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Abstract: The widespread adoption of massively parallel processors over the past decade has funda- 1

mentally transformed the landscape of High-Performance Computing hardware. This revolution 2

has recently driven the advancement of FPGAs, which are emerging as an attractive alternative 3

to power-hungry many-core devices in a world increasingly concerned with energy consumption. 4

Consequently, numerous recent studies have focused on implementing efficient dense and sparse 5

Numerical Linear Algebra (NLA) kernels on FPGAs. To maximize the efficiency of these kernels, a 6

key aspect is the exploration of analytical tools to comprehend the performance of the developments 7

and guide the optimization process. In this regard, the Roofline Model (RLM) is a well-known 8

graphical tool that facilitates the analysis of computational performance and identifies the primary 9

bottlenecks of a specific software when executed on a particular hardware platform. Our previous 10

efforts advanced in developing efficient implementations of the sparse matrix-vector multiplication 11

(SpMV) for FPGAs, considering both speed and energy consumption. In this work, we propose an 12

extension of the RLM that enables optimizing runtime and energy consumption for NLA kernels 13

based on sparse blocked storage formats on FPGAs. To test the power of this tool, we use it to extend 14

our previous SpMV kernels by leveraging a block sparse storage format that enables more efficient 15

data access. 16

Keywords: sparse NLA; FPGA; energy consumption; performance modelling 17

1. Introduction 18

The dissemination of massively parallel processors in the last decade irreversibly 19

changed the landscape of High-Performance Computing (HPC) hardware. Recently, this 20

true revolution has propelled the development of Field-Programmable Gate Arrays (FPGAs) 21

as hardware accelerators for HPC applications. Consequently, FPGAs are becoming an 22

appealing alternative to more power-hungry many-core devices in a world increasingly 23

preoccupied with energy consumption [1,2]. One of the key restrictions on the widespread 24

adoption of FPGAs in the software community is their programming model, which is 25

radically different from standard software languages. However, manufacturers have been 26

working to adopt High-Level Synthesis (HLS) languages like System C, C/C++, or OpenCL 27

to facilitate the development and enhance productivity. A remarkable example of this 28

policy is the introduction of SDKs for HLS by the largest FPGA manufacturers, Intel and 29

AMD-Xilinx. Another indicator is the increasing number of research works in HLS [3] and 30

the emergence of multiple HLS tools. 31

The new developments in the programmability of FPGAs allow these devices to aban- 32

don their original niche and be used to solve general-purpose problems. In particular, 33

several recent works on FPGAs focus on the implementation of Numerical Linear Algebra 34

(NLA) kernels [4–6], which are a crucial component of a myriad of applications. However, 35

Version October 15, 2023 submitted to Micromachines https://www.mdpi.com/journal/micromachines

https://doi.org/10.3390/mi1010000
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com
https://www.mdpi.com/journal/micromachines


Version October 15, 2023 submitted to Micromachines 2 of 15

most works focus on dense NLA [7–9], as well as other algorithms more suited for FPGAs 36

such as image processing [10,11], machine learning [12], etc. Sparse linear algebra, on the 37

other hand, poses several challenges due to its irregular access patterns and low computa- 38

tional intensity. In this sense, we advanced in developing efficient implementations of the 39

sparse matrix-vector multiplication (SPMV) kernel for FPGAs, both from the viewpoint of 40

speed and energy consumption. In [13], we developed basic SPMV kernels and worked 41

on optimizing their energy consumption. Additionally, we experimentally studied the 42

performance roof of our kernels and included some techniques to overcome the main 43

bottlenecks in [14]. 44

Besides the empirical study, it is also interesting to apply analytical tools to understand 45

our developments’ performance and guide these kernels’ optimization process. Several 46

research works focus on developing models and frameworks to estimate the performance of 47

FPGA designs [15–17]. In this sense, the Roofline Model (RLM) [18] is a graphical tool that 48

can help analyze the computational performance and the main bottlenecks of a specified 49

software when it runs in a particular hardware platform. Specifically, the RLM is a chart 50

that relates the computational performance (usually measured in floating-point operations 51

per second, FLOPS) with the arithmetic intensity (the ratio of floating-point operations per 52

byte of memory transferred). The chart also shows the memory bandwidth and arithmetic 53

performance bounds of the hardware. 54

The main contribution of this work is an extension of the RLM that allows the opti- 55

mization of performance and energy consumption of NLA kernels based on sparse block 56

format storage on FPGAs. The model works on operations per memory access instead of 57

the traditional computational intensity and features a quick mechanism to find the perfor- 58

mance and energy efficiency of sparse algebra kernels that use sparse block representation 59

formats. As a minor contribution, we present a SPMV kernel HLS implementation that 60

exploits a block sparse storage format to enable more efficient data access, which we use to 61

put our RLM model to test. 62

The rest of the paper is structured as follows. In Section 2, we present the SPMV kernel 63

and related works of its implementation in FPGAs as well as the main concepts of the RLM, 64

with a special focus on the main literature about its use with FPGAs. Next, in Section 3, we 65

describe our previous efforts in developing SPMV kernels in FPGA and the new designs 66

for this kernel, and we leverage the RLM to offer a visual procedure to improve, from 67

a runtime and energy consumption perspective, our SPMV method. The experimental 68

evaluation follows this in Section 4. Finally, Section 5 contains the concluding remarks and 69

an outline of future research. 70

2. The SPMV and the Roofline model 71

In this section, we present the SPMV kernel and the works related to its implementation 72

in FPGAs. Afterward, we introduce the Roofline model and discuss related works on its 73

utilization in FPGAs. 74

2.1. The SPMV kernel 75

Multiplying a sparse matrix by a vector (SPMV) is an essential operation of numerical 76

linear algebra. In many scientific problems, it is one of the most resource-consuming 77

stages. The most typical example is the solution of linear systems of equations using Krylov 78

subspace methods. Such methods imply the repeated use of the SPMV kernel, keeping the 79

same (sparse) matrix but varying the dense vector. 80

The importance of this kernel has motivated considerable efforts focused on its opti- 81

mization or performance improvement. These efforts have also accompanied the historical 82

evolution of HPC platforms, and therefore, it is possible to find efficient implementations 83

of the SPMV for the most widespread hardware platforms. However, as this evolution 84

is constant, new implementations and parallel algorithms for the SPMV are still being 85

proposed. In Section 2.2, we present related works about efficient implementations of 86

SPMV in FPGAs. 87
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Algorithm 1 summarizes the serial version of the SPMV, where the sparse matrix A is 88

stored in Compressed Sparse Row (CSR) format [19]. The non-zero elements are stored in 89

vector val, the column index of each element in the matrix A is stored in a vector col_idx, 90

and row_ptr stores the index of the first element for each row in vector val. The non-zero 91

elements within each row are arranged by column index. 92

Algorithm 1 Serially computed sparse matrix-vector multiplication (SPMV) with the sparse
matrix A stored in CSR format.
Input: row_ptr, col_idx, val, x
Output: y

1: y = 0
2: for i = 0 to n − 1 do
3: for j = row_ptr[i] to row_ptr[i + 1]− 1 do
4: y[i] = y[i] + val[j] · x[col_idx[j]]
5: end for
6: end for

The main approach to parallelizing this operation using the CSR format is to exploit 93

the absence of data dependencies between the computations associated with each row. 94

However, this approach presents severe load imbalances (depending on the sparsity pattern) 95

and suffers from indirect data access to the dense vector x. 96

2.2. SPMV in FPGA 97

In [20], the authors present an architecture for the SPMV that can process non-zero 98

elements from multiple rows in parallel. They introduce a variation of the CSR matrix rep- 99

resentation format called CSR Interleaved to achieve this. Furthermore, they eliminate the 100

necessity of maintaining separate copies of the vector x for each multiplier by introducing 101

the concept of a Banked Vector Buffer (BVB). In this approach, the vector x is divided into 102

32 distinct memory banks, and a crossbar is utilized to direct non-zero elements to their 103

respective vector banks. 104

In [21], the authors develop a streaming dataflow architecture for the SPMV operation 105

and test it in a Xilinx ZynqMP FPGA standalone board. Their proposed solution features a 106

deep pipeline that continuously consumes input data without stalling. To add parallelism, 107

they simultaneously process multiple rows in separate compute pipelines, each with its 108

own I/O ports. This requires merging row and column indices within the same input port 109

due to the limited number of I/O ports available on the device. 110

The authors in [22] analyze the performance and energy efficiency of SPMV and other 111

kernels in two FPGA platforms, one with DDR memory and the other with HBM, and 112

compare the results with multi-core CPUs and a GPU. They include the Empirical Roofline 113

Model (using the Empirical Roofline Toolkit extended for FPGAs) to enhance the platform 114

characterization and cross-platform comparison. They find that FPGAs are well behind 115

GPUs in absolute terms for computing and memory-intensive kernels but require far less 116

power and are competitive in energy efficiency. 117

Yixiao Du et al. [23] developed HiSparse, a high-performance kernel for HBM-equipped 118

FPGAs. HiSparse uses a custom format for storing sparse matrices in HBM, allowing vec- 119

torized streaming access to each HBM channel and concurrent access to multiple channels. 120

This helps to fully utilize the available bandwidth of HBM for loading the sparse matrix. 121

In addition, HiSparse features a scalable on-chip buffer design that incorporates vector 122

replication and banking to support a large number of parallel processing engines (PEs). This 123

helps to maximize data reuse in accessing the input vector. HiSparse can support arbitrarily 124

large matrices through the use of matrix partitioning along both rows and columns. 125

Xilinx offers its own set of open-source HLS libraries known as Vitis libraries, which 126

include one for the BLAS specification and another for sparse operations [24]. These 127

libraries provide optimized blocks for sparse data movement and calculations, as well as 128

an SPMV kernel that leverages these blocks. The SPMV kernel provided by the library is 129
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specifically optimized for Xilinx’s Alveo architectures, efficiently utilizing HBM memory 130

and a matrix partitioning scheme. To our knowledge, this represents the most high- 131

performing SPMV implementation on Alveo platforms. It’s worth noting that the objective 132

of our work is not to deliver the best performance implementation but rather to present it 133

as a case study to demonstrate the application of the proposed RLM techniques on FPGAs. 134

2.3. Roofline Model (RLM) 135

The Roofline Model (RLM) is a graphical tool that provides performance estimates 136

for a computational kernel running on a specific hardware platform. It is particularly valu- 137

able for identifying performance bottlenecks and offering optimization guidance, helping 138

programmers and architecture designers achieve maximum computational efficiency. 139

At its core, the Roofline Model combines three key concepts within a single plot: com- 140

putational peak performance (CP) measured in GFLOP/s, which represents the maximum 141

number of floating-point arithmetic operations that can be executed per second, memory 142

bandwidth (BW) measured in GB/s, that quantifies the maximum rate at which data can 143

be transferred between off-chip memory and computational units, and computational 144

intensity (CI), which measures the extent of data reuse between off-chip memory and 145

computational units. Computational intensity is often calculated as the ratio of useful 146

operations performed to the amount of memory transferred to and from off-chip memory 147

in a given computational kernel. 148

Figure 1 summarizes the fundamental concepts of the model, displaying the perfor- 149

mance ceiling in GFLOPS and the bandwidth ceiling in GB/s. The point of intersection 150

between peak bandwidth and peak performance is referred to as the ridge point. Appli- 151

cations located to the left of this ridge point are considered memory-bound, indicating 152

that their performance is primarily constrained by memory bandwidth. Conversely, appli- 153

cations to the right of the ridge point are classified as compute-bound, implying that the 154

computational resources of the hardware platform predominantly limit their performance. 155

In Figure 1, Algorithm 1 has a low CI, which causes it to be limited by bandwidth. As the 156

CI increases, Algorithm 2 becomes compute-bound. 157

Figure 1. Roofline Model graph.

When employing the Roofline Model with FPGAs, some considerations should be 158

considered. Firstly, it’s important to note that FPGAs lack a fixed architecture; their 159

architecture is determined by the algorithm in use. As a result, the performance ceiling 160

depends on the specific algorithm employed. While it’s possible to establish an absolute 161
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performance limit based on the hardware resources available for arithmetic operations, 162

this value may deviate significantly from reality depending on the chosen algorithm. 163

Additionally, it’s crucial to recognize that some resources are used for routing, and the clock 164

frequency is also influenced by the design. On a positive note, in FPGAs, the designer has 165

complete control over the management of internal (fast) memories, which allows them to 166

precisely determine the number of memory accesses at all levels. This makes it possible to 167

accurately calculate computational intensity, unlike in CPU architectures, where obtaining 168

this value can be challenging because of the hard-to-predict cache-access patterns. 169

2.4. RLM in FPGAs 170

Although the Roofline model is not completely widespread in the FPGA community, 171

some interesting published works can be found. Da Silva et al. [25] propose using RLM 172

for each algorithm optimization in FPGA with High-Level Synthesis tools. The authors 173

employ different metrics, expressing the computational intensity as ByteOperations over 174

ByteMemoryAccess, and the performance as ByteOperations per second. 175

M. Pahlavan [26] adapts the RLM for FPGAs in his Master Thesis. Pahlavan proposes 176

the FPGA-Roofline, focusing on defining the bandwidth link as the main bottleneck and 177

representing the available throughput (operations per second) per operational intensity. 178

E. Calore [27] introduces the FPGA Empirical Roofline (FER), which serves as a bench- 179

marking instrument for empirically assessing computing performance and external memory 180

bandwidth of FPGAs in HPC applications. Their approach allows cross-architectural com- 181

parisons and provides an estimation of the performance potential for kernels developed 182

using HLS tools according to their arithmetic intensity. 183

I. Panagou [28] propose an application-centric Roofline model that takes into account 184

both resource limitations and latency constraints, attaining a more precise Roofline ceiling. 185

They expand this model to support multiple kernels implemented within the FPGA fabric 186

and on the CPU in MPSoC platforms. Additionally, considering that the arithmetic intensity 187

may vary across various inputs, they propose an input-driven model that enables better 188

optimization strategies. 189

Recently, D. Diakite et al. [29] leveraged the RLM to optimize a tomography application 190

in OpenCL in an FPGA. Authors define the performance roof as the number of resources 191

consumed and the effective operation frequency, and the graph employs the same axis as 192

M. Pahlavan’s proposal. 193

T. Nguyen et al. [30] deeply explore the RLM use in the FPGA context. Additionally, 194

the effort addresses the energy consumption problem and the SPMV kernel. M. Siracusa 195

et al. [31] extend this work by defining a comprehensive methodology to optimize FPGA 196

designs based on the RLM. 197

3. Implemented kernel and RLM 198

In this section, we first present the SPMV kernel implementation. Next, we explain 199

how we use the roofline model to improve the kernel implementation, and finally, we 200

incorporate the analysis of energy consumption into the model. 201

3.1. Implemented Kernel 202

In a previous effort, we developed an FPGA kernel to compute SPMV operation in 203

CSR format. The kernel proceeds row-wise and, to alleviate the indirect accesses to vector x, 204

the vector is cached entirely in the FPGA’s internal memory. We opted for a coarse-grained 205

parallelism approach to optimize the kernel, instantiating it multiple times (Compute Unit 206

Replication). However, as this also implies the replication of the x cache, the number of 207

CUs is severely limited by the FPGA resources. 208

In a posterior effort, we explored fine-grained parallelism (i.e., vectorizing the kernel’s 209

datapath), requiring a completely different kernel architecture and sparse representation 210

formats. 211
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Figure 2. Example of the blocked ELLPACK sparse format with a 8×8 matrix, L = 4 and P = 4.

One of the main obstacles in implementing the SPMV in FPGA is that the floating-point 212

addition has considerable latency. Moreover, the product and accumulation of the partial 213

results (line 4 in Algorithm 1) presents a data dependency between loop iterations. This 214

dependency prevents the operation from producing one result per clock cycle (i.e., pipeline 215

parallelism). A method to “hide” this data dependency is to interleave the processing of L 216

rows simultaneously, where L is the latency of the floating-point addition. 217

For this strategy to be efficient, data must be interleaved before it is read by the FPGA, 218

allowing contiguous memory access. To facilitate this, we opted for the sliced ELL format, 219

which packs the non-zero elements (and their indices), creating dense blocks. We divide 220

the matrix into partitions of L rows and then apply ELL to each partition. The longest row 221

determines the width of each block, padding the rest of the rows with zeros to match its 222

length. Then the blocks are stored in memory so that the L rows are interleaved (blocks are 223

transposed). We refer to the implemented kernel architecture that uses this format as Scalar. 224

The issue with this format is that when trying to vectorize the kernel, non-contiguous 225

elements of the vector x are simultaneously accessed. The previous format is extended 226

to address this problem so that the blocks have a fixed width P (with ideas similar to the 227

SELL-P sparse storage format [32]). This way, the elements of x for each block do not 228

have a distance greater than P. Then we can partition the x cache in the FPGA to allow P 229

simultaneous accesses. We show an example of the sparse format in Figure 2. In addition 230

to the data and column indices, the format requires a vector indicating the number of dense 231

blocks per row of blocks. We refer to this format as Blocked-ELL and to the implemented 232

kernel architecture that uses this format as Block. 233

234

A diagram of the resulting kernel, which was implemented using Xilinx’s HLS lan- 235

guage, is shown in Figure 3. The architecture consists of two parts. The first, on the left, is in 236

charge of reading the data from memory and arranging it before it is passed to the second 237

part, which performs the computations. All the blocks are instantiated in parallel, work 238

simultaneously (i.e., dataflow operation), and connect by FIFO channels. The datapath has 239

a width of P elements (floats for values and x, and int for indices). The computation block 240

has two available reducers and switches between them to avoid delays. 241
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Figure 3. Block diagram of the implemented SPMV kernel with fined-grained parallelism.

3.2. The RLM as a guide to optimizing the performance of blockwise SPMV 242

The reviewed works in section 2.4 provide detailed information about employing 243

the RLM in optimizing the SPMV for implementations where the operation count and 244

data transfers can be directly derived from the number of non-zeros of the sparse matrix. 245

However, these models are inaccurate for sparse formats such as ELLPACK, where a 246

certain amount of zero-padding is allowed to improve memory performance. Therefore, we 247

propose an adaptation of the RLM that considers the zero-padding to study the bottlenecks 248

in our sparse matrix kernels. In other words, we offer a methodology to leverage the RLM 249

to optimize block-sparse codes in FPGAs, where the key is the procedure to increase the 250

computational intensity, when the kernel is in the memory bound region (blue zone in 251

Figure 1). The advantage of the RLM is that it provides straightforward visual verification 252

of the procedure. Some related ideas were previously presented for dense algebra methods 253

running in GPUs [33]. 254

We define the model’s vertical axis as performance in GFLOPs and the horizontal axis 255

as CIA (Computational Intensity per Access), representing floating-point operations per 256

memory access. For sparse blocked formats, this metric is related to the density of the blocks. 257

With this definition of CIA, the bandwidth roof is expressed in giga memory accesses per 258

second. Consequently, an increase in the operation count due to a rising amount of data 259

transferred in each memory access impacts the intensity but not the bandwidth. 260

Sparse codes that employ zero-padded blocks reach two different intensities: the 261

theoretical intensity, defined by the block’s dimension, and the useful intensity, which only 262

considers the number of non-zero coefficients in each block. We employ the second one, 263

computed using the average of non-zero coefficients per block, since counting floating- 264

point operations performed with zeros artificially increases computational intensity and 265

performance. Therefore, the CIA reached by the SPMV in our model depends on the block 266

dimension and the sparse matrix pattern. 267

In summary, a kernel’s position within our RLM extension depends not only on the 268

computing hardware platform (the FPGA) and the (block) computer solver, as it is typically 269

the case in RLM, but also on the non-zero coefficient pattern of the matrix. 270

3.3. Extending the proposal to address energy consumption 271

To evaluate the energy consumption, we include more information in our extension of 272

the RLM. We draw a line parallel to the X-axis corresponding to the peak of performance of 273

the Scalar method. Then, we draw another parallel line corresponding to the performance 274

that matches the energy consumption of the Scalar method with the power of the Block 275

method. In other words, if P1 is the average power of the Scalar method, P2 is the average 276

power of the Block method, and flop is the number of required floating-point operations, 277

then the energy spent in the two lines is E = P1t1 = P2t2. Therefore, t2 = (P1/P2)t1, and 278

the second line is drawn at perf2 = flop/t2 = (P2/P1)(flop/t1) = (P2/P1)perf1. This defines 279
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two zones, the first where the Block algorithm decreases the runtime but increases the 280

energy consumption, and the second, where both metrics are improved. Furthermore, the 281

graph shows the minimum CIA for improving energy consumption. Figure 4 summarizes 282

the idea, where the first zone is red and the second is green. 283

Figure 4. Extension of RLM for runtime and energy consumption optimization.

4. Experimental Evaluation 284

In this section, we present the experiments carried out to evaluate the performance 285

of our kernels. First, we describe our computing platforms and the equipment used 286

to evaluate runtime and power consumption. Next, we present the test cases and the 287

numerical results, accompanied by the corresponding analysis. Last, we analyze the results 288

using the extended RLM variant considering energy consumption. 289

4.1. Experimental Setup 290

We used the Alveo U50 board for the experimental evaluation, an acceleration platform 291

for data center applications based on a Xilinx FPGA with UltraScale+ architecture. This 292

board includes 8GB of built-in High Bandwidth Memory DRAM and QSFP28 connections 293

for 100GbE applications. Its maximum power consumption is 75W, which, added to the 294

high computing capacities and memory bandwidth, achieves excellent energy efficiency. It 295

has 872K logic elements, 1,743K registers, 28MB of internal RAM, and 5,952 DSP blocks. 296

We compiled the cores for the Alveo platform using Xilinx Vitis 2020.2. For comparison 297

purposes, we have included a traditional CPU system with two Intel Xeon Silver 4208 298

processors with eight cores each and 80GB of RAM. 299

We measured the power consumption as follows: 300

• In the Alveo U50, we use the board’s internal sensors that provide current, voltage, 301

and temperature readings while the kernel is running. The driver Xilinx Runtime 302

(XRT) sends these values to the host. 303

• For the Intel processor, we measure CPU and memory consumption using RAPL 304

(which estimates the dissipated power based on performance counters and a device 305

power model). 306

We obtain the execution times through the operating system libraries in the case of the 307

Intel processor and OpenCL profiling functions in the FPGA. The runtime measurements 308

are the average of multiple iterations of the cores. In the case of the power measurements, 309
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the measured power is the average of the readings collected within 3 minutes of execution, 310

with a warm-up time of 2 minutes. 311

4.2. Test cases 312

We validate the proposal using matrices from the SuiteSparse Matrix Collection (for- 313

merly known as UF Sparse Matrix Collection). We choose matrices with diverse character- 314

istics and non-zero patterns, with dimensions (n) from 17,000 to 40,000 and a number of 315

non-zeros (nnz) between 14,765 and 16,171,169. Table 1 shows the main characteristics of 316

the matrices. 317

Table 1. Evaluated matrices, with number of rows (n) and non-zero elements (nnz). The last column
is the average density of the blocks resulting from the blocked ELL format for block size 16 × 16.

Matrix n nnz avg density
of blocks (%)

bcsS37 25503 14765 4
bcsS35 30237 18211 4

qpband 20000 30000 5
ex9 3363 51417 21

body4 17546 69742 6
body6 19366 77057 6
ted_B 10605 77592 20

ted_B_un 10605 77592 20
nasa2910 2910 88603 24

s3rmt3m3 5357 106526 27
s2rmq4m1 5489 143300 34

chipC0 20082 281150 1
cbuckle 13681 345098 31

olafu 16146 515651 33
gyro_k 17361 519260 10

GoodW40 17922 561677 18
bcsstk36 23052 583096 27

msc23052 23052 588933 13
msc10848 10848 620313 18

raefsky4 19779 674195 27
TS162 20374 812749 31
nd3k 9000 1644345 43

thread 29736 2249892 24
TS300 28338 2943887 51
nd6k 18000 3457658 42

TS2052 25626 6761100 70
TS2383 38120 16171169 71

4.3. Experimental results 318

This section summarizes the experimental results for the Scalar and Block methods. For 319

the Block kernel, we used block size 16×16. For comparison purposes, we include the results 320

for the CPU running MKL implementation of SPMV. Table 2 includes the runtime and 321

energy consumption of the three variants. The results show that the new Block algorithm, 322

which uses fine-grained parallelism, significantly reduces the execution times of the Scalar 323

version in most cases. Another noteworthy aspect is that the reductions are more important 324

as nnz increases, reaching a maximum of 7.5×. For some of the smallest matrices, the Block 325

method decreases the performance. This is because the sparsity pattern and the number of 326

non-zeros lead to excessive padding. The CPU version outperforms the FPGA methods in 327

all cases. 328
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Table 2. Runtime and energy results for CPU and FPGA implementations.

Matrix
tCPU
MKL
(ms)

tFPGA
Scalar
(ms)

tFPGA
Block
(ms)

ECPU
MKL
(mJ)

EFPGA
Scalar
(mJ)

EFPGA
Block
(mJ)

bcsS37 0.012 0.280 0.324 0.6 5.2 6.6
bcsS35 0.012 0.331 0.366 0.6 6.2 7.5

qpband 0.017 0.258 0.356 0.8 4.8 7.3
ex9 0.015 0.409 0.195 0.7 7.6 4.2

body4 0.024 0.414 0.698 1.1 7.7 14.9
body6 0.025 0.434 0.791 1.2 8.1 16.9
ted_B 0.031 0.625 0.285 1.5 11.7 6.1

ted_B_un 0.037 0.686 0.297 1.7 12.8 6.3
nasa2910 0.022 0.890 0.243 1.0 16.6 5.2

s3rmt3m3 0.026 0.595 0.259 1.2 11.1 5.5
s2rmq4m1 0.028 0.686 0.273 1.2 12.8 5.8

chipC0 0.067 1.576 7.772 3.1 29.4 167.1
cbuckle 0.073 1.775 0.738 3.2 33.1 15.7

olafu 0.117 2.527 1.008 5.3 47.1 21.5
gyro_k 0.097 2.754 1.837 4.7 51.4 39.2

GoodW40 0.104 4.064 1.078 5.0 75.9 23.1
bcsstk36 0.130 3.014 1.240 6.1 56.2 26.5

msc23052 0.183 3.052 2.097 8.5 56.9 44.7
msc10848 0.181 3.546 1.703 8.2 66.1 36.3

raefsky4 0.125 3.097 1.369 6.3 57.7 29.2
TS162 0.216 3.140 0.991 10.4 58.6 21.0
nd3k 0.322 6.755 1.841 15.9 126.0 39.3

thread 0.448 11.120 3.102 23.5 207.9 67.5
TS300 0.986 10.290 2.024 49.3 192.3 43.7
nd6k 0.761 13.962 2.839 40.1 261.4 62.3

TS2052 2.839 23.093 3.284 139.4 431.2 72.1
TS2383 6.411 54.543 7.253 323.7 1019.5 159.5

Regarding the energy consumption, due to the reduced power consumption of the 329

FPGA, for the cases where the execution time between both platforms is comparable (large 330

matrices) the FPGA is more energy efficient. For the two largest matrices the FPGA is 2× 331

more efficient than the CPU in this aspect. 332

The execution time on the FPGA is linear with NNZ after padding. This does not hold 333

true for the CPU. First, it can be observed that when NNZ exceeds the cache level, there 334

is a relative increase in execution time. On the other hand, there are some cases in which 335

matrices with a higher NNZ run faster than those with fewer nonzeros. Examples of this 336

are: qpband vs ex9, ted_B vs nasa2910, and TS300 vs nd6k. It is not easy to determine a 337

cause for this because we do not have access to the kernel that executes MKL. However, 338

it can be observed that in these cases, the matrices that execute faster, even though they 339

have a higher NNZ, have smaller dimensions (rows and columns). On the FPGA side, if 340

we compare nd6k with TS300, we can see that the first has more padding than the second, 341

directly affecting the CIA and the achieved GFLOPs. This and the above explain why 342

the TS300 matrix is more energy-efficient on the FPGA, whereas the nd6k matrix, despite 343

having more nonzeros, is more efficient on the CPU. 344

We selected three matrices as an example for the Roofline analysis between the two 345

FPGA variants: chipC0, gyro_k and TS2383. These cases represent three distinct scenarios. 346

In the first one, the Block version drastically reduces the performance, for the second 347

one, both methods yield similar runtimes, and for the third one, the Block method greatly 348

increases performance. In Figure 5 we show the RLM graph for the Scalar (blue) and 349

Block (red) results of the three matrices. We include, in green, the maximum attainable 350
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performance of the Block kernel (BlockMax). This represents the attainable performance of 351

the Block method when all the matrix elements are taken into account, including the added 352

zeros. 353

We obtain the peak performance roofs for each method as the maximum number of 354

FLOPs that the kernel architecture can attain, considering the number of parallel floating- 355

point operations and the clock frequency. The kernels approach the performance roof when 356

the average zero-padding per block tends to zero. For the memory access roof (measured 357

in memory access per second), we first measure the maximum bandwidth (in GB/s) of 358

one HBM channel with an interface of 512 bits using a kernel specifically designed for 359

that purpose. Then, we convert this measure into accesses per second by dividing by the 360

number of bytes of one access. Finally, we adjust the value to consider the number of 361

channels used in the kernel. 362

This example illustrates the benefits of our proposal. By calculating the CIA for a 363

specific matrix and block size, we can evaluate the effectiveness of the Block version without 364

executing the kernel. To achieve this, we draw a vertical line on the computed CIA and 365

determine the attainable performance by intersecting this line with the corresponding 366

roof of the RLM. This approach offers an analytical tool for predicting the runtime and 367

energy consumption behavior of a kernel for each matrix, eliminating the necessity for the 368

time-consuming process of compiling and running the design on an FPGA. 369

In the same line, Figure 6 summarizes the behavior of the SPMV kernel for various 370

matrices using Blocked-ELL with block sizes of 8×8 and 16×16. In these cases, the uti- 371

lization of 16×16 blocks outperforms their 8×8 counterpart, as they attain higher values 372

of CIA in the memory-bound zone of the RLM. Furthermore, with the assistance of the 373

RLM, it becomes straightforward to identify which matrices benefit from blocked kernels 374

and which are better suited for the scalar version. It can be observed that the points 375

situated below the peak Perf Scalar line will not experience a performance improvement 376

compared to the Scalar version, resulting in poorer energy performance (see section 3.3). 377

Conversely, points positioned above the P2/P1 line demonstrate a noticeable performance 378

improvement, leading to a reduction in energy consumption. 379

5. Concluding remarks 380

In this paper, we have proposed an extension of the Roofline model for FPGAs in- 381

tended to optimize sparse linear algebra kernels based on blocked representation formats, 382

both from the runtime and energy consumption perspectives. In particular, we imple- 383

mented a SPMV kernel that leverages a block sparse storage format to attain concurrency 384

in the data access and parallelism in the computations. The experimental evaluation of 385

our methods, performed on a cutting-edge FGPA, confirms the benefits of this kind of 386

block format for sparse algebra. In the same line, the proposed use of the RLM allows the 387

selection of the best option (between the Scalar algorithm and the Block algorithm with 388

different block dimensions) to improve the runtime and energy consumption effortlessly. 389

We plan to address several lines in future work. As the first step, we plan to include 390

specific optimizations on our kernel to improve the performance. Secondly, we expect to 391

extend our ideas to other sparse NLA kernels, such as the SpMM, SpTrSv, and SpGEMM, 392

evaluating the usefulness of our RLM extension. Finally, sparse matrix reordering tech- 393

niques can be applied to understand the impact of the computational intensity on our 394

kernels’ performance. 395
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(a)

(b)

(c)

Figure 5. Roofline model of three different matrices: (a) chipC0, (b) gyro_k, and (c) TS2383. P2
represents the power consumption of the Block version and P1 the power of the Scalar version.
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Figure 6. Roofline model for several matrices using block size of 8 (red cross) and 16 (blue square).
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