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Abstract—Kernels in linear algebra are memory-bounded rou-
tines and their performance is dependent on the sparsity pattern
of the matrix operands. Since memory is many times slower than
arithmetic operations these kernels tend to exploit small fractions
of the peak performance of modern architectures such as GPUs.
In this sense, the improvement of the storage of the matrices to
reduce the memory accesses is a main line of work.

The problem of finding an exact solution for the best per-
mutation of a matrix is computationally prohibitive thus it is
interesting to explore metaheuristic approaches. Previous work
found good results with evolutionary algorithms but with high
execution time. In this context, it is compelling to explore
trajectory-based metaheuristics as a way to reduce execution time
since they require evaluating only one solution per iteration. In
this work, we continue the efforts and present heuristics based
on VNS and ILS which outperform the evolutionary algorithm
in the majority of the instances evaluating half of the solutions.

Index Terms—sparse matrices, storage, metaheuristics, Iter-
ated Local Search, Variable Neighborhood Search

I. INTRODUCTION

Sparse operations arise in a myriad of scientific and en-
gineering problems. For example, the sparse matrix-vector
product (SPMV) and the sparse triangular solver (SPTRSV)
are fundamental building blocks in methods for solving
partial differential equations that model physical phenom-
ena. More recently, applications to data science and ma-
chine learning brought attention to other sparse operations.
Some examples are the sparse general matrix multiplication
(SPGEMM), which arises in problems such as triangle count-
ing [1], breadth-first search with multiple origins [2], or the
sparse matrix-dense matrix product kernel and sampled sparse
matrix-dense matrix product [3], with applications to sparse
neural networks.

Sparse kernels are generally memory bound, meaning most
of the computational cost lies in memory access. For example,
the SPMV performs two arithmetic operations per nonzero
element (a product and an addition) while it needs to read
the matrix and vector coefficients involved and write the dot
product of each row of the matrix by the output vector to the
final result. Additionally, sparse algebra kernels have other
problems, like low data locality (the elements of the input
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vector are accessed in the order dictated by the sparse matrix
nonzero pattern) or data indirection (access to indexing data
is required to retrieve the position of each nonzero in the ma-
trix). This leads to an extremely low computational intensity
compared to operations such as dense matrix multiplication.
As memory access is many times slower and more power-
consuming than arithmetic operations, sparse kernels tend to
exploit only small fractions of the peak performance of modern
hardware architectures [4].

A sustained line of research to speed up sparse operations
consists of proposing storage formats of the sparse matrix
that improve memory performance. Some formats aim to be
compact and general-purpose, such as the Coordinate format
(COO0), the Compressed Sparse Row (CSR) [5], or their
blocked variants BCOO and BCSR. Others are designed to
accelerate a specific matrix operation in parallel hardware,
such as the ELLPACK [6], or SELL-P [7] formats, which
sacrifice compactness to achieve more aligned memory access
or reduce the indexing overhead. Another approach is to
leverage known properties of the nonzero pattern, such as
the Diagonal format (DIA), intended for matrices with their
nonzeros close to the main diagonal. There are also hybrid
formats that combine the previous approaches.

The advances in sparse neural network applications [8] and
the emergence of new hardware architectures and paradigms
to accelerate machine learning computations [9] impose the
need to revisit the problem of efficiently storing sparse ma-
trices [10]-[13]. Particularly, although sparsity in neural net-
works reduces the overall computations and memory accesses,
the irregularity of sparse representations prevents the full
exploitation of new hardware accelerators.

Freire et al. worked on identifying the benefit of using
compression strategies and reordering techniques to improve
the storage of the matrix indices. Later, the authors extended
their work using a local search in [14], [15]. Another line
of work is to find permutations of the matrices rows and
columns that allow their storage in compact formats such as
DIA or ELL. Marichal et al. proposed in [16] an Evolutionary
Algorithm and studied diverse fitness functions depending on
the formats they targeted. They report some gains regarding
the storage of some matrices, but the high execution times of
their solution can turn the approach impractical. It is important
to note that neither of these approaches produces information



loss since the permutation is an invertible function.

In this work, we continue the study of permutations of the
sparse matrices that allow storing them in efficient formats.
In particular, we aim to transform the nonzero pattern of the
matrix so that most nonzeros concentrate on a few central
diagonals and can be stored using a dense matrix, while the
rest of the matrix is stored in a general-purpose format such as
COO. We propose two new trajectory-based metaheuristic ap-
proaches and compare the results against RCM [17] (the most
known heuristic for bandwidth reduction) and the evolutionary
algorithm of [16]. We focus on the number of non-zeros in the
two percent of central diagonals as the target since it showed
the most promising results in [16].

II. BACKGROUND

This section briefly introduces basic concepts such as sparse
matrix storage formats and the Reverse Cuthill-Mckee algo-
rithm for reordering.

A. Sparse matrices storage formats

Sparse matrix storage formats are strategies to avoid storing
the zero elements of the matrix explicitly. In general, these
formats tend to explicitly store the non-zero values plus sec-
ondary structures that hold information to recover the column
and row indices of those values.

The most straightforward idea is to store only the non-zeros
with their respective row and column indices. This format is
known as Coordinate (COO) [5], and its main problem is that
each floating-point value requires eight extra bytes for the
indices. If the elements (and the vectors of indices) are ordered
by row or column, one index can be compressed by storing
where the row (or column) starts, thus reducing the extra bytes
needed to 4 per element plus an additional 4 bytes per row.
These formats are called Compressed Sparse Row (CSR) or
Compressed Sparse Column (CSC), respectively [18].

While the general idea is not to store the zero values, some
formats allow the storage of zeros to benefit memory access.
One example of this idea is ELLEPACK (ELL) [19], which
stores the sparse matrix as two dense matrices, one for the
values and one for the column indices, of size n x k where
n is the number of rows and k is the maximum number of
non-zeros in one row. The rows with less than k£ non-zeros are
padded with zeros.

Finally, some formats exploit special characteristics of the
matrices. For example, if the matrix has the non-zero elements
clustered in small submatrices, it is possible to store one pair
of indices for each cluster and calculate the inner indices,
which leads to blocked formats [20]—[25]. If the matrix has
a few dense diagonals, it can be stored as a rectangular
dense matrix [26]. Moreover, if a matrix has a large group of
nonzeros that follow a regular pattern, it may pay off to store
this group in a regular format, such as ELL format, while
the rest of the non-zeros are stored separately in COO. An
example of this is the Hybrid (HYB) format.

B. Reverse Cuthill-Mckee (RCM)

The RCM algorithm is the most widely used method for
reducing the bandwidth [27]. This heuristic is an improvement
from the original Cuthill-Mckee (CM) algorithm [28]. The
RCM does the same as the CM algorithm but reverses the
resulting order. The empirical results showed that while it does
not improve the bandwidth obtained by CM, it gives a lower
profile.

The CM method first performs a Bread First Search (BFS)
search in the graph produced by interpreting the matrix as an
adjacency matrix. Once BFS has generated a level structure,
it labels the nodes from level 0 upwards and traverses inside
the level from low to high degree. Ties are broken arbitrarily.
The node selected for starting the BFS impacts the result, and
choosing it is an important part of the algorithm. The generally
good idea is to start from pseudo-peripheral nodes.

III. TRAJECTORY-BASED ALGORITHMS FOR IMPROVING
THE SPARSE MATRIX STORAGE

Metaheuristics are approximate and stochastic algorithms
that can be abstracted as high-level frameworks or general
schemes of heuristics designed to address a wide range of
optimization problems [29]-[31]. In general, they adapt to
the particularities of each problem using problem-specific
knowledge or heuristic information, which helps them to
find high-quality solutions efficiently. Metaheuristics balance
a proper exploration of the search space (diversification) with
the exploitation of information from the best solutions found
(intensification) [29]. Several metaheuristic algorithms have
been proposed in the literature, like Evolutionary Algorithms
(EAs), Ant Colony Optimization (ACO), Tabu Search (TS),
Variable Neighborhood Search (VNS), and Iterated Local
Search (ILS).

Metaheuristics are usually classified according to the num-
ber of solutions used at the same time by the algorithm [29].
Algorithms that work with a set of solutions, like EAs and
ACO, are known as population-based metaheuristics. For this
reason, these algorithms provide an intrinsic mechanism for
exploring the search space. On the other hand, algorithms that
consider a single solution (i.e., a single point of the search
space) in each iteration of the algorithm are called trajectory-
based metaheuristics. These algorithms start from an initial
point of the search space and update the position of the
candidate solution by exploring the solution’s neighborhood
(usually through local search operators). Thus, the candidate
solution describes a trajectory in the search space during
the search process. TS, VNS, and ILS are trajectory-based
algorithms.

Considering the limitations of the approach proposed with
Evolutionary Algorithms [16], we tackle the problem of ef-
ficiently storing sparse matrices with single solution-based
methods in this work. On the one hand, our goal is to propose
approaches that can explore the neighborhood of the solution
(which showed to be promising in the previous work) and, on
the other hand, to achieve reasonable execution times.



A. Iterated Local Search (ILS)

Iterated Local Search (ILS) is one of the simplest yet
most powerful trajectory-based metaheuristics [29], [32]. ILS
alternates stages of intensification and diversification. In the
intensification stage, ILS iteratively applies a local search
method until it finds a local optimum. Once the algorithm
gets trapped in the local optima, it uses a perturbation as a
diversification mechanism to escape from it and restart the
local search. Algorithm 1 shows the pseudocode of the ILS
algorithm.

1 s = generatelnitialSolution()
2 while not stopCondition() do

3 repeat

4 s = localSearch(s)

5 until no improvement is possible;
6 s = Perturbation(s)

7 end

Algorithm 1: Pseudocode of Iterated Local Search.

B. Variable Neighborhood Search (VNS)

Variable  Neighborhood Search (VNS) is based
on the exploration of a set of neighborhoods
Ni(s),Na(s),..., Nmaz(s) [31], [33]. The algorithm

starts from an initial solution s and computes a local search
on the first neighborhood. If a better solution cannot be
found, the neighborhood structure is changed, the search
continues in the next neighborhood, and so on. Otherwise, if
a better solution s’ is found in the current neighborhood, the
current solution s is replaced by s’, and the local search is
restarted in the first neighborhood. The neighborhoods used in
VNS are usually nested: N1(s) C Na(s) C ... C Npaa($).
Algorithm 2 shows the pseudocode of the VNS algorithm.

C. Our proposals

Our goal is to concentrate most nonzeros on a few central
diagonals of the sparse matrices. This allows storing these
few diagonals in a dense matrix and the rest of the nonzeros
elements using a general-purpose sparse format. For this
reason, we consider maximizing the number of nonzeros in
the two percent of central diagonals as our objective function.
Solutions with a larger number of nonzeros in the two percent
of the diagonals are preferred since they minimize the number
of nonzeros elements that must be specially stored in the sparse
format. The solutions are permutations that represent how to
reorder the rows of the original matrix to generate the new
one.

We designed four different approaches based on VNS and
ILS metaheuristics, which we called VNS¢, VNS,,, ILS ¢, and
ILSs.

In the VNS algorithms, the neighborhoods are nested and
correspond to the number of rows that can be changed in
the solution. For instance, N7 (s) corresponds to making one
change in the permutation, i.e., switching two rows, while
Ny(s) indicates that ten rows of the matrix exchange their

1 s = generatelnitialSolution()
2 while not stopCondition() do

3 k=1

4 while £ < max do

5 Sneigh =3

// Local search with p tries

6 for i = 1 to p do

7 Generate neighborhood solution s’ € Ng(s)
8 if f(s') > f(s) then

9 ‘ Sneigh — S/

10 end

1 end

12 if f(s"¢9h) > f(s) then

13 s = Sneigh

14 k=1

15 else

16 k=k+1

17 end
18 end
19 end

Algorithm 2: Pseudocode of VNS.

positions. The implementation of the changes in the permu-
tation, when more than two rows are involved, includes the
draw of the n rows that are considered, and then the values
are exchanged in order as in a “rotation” (i.e., the value of the
it" row goes to the position of the i***! row and so on).

Since we have noticed that RCM algorithms do not always
lead to improvements over the original permutation (as the
matrix is stored in the collection), we have designed an ini-
tialization mechanism that considers this. The initial solution
is randomly chosen between the original permutation and the
one generated by the RCM algorithm. When VNS execution
reaches the maximum neighborhood (Ny(s)), and it cannot
improve the current solution, a restart mechanism is used. This
restart uses a different initial solution than the latest one (for
instance, if the latest initial solution was the originally stored
permutation, the new initial solution is the one generated by
RCM).

We have designed two variants of VNS. The first vari-
ant, VNS¢, uses a first-improvement or greedy approach for
neighborhood exploration. When a new solution is generated
in exploring a neighborhood, if it is better than the current
solution, the current solution is updated and the algorithm
restarts from the first neighborhood. If the solution is worse
than the current solution, a new solution is generated in the
current neighborhood. When the maximum number of tries
is reached in a neighborhood, the search process continues
in the next neighborhood. The second variant, VNS;, uses a
best-improvement approach for neighborhood exploration, but
since considering the full number of possible combinations
of exchanges between rows is prohibitive, VNS, implements
a pseudo-best-improvement strategy. Instead of choosing the
first solution generated in the neighborhood that is better
than the current solution, VNS, uses the maximum number



of tries to choose the best movement within the explored
neighborhood.

We have also designed two variants of ILS following a
similar approach. ILSy uses a first improvement or greedy
approach, while ILS}, uses a pseudo-best-improvement strat-
egy. The Perturbation operator is defined according to
the second mutation operator used in [16] called flipr. When
the algorithm is stuck in a local optimum, it randomly draws
two indices of the permutation and flips the values of the sub-
vector between the indices. To be fair in our comparison of
the VNS variants, we have also included a restart mechanism
in ILS that allows using both the originally stored permutation
and the one generated by RCM as the initial solution. When
the restart is executed, the algorithm uses a different initial
solution than the latest one used.

IV. EXPERIMENTAL RESULTS

In this section, we describe the instances used for our
experiments, the parameters setting of the algorithms, and
the experimental procedure followed in this study. Then, we
present and analyze the results obtained.

A. Instances used in the experiments

The instances used in this work are taken from the
SuiteSparse Matrix Collection [34] and are pub-
licly available. We have chosen a subset of 17 sparse matrices
of the library that are presented in Table I. The features of
the matrices included in the table are the dimension (since
the sparse matrices used are square, only the number of rows
of the matrix is included), the number of nonzero elements
(nnz), and the density of the sparse matrix, which is the ratio
of nonzeros to the total number of elements of the matrix. The
subset of matrices was selected for comparison purposes with
the results of [16], but the approach proposed in this paper
can be applied to the whole collection. The sparse matrices
selected are representative of small matrices of the collection
and have a dimension between 62 and 886; and a density
between 0.47 and 11.83.

TABLE I
SPARSE MATRICES SELECTED FOR THE EVALUATION.
Matrix name Dimension nnz  Density
bfwb62 62 342 8.90
dwt_503 503 6027 2.38
S10PI_nl 528 1317 0.47
Spectro_10NN 531 7422 2.63
1shp_577 577 3889 1.17
LowThrust_1 584 6133 1.80
steam2s 600 5660 1.57
662_bus 662 2474 0.56
nosé6 675 3255 0.71
Trefethen_700 700 12654 2.58
dendrimer 730 63024 11.83
Si2 769 17801 3.01
1shp_778 778 5272 0.87
bfwb782 782 5982 0.98
goddardRocket_1 831 8498 1.23
youngdc 841 4089 0.58
orsirr_2 886 5970 0.76

B. Experimental Settings

In our experimental evaluation, we include two VNS algo-
rithms, VNS; and VNS,, and two ILS algorithms, ILS; and
ILS;, which differ on the neighborhood exploration strategy
(first-improvement or pseudo-best-improvement). In order to
set an actual comparison basis, we also include the numerical
results of the EA from the previous work [16] in the exper-
imental analysis. In EA results only the best found solution
was reported in the previous work.

The parameter settings of the algorithms are:

o Trials in first-improve strategy: 100.

o Neighborhood solutions evaluated
improvement strategy: 1000.

o Neighborhoods for VNS: Nj(s) C Na(s) C ... C
NQ(S).

To provide a fair comparison between the results obtained
in this work with [16], the stopping criterion used is to have
300,000 function evaluations (while in [16] the criteria used
was 600,000 function evaluations).

Since the algorithms proposed are stochastic, we use statis-
tical tests to assess the significance of the numerical results.
We use the following statistical procedure [35], [36]. First,
we perform thirty independent runs for each algorithm and
each instance. To analyze the results across multiple instances,
we use Friedman’s test as an omnibus method for comparing
the median of the results. Since more than two algorithms
are involved in the study, in case the results are statistically
different, a pairwise comparison using Holm’s post-hoc pro-
cedure is performed. The statistical tests are performed with
a confidence level of 95%.

in pseudo-best-

C. Experimental Results

Table II shows the median and the interquartile range of
the distribution of the number of nonzero elements (nnz) in
the two percent of diagonals for the algorithms proposed in
this work. The table also includes the best-found solution
of the four algorithms studied in this work, the EA from
previous work, the RCM method, and the original matrix.
Dark gray and light gray backgrounds indicate the best and the
second-best performing algorithm considering the median of
the distribution of nnz. Bold is used to indicate the best-found
solution over all the algorithms.

The results regarding the median of nnz in the 2% of the
diagonals show that VNS, is the best performing algorithm in
15 out of 17 instances (in one instance it is the second best).
ILS, and VNS, are the second-best performing algorithms
and present similar results. ILS; obtains the highest value
of the median in 5 instances and the second highest value
in 6 instances, while VNS, obtains the highest and second
highest value in 5 each. Finally, ILS s is the worst-performing
algorithm, being able to obtain the highest value of the
median only in two scenarios where none of the algorithms
improve the original matrix (nos6 and young4c), and in
two scenarios where all the algorithms obtain the same value
(Trefethen_700 and orsirr_2).



TABLE II
NUMBER OF NONZERO ELEMENTS IN THE TWO PERCENT OF DIAGONALS

Instance Median and Interquartile Range Best

ILSf ILS, VNS¢ VNS, ILS ILS,  VNSy VNS,  Original RCM EA
bfwb62 1484 1564 1523 5 1604 154 162 160 166 94 86 108
dwt_503 288312 313091 291810 314843 2911 3251 2937 3249 2190 1919 2813
S10PI_nl 12750 12759 12812 12872 1279 1275 1285 1293 1223 1058 1256
Spectro_10NN 320875.5 3182635 326924 20101372 3370 3462 3340 3826 208 2182 3130
1shp_577 330935 33099 33234 3371175 3335 3309 3333 3397 2487 2680 3072
LowThrust_1 35419 356015.5 355935 3568135 3565 3595 3573 3589 2377 836 2554
steam2s 32319 32346.75 32353 32375.5 3232 3258 3238 3263 2413 2116 2518
662_bus 152528 170855 1559195 1767455 1582 1820 1590 1874 951 966 1701
nos6 32550 32550 32550 32550 3255 3255 3255 3255 3255 2893 3255
Trefethen_700 126540 126540 126540 126540 12654 12654 12654 12654 9610 2818 9610
dendrimer 12765401.5 |« 141883915 | 12633795 = 14034349 | 12986 14722 12734 14468 8000 4551 9168
Si2 84611 5 848635 84739 849197 5 8471 8559 8485 8529 7029 4256 7200
1shp_778 47302 47300 47476 479911 5 4742 4730 4754 4820 3583 3920 4310
bfwb782 437235 43589 441144 477064 4434 4358 4444 4882 3733 2926 3785
goddardRocket_1 45049 45599 454441 5 457010 4560 4584 4562 4582 2937 1472 4291
young4c 40899 40899 40890 40899 4089 4089 4089 4089 4089 2295 4089
orsirr_2 52600 52600 52600 52600 5260 5260 5262 5260 5170 2491 5170
As mentioned, the original matrix cannot be improved in - _

W vhS_b W Original RCM M Evolutivo

nos6 and young4c instances. This affects the statistical
results, so the statistical tests were computed using only data
from the remaining 15 instances.

Table III presents Friedman’s ranking according to the mean
values, while Table IV presents the p-values adjusted with
Holm’s procedure. In Table IV, ‘<’ indicates that the result
of the first algorithm is statistically better than the second, and

> states that no statistically significant differences are found.
The tests show that the VNS, algorithm is significantly better
than the other algorithms proposed in this work.

TABLE III
AVERAGE RANKINGS OF FRIEDMAN TEST OF THE ALGORITHMS.
ILSy ILS, VNSy VNS,
343 257 2.53 1.47
TABLE IV

STATISTICAL ASSESSMENT OF THE ALGORITHMS.

VNS, vs. ILS ¢
3.02¢-05 <

VNS, vs. ILS,
0.0196 <

VNS, vs. VNS
0.0237 <

VNS, vs. ILS
0.056 —

VNS vs. ILS,
0.943 —

ILS ¢ vs. ILS
0.066 —

To continue with the analysis, let us consider the results for
the best-found solution of the algorithms. The results on the
best-found solution allow us to confirm the trend shown with
the mean values. VNS, systematically outperforms the rest of
the algorithms studied in this work and is the best-performing
algorithm in 11 out of 17 instances.

Moreover, VNS, can obtain better solutions than the EA
from previous work and the RCM method, as well as improve
over the original matrix in all the instances considered. It
should be noted that not only VNS, is superior to the EA, but
it also is able to obtain such results with less computational
effort because it evaluates half of the solutions used by the
EA. To clarify, Figure 1 shows the percentage of nnz in the
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Fig. 1. Percentage of nnz in 2% of the diagonals.

2% of the diagonals obtained by VNS, and the three previous
approaches. Since the matrices are sorted by their density in
the figure, these results also suggest that instances with higher
density are more difficult to solve and that there is still room
for improvement. This is expected, since when the average
non-zeros per row grows, it is more likely that any move to
bring a non-zero to the 2% of diagonals also pushes outside
another already there.

Within the context of this experimental evaluation, it is
noticeable that VNS, has shown promising results, being the
best-performing algorithm for maximizing the number of non-
zeros in the two percent of diagonals of sparse matrices.

V. CONCLUSIONS AND FUTURE WORK

In this work, we continued previous efforts on the problem
of finding better permutations to store sparse matrices in HYB.
This format stores the main block as ELL and the other ele-
ments as COO. Thus, it is important to find permutations that
maximize the elements in the block. The VNS variant VNS,
proposed in this work outperforms the previous evolutionary



algorithm while doing half of the evaluations. This leaves our
approach as an interesting one to this type of problem.

There are many interesting lines of future work. First,
expanding the test group to more (and larger) matrices of the
collection would allow us to confirm the density hypothesis.
Secondly, we want to test the impact of these changes in
linear algebra kernels. Finally, our approaches used random
local search operators that do not use information about the
problem. It is interesting to explore more specific operators,
for example, an operator that checks that the rows selected to
be moved have non-zeros outside the band.
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