaDbV
µ = habV

µ, (A.9)

[Da, Db]fc = fahbc − fbhac. (A.10)

A.2 Asymptotic diffeos and asymptotic Weyl tensor

In this section we present several details of the discussion given in section 3.1. Our starting
point is the metric (3.4)

gµν = ηµν + 1
τ
γµν + · · · . (A.11)
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The asymptotic vector fields preserving this form are given by

ξµ = τRµνVν + log τLµ + Fµ + · · · , (A.12)

where Rµν is a constant antisymmetric matrix representing Lorentz transformations and
Lµ a constant vector representing log translations. Fµ, on the other hand, depends on the
hyperboloid point. Within it, one finds regular translations, supertranslations, and pure
gauge transformations, as we discuss below. From now on we set Rµν = 0; its only effect
at this order being a Lorentz rotation on γµν .

To evaluate the action of the remaining components in (A.12), we write

Lξgµν = 2∂(µξν) + · · · (A.13)

where the dots indicate subleading terms that do not affect γµν . The Cartesian derivatives
in terms of hyperbolic coordinates are given by

∂µ = −Vµ∂τ + τ−1DaVµDa, (A.14)

from which one finds

δξγµν = −2V(µLν) + 2DaV(µD
aFν). (A.15)

We now consider the hyperboloid components of γµν , defined in (3.6). From (A.15)
and the identities presented in section A.1 their transformation rules under (A.12) (with
Rµν = 0) are found to be

δξσ = l (A.16)
δξγa = la − fa − ∂af (A.17)
δξγab = 2D(afb) + 2fhab, (A.18)

with f and fa given by (A.2) and similarly for l and la. Since the latter are constructed out
of a constant vector, they satisfy the additional properties

la = −∂al, DaDbl − lhab = 0. (A.19)

As mentioned in section 3.1, the gauge invariant content of the gravitational field at this
order is captured by the leading electric and magnetic components of the Weyl tensor [19, 66]

Eab = D⟨aDb⟩σ (A.20)

Bab =
1
2ϵamnD

mkn
b (A.21)

where the angle brackets denote symmetrization and extraction of the trace and

kab = γab + 2D(aγb) + 2σhab. (A.22)

From (A.16) and (A.19) one can verify that δξEab = 0. On the other hand, it is easy to see that

δξkab = −2(DaDbf − habf), (A.23)

which in turns implies δξBab = 0.
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The leading ττ component of Einstein equations constraint σ to satisfy (3.16), while
the τa and ab components restrict, respectively, the divergence and laplacian of kab by
homogenous equations, since the corresponding components of the matter stress tensor vanish
at this order, see [22, 29]. For spacetimes of physical interest a stronger condition holds on
kab, namely the vanishing of the magnetic Weyl curvature (A.21)

Bab = 0, (A.24)

which in turn implies [19, 22]

kab = −2(DaDbΦ− habΦ), (A.25)

where Φ is an unconstrained scalar field on the hyperboloid. We will later verify that the
asymptotic scattering metric (3.33) indeed satisfies (A.25).

From (A.23) one finds that Φ transforms as

δξΦ = f, (A.26)

which is why it is identified as a Goldstone mode for supertranslations [35].

Gauge vs. non-gauge diffeos

Let us summarize our discussion so far. For spacetimes satisfying (A.24), the initial ten
components in γµν are reduced to five:18

Bab = 0 =⇒ γµν ↔


σ

γa

Φ
. (A.27)

Out of these, we need to isolate “gauge” vs “non-gauge” components, which requires us
to take into account asymptotic diffeomorphisms (other than asymptotic Lorentz rotations
and translation, which do not induce shifts in γµν). These are parametrized by

ξµ ↔


l

fa

f

, (A.28)

with l satisfying (A.19). We are now faced with the subtle issue of disentangling pure gauge
diffeos vs. asymptotic symmetries. The standard way to discern between the two is by
studying the corresponding Hamiltonians [67]. We will not go into this type of analysis here,
but instead summarize the different prescriptions discussed in the literature.

In all the literature we are aware of, the diffeos fa are treated as pure gauge. For instance,
in the geometric description of Ashtekar and Hansen [19] they do not feature at all, while
in the Beig-Schmidt treatment [15], they are fixed by the condition

γa = 0 =⇒ fa = la − ∂af Beig-Schmidt gauge. (A.29)

Likewise, the harmonic gauge condition fixes them, see (A.36) below.
18Bab is symmetric and traceless and so it has five independent components.
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The treatment of [19] does not either feature log translations and only deals with the
diffeos spanned by f (referred to as “Spi supertranslations” in the spatial infinity context).
In [19] these are frozen by imposing the vanishing of kab,

kab = 0 =⇒ DaDbf − habf = 0 (A.30)
=⇒ f = −VµT

µ, with ∂aT
µ = 0. (A.31)

The “residual” f -diffeomorphisms left out by this condition are just spacetime translations,
parametrized by constant vectors Tµ.

However, as argued in [26] (see also [22, 35, 66, 68]) in order to realize BMS super-
translations at timelike infinity, one needs to impose a condition weaker than (A.30). In its
more general form, as given in [66], this condition fixes the trace of kab to a given function
k̄ on the hyperboloid

ka
a = k̄ =⇒ (D2 − 3)f = 0. (A.32)

The family of functions f satisfying (A.32) can then be shown to be in one-to-one corre-
spondence with BMS supertranslations [26].

From the Beig-Schmidt perspective, (A.32) appears as an additional condition on top
of (A.29). Interestingly, as reviewed below, in harmonic gauge this condition appears (almost)
automatically.

Harmonic gauge residual diffeos

Using (A.14), the harmonic gauge condition (3.28) on (3.31) reads

Vν
1
eµν +DaVνDa

1
eµν = 0, (A.33)

or, in terms of the hyperbolic components defined in section A.1:

Db 1
eab − 31

ea = 0, (A.34)

−21
e∥ −

1
e⊥ +Db 1

eb = 0. (A.35)

Applying a general asymptotic diffeo on these equations leads to

ga := (D2 + 1)fa + 2∂af + 2∂al = 0, (A.36)
g := −2Dbfb −D2f − 3f + 2l = 0. (A.37)

These are the asymptotic harmonic gauge fixing equations. The first one is the analogue of
eq. (A.29), as it determines fa in terms of f and l (although this time through a differential
equation). The second one constrains f and l. To find how, consider first the divergence
of the first equation

Daga = D2Dafa −Dafa + 2D2f + 6l. (A.38)

Solving (A.37) for Dbfb and substituting in (A.38) one finds

Daga|g=0 = −1
2
(
D2 + 1

) (
(D2 − 3)f − 4l

)
= 0, (A.39)
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where we used D2l = 3l to factor out the operator (D2 + 1). To study (A.39), let us rewrite
it as a system of two equations for three unknowns(

D2 + 1
)
ψ = 0 (A.40)

(D2 − 3)f = 4l − ψ. (A.41)

By general arguments of Laplace-type equations in hyperbolic space (see e.g. [59]) one
knows that solutions to (A.40) behave as ψ = O(ln ρ/ρ) for large ρ (see also appendix B.1
of [69] for explicit integral solutions). On the other hand, eq. (A.41) admits a formal integral
solution for f in terms of the Green’s function G (3.19), with 4l−ψ playing the role of source.
However, since l = O(ρ), G = O(1/ρ3) and the volumen element scales as

√
h = O(ρ), the

integral is logarithmically divergent.19 We thus conclude that l must vanish.
The resulting system of equations still allows for a non-trivial ψ. We do not know whether

this possibility is allowed by the full original set of equations, (A.36) and (A.37). The ψ = 0
case leads to the vector fields considered in [26], which requires the asymptotic vanishing of
their divergence.20 In our notation this condition reads 0 = δξγ = 2Dbfb + 6f + 2l, which,
in conjunction to (A.37) leads to (D2 − 3)f = 4l = 0.

Vanishing of the asymptotic magnetic Weyl curvature

We now show that the asymptotic metric (3.33) leads to a tensor kab of the form (A.25),
which in turn implies Bab = 0. We start by rewriting (A.22) in terms of the hyperbolic
components of 1

eµν ,

kab = 21
eab + 4D(a

1
eb) − 21

e⊥hab. (A.42)

Using (3.33) and treating separately the trace-free and trace part of (A.42) leads to

k⟨ab⟩ = 4G
∫
d3x′

(χ2 − 3)∂⟨aχ∂b⟩χ

(χ2 − 1)3/2 ρ(x′), (A.43)

k = 16G
∫
d3x′

χ2√
χ2 − 1

ρ(x′). (A.44)

From the identities given in appendix A.1, one can show that D⟨aDb⟩f(χ) = f ′′(χ)∂⟨aχ∂b⟩χ

for any function f(χ). This allow us to pull out the derivatives in (A.43) and write

k⟨ab⟩ = −2D⟨aDb⟩Φ (A.45)

with
Φ := −2G

∫
d3x′

(√
χ2 − 1 + χ tanh−1

(
χ√

χ2−1

))
ρ(x′). (A.46)

Finally, using that D2f(χ) = f ′′(χ)(χ2 − 1) + 3f ′(χ)χ one can show that

k = −2(D2 − 3)Φ. (A.47)

Ecs. (A.45) and (A.47) imply (A.25), with Φ given by (A.46).
19The coefficient of this divergence is proportional to

∫
d2n̂(L · n)/(V · n)3 ∼ L · V .

20We are excluding superrotations in the comparison with [26]. The analysis of [26] did not consider
eq. (A.36), but the present discussion shows that this equation is consistent with the requirement δξγ = 0.

– 21 –



J
H
E
P
1
0
(
2
0
2
5
)
1
0
5

B Log soft factor in terms of particle momenta

In this appendix we make contact with the type of expressions presented in [3, 6, 7]. Let us
start by unpacking (4.10). The explicit expression of h(1)div

µν in terms of the deviation vector is

h(1)div
µν = 4G

∑
i

(
pi

µp
i
ν

pi · n
ci · n− pi

(µc
i
ν)

)
. (B.1)

Combining this with the first term in (4.10) leads to

h(log)
µν = 4G

∑
i

pi
µp

i
ν

pi · n
(ci − cI+) · n− 4G

∑
i

pi
(µc

i
ν). (B.2)

Notice that in this form, the invariance under log translations is manifest: the first sum is
invariant term by term, while the second sum is invariant thanks to momentum conservation.
It is also clear that there is no individual contribution from outgoing massless particles in
the first sum since cµ

i = cµ
I+ for them.

For simplicity, we now restrict attention to the case where there is incoming radiation.
The log soft factor then takes the form

h(log)
µν = 4G

∑
i

mi ̸=0

pi
µp

i
ν

pi · n
(ci − cI+) · n− 4G

∑
i

pi
(µc

i
ν) (no incoming radiation). (B.3)

In harmonic gauge, the deviation vectors in (B.3) are

cµ
I+ = 2GPµ

total+

cµ
± = c̊µ

± ± 2GPµ
massless±

(harmonic log frame) (B.4)

where c̊µ
± is given in eq. (3.55) and Pµ

massless− = 0 in the current case of no incoming radiation.
Substituting (B.4) in (B.3), and splitting the second sum in (B.3) into massive and massless
contributions, one gets

h(log)
µν = 4G

∑
i

mi ̸=0

(
pi

µp
i
ν

pi · n
c̊i · n− pi

(µc̊
i
ν)

)
(B.5)

+ 8G2n · Pmassive+
∑

i∈out
mi ̸=0

pi
µp

i
ν

pi · n
+ 8G2n · Pmassive−

∑
i∈in

mi ̸=0

pi
µp

i
ν

pi · n

+ 8G2Pmassive+
µ Pmassive+

ν − 8G2Pmassive−
µ Pmassive−

ν . (B.6)

The first two lines can be written in terms of double sums over massive particles, leading
to an expression that has the same form as the full log soft factor, except that massless
contributions are excluded. The last line then compensates for this exclusion. Eq. (B.5)
corresponds to the Sahoo-Sen “rewritten” version of the log soft factor [6, 7].
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It is also interesting to see how (B.5) is recovered by considering (B.2) in the future
radiative frame. There, cI+ = 0 and (B.2) simplifies to

h(log)
µν =4G

∑
i

mi ̸=0

(
pi

µp
i
ν

pi ·n
ci ·n−pi

(µc
i
ν)

)
(rad+ log frame, no incoming radiation). (B.7)

The deviation vectors are now given by

cµ
± = c̊µ

± ∓ 2GPµ
massive± (rad+ log frame). (B.8)

Substituting (B.8) in (B.7) one can check that the expression coincides with (B.5).
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