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nacio Ramirez. Thank you for investing time and providing interesting and
valuable feedback. I feel proud and honoured that you have accepted to be on
my committee.

At the end I would like express appreciation to my beloved wife Dalma
Latorre who spent sleepless nights with and was always my support in the
moments when there was no one to answer my queries, and also to my son
Samuel and my mother Margarita. I must express my very profound gratitude
to all of them for providing me with unfailing support and continuous encour-
agement throughout my years of study and through the process of researching
and writing this thesis. This accomplishment would not have been possible
without them. Thank you.

v



vi



Abstract

JPEG and Wavelet compression artifacts leading to Gibbs effects and loss
of texture are well known and many restoration solutions exist in the liter-
ature. So is denoising, which has occupied the image processing community
for decades. However, when a noisy image is compressed, a new kind of ar-
tifact may appear from the interaction of both degradations. This new kind
of artifact is surprisingly never mentioned or studied in the image processing
community, with only a few rare exceptions. Yet the importance of such ar-
tifacts in very high resolution satellite imaging has recently been recognized.
Indeed, such images are mainly used for highly accurate subpixel stereo vision,
an application where the presence of this kind of artifact (even if barely visi-
ble) is particularly harmful. In this work we present a thorough probabilistic
analysis of the kind of degradation that results from the interaction of noise
and compression called wavelet outliers , and conclude that their probabilistic
nature is characterized by a single parameter q/σ that can be inferred from
a noise model and a compression model. This analysis provides the condi-
tional probability for a Bayesian MAP estimator, whereas a patch-based local
Gaussian prior model is learnt from the corrupted image iteratively, like in
state of the art denoising algorithms (non-local Bayes), albeit with the addi-
tional difficulty of dealing with non-Gaussian noise during the learning process.
The resulting joint denoising and decompression algorithm has been experi-
mentally evaluated under realistic conditions. The results show its ability to
simultaneously denoise, decompress and remove wavelet outliers better than
the available alternatives, both from a quantitative and a qualitative point of
view. As expected, the advantage of our method is more evident for large
values of q/σ, a situation that naturally occurs in satellite images containing
very dark areas (shadows).
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Chapter 1

Introduction

Image Processing can be broadly defined as the manipulation of signals which
are inherently multidimensional. The most common such signals nowadays
are photographs and video sequences taken with cellphones or digital cam-
eras, but the field also includes medical (ultrasound, X-ray tomography) and
multispectral images. Some of the goals of image processing can be

• Enhancement or correction for human visualization (color correction, tex-
ture editing)

• Restoration from blur (deblurring) or noise (denoising).

• Compression for storage or transmission

• Analysis, segmentation, recognition, and understanding

The use of image processing techniques has become almost ubiquitous.
They find applications in such diverse areas as astronomy, archaeology, medicine,
video communication, and satellite imagery. Its study incorporates and in
many cases motivates the development of modern mathematical tools, in or-
der to to accompany the growing demand on this type of processing.

This thesis is about the study of two of the areas mentioned above, de-
noising and compression, in the context of high-resolution satellite imagery.
These satellites generate a great amount of information that must be stored
on the satellite and transmitted to the ground stations when possible. Both
processes are very expensive in terms of data size and this is the main reason
of compressing the data on space before sending it to Earth. As we shall see,
high compression ratios are achieved only using an irreversible process called
quantization, and jointly with the noise, it causes several artifacts in the de-
compressed image that we propose to correct.

Another ingredient that will be present is the theory of Wavelets. This
analysis tool arises as an abstraction of various common techniques that have
been applied in many contexts, and thus it was widely used as an alternative

1



2 CHAPTER 1. INTRODUCTION

of the Fourier transform, in particular in denoising and compression of digital
images, as we shall present in the next section.

1.1 Wavelet analysis

In this section, we review the main ideas behind wavelet analysis. We begin
by giving the motivation of searching for time and frequency localized func-
tional basis, and how wavelets provide tools that can be useful for analyzing
non-stationary signals unlike Fourier transform. For a complete treatment of
wavelet analysis, see [23].

1.1.1 Motivation

The search for basis functions for analyzing a function f , that is, to decompose
f as a combination of basic elements that describes the behavior of the funtion,
goes back at least as far as Jean-Baptiste Joseph Fourier (1768-1830) who used
complex sinusoids [31]. The Fourier transform of a continuous time signal
f ∈ L2(R) can be defined by

F(f)(ω) = f̂(ω) = 〈f, eiω·〉 =

∫
R
f(t)e−iωt dt. (1.1)

A difficulty that has often been pointed out with this approach is that, because
of the infinite extent of the basis function, any time-local information (e.g., an
abrupt change in the signal) is spread out over the whole frequency axis. For
that reason, the above transform (1.1) is not adequate for frequency analysis
localized in time. This is like knowing which notes are present in a song, but
not at what moments they sound.

Dennis Gabor (1900-1979) adressed this problem by introducing windowed
complex sinusoids as basis functions [17]. This leads to the doubly indexed
windowed Fourier transform, or Short-Time Fourier Transform (STFT):

SF(f)(ω, τ) = 〈f, gω,τ 〉 =

∫
R
f(t)h(t− τ)e−iωt dt (1.2)

where h(·) is an appropriate window, like a Gaussian. This can be viewed as
projecting f on a basis function gω,τ (t) = h(t − τ)eiωt that consist of a wave
having frequency ω but localized in time around τ . Real parts of two basis
elements are shown in Figure 1.1.

A limitation of the STFT is that the resolution of the analysis is the same
at all locations in the time-frequency plane, because a single time window
is used for all frequencies. Of course, the Heisenberg uncertainty principle
excludes the possibility of having arbitrarily high resolution in both time and
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(a) ω = 1, τ = 0 (b) ω = 5, τ = 2

Figure 1.1: Real part of gω,τ (t) of the STFT (1.2) using window h(t) = e−t
2
.

frequency, since it lower bounds the time-bandwidth product of possible basis
functions by

∆T ×∆Ω ≥ 1

4π

where (∆T )2 and (∆Ω)2 are the variances of the absolute values of the function
and its Fourier transform respectively [17]. An illustration of this fact is shown
in Figure 1.2. However, by varying the window used, one can trade resolution
in time for resolution in frequency. This is what wavelets intend to do.

1.1.2 Continuous and discrete wavelet transform

Suppose we have a function ψ ∈ L2(R) (assuming sufficient regularity on
ψ) called wavelet. Think of ψ as a short wave like in Figure 1.1 (a). For
a ∈ R+, b ∈ R we can define

ψa,b(t) =
1√
a
ψ

(
t− b
a

)
. (1.3)

That is, we generate a scaled/translated version of ψ. For large a, the above
function comes as a stretched version of the prototype wavelet, that is a low-
frequency function, while for small a the function becomes a contracted version
of ψ and thus a high-frequency function (see Figure 1.3).

With these basis functions, we can define the continuous wavelet transform
as

Wc(f)(a, b) = 〈f, ψa,b〉 =
1√
a

∫
R
f(t)ψ∗

(
t− b
a

)
dt (1.4)
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Figure 1.2: As a function support narrows in time domain (left), its frequency
support widens (right).

Figure 1.3: Scaled versions of a function ψ (Mexican hat wavelet).
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where ψ∗ is the complex conjugate of ψ. The time-frequency resolution of the
wavelet transform (1.4) involves a different tradeoff to the one used by the
STFT: the time window is narrowed when we want to detect high frequencies,
and widened when we search for low frequencies.

Like the STFT, the wavelet transform is highly redundant when the pa-
rameters (a, b) are continuous (or (ω, τ) in STFT). Therefore the transforms
are usually evaluated on a discrete grid on the time-frequency plane, corre-
sponding to a discrete set of continuous basis functions. The question that
arises is when there is a grid such that the set of basis functions constitutes
an orthonormal basis, which in particular implies that there is no redundancy.
For the STFT, there is a well known theorem that shows that there is no hope
of obtaining an orthonormal Gabor basis with nice time-frequency localiza-
tion, which is a classical manifestation of the uncertainty principle for Gabor
systems [25], [2]:

Theorem 1.1. Balian-Low
Let h ∈ L2(R) and a Gabor basis G(h) = {gm,n}m,n∈Z defined by

gm,n(t) = h(t− n)eimt.

If ∫
R
t2|h(t)|2 dt <∞ and

∫
R
ω2|ĥ(w)|2 dω <∞

then G(h) is not an orthonormal basis for L2(R).

Let’s discretize the translation and dilation parameters of the wavelet trans-
form: if we choose a0 > 1, b0 6= 0 then we set

ψj,k(t) = a
−j/2
0 ψ(a−j0 t− kb0) (1.5)

which corresponds to a = aj0 and b = kaj0b0 in (1.3). Note that translation steps
depend on the dilation length, since long wavelets are advanced by larger steps,
and short ones by smaller steps. On this discrete grid, the discrete wavelet
transform is thus

Wd(f)(j, k) = 〈f, ψj,k〉 = a
−j/2
0

∫
R
f(t)ψ∗(a−j0 t− kb0) dt. (1.6)

Of particular interest is the discretization on a dyadic grid, which occurs
for a0 = 2, and b0 = 1. Now, it is possible to construct wavelets ψ so that the
set

W = {ψj,k}j,k∈Z, ψj,k(t) = 2−j/2ψ(2−jt− k) (1.7)

is orthonormal, that is

〈ψj,k, ψj′,k′〉 = δjj′δkk′
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Figure 1.4: Haar wavelet defined by (1.8).

where δij is the Kronecker delta. A classic example is the Haar basis generated
by:

ψ(t) =


1 if 0 ≤ t < 1/2
−1 if 1/2 ≤ t < 1

0 otherwise
(1.8)

(see Figure 1.4). The orthonormality is easily verified, and the fact that it is
a basis of L2(R) is proved in [30]. Haar [18] used these functions to give an
example of an orthonormal system for the space of square-integrable functions
on the unit interval [0, 1], and it is now recognised as the first known wavelet
basis. However, the Haar function is not continuous, and this is not generally
appropriate for signal processing.

Orthonormal and biorthogonal wavelet basis

It can be shown [23] that we can construct other wavelets with more regularity
(that is, continuity, smoothness, etc) than the Haar wavelet. This is done by
the concept of Multiresolution Analysis (MRA) due to Mallat [22] and Meyer
[24], that basically consists in a nested set of subspaces {Vj,Wj}j∈Z of L2(R)
such that

. . . ⊂ Vj+1 ⊂ Vj ⊂ Vj−1 ⊂ . . . (1.9)

Vj ⊕Wj = Vj−1 ∀j ∈ Z (1.10)

and there exists functions φ and ψ such that {φj,k}k∈Z and {ψj,k}k∈Z are basis
of Vj and Wj respectively, where φj,k and ψj,k are defined as in (1.7). Here, ψ
is the wavelet. A function f ∈ L2(R) can be projected onto an approximation
space Vj and then we can add details (which consist in the projection of f onto
Wj) to obtain a higher resolution version in Vj−1. See the next subsection for
a graphical example.

There are two important cases to be distinguished:
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• Vj ⊥ Wj and {ψj,k}j,k∈Z is an orthonormal basis of L2(R), thus

〈ψj,k, ψj,l〉 = δkl ∀j, k, l ∈ Z

f =
∑

(j,k)∈Z2

〈f, ψj,k〉ψj,k ∀f ∈ L2(R)

• There exists a dual wavelet ψ̃ such that {ψj,k}j,k∈Z and {ψ̃j,k}j,k∈Z are
biorthogonal Riesz basis of L2(R), thus

〈ψj,k, ψ̃j,l〉 = δkl ∀j, k, l ∈ Z

f =
∑

(j,k)∈Z2

〈f, ψj,k〉ψ̃j,k =
∑

(j,k)∈Z2

〈f, ψ̃j,k〉ψj,k ∀f ∈ L2(R)

We refer the reader to Appendix A.1 for more details about this construction.

1.1.3 Wavelet analysis of finite-length signals

We are mainly interested in processing finite-length L signals such as images.
Also, we want to do it by computing at least L wavelet coefficients. Other-
wise, we are increasing the amount of coefficients needed to represent the same
signal, which is obviously undesirable, and this can be achieved analyzing a
periodization or symmetrization of the original signal. It can be shown [36]
that in this case, orthogonal wavelet filters cause border artifacts because they
are non-symmetric (the only symmetric orthogonal wavelet basis is the Haar
basis [12]), but we can still obtain biorthogonal wavelet basis with this de-
sirable property. This is why biorthogonal basis are preferable to orthogonal
basis when processing images, as we see below.

In the orthogonal case, one can construct discrete filters h and g related
to the basis functions φ and ψ of the MRA such that the decompositions and
reconstructions between two resolutions j and j−1 are performed by convolu-
tions and downsampling/upsampling with these filters [23]. In the biorthogonal
case, we have filters h̃ and g̃ related to the dual functions φ̃ and ψ̃ that replace h
and g in the reconstruction. The Cohen-Daubechies-Feauveau (CDF) wavelets
[10] are historically the first family of biorthogonal wavelets, and the CDF 9/7
is experimentally the better suited for image analysis [37]. Although this is
not an orthogonal wavelet, it is almost orthogonal in the sense that is almost
energy preserving, so for practical purposes it can be considered as orthogonal.

Finally, we can decompose a signal by applying this process several times
to the samples of the signal. A wavelet decomposition of a function f ∈ VL,
which is caracterized by the coefficients aL = {〈f, φL,k〉}k∈Z is composed of
detail wavelet coefficients dj = {〈f, ψj,k〉}k∈Z of f at scales L < j ≤ J plus the
remaining approximation at the largest scale J :

[aJ , dJ , dJ−1, . . . , dL−1] (1.11)
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Figure 1.5: Decomposition of a signal in multiple approximation levels. The
aj and dj are the coefficients of the expansion of f in the basis of Vj and Wj

respectively (from [29]).

(recall that the resolution increases as the scale parameter j decreases). A
diagram of this decomposition/reconstruction process is shown in Figure A.4.
In Figure 1.5 we show an example of multi-level decomposition of a signal
using the decomposition (1.11) for several values of J .

1.2 Image processing

In this section, we present the fundamental concepts of digital image processing
and set the context for this thesis. We begin by formalizing the definition of
digital image, reviewing some of the common problems concerning images, and
finally we explain how images are processed efficiently using wavelets.

1.2.1 What is a digital image?

An image may be defined as a two-dimensional function f(x, y), where x and
y are spatial (plane) coordinates, and the amplitude of f at any pair of co-
ordinates is called the intensity of the image at that point. The term gray
level is often used to refer to the intensity of monochromatic images. Color
images are formed by a combination of individual images. For example, in
the RGB color system a color image consists of three individual monochrome
images, referred to as the red (R), green (G) and blue (B) primary images.
For this reason, many of the techniques developed for monochromatic images
can be extended to color images by processing the three component images in-
dividually, although in most applications better results can be obtained using
vectorial approaches (working on each channel separately and then composing
the color image may lead to aberrant colors, for instance). In this thesis we
only work with monochromatic (gray-valued) images.

Theoretically, an image may be continuous with respect to the x and y
coordinates, and also in amplitude. Converting such an image to digital form
requires that the coordinates, as well as the amplitude, be digitized. Digitizing
the coordinate values is called sampling, and digitizing the amplitude values
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Figure 1.6: Pixel values for a monochromatic and color images.

is called quantization. Thus, when x,y and the amplitude values of f are all
finite, discrete quantities, we call the image a digital image. We have a 8-bit
digital image when we use 28 distincts integer values to represent the gray
values, from 0 (black) to 255 (white) in general. This is the most common
type of digital images, but we may also encounter 12-bits or 16-bits images as
well. In Figure 1.6 are shown a 8-bit monochromatic (gray level) image and a
8-bit per channel color image.

The result of sampling and quantization is a matrix of integer numbers:

u : Ω→ R, u =


f(1, 1) f(1, 2) · · · f(1,M)
f(2, 1) f(2, 2) · · · f(2,M)

...
...

...
f(N, 1) f(N, 2) · · · f(N,M)


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Figure 1.7: The wavelet decomposition of (1.11) is applied in Lena: first one-
level decomposition applied to the rows (left) and then to the columns to
obtain a one-level wavelet decomposition of the whole image (right).

where Ω = [1, . . . , N ] × [1, . . . ,M ]. We refer to u as an N ×M image, and
to simplify notation, in what follows we denote by x = (i, j) a generic pixel,
where x ∈ Ω.

Wavelet image analysis

We can apply the decomposition scheme of (1.11) presented in the previous
section in a separable fashion: first we apply a one-level decomposition to
each row of the image and then in the columns, obtaining a 1-level wavelet
decomposition of the image. This result consists in four subbands that we call
summary (LL) and detail (LH, HL, HH) subbands. This procedure is shown
in Figure 1.7. If we repeat the decomposition to the LL subband, we get a
multi-level wavelet decomposition (see Figures 1.8 and 1.9).

1.2.2 Denoising

In any digital image, the measurement of the color value at each pixel is sub-
ject to some perturbations (called noise). These perturbations are due to the
random nature of the photon counting process at each sensor. The noise can be
amplified by digital corrections of the camera or by any image processing soft-
ware. For example, tools removing blur from images or increasing the contrast
enhance the noise. This observation motivates solving the problem of remov-
ing the noise present in a digital image, problem that is called image denoising.

Noise in digital images can originate from a variety of sources:
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Figure 1.8: (a) Wavelet decomposition is first applied to the image rows and
then to the columns to obtain a 1-level decomposition. (b) On a second step,
the same procedure is applied to the LL1 subband to obtain a two-level de-
composition. (c) We can repeat this procedure to obtain a multi-level decom-
position of the image.

• Capture noise can be the result of variations in lighting, sensor temper-
ature, electrical sensor noise, sensor nonuniformity, dust in the environ-
ment, vibration, lens distortion, focus limitations, sensor saturation (too
much light), underexposure (too little light).

• Sampling noise. As discussed previously, limitations in sampling and
intensity quantization are a source of noise in the representation of the
image, as the sampled digital image in not a true representation of the
analog (continuous) image.

• Processing noise. Limitations in numerical precision (floating-point num-
bers), potential integer overflow and mathematical approximations (e.g.
π = 3.1416) are all potential sources of noise in the processing itself.

• Image-encoding noise. Many modern image compression techniques (to
be seen later in this thesis) are lossy compression techniques. By lossy we
mean that they compress the image by removing visual information that
represents detail not generallya perceivable to the human viewer. The
problem is that this loss of information due to compression undermines
image-processing techniques that rely on this information. This loss of
detail is often referred to by the appearance of compression artefacts in
the image.
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(a) Spatial image (b) 1-level decomposition

(c) 2-level decomposition (d) 3-level decomposition

Figure 1.9: Multi-level wavelet decomposition of an image (detail coefficients
have been enhanced for better visualization).
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(a) Original Lena image (b) Zoom of the original image

(c) Noisy image with σ = 10 (d) Zoom of noisy image

Figure 1.10: An example of the visual artifacts seen in a noisy image. The
noise is white Gaussian with zero mean and variance σ2.
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(a) Noisy image with σ = 20 (b) Zoom of noisy image

(c) Noisy image with σ = 40 (d) Zoom of noisy image

Figure 1.11: An example of the visual artifacts seen in a noisy image. The
noise is white Gaussian with zero mean and variance σ2.
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In practice, image denoising consists in recovering an image that has been
degraded by using a priori knowledge of the degradation phenomenon. Thus,
restoration techniques are oriented toward modeling the degradation and ap-
plying the inverse process in order to recover the original image, and usually
involve formulating a criterion of goodness that yields an optimal estimate of
the desired result.

Noise model

Let
u : Ω→ R, Ω = [1, . . . , N ]× [1, . . . ,M ]

be an image, and

un = u+ n, n(x) ∼ N(0, σ2) i.i.d.

the corrupted image with an additive white Gaussian noise. The image de-
noising problem consist of estimating u given un and σ. See Figures 1.10 and
1.11 to see the effect of adding Gaussian noise to an image.

Although other types of noise can be considered (instead of Gaussian), they
are somehow related to this one (by means of the Central Limit Theorem)
or reduced to it in certain circumstances by applying a Variance Stabilizing
Transform like the Anscombe transform for Poisson noise [1], [35].

Measures of image quality

In order to test and compare denoising methods, there exists a number of
quantitative measures of image quality. Basically, we add noise to an image,
denoise it by a method, and measure the difference (error) between the restored
image with the original one. The following measures are commonly used in
image processing:

Let u and û be the original and restored image respectively (both with
domain Ω):

• Mean squared error (MSE): defined by

MSE(u, û) =
1

|Ω|
∑
x∈Ω

(u(x)− û(x))2

• Peak signal-to-noise ratio (PSNR): measures the ratio between the max-
imum possible energy of a signal and the energy of corrupting noise that
affects the fidelity of its representation:

PSNR(u, û) = 20 log10

(
MAXI√

MSE(u, û)

)
,

where MAXI is the maximum possible pixel value of the image.
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Figure 1.12: When denoising a pixel (in red) near an edge, in neighborhood
filters only the closer pixels having similar gray values are averaged (showed
in dark red inside the window).

The most commonly used measure is PSNR. Although a higher PSNR
generally indicates that the reconstruction is of higher quality, in some cases
it may not. One has to be extremely careful with the range of validity of this
metric, and it is common that it doesn’t imply a higher visual quality in the
reconstruction. Hence, subjective ratings may also be used as ground truth to
develop new algorithms.

Some classical denoising methods

Here, we review some classical denoising methods, previous to the appearance
of the so called Non-local methods. The later methods will be studied in Chap-
ter 2. For the discussions below, we work on the continuous image u instead of
the digital one, as denoising methods are more easily expressed in that domain,
but in practice they must be discretized.

1) Kernel filtering

The idea of this type of method is simple: to denoise a pixel x, we average
(using a kernel) the spatially closest pixels in the image, as closer pixels should
have similar gray level value. They can be expressed by

MKu(x) = K ? u(x) =

∫
R2

K(x− y)u(y) dy.

For example, if the kernel K is the normalized indicator function on a ball
Bh(x) of center x and radius h, then

Mhu(x) =
1

πh2

∫
Bh(x)

u(y) dy
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is the uniform average of u within that ball, and h is a parameter that con-
trols the denoising amount of the method. A common choice is the Gaussian
filtering

MGhu(x) =
1

Ch

∫
R2

e−
‖x−y‖2

h2 u(y) dy,

where Ch =
∫
R2 e

− ‖x−y‖
2

h2 dy is the normalizing constant.

The assumption that closer pixels should have similar gray values is only
valid for homogeneous regions and therefor edges and textures are blurred (see
Figure 1.13 (c)).

2) Neighborhood filtering

We can better select the pixels to be averaged if we also take into account
the gray values when comparing closer pixels. Thus, in an edge, only pixels
that belong to the same level line of x will be averaged (see Figure 1.12). This
can be accomplished by the Yaroslavsky neighborhood filter:

YNFh,ρu(x) =
1

C(x)

∫
Bρ(x)

e−
|u(y)−u(x)|2

h2 u(y) dy

where C(x) is a normalizing factor, Bρ(x) is a ball of center x and radius ρ
and h is the filtering parameter. The result is shown in Figure 1.13 (d).

3) Wavelet shrinkage denoising

This method is very important in this study because it is the most related
denoising method to our restoration problem, as it will explained in short.

Let {wi : i ∈ J} be a wavelet (analysis) basis and {w̃i : i ∈ J} its dual
(synthesis) basis. That is, for an image u we have the following decomposition:

u =
∑
i∈J

〈u,wi〉w̃i.

Following the wavelet shrinkage method of Donoho and Johnstone [14], we
have a denoised version ud of u setting to zero all wavelet coefficients with
respect to a reasonable threshold:

ud =
∑
i∈J

τλ(〈u,wi〉)w̃i where τλ(x) =

{
0 if |x| ≤ λ
x otherwise

.

The above shrunk wavelet representation involves both:

• Large coefficients corresponding to noise (outliers) that are kept and
generate artifacts with the shape of the functions w̃i.
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• Some coefficients, erroneously set to zero, leading to pseudo-Gibbs os-
cillations and erased microtextures related to the Gibbs phenomena of
Fourier series truncation (see Figures 1.14 and 1.15).

In Figure 1.13 (e) we can see this described artifacts. We will talk more about
outliers in Section 1.3.

State-of-the-art image denoising methods are based in restoration using im-
age patches, which are little portions of the image. At the end of this chapter
we will present the description of our main problem and in Chapter 2 we will
study the Non-local Bayes method which is nowadays one of the best image
denoising algorithm based on this patch-based approach. A result of this de-
noising method is shown un Figure 1.13 (f).

It is worth to mention the Image Processing On Line journal (IPOL)1. IPOL
is a research journal of image processing and image analysis which emphasizes
the role of mathematics as a source for algorithm design and the reproducibility
of the research. Each article contains a text on an algorithm and its source
code, with an online demonstration facility and an archive of experiments.
Text and source code are peer-reviewed and the demonstration is controlled.
IPOL is an Open Science and Reproducible Research journal, in which we can
find the implementations of some of the best image denoising algorithms up
to date, as well as algorithm for other image processing tasks.

1.2.3 Compression

Various space agencies from around the world, including the European Space
Agency (ESA), the National Aeronautics and Space Administration (NASA),
the Canadian Space Agency (CSA), and the Japan Aerospace Exploration
Agency (JAXA), are collaborating on a program to monitor global change
that will generate half a terabyte of data per day when it is fully operational.
New sequencing technology is resulting in ever-increasing database sizes con-
taining genomic information while new medical scanning technologies could
result in the generation of petabytes of data. Although new storage and trans-
mission technologies are constantly developed, the data volume growth is in
general faster.

In a daily life example, most common digital images uses 1 byte (8-bits)
per color channel per pixel, that is, 3 bytes per pixel. This allows to have
23 = 256 differents tones per channel, totaling 2563 > 16 millons of differ-
ents colors that we can use to represent a digital image. Thus, an 8 Mpx
(megapixels) image, taken by a common smartphone camera to date, will oc-
cupy 8 × 106 × 3 bytes ' 22 megabytes (22 MB) if we save all the pixels
information of the image. But in practice, we can see that our smartphone

1http://www.ipol.im/

http://www.ipol.im/
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(a) Original image (b) Noisy (σ = 10) - PSNR = 28.14

(c) Gaussian filtering - PSNR = 23.67 (d) Yaroslavsky filter - PSNR = 30.49

(e) Wavelet shrinkage - PSNR =
29.58

(f) Non-local Bayes - PSNR = 34.75

Figure 1.13: Comparision between four image denoising methods.



20 CHAPTER 1. INTRODUCTION

Figure 1.14: Gibbs phenomena near discontinuities due to Fourier series trun-
cation

saves pictures of this size using about 10% to 15% of this space.

This can be achieved by applying a compression technique, that consists
in storing the same image (or a very similar one) in much less space than it
would take if we saved the data as it is, which will lead to less space for data
storage and faster transmission. There are two types of compression:

• Lossless: the compression is done in a way that we can recover the exact
original data (no information is lost).

• Lossy: we keep only the most important part of the data (in some sense)
such that the reconstructed data looks like the original, hence we do not
recover the exact image but an approximation of it.

Lossless compression

Lossless compression is a class of data compression algorithms that allows the
original data to be perfectly reconstructed from the compressed data. By con-
trast, lossy compression permits reconstruction only of an approximation of the
original data, though this usually improves compression rates (and therefore
reduces file sizes). Lossless compression is used in cases where it is important
that the original and the decompressed data be identical, or where deviations
from the original data could be deleterious. Typical examples are executable
programs, text documents, and source code. Some image file formats, like
PNG or GIF, use only lossless compression, while others like TIFF and JPEG
may use either lossless or lossy methods.

One of the main types of lossless compression creates and assigns a unique
prefix-free code (there is no whole code word in the system that is a prefix
(initial segment) of any other code word) to each unique symbol that occurs in
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(a) Original image and the result of thresholding

(b) Zoom of the above images

Figure 1.15: Artifacts introduced by setting to zero small wavelet coefficients
(thresholding). Note the presence of pseudo-Gibbs oscillations near sharp
edges, erased microtextures and outliers. In the zoom images the contrast
was adjusted in order to enhance the artifacts for better visualization.



22 CHAPTER 1. INTRODUCTION

the input. These entropy encoders then compress data by replacing each fixed-
length input symbol with the corresponding variable-length prefix-free output
codeword. The length of each codeword is approximately proportional to the
negative logarithm of the probability or frequency of occurrence. Therefore,
the most common symbols use the shortest codes. A well known prefix code
is the Huffman coding scheme [19]. As lossless compression is a reversible
process, we do not care about it in this thesis.

Lossy compression

Lossy compression is based on an irreversible process called quantization. We
can model a generic quantizer with a function that maps the set of values that
a coefficient can take (in most cases, the real line R), in a finite set of values:

Q : R→ CQ, CQ = {c1, c2, . . . , cm}. (1.12)

In general, the quantizer maps a whole interval into a unique integer value that
represents this interval (see Figure 1.16). Althrough in practice one always
has a floating point representation (“float”) of the coefficients that is already
quantized (that is, we do not really have continuous but discrete numerical
values), these values need 32 or 64 bits to be represented, and one wants to
represent them with fewer bits. For example, the 8-bit floor operator that maps
a real (in practice, float) value x to a 8-bit approximation can be defined as

Q(x) = max(0,min(255, bxc)) =


0 if x ∈ (−∞, 1)
n if x ∈ [n, n+ 1) for n = 1, 2, . . . , 254

255 if x ∈ [255,+∞)
(1.13)

where b·c stands for the classical floor operator (that is, bxc is the largest in-
teger less than or equal to x). This quantizer is very suitable for quantizing
images before we can store them in a 8-bits per pixel (bpp) format.

The quantization is an irreversible process because it maps different values
x to the same value Q(x), so given Q(x) is not possible to recover x exactly.
For this reason, the quantization is a lossy compression scheme. Ideally, we
want to discard only the less relevant information of the signal. For example,
in a acoustic signal, there are frequencies less audible to the human ear that
we do not want to keep, or in an image, small variations in homogeneous areas
are less important that sharp edges. Also, if we can do this using only few
possible values ci, and set most of the signal coefficients to the same value (for
example, c0) then we can get high compression ratios by means of a lossless
compression scheme such as Huffman coding.

Most commonly used image compression algorithms uses schemes similar
to the one shown in Figure 1.17. The best known image compression format is
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Figure 1.16: Graph of a generic quantizer of the form (1.12).

Figure 1.17: Compression/Decompression scheme.
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the JPEG format2. JPEG uses a lossy form of compression based on the dis-
crete cosine transform (DCT), which is related to the Fourier transform. This
transform converts each image from the spatial domain into the frequency do-
main. A perceptual model based loosely on the human psychovisual system
discards high-frequency information, i.e. sharp transitions in intensity, and
color hue. Most of the high-frequency coefficients, which contribute less to the
overall picture than other coefficients, are characteristically small-values that
are quantized to zero, achieving high compression ratios.

JPEG2000 is another standard of image compression. JPEG 2000 is an
image coding system that uses state-of-the-art compression techniques based
on wavelet technology. Its architecture lends itself to a wide range of uses from
portable digital cameras through to advanced pre-press, medical imaging and
other key sectors. It is similar to the above JPEG standard in the sense that
it transforms the image using a transform (this time, a wavelet transform)
and quantizes the small coefficients to zero, in general in the high frequency
subbands. We will describe this compression scheme in more detail in Chapter
3.

For a complete treatment of compression schemes, see [33], [34].

1.3 Problem statement

To conclude this introduction, we set our main problem, that consists in restor-
ing compressed high-resolution satellital images, which have artifacts caused
by the conjunction between adquisition noise and quantization.

CCSDS Recommendation

The Consultative Committe for Space Data Systems (CCSDS)3 was founded
in 1982 by the major space agencies of the world. It is a multi-national fo-
rum for the development of communications and data systems standards for
spaceflight. Today, leading space communications experts from 26 nations
collaborate in developing the most well-engineered space communications and
data handling standards in the world. The goal is to enhance governmental
and commercial interoperability and cross-support, while also reducing risk,
development time and project costs. More than 800 space missions have cho-
sen to fly with CCSDS-developed standards, and the number continues to grow.

The CCSDS has issued various recommended standards for image data
compression [16], which have been approved for publication by the Manage-

2“JPEG” stands for Joint Photographic Experts Group, the name of the committee
that created the JPEG standard and also other still picture coding standards. https:

//jpeg.org/
3https://public.ccsds.org/

https://jpeg.org/
https://jpeg.org/
https://public.ccsds.org/
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ment Council of the CCSDS and represents the consensus technical agreement
of the participating CCSDS member agencies. Some of these agencies are:

• Agenzia Spaziale Italiana (ASI)/Italy

• British National Space Centre (BNSC)/United Kingdom.

• Canadian Space Agency (CSA)/Canada.

• Centre National d’Etudes Spatiales (CNES)/France.

• Deutsches Zentrum für Luft- und Raumfahrt e.V. (DLR)/Germany.

• European Space Agency (ESA)/Europe.

• Federal Space Agency (Roskosmos)/Russian Federation.

• Instituto Nacional de Pesquisas Espaciais (INPE)/Brazil.

• Japan Aerospace Exploration Agency (JAXA)/Japan.

• National Aeronautics and Space Administration (NASA)/USA.

It is the responsibility of each member to determine when such standards
or implementations are to be modified. Each member is, however, strongly
encouraged to direct planning for its new standards and implementations to-
wards the later version of the Recommended Standard. We will review later
more details of this standard in Chapter 3, but in order to show some arti-
facts that arises when using this recommendation, for the moment we present
the basic setting of the compression scheme that is considered in this standard.

Let u be an image of size N ×M that we want to capture. Basically, the
CCSDS standard compression scheme is based on the quantization of wavelets
coefficients. That is, the image that is given to us is

uqn = W−1Q(W (u+ n))︸ ︷︷ ︸
wqn

(1.14)

where n(x) ∼ N(0, σ2) is a Gaussian noise independent in each pixel, W is a
wavelet (invertible) transform and Q = (Qk)k∈Ω is the quantizer that gives,
for each number x in the range of possible kth-wavelet coefficients, a reference
coefficient Qk(x) of the interval [a, b] in which x lies. In other words, if each
noisy coefficient wn(k) lies in an interval [ak, bk] defined by the quantizer Qk,
then the associated interval of wqn(k) is

Q−1
k (wqn(k)) = [ak, bk]

(note that the quantizer Qk may be different for each k ∈ Ω). In the following,
we denote by a and b the vectors of RΩ of lower and upper bounds of the
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Figure 1.18: When the noise n(k) added to a coefficient w(k) make it belongs
to another quantization interval of the original one, we call it an outlier.

intervals associated to the data wqn.

A high compression ratio can be achieved by setting a large number of the
smallest wavelet coefficients to zero. The coefficients erroneously treated by
the compressor causes basically two types of artifacts:

1. Small coefficients which correspond to edges and other details (microtex-
tures) in the image that are difficult to distinguish from the noise, and
generate pseudo-Gibbs oscillations and erased microtextures.

2. Coefficients which are highly contaminated by noise (outliers) which
modify the correct interval of quantization and generate an artifact with
the shape of a wavelet basis function.

The first problem was already discussed when we review the wavelet shrink-
age denoising method. As in Fourier series truncation, in our case there are
coefficients that are needed to represent correctly the behavior of sharp edges,
and to set them to zero causes Gibbs-phenomena related artifacts.

To understand the artifacts caused by the second problem, consider the
situation shown in Figure 1.18. If we add noise to a wavelet coefficient

wn(k) = w(k) + n(k)

and this noise causes that wn(k) belongs to a different quantization interval
than w(k), we call wn(k) an outlier. The result is that the quantization of
these two coefficients will be different:

wqn(k) = Q(wn(k)) = Q(w(k)) + nq(k) = wq(k) + nq(k)

where wq(k) is the right quantization of the noiseless coefficient w(k) and nq(k)
is the noise introduced by the outlier. The effect that this error causes when
we apply the inverse wavelet transform is

W−1(wqn(k)) = W−1(wq(k)) +W−1(nq(k)).

The right side in this last equation consists of the right transformation of wq(k)
to the spatial domain plus another term that will appear in the image with
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the shape of the wavelet element corresponding to coefficient k. In Figure 1.19
we show an example of this type of artifacts.

Note that the quantization is done in the wavelet domain. The errors
introduced by the quantization are almost decorrelated in wavelet domain but
highly correlated in spatial domain because the outliers. So it is more natural
to work in wavelet domain because it is there when we can formulate a adequate
noise model for later denoise and decompress the image, as we will do it in the
next chapters of this thesis.

Manuscript organization

This thesis is organized as follows: In Chapter 2 we review some of the state-of-
the-arts image denoising algorithms (Non-Local Means and Non-Local Bayes),
which are patch-based methods, to then adapt these techniques to do denoising
in the wavelet domain. In Chapter 3 we present the details of the CCSDS
Recommendation standard for image compression (and also for the JPEG2000
format) and then we propose a method to restore the quantized coefficients
integrating this degradation process to the denoising algorithm, that is by
jointly denoising/decompressing the image. In Chapter 4 we present several
examples that illustrate the results obtained with our new algorithm and we
compare with other methods to show the improvement of our approach in
restore some details in the compressed image. Finally, in Chapter 5 we present
some conclusions of our work and discuss future work that will be adressed
shortly.
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Figure 1.19: Original image (left) and a noisy/quantized image (right) with
σ = 10 and a 0.30 bpp compresion bit rate. Note the presence of pseudo-Gibbs
effects, the loss of microtextures and some outliers.



Chapter 2

Image denoising

The latest methods in image denoising have attempted to take advantage of
the self-similar structures present in most images in the spatial domain, and
are based in processing groups of patches (square regions of the image). In
this chapter we review the principal methods of this type, the state-of-the-art
in image denoising.

2.1 Patch-based denoising

First, we begin defining a few concepts that we will use hereafter:

In this thesis we will work with patches. A patch P of the image

u : Ω→ R, Ω = [1, . . . , N ]× [1, . . . ,M ]

is a region of the image u with support ΩP :

P : ΩP → R, ΩP ⊆ Ω.

To fix ideas let us consider square patches of size t× t by setting

ΩP = [i, . . . , i+ t− 1]× [j, . . . , j + t− 1]

(but further on we shall consider other possible shapes for patches). This is
a square region which upper-left corner has coordinates (i, j). We can define
the t× t-patch space of u as

Pt(u) = {P : P is a square patch of u of size t× t} ⊆ Rt×t.

A measure of the similarity between two patches P1, P2 ∈ Pt(u) is their
euclidean distance: viewing them as matrices P1, P2 ∈ Rt×t we can set

d(P1, P2) =

√∑
x∈St

(P1(x)− P2(x))2 = ‖P1 − P2‖F (2.1)

29
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Figure 2.1: Self-similarities in a natural image (from Buades’ course slides)

Figure 2.2: Similarities through distances in the patch space (from [7]).
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Figure 2.3: Distribution of the similar patches for the central one (from [7]).

where St = [1, . . . , t]2 and ‖A‖F is the Frobenius norm of a matrix A ∈ Rt×t.
For example, in Figure 2.2 we can see that, although the centers have similar
gray values, the patches Q1 and Q2 are very similar to P but Q3 isn’t.

In order to better estimate the noiseless image u from un, the modern
techniques are based in computing estimators of the original patches P of u
instead of single pixel estimators, because patches are more robust to noise
that singletons.

We present the main ideas of this family of methods and later adapt one
of them (the Non-Local Bayes approach) to our restoration problem.

2.1.1 Non-Local Means

Let P be a noiseless patch with dimension t × t of an image u, and P̃ the
corresponding patch of the noisy image un, corrupted with additive white
Gaussian noise of variance σ2 so that

P̃ = P + n.

The Non-Local Means method (Buades et al. [6], [8]) seems to be one of
the first denosing methods exploiting self-similarities in an image, and it is
inspired in Efros and Leung texture synthesis [15]. It proposes to compute,
given a reference patch to be denoised, a weighted average of patches using
the distance of them to the reference patch as weights.

A problem when working with un (the noisy image) instead of u in all
patch-based algoritms is that the distance of two noisy patches P̃ , Q̃ ∈ Pt(un)
is biased by the noise. Indeed, the expectation of this distance is

E[d2(P̃ , Q̃)] = E[‖(P + nP )− (Q+ nQ)‖2] = E[d2(P,Q)] + 2σ2.
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We can define a new metric that takes into account this bias, by setting

d2
σ(P̃ , Q̃) = max{d2(P̃ , Q̃)− 2σ2, 0}.

This is not a distance in the strict sense, but it measures similarities in the noisy
patch space up to noise. Hence, if two noisy patches satisfy d2(P̃ , Q̃) < 2σ2,
then we can consider that their differences are due to noise. Thus, if P̃ is a
noisy patch of size t× t to be restored, we can set

P̂ =
1

C(P̃ )

∑
Q̃∈RP

p(P̃ , Q̃)Q̃ (2.2)

as the estimated noise-free patch P of u, where

• RP̃ is a search region of the image that depends on P̃

• p(P̃ , Q̃) = e−d
2
σ(P̃ ,Q̃)/h2 is the weight associated to a noisy patch Q̃ ∈ RP̃

• h is a filtering parameter that controls the denoising power of the algo-
rithm

• C(P̃ ) is a normalization constant: C(P̃ ) =
∑

Q̃∈RP p(P̃ , Q̃)

A priori, we can use RP̃ = Pt(u) (the whole patch space, that is, the whole
image) as the search region (which justifies the name non-local) but in prac-
tice a smaller region is used for efficiency reasons (a square region centered in
P̃ of size T×T with T > t). We will discuss later more about the search region.

For patches that are common enough in the picture (as homogeneous areas
like the sky in Figure 2.1 or even like the patches on the edge of the roof),
sufficient patches Q̃i very similar to P̃ can be found, for which the mainly differ-
ences between them are the noise, that is d2

σ(P̃ , Q̃i) ' 0 and then p(P̃ , Q̃i) ' 1.
In other words, we can think of Q̃i as samples of a random Gaussian vector of
mean P , and hence (2.2) becomes almost a mean computation:

P̂ =
1

k

k∑
i=1

Q̃i, (2.3)

which is a good estimator of P . Note that, in addition, the weights used in
(2.2) do not give too much priority to the reference patch P̃ which is the only
one that satisfies d2(P̃ , Q̃) = 0 with the Euclidean distance.

For rare patches (for example a patch that contains the face of the sculp-
ture in Figure 2.1), there are no similar patches and hence the estimation (2.2)
leads to a poor restoration of P̃ . See Figures 2.4 and 2.5 for visual comparison.
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Figure 2.4: Results of NLMeans. From top to bottom: Original image, Noisy
with σ = 10, Denoised with NLMeans. Left: Full image, Right: Zoom of the
image on the left.
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Figure 2.5: Results of NLMeans. From top to bottom: Original image, Noisy
with σ = 20, Denoised with NLMeans. Left: Full image, Right: Zoom of the
image on the left.
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2.1.2 Non-Local Bayes

A more recent NLMeans variant is Non-Local Bayes (Lebrun et al. [21]) that
replaces the mean of similar patches by a Bayesian method to estimate the
original (noiseless) patch. Because our proposed method is mainly based on
NLBayes, in this section we review the main ideas behind NLBayes denoising,
which consists of a maximum-a-posteriori (MAP) estimation.

First step

The conditional probability density function (pdf) is

P(P̃ |P ) =
1√

(2πσ2)N
exp

(
−‖P − P̃‖

2

2σ2

)
which is the product of the pdf’s of the iid normal random variables ni ∼
N(0, σ2) of the noise. Here, ‖P‖ is the Euclidean norm of P viewed as a
column vector of length N = t2. In practice, we know P̃ , so our goal is to infer
P by maximizing its posterior probability P(P | P̃ ). Using Bayes’ rule, we can
express this conditional probability as

P(P | P̃ ) =
P(P̃ |P )P(P )

P(P̃ )
. (2.4)

As P̃ is being observed, this formula can be used to infer the original patch P
by maximizing the right term, viewed as a function of P .

In order to do so, assume that we form clusters of similar patches of the
image (like the colored ones shown in Figure 2.1), and that each element in the
cluster that contains P is a random Gaussian sample of mean P and covariance
matrix ΣP . That is, each patch Q similar to P verifies

P(Q) =
1√

(2π)N | det ΣP |
exp

(
−(Q− P )TΣ−1

P (Q− P )

2

)
. (2.5)

Noting that the denominator in (2.4) does not depend on P , we have

arg max
P

P(P | P̃ ) = arg max
P

P(P̃ |P )P(P )

= arg max
P

C1 exp

(
−‖P − P̃‖

2

2σ2

)
C2 exp

(
−

(P − P )TΣ−1
p (P − P )

2

)
where

C1 =
1√

(2πσ2)N
, C2 =

1√
(2π)N | det ΣP |

(2.6)

are normalization constants that do not depend on the minimization variable.
We can remove them for now, but C2 will be useful later on when we combine
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estimations belonging to differents clusters of patches.

Then, taking the − log version of the above problem, we get the noise-free
patch estimation

P̂ = arg min
X

‖X − P̃‖2

σ2
+ (X − P )TΣ−1

P (X − P ). (2.7)

The function to be minimized in (2.7) can be interpreted as follows:

• The first term ‖X−P̃‖2
σ2 is called the data fitting term, because it requires

the restored patch to be similar to the noisy one. Its weight 1/σ2 compen-
sates the bias introduced by the noise in the computation of the distance
between patches: if the noise variance σ2 is large, this term is not too
heavy and allows to modify the noisy patch a lot, but if σ2 is small, this
term penalizes large modifications of P̃ and only allows small variations
in the restoration.

• The second term (X−P )TΣ−1
P (X−P ) is a regularization term: it adjusts

the restored patch to the Gaussian model associated to the cluster of P .
Indeed, this term is the squared Mahalanobis distance of X to the mean
P (which will be similar to the result of NLMeans) and takes into account
the variability of the Gaussian model of the cluster, as it is captured by
the covariance matrix ΣP .

Parameters estimations

In practice, we do not know the mean and covariance matrix of the real cluster,
hence we need to estimate them from the noisy patches Q̃ which are similar
to P̃ (supposing that they are the noisy versions of the patches of the cluster
of P ). Thus we use the estimates

P̃ =
1

k

k∑
i=1

P̃i, ΣP̃ =
1

k − 1

k∑
i=1

(P̃i − P̃ )(P̃i − P̃ )T . (2.8)

Taking into account that the noise is white with variance σ2, the above esti-
mators verify:

E[P̃ ] = P , E[ΣP̃ ] = ΣP + σ2I ⇒ E[ΣP̃ − σ
2I] = ΣP .

Replacing these estimates in (2.7) we get:

P̂ = arg min
X

‖X − P̃‖2

σ2
+ (X − P̃ )T (ΣP̃ − σ

2I)−1(X − P̃ ). (2.9)

This is a quadratic problem that can be resolved analytically:
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Proposition 2.1. The patch that minimizes the problem (2.9) is

P̂ = P̃ + (ΣP̃ − σ
2I)Σ−1

P̃
(P̃ − P̃ ). (2.10)

Proof. Differentiating the quadratic function (2.9) with respect to X and
equating to zero yields

X − P̃ + σ2(ΣP̃ − σ
2I)−1(X − P̃ ) = 0.

Taking into account that I + σ2(ΣP̃ − σ2I)−1 = (ΣP̃ − σ2I)−1ΣP̃ yields

(ΣP̃ − σ
2I)−1ΣP̃X = P̃ + σ2(ΣP̃ − σ

2I)−1P̃

and therefore

X = Σ−1

P̃
(ΣP̃ − σ

2I)P̃ + σ2Σ−1

P̃
P̃

= P̃ + (ΣP̃ − σ
2I)Σ−1

P̃
(P̃ − P̃ ).

The only problem is that ΣP̃ must be invertible, but in practice the estima-
tion of ΣP can result in a singular (or near singular) matrix (for example, if a
small number of neighbors are used for the estimation). When this is the case,
the algorithm does not modify the patch (see the NLBayes implementation in
IPOL1).

Flat area trick

The authors in [21] realized that, in homogeneous areas, the estimated Gaus-
sian model of the cluster “learns” part of the noise present in the image. That
is, in those cases the variability of the model (captured in ΣP ) is mainly due
to the noise, so it is not worthy to be constructed. For those patches, the

algorithm sets P̂ = P̃ . This is named as flat area trick.

Second pass

Once we have û, a denoised version of the image un, it can be used in a second
pass of the algorithm to improve the estimates of the Gaussian model of the
clusters, P and ΣP , and then of P .

For a noisy patch P̃ of un to be denoised, suppose that we find the k
nearest neighbors in the oracle image û and build the Gaussian model with

them, obtaining the mean P̃
û

and the covariance matrix Σû
P̃

. Now, we suppose
that this model is “noise-free” and hence it is not necessary to correct the

1http://www.ipol.im/pub/art/2013/16/

http://www.ipol.im/pub/art/2013/16/


38 CHAPTER 2. IMAGE DENOISING

Figure 2.6: Aggregation of estimations of the same pixel belonging to different
patches.

covariance matrix as in (2.9). Analogous computations to obtain the final
restored patch leads to

P̂2 = P̃
û

+ Σû
P̃

(Σû
P̃

+ σ2I)−1(P̃ − P̃
û

). (2.11)

As noted by the autors, applying more than two steps doesn’t give us better
results.

2.1.3 Implementation details

There are other details to be considered in orden to obtain a working algorithm,
that are discussed in what follows.

Aggregation

The above discussions considers patch restoration. Because there are overlap-
ping patches, that is, a pixel in the image belongs to multiple patches (each of
which is restored in a different manner), we need to integrate all these pixel
estimations into a single one (see Figure 2.6). This process is called aggrega-
tion. In this subsection, we describe some of the common ways to do it.

The simplest way to combine all the estimations of a single pixel is to
average them. That is, if x is a pixel of the image and P̂1, . . . , P̂m are restored
patches that contains x in their supports, we can set

û(x) =
1

m

m∑
i=1

P̂i(x). (2.12)

This is the choice in NLBayes, but we will discuss other ways to do the aggre-
gation in the next sections.
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t 0 ≤ σ < 20 20 ≤ σ < 50 50 ≤ σ < 70 70 ≤ σ
1st step 3 5 7 7
2nd step 3 3 5 7

Table 2.1: Patch size t in each step of NLBayes (from [21]).

Patch size

The size of the patches t× t used in the algorithms of NLMeans and NLBayes
influences the quality of the restorations. The choice of the patch size for NL-
Bayes in connection with the noise σ is discussed in [21] (see Table 2.1).

In general, large noise values of σ demand larger patch sizes. This may
be caused because, when σ is high, the finest details (high frequencies) are
completely lost and the best we can do is to recover the lowest frequencies,
which are better captured using larger patches.

Number of neighbors

Another parameter that influences the quality of the restoration is the number
k of neighbors used to build the Gaussian model (2.5) of the cluster of patches
to which the reference patch P̃ to be restored belongs. If only a few of them
are considered, the model may not capture the texture behind the noise prop-
erly. Moreover, the covariance matrix (2.8) may not even be invertible. This
minimum number depends on the patch size t (because t2 is the dimension of
the Gaussian model).

On the other hand, if we keep a large number of neighbors, we could be
using patches that are not so similar to the reference one, specially on rare
textures. In those cases, the model is not very useful and it will blur the tex-
ture to be restored.

So, an optimal number of neighbors needs to be found. Empirically, in [21]
the value of k is choosen as a function of the patch size t (see Table 2.2). In the
second step, considering that we are using an oracle image for searching the
similar patches and thus the patch space is “noise-free”, then we only keep the
closest patches to the patch to be restored (those belonging to a ball centered
at the reference patch), hence the number of k nearest neighbors to be used
can be smaller that the maximum showed in Table 2.2 (this number will be
maximum mainly in flat areas, and small in rare textures).

Search region of similar patches

In [21], it is mentioned that the NLBayes algorithm uses a local search window
for computational purposes, which means that it chooses a search window of
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k t = 3 t = 5 t = 7
1st step 30 60 90
2nd step ≤ 30 ≤ 60 ≤ 90

Table 2.2: Number of neighbors k for the Gaussian model in each step of
NLBayes (from [21]).

Figure 2.7: Search window of size T × T for the search of similar patches of
the central one of size t× t.
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size T × T with T > t (t × t being the size of the patches) centered at the
reference patch to be denoised (see Figure 2.7). It is well known that the k
nearest neighbors search can be the bottleneck of any algorithm if we do not
care about it, even more in spaces with dimension greater than 10.

In the next sections, we discuss the adaptations made to NLBayes and pro-
vide with another justification of this local approach based on theorical and
empirical considerations.

We summarize the complete algorithm of NLBayes in Algorithm 1.

NLB: Non-Local Bayes Restoration Algorithm

input : Noisy and quantised image un
input : Total noise affecting the image σ
output: A restored image û

# First pass:
for each patch P̃ ∈ un do

NP = obtain nearest neighbors(P̃ , un)

(P̃ ,ΣP̃ ) = obtain Gaussian model(P̃ , NP ) (Subsection 2.1.2)

P̂ (1) = P̃ + (ΣP̃ − σ2I)Σ−1

P̃
(P̃ − P̃ ) (Subsection 2.1.2)

end
for x ∈ Ω do

û0(x) = aggregate patches(x) (Subsection 2.1.3)
end

# Second pass: (Subsection 2.1.2)
for each patch P̃ ∈ un do

N û
P = obtain nearest neighbors(P̃ , û0)

(P̃
û

,Σû
P̃

) = obtain Gaussian model(P̃ , N û
P )

P̂ (2) = P̃
û

+ Σû
P̃

(Σû
P̃

+ σ2I)−1(P̃ − P̃
û

)

end
for x ∈ Ω do

û(x) = aggregate patches(x)
end

Algorithm 1: Non-Local Bayes Restoration Algorithm

2.1.4 Examples

In Figures 2.8 to 2.10 we can see the differences of NLMeans and NLBayes
restoration. Note that NLBayes restores textures better than NLMeans. In
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(a) Original image (b) Noisy - σ = 15 - PSNR = 24.63

(c) NLMeans result - PSNR = 31.56 (d) NLBayes result - PSNR = 33.64

Figure 2.8: Comparison between NLMeans and NLBayes restoration in Lena.
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(a) Original image (b) Noisy - σ = 15 - PSNR = 24.63

(c) NLMeans result - PSNR = 29.93 (d) NLBayes result - PSNR = 31.82

Figure 2.9: Comparison between NLMeans and NLBayes restoration in Bar-
bara.



44 CHAPTER 2. IMAGE DENOISING

(a) Original image (b) Noisy - σ = 15 - PSNR = 24.59

(c) NLMeans result - PSNR = 30.48 (d) NLBayes result - PSNR = 32.11

Figure 2.10: Comparison between NLMeans and NLMeans restoration in Liv-
ing Room.
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this example and in the rest of this thesis, the NLMeans and NLBayes algo-
rithms were taken from the Image Processing On Line journal2.

2.2 Denoising in the wavelet domain

In order to apply this denoising method to our problem, we must introduce two
main changes: wavelet (instead of spatial) domain, and quantization (due to
the compression scheme). In the following section we proceed with the former
problem, and the next chapter is dedicated to the latter.

In the above sections, we discuss the denoising method in spatial domain.
This domain is the natural choice in a general context in which the noise is due
to the camera sensors capturing light information. In our restoration problem,
we have access only to noisy wavelet coefficients that have been quantized; this
leads to a highly correlated noise (with the shape of the wavelet basis elements)
in the spatial domain. Hence, given the noisy wavelet coefficients, we will try
to recover the original coefficients by restoring patches in the wavelet domain.

2.2.1 Simpler approach

In order to understand the behavior of the algorithm in the wavelet domain,
and before considering the whole denoising problem as presented in section
1.3, we begin considering the following simplifications:

1. Orthogonal wavelet transform (for example, Daubechies db8)

2. A 1-level wavelet decomposition (summary + three detail subbands)

3. No lossy compression (the coefficients are not quantized)

Noise model

First of all, an important observation is that the noise in the wavelet coef-
ficients, when translated from the spatial to the wavelet domain through an
orthogonal transform W , is still white noise:

Proposition 2.2. Let W be an m × m orthogonal matrix and a signal or
image ũ = u+n of length m that is corrupted with white Gaussian noise with
zero mean and variance σ2. Then the transformed residual Wũ −Wu is also
white Gaussian with variance σ2.

2http://www.ipol.im/

http://www.ipol.im/
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Proof. If there is no quantization:

Wũ(k) = Wu(k) +Wn(k)

and hence the noise in the kth wavelet coefficient,

Wn(k) =
∑
x

ψk(x)n(x),

is a finite linear combination (due to the compact support of the wavelet basis
elements) of normal random variables, which is again normal.

Recall that if X ∈ Rd is a random vector and Y = AX (where A is a d× d
matrix), their covariance matrices verify

ΣY = AΣXA
′.

In our case, we have X = n (the spatial noise) and Y = Wn = AX the
wavelet noise, where A is the orthogonal matrix (AA′ = I) associated to the
orthogonal wavelet transform W . Then the covariance matrix of the wavelet
noise is

ΣWn = AΣnA
′ = A(σ2I)A′ = σ2(AA′) = σ2I.

This shows that the wavelet noise is decorrelated, and then it is independent
in each coefficient (because the white Gaussian distribution assumption of n)
with Wn(k) ∼ N(0, σ2).

Hence, we can use the same white noise model in the wavelet domain, as
in the previous sections.

Translated samples

The disadvantage of working directly with wavelet coefficients is that the sig-
nal suffers a subsampling process. In other words, in the wavelet domain we
do not have access to a patch centered on each pixel of the original image, but
only to a quarter of it, because the wavelet transform downsamples the image
to half the size in each dimension (see Figure 2.11). Then, for a patch to be
restored, there are fewer similar patches to build the Gaussian model than in
the spatial domain.

This difficulty is due to the lack of translation invariance of the wavelet ba-
sis: for example, if we translate the image one pixel to the right, the coefficients
in the wavelet basis will be different (not a translation of the old coefficients).
Coifman and Donoho [11] attribute some visual artifacts of wavelet denoising,
like the pseudo-Gibbs phenomena in the neighborhood of discontinuities to
this lack of invariance.
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Figure 2.11: Lack of samples in wavelet domain due to downsampling of the
wavelet transform.
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To compensate this issue, we generate the coefficients of one pixel transla-
tion of the noisy spatial image in the horizontal, vertical and diagonal direc-
tions. We use these new coefficients only to find similar patches for the first
ones (without translation) and to build the Gaussian model for that cluster,
but not to denoise them.

Subband soft-thresholding

The values of the wavelet coefficients in the summary are in general larger than
the original ones (about 80% larger) but the noise variance is the same (σ2).
Then, the relative noise in the summary will be smaller than in the original
image. On the other hand, the detail coefficients on the high-frequency sub-
bands are in general smaller than the original ones and have the same noise
variance, which means that the bands are relatively more contaminated with
noise than the summary.

This observation motivates a different treatment of the summary and high-
frequency subbands:

We need not to worry too much about the summary because it comes to
us slightly denoised by the low-pass wavelet filter (see Figure 2.12 (a)). So, we
can apply almost any filter to the summary (even none if σ is small enough).
But we have a different situation in the bands: the noise-free detail coefficients
are, in general, very close to zero, even more in flat areas (they take large val-
ues only near sharp edges). Hence, there are a lot of coefficients in the noisy
wavelet image bands that are essentialy noise (they should be almost zero).
See Figure 2.12 (b) for visual comparison.

A difficulty that appears in this context is that, when finding the k most
similar patches to a reference one P̃ in the noisy wavelet image (see below for
a description of the used patches), the computations of the distances in the
bands are highly corrupted by the noise. Thus, the nearest neighbors com-
puted this way are highly biased by the noise.

One way to deal with this problem is to apply a thresholding of the detail
coefficients, using a threshold that depends on σ, for the purpose of retaining
only the significant detail coefficients. A common choice is soft-thresholding:

τλ(x) =

{
x− sign(x)λ , if |x| > λ

0 , if |x| ≤ λ

where λ > 0 is a threshold parameter. In our case, if wn(k) is a detail coefficient
(in subband LH, HL or HH) then we first set

wST (k) = τ(wn(k))
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(a) Relative noise in summary

(b) Relative noise in diagonal band

Figure 2.12: Relative noise for 1-level db8 (orthogonal) wavelet decomposition,
with spatial noise σ = 20. Left: Original (noise-free) image, Right: Noisy
image
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and then we use these new coefficients only to find the similar patches of P̃ .
Note that this procedure consist of a wavelet shrinkage like in Donoho and
Johnstone [14].

As an observation, even when we can preprocess the detail coefficients in
different ways, the above choice is consistent with the compression scheme to
be studied in next chapter, in which the coefficients are naturally thresholded
by the quantization process of the compressor.

Patch shape

A key assumption in NLBayes is that there exists self-similarities between
patches in the image. This is also true in the wavelet domain, not only in the
summary (which is a kind of low resolution version of the spatial image), but
also between scales. For example, if there is a sharp edge at a pixel x in the
summary, then some of the associated coefficients in the other bands will also
be large. Also, in an flat area of the spatial image, both the summary and
bands coefficients will be almost constant in the corresponding patches (see
Figure 2.13). Hence, the information contained in a pixel (in spatial domain)
is then distributed over the four bands of the wavelet domain. So we must
consider a patch shape other than a square, which takes into account these
correlations between the four bands.

We choose patches of size t × t × 4, which is equivalent to consider four
channel images or three dimensional patches: for each pixel x in a patch P of
size t × t in the summary we have three more values associated to it (one in
each of the three bands). An illustration of this type of patches is shown in
Figure 2.13. If we take a t×t×4 patch of the wavelet domain and we reproject
it onto the spatial domain (filling with zeros the rest of the wavelet domain and
applying the inverse wavelet transform), we get the result shown in Figure 2.14.

Thus when we compare two patches to determine if they are similar, we are
comparing the distances in the summary and separately in the detail subbands,
that is, the low and high frequency components of them respectively. This
approach is equivalent to comparing distances in the spatial domain if there
is no quantization (due to the orthogonality of the wavelet transform, which
is energy preserving). But when we quantize the wavelet coefficients, the
introduced errors are highly correlated in the spatial domain, appearing in the
shape of wavelet basis elements. Hence, the natural way to do denoising is
to work in the wavelet domain in which this noise is practically decorrelated
(because the quantization is applied to each coefficient independently of the
others).
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Figure 2.13: Example of a t× t× 4 patch in wavelet domain. Note the corre-
lations between coefficients of the summary and the other subbands in corre-
sponding positions.

Figure 2.14: Reprojection of a 5× 5× 4 patch of the wavelet domain onto the
spatial domain. Note that it consists loosely of a 10×10 patch plus some short
oscillations with the shapes of the wavelet basis functions in the horizontal,
vertical and diagonal directions.
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Search window in similar patches search

In Subsection 2.1.3 we mentioned that, despite the usage of the term non-
local for the reviewed algorithms, the search of similar patches is done on local
search windows. This is done to reduce computations in the k nearest neighbors
search (which are, in general, expensive) to avoiding prohibitive running times.

There are algorithms for similar patches search that exploit the image in-
trinsic structure. The Generalized PatchMatch algorithm [3] is a fast algorithm
that tries to propagate the similarities found between two patches to the rest
of the patches near the reference one: if a patch centered at pixel x is similar
to a patch centered at x′, it is highly probably that patch at x + l is similar
that the patch at x′ + l (at least for small values of l). This permits to com-
pute global searches on images and videos faster than using euclidean distances
(without considering the spatial corrections), even taking into account various
scales and rotations of the patches.

Also in [3] it is pointed out that this type of global search of similar patches
(that is, the search region is the whole image) is not always better than local
search. Intuitively, the larger the search window is, the more similar patches to
the reference one can be obtained and thus the denoising will be better. But,
in uniform regions, a reference patch will be mainly noise (there is no texture
present in it) and the nearest neighbors will be those that best match the noise.
In other words, the Gaussian model “learns” part of the noise present in the
flat areas because it is the only significant content there. This is related with
the overfitting problem in supervised machine learning. Figure 2.15 shows the
results of an experiment with local and global searches.

So, using local instead of global patch search for similarities serves two pur-
poses: speed and avoiding overfitting. Another approach that can overcome
these difficulties is to use an approximate search like FLANN [26]. This fast
algoritm sacrifices some precision in order to gain speed. It can be shown
that in the search of image patches in which there are correlations between di-
mensions, the acceleration can be high without sacrifying too much precision,
which would be the case if the points were random samples (see [26]).

We have found experimentally that using FLANN it can be reduced the
effects of noise learn with faster times than exact global search, and then to
obtain better denoising results. But even in this case, the results are not
better than to use a local search approach. So we adopt the local search
window strategy as in the original NLBayes algorithm.

Covariance estimation

As was pointed out in NLBayes algorithm, the estimation of the covariance
matrix ΣP̃ can result in a singular matrix instead of a positive definite one.
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(a) Original flat image (b) Noisy image (σ = 1, PSNR=48.06)

(c) NLBayes using global search
(PSNR=52.17)

(d) NLBayes using local search
(PSNR=58.49)

Figure 2.15: Comparision between global and local search. The original image
is a flat one with size 100× 100 and gray value equal to 100 (of 255). In both
searches, 3×3 patches were used. In (d) a 21×21 local search window centered
in each reference patch was used. The dynamic range showed consists of the
gray values between 90 and 110 for better visualization.
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NLBayes maintains the noisy patch as it is, with the hope that, in the aggre-
gation process, the noise will be mitigated.

In our approach, to avoid this problem we set a threshold ε > 0 and every
eigenvalue of ΣP̃ lower than ε is set equal to it. That is, if

M = ΓΛΓ−1

is the spectral decomposition of M , Λ = diag(λ1, . . . , λr) where λi’s are the
eigenvalues ofM , and Γ is the matrix of the corresponding basis of eigenvectors,
then we define λ̃i = max(λi, ε) and

Π(M) = ΓΛ̃Γ−1

where Λ̃ = diag(λ̃1, . . . , λ̃r). Hence, we get that Π(ΣP̃ ) is always positive
definite and we use it as our covariance matrix estimation. Also, when we
need to invert ΣP̃ − σ2I, we first apply this operator Γ when the inversion
fails.

Aggregation

As explained before, the restored patches overlap each other and need to be
combined in order to produce an entire image (in this case, a wavelet do-
main image). The simplest thing we can do is to combine the estimations of
each coefficient contained in all the patches to which it belongs as an average
(weighted or not), as in (2.12).

The average of estimated pixel values of different patches does not consider
the fidelity of the restorations. Let us denote by

F (X, P̃ ) =
‖X − P̃‖2

σ2
+ (X − P̃ )T (ΣP̃ − σ

2I)−1(X − P̃ )− log(C2)

the minimized functional in (2.9) used to estimate the restored patches P̂i,
where

C2 =
1√

(2π)N | det ΣP |
of (2.6). Then the restored patch is

P̂i = arg min
X

F (X, P̃i).

We can use the values e−F (P̂i,P̃i) as a measure of confidence in the restoration
of P̃i. Hence, we can set

û(x) =

∑m
i=1 e

−F (P̂i,P̃i)P̂i(x)∑m
i=1 e

−F (P̂i,P̃i)
(2.13)
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This type of weighted aggregation was first proposed in [20]. Other aggregation
methods are studied in [32].

Recalling that we are working in the wavelet domain, the t× t× 4 restored
patches contains coefficients of differents frequency subbands. It can be asked
if it is better to do the aggregation in the spatial domain, that is, to transform
the restored patches and then aggregate the different estimations of the pixels
instead of doing the same with the coefficients. But it can be proved that in
this case the two procedures are equivalent due to the linearity of the wavelet
transform.

Indeed, suppose that x ∈ Ω is a pixel in the spatial domain to be restored,
and that P S

1 , . . . , P
S
l are the projected patches from the wavelet domain that

contain the pixel x in its support (they are finite because the wavelet basis
has compact support, see Figure 2.14). Let us denote by PW

1 , . . . , PW
l the

corresponding patches in the wavelet domain. We have:

P S
i = W−1PW

i i = q, . . . , l.

Suppose we fill with zeros outside the support of the above patches in the
spatial and wavelet domain respectively, and now we can use x as an absolute
coordinate in the spatial domain for all the patches P S

i . Thus for a given linear
aggregation procedure applied we have(

l∑
i=1

αiP
S
i

)
(x) =

(
l∑

i=1

αiW
−1PW

i

)
(x) = W−1

(
l∑

i=1

αiP
W
i

)
(x).

This shows that, for a pixel x, doing the aggregation in the spatial domain is
the same that doing it in the wavelet domain (with the patches associated to
x) and later project the result back to the spatial domain. We choose to do
the aggregation procedure in the wavelet domain for simplicity.

Second pass

Once we have a restored wavelet image ŵ, we can use it as an oracle for a
better estimation of the Gaussian model of each cluster of similar patches in
the image. That is, we use the oracle image ŵ to better estimate the mean
and covariance of the Gaussian models of the clusters, and then to obtain a
cleaner estimation of the restored patches, as in the NLBayes algorithm.

Algorithm

In Algorithm 2 we summarize the NLBayes algorithm adapted to the wavelet
domain, which we call Wavelet Non-Local Bayes (WNLBayes). Here we present
the simplest version that uses orthogonal wavelet transform, 1-level wavelet
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decomposition and no quantization. In the following we present the other
modifications that remain to obtain an algorithm able to denoise the CCSDS
standard compressed satellite images.

WNLB: Wavelet Non-Local Bayes Restoration Algorithm
(1-level)

input : 1-level wavelet coefficients wn of noisy image un
input : Total noise affecting the image σ
output: A restored image û

# First step:
for each patch P̃k ∈ wn (of size t× t× 4) do

Nk = obtain nearest neighbors(P̃k, wn) (on thresholded patches)

(P̃ k,ΣP̃k
) = obtain Gaussian model(P̃k, Nk)

P̂
(1)
k = P̃ k + (ΣP̃k

− σ2I)Σ−1

P̃k
(P̃k − P̃ k) (see (2.10))

end
for k ∈ Ωw do

ŵ0(k) = aggregate patches(k)
end

# Second step:
for each patch P̃k ∈ wn do

N ŵ
k = obtain nearest neighbors(P̃k, ŵ0)

(P̃
ŵ

k ,Σ
ŵ
P̃k

) = obtain Gaussian model(P̃k, N
ŵ
k )

P̂
(2)
k = P̃

ŵ

k + Σŵ
P̃k

(Σŵ
P̃k

+ σ2I)−1(P̃k − P̃
ŵ

k )

end
for k ∈ Ωw do

ŵ(k) = aggregate patches(k)
end
û = wavelet synthesis(ŵ)

Algorithm 2: 1-level Wavelet Non-Local Bayes Restoration Algorithm

2.2.2 Multi-scale denoising

In the previous section, for simplicity, we assumed that the image was only
decomposed in one-level of the wavelet transform. This is not the case in the
problem to be studied, because the CCSDS standard imposes to work with
3-level wavelet transform. Next we describe how we can apply the above algo-
rithm to an image with this type of decomposition.
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Figure 2.16: Decomposition of an image into one and three wavelet levels.

The more natural way to denoise a 3-level wavelet image is to work on each
level separately. That is, we first apply the basic WNLB algorithm described
above to the 3rd level (containing the lowest frequencies), thus obtaining a
restored level that we next use as the summary for the 2nd level, and so on
until we restore each of the three levels.

Also, we must consider variable sizes of the patches at each level, because
the size of the domain and the signal-to-noise ratio vary in each scale. Thus in
each level we must adjust the optimal patch width t in order to obtain better
denoising results. In Table A.2 (Appendix A.2) we summarize the parameters
used to generate the examples in this thesis that work well for several noise
levels.

We must note that the summary for the second level, which is the result
of the one-level algorithm of the third level, is already “denoised”, so in the
second level we only use this summary for neighbors search and build the Gaus-
sian model, but in this level we only estimate the details coefficients on the
bands and mantain unchanged the summary. The same procedure is applied
to denoise the first level (highest frequencies). See Figure 2.17.

For the second step, like NLBayes, we take the result of the first step of
WNLBayes to better estimate the Gaussian model of the algorithm (as an
oracle). It may happen that the parameters must be adjusted in order to opti-
mize the results. The adjustment of the optimal parameters in each step of the
WNLBayes algorithm has not yet been made and will be considered in future
work (see Chapter 5).
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Figure 2.17: Scheme of WNLBayes multi-scale algorithm.
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An issue to be noted is about the size of the target images: in a 3-level
wavelet decomposition, the summary (lowest frequency subband, see Figure
2.16) is eight times smaller than the original (spatial) image. For example,
the most common test images used in image processing are 512 × 512-sized
images, and thus the summary of the 3rd level will have size 64× 64. In order
to obtain good results, we must apply the multi-scale version of the algorithm
to larger images, because visual artifacts can be observed in 512× 512 images.

2.2.3 Biorthogonal transform

In order to design an algorithm able to deal with images compressed with
the CCSDS of JPEG2000 standard, we must introduce another change to our
simple algorithm: biorthogonal instead orthogonal wavelet transform. As was
explained in the introduction chapter, although the biorthogonal transform is
not energy preserving (a nice property of the orthogonal transform) due to the
lack of orthogonality, the CDF 9/7 wavelet transform is almost orthogonal in
the sense presented in [36], that is,

WW ∗ ' I, (2.14)

where W is the matrix associated to the wavelet transform (see Subsection
1.1.3). Thus, in the CDF 9/7 case, the covariance matrix of the wavelet noise
is

ΣWn = WΣnW
∗ = W (σ2I)W ∗ = σ2WW ∗ ' σ2I

in the sense of (2.14). This shows that we consider the wavelet noise as nearly
decorrelated, because the correlations between coefficients corresponding to
different basis positions are very close to zero. Hence, in the wavelet domain
we can use the same white noise model of the previous sections with negligible
error.

2.2.4 Comparison with NLBayes

Here there are some examples of the results of our algorithm used for denoising,
although it is not the final purpose of it. We present a restored image for the
3-level version, and the comparison with the result of NLBayes. Note that
WNLBayes restores better some textures (like Lena’s hair, shoulder or lines in
the background) than others (like the eyes). In Chapter 4 we present several
results of WNLBayes restoration in other images.
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(a) Original image (b) Noisy image - PSNR = 22.15

(c) NLBayes - PSNR = 32.91 (d) WNLB (3-level) - PSNR = 32.00

Figure 2.18: Comparision of NLBayes and WNLB (3-level) denoising on Lena
with noise σ = 20.
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(a) Original image (b) Noisy image

(c) NLBayes result (d) WNLB (1-level) result

Figure 2.19: Zoom 1 of Figure 2.18.
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(a) Original image (b) Noisy image

(c) NLBayes result (d) WNLB (1-level) result

Figure 2.20: Zoom 2 of Figure 2.18.



Chapter 3

Decompression

Compression techniques are necessary when storage capacity and transmission
velocity are considered for the design of image or video systems. If we can
represent the same (or almost the same) image using half or less of its bits, it
will let us to store more than the double of information in the same hard disk
or cloud storage, or transmit the same image in the half of the time that it
would take if no compression procedure was used (which is very important in
real-time applications). Also, we need high compression ratios specially when
the image is too large to be transmited over a narrow band channel, as is the
case of high-resolution satellite imagery.

A wavelet transform, such as the biorthogonal CDF 9/7 used in Chapter
2, expresses the image in another basis with the same number of coefficients
than before, but using float values (requiring 32 or 64 bits each) instead of
integer (as is common in spatial images of 8 or 12 bits gray values). Thus,
storing the wavelet domain image as it is will lead to enlargement the original
size of the image, which is obviously undesired, as we want to compress the
data. This problem is called Dynamic Range Expansion in [16] (Green book).
A way in which we can represent the high precision coefficients into a fewer
bits representation of them is called quantization.

In this chapter, we give a more detailed discussion of the process of scalar
quantization of coefficients, which is a specific rounding operation as was de-
scribed in Chapter 1, and an approach to deal with the loss of information due
to the quantization procedure. First, we present our method for joint denois-
ing/dequantizing in spatial domain for simplicity, later we give some details of
the CCSDS (and also JPEG2000) compression scheme as our principal target
for our denoising algorithm, observing that NLBayes does not have optimal
results in this context, and finally we present a complete algorithm to deal with
noisy/quantized images for estimating the original coefficients in the wavelet
domain that at the same time performs denoising.

63
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3.1 Dequantizing in spatial domain

For the sake of clarity, we first present our dequantizing/denoising method in
the spatial domain. In this section, we will work with the quantization of noisy
images:

uqn = Q(u+ n), n(x) ∼ N(0, σ2) i.i.d. (3.1)

The function Q is a uniform q-step quantizer of the form

Qq(x) =

⌊
x

q
+ 0.5

⌋
q (3.2)

where q ∈ Z+. The 0.5 in the above definition is to give the center of each
quantization interval as the quantized coefficients:

Proposition 3.1. Qq(x) = x̃ if and only if x ∈
[
x̃− q

2
, x̃+ q

2

)
.

Proof.⌊
x

q
+ 0.5

⌋
q = x̃ ⇔

⌊
x

q
+ 0.5

⌋
=
x̃

q
⇔ x

q
+ 0.5 ∈

[
x̃

q
,
x̃

q
+ 1

)
⇔ x

q
∈
[
x̃

q
− 0.5,

x̃

q
+ 0.5

)
⇔
q>0

x ∈
[
x̃− q

2
, x̃+

q

2

)
.

Basically, for each k ∈ Z this quantizer maps the whole interval [kq, (k+1)q)
onto the value (k+1/2)q (the center of the quantization interval). In an image,
the quantizer Qq is applied to each pixel value.

We see that the presence of noise can help in the dequantization process.
A parameter that indicates if the noise can help in dequantizing is q/σ, that
is, the relation between quantization and noise:

• If q/σ is too large (say q/σ > 7) then the noise variance is very small
compared with the quantization step, and then outliers are very rare
(only appear when the signal is very close to a quantization threshold).

• If q/σ is too small (say q/σ < 3) then σ is much greater than q and thus
most of the coefficients will be outliers and then the quantization doesn’t
affect too much to the noisy image (we see almost the same noise after
quantization).

• In the middle (say 3 ≤ q/σ ≤ 7) the noise may help to distinguish where
a coefficient is in the center of the quantified interval, when is close to
the left border or when is close to the right border.
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A one-dimensional example that illustrates this fact is shown in Figure 3.1.

In Figure 3.2 we can see the loss of image quality of quantization in spatial
domain on a 8-bit gray image. If no quantization is applied, they are 256 gray
values availables to represent the image. Quantizing with step q = 10 reduce
to 26 the number of gray values, and with q = 30 they are only 9 distinct gray
values.

For example, in a noise-free homogeneous region whose pixel values belongs
to the same quantization interval, all its pixels will be quantized to the same
gray value (see that effect on the cheeks of Lena in Figure 3.2 (e)). If we
add noise to that region, now some pixels will fall in a different quantization
interval depending on how far of the center they are (we call to this type of
quantified coefficient as outlier) and thus we can better estimate the texture
of the region before quantization (as we see in the same example region in
Figure 3.2 (f)). This is related to the dithering technique, and the reason for
observing a staircase effect in (e) but not in (f).

The above discussions motivates the development of an algorithm that
performs jointly denoising and dequantizing.

3.1.1 Candès’ method

To restore original coefficients from quantized ones (dequantizing), we follow a
method inspired by Candès et al [38] and using again the Gaussian model of
Lebrun et al. [21]: Let’s denote by P̃ a patch of the quantified noisy image uqn
and P the corresponding original patch to be estimated, both with support
ΩP . To simplify notation, we denote by Px the pixel x of a patch P and by
[ax, bx] the quantization interval corresponding to the coefficient P̃x.

The conditional pdf of P̃ given P is

P(P̃ |P ) =
∏
x∈ΩP

P(P̃x |Px) =
∏
x∈ΩP

P(Q(Px + nx) = P̃x)

=
∏
x∈ΩP

P(Px + nx ∈ Q−1(P̃x) = [ax, bx])

=
∏
x∈ΩP

P
(
nx
σ
∈
[
ax − Px

σ
,
bx − Px

σ

])
.

But nx/σ ∼ N(0, 1), then the above is the probability that a normal random
variable falls into an interval. So

P(P̃ |P ) =
∏
x∈ΩP

[
Φ

(
bx − Px

σ

)
− Φ

(
ax − Px

σ

)]
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(a) Original signal - q/σ = +∞

(b) Noisy signal - q/σ = 7

(c) Noisy signal - q/σ = 3

(d) Noisy signal - q/σ = 2

Figure 3.1: One-dimensional example in which the noise can help in dequantiz-
ing the original signal. First row: Original signal and its quantization. Second
to bottom rows: If we add noise to the above signal and then quantize, the
outliers can give information about the original signal.
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(a) Original image (b) Noisy image (σ = 10)

(c) Original quantized q = 10 (d) Noisy quantized q = 10

(e) Original quantized q = 30 (f) Noisy quantized q = 30

Figure 3.2: Effects caused by quantization in spatial domain on a 8-bit gray
image.
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where

Φ(z) =
1√
2π

∫ z

−∞
e−t

2/2 dt

is the normal distribution function (ndf).

If we suppose again that P follows a Gaussian model with mean P and
covariance matrix ΣP , then

P(P ) = c. exp

(
−(P − P )Σ−1

P (P − P )

2

)
.

Varying P of domain ΩP , we obtain

arg max
P

P(P | P̃ ) = arg max
P

P(P̃ |P )P(P )

= arg min
P

− logP(P̃ |P )− logP(P ).

Thus, our main minimization problem is

min
P
D(P ) +R(P ) (3.3)

where

D(P ) =
∑
x∈ΩP

− log

[
Φ

(
bx − Px

σ

)
− Φ

(
ax − Px

σ

)]
(3.4)

is a convex differentiable data fit function and

R(P ) =
1

2
(P − P )Σ−1

P (P − P ) (3.5)

is a cuadratic regularization term.

Proposition 3.2. The data fitting functional D in (3.4) is convex.

Proof. Consider

h(z) = Φ(α− z)− Φ(β − z) =
1√
2π

∫ β−z

α−z
e−t

2

dt.

This function is the convolution of two log-concave functions (the Gaussian
density and the indicator function in [α, β]) which is log-concave too (see [5],
section 3.5.2), hence D is convex (is a sum of convex functions of the form
− log h(z/σ)).

Note that the functional (3.3) to be minimized is very similar to (2.7)
of NLBayes denoising algorithm. The regularization term (3.5) is the same
(because is based in the same Gaussian model for the cluster) and the data
fitting term (3.4) takes into account the quantization of the coefficients. But
now, this problem is not quadratic and we no longer have the possibility to
obtain an analytic solution like (2.10) in NLBayes. Hence, in order to obtain
the restored patches, we have to apply an optimization algorithm to the convex
problem (3.3).
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Figure 3.3: Newton’s minimization algorithm: In each step, it minimizes the
quadratic approximation of the objetive function at the current point (repre-
sented by dashed lines).

3.1.2 Minimization algorithms

As was noted in the previous section, for restoring noisy patches we need
to solve the convex differentiable problem of (3.3). This is not as good as
having an analytical solution like in NLBayes algorithm, but at least we are
in a auspicious situation: we can use the fast and widely studied Newton’s
minimization algorithm. Here we will describe briefly the Newton’s method
for minimization (for more details, see for example [4], [5]).

Newton’s algorithm

Suppose we have the following minimization problem:

min
x∈X

f(x) (3.6)

where f : X ⊆ Rn → R is a twice differentiable strictly convex function, that is,
∇2f(x) positive definite for all x ∈ X. Starting from an initial guess x0 ∈ X
of the solution, the geometric idea of Newton’s Method is to minimize the
quadratic approximation f̂ of f around x0 to get a better estimation of the
solution (see Figure 3.3). From the Taylor expansion:

f(x) ' f̂(x) := f(x0) +∇f(x0)T (x− x0) +
1

2
(x− x0)T∇2f(x0)(x− x0).

From the convexity of f̂ (because ∇2f̂(x) = ∇2f(x0) � 0 ∀x ∈ X), the
minimum is the solution of

∇f̂(x) = ∇f(x0) +∇2f(x0)(x− x0) = 0 ⇒ x = x0 −∇2f(x0)−1∇f(x0).
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The pure Newton’s minimization method consists in iterating this procedure:{
Start with x0 ∈ X
xk+1 = xk −∇2f(xk)

−1∇f(xk)
. (3.7)

The quadratic approximation f̂ is a good one if we use it in a small re-
gion centered in the point in which it was computed. Thus, there are several
well known results for the local behavior of Newton’s algorithm that ensures
quadratic convergence near the minimum. This rate of convergence proves
that the Newton algorithm is very fast if we start near the optimum point x∗:

Proposition 3.3. (Local convergence)
Suppose that f is twice differentiable and the Hessian ∇2f(x) is Lipschitz

continuous, that is, it satisfies

∃L > 0 : ‖∇2f(x)−∇2f(y)‖ ≤ L‖x− y‖

in a neighborhoodof a solution x∗ at which∇f(x∗) = 0 and∇2f(x∗) is positive-
definite. Then the iteration (3.7) satisfies

• if the starting point x0 is sufficiently close to x∗, the sequence of iterates
converges to x∗,

• the rate of convergence of {xk} is quadratic, and

• the sequence of gradient norms {‖∇f(xk)‖} converges Quadratically to
zero.

Proof. See [28].

The problem is that, in general, it is difficult to predict when we are near
the optimum. It can be easily shown that for each k ≥ 0 the vector

hk = −∇2f(xk)
−1∇f(xk)

which is the step of the above algorithm is always a descent direction. Indeed:

∇f(xk)
Thk = −∇f(xk)

T∇2f(xk)
−1∇f(xk) < 0

because ∇2f(xk) (and then ∇2f(xk)
−1) is positive-definite, unless ∇f(xk) = 0

in which case xk is the global solution of 3.6 (due to strictly convex objetive
funtional f). Thus, in the direction of hk we can decrease the functional f
but it may happen that xk +hk (the minimum of the quadratic approximation
f̂) is not better than xk for f (compare x0 and x1 in Figure 3.3). There are
several examples that show that Newton’s algorithm may fail to converge.
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In order to ensure decrease in each iterate of the algorithm, once we have
a descent direction hk we perform a line search to find a value tk > 0, called
step length such that the step tkhk satisfies

f(xk + tkhk) < f(xk).

A common procedure is to apply a backtracking line search, that can help to
approach the optimum when we are far from it (see [5] for more detail on the
line search procedure). If we impose a stronger regularity in f , we can prove a
global convergence result that shows that in the last iterations, the line search
chooses tk = 1 (full Newton step length) and then the convergence is quadratic
when we approach the optimum. In what follows, recall that A � B means
that B − A is a positive-semidefinite matrix.

Proposition 3.4. (Global convergence)
If f is twice continuously differentiable and strongly convex on a subset S,

that is
∃m > 0 : mI � ∇2f(x) ∀x ∈ S (3.8)

and the Hessian of f is Lipschitz continuous on S, that is

∃L > 0 : ‖∇2f(x)−∇2f(y)‖ ≤ L‖x− y‖ ∀x, y ∈ S (3.9)

then the Newton algorithm{
Start with x0 ∈ X
xk+1 = xk − tk∇2f(xk)

−1∇f(xk)
(3.10)

converges for any initial guess x0 ∈ S. Also, there exists numbers η, γ with
0 < η ≤ m2/L and γ > 0 such that

• Damped Newton phase: If ‖∇f(xk)‖ ≥ η, then

f(xk)− f(xk+1) ≥ γ

• Pure Newton phase: If ‖∇f(xk0)‖ < η, then the backtracking line search
selects tk = 1 for k ≥ k0 and the quadratic convergence of Proposition
3.3 is achieved.

Proof. See [5].

We also comment that, in order to accelerate the quadratic minimization
algorithm (that will be called many times), we can use variants of the Newton’s
algorithm that approximate the inverse to the Hessian, whose computation is
the most costly of the algorithm. So, we have rates of convergence to the
optimum similar to the Newton’s algorithm with faster computational times.
Methods of this type are called quasi-Newton methods. Also, the system that
computes the Newton step can be solved by applying a Conjugate Gradient
method which is also very fast. For a broader study of convex minimization
algorithms, see for example [4], [5], [28].
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Minimizing QNLBayes functional

Recall that, to restore each patch of the image, we want to solve:

min
P
D(P ) +R(P )︸ ︷︷ ︸

E(P )

(3.11)

where

D(P ) = −
∑
x∈ΩP

log

[
Φ

(
bx − Px

σ

)
− Φ

(
ax − Px

σ

)]
R(P ) =

1

2
(P − P )Σ−1

P (P − P ).

(3.12)

If we denote E(P ) = D(P ) +R(P ) and ΩP = {x1, . . . , xn}, direct calculations
lead to

∇E(P ) =

(
e−B

2
i /2 − e−A2

i /2

σ
∫ Bi
Ai
e−t2/2 dt

)
i=1,...,n

+ Σ−1
P (P − P )

∇2E(P ) = diag(C) + Σ−1
P

where

Ai =
axi − Pxi

σ
, Bi =

bxi − Pxi
σ

,

Ci =
(Bie

−B2
i /2 − Aie−A

2
i /2)

∫ Bi
Ai
e−t

2/2 dt+ (e−B
2
i /2 − e−A2

i /2)2(
σ
∫ Bi
Ai
e−t2/2 dt

)2

for i = 1, . . . , n.

Proposition 3.5. The problem (3.11) above has only one minimum that is

reached for every initial guess in the segment between P̃ and P̃ (in particu-

lar, for (P̃ + P̃ )/2), and the Newton method is quadraticaly convergent in a
neighborhood of the minimum, as it was established by Proposition 3.4.

Proof. The functional D is positive and convex, and R is a positive-definite
(convex) quadratic function, so E is coercive, that is

lim
‖P‖→+∞

E(P ) = +∞

which implies in particular that the sublevel set

S = {P ∈ Rt×t : E(P ) ≤ E0}

is a compact convex subset, where E0 = max(E(P̃ ), E(P̃ )). Thus, the whole

segment between P̃ and P̃ belong to S. As E is infinitely differentiable, the
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Figure 3.4: Plots of D(p), R(p) y E(p) for q = 5, p̃ = 0, [a, b] = [−q/2, q/2],
σ = 0.5, p = 2q, s = 1.5.

Lipschitz continuity of (3.9) is also satisfied in S.

Now, if we denote by λP the largest eigenvalue of ΣP , it follows that

0 ≺ ΣP � λP I ⇒ 0 ≺ 1

λP
I � Σ−1

P ,

that is, R is a strongly convex functional, and hence E is strongly convex too.
The proof concludes by applying Proposition 3.4.

In the next subsection we will show how the QNLBayes algorithm works
in a one-dimensional example.

3.1.3 Example in one dimension

Suppose that the patch to be restored consists of only one pixel (P = p ∈ R),
n ∼ N(0, σ2) is the associated noise and [a, b] is the quantization interval such
that p+ n ∈ [a, b]. Thus

P (pqn | p) = P (p+ n ∈ [a, b]) = Φ

(
b− p
σ

)
− Φ

(
a− p
σ

)
and hence

D(p) = − log

[
Φ

(
b− p
σ

)
− Φ

(
a− p
σ

)]
.

For the regularization, we assume mean p and variance s2:

R(p) =
(p− p)2

2s2
.
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Figure 3.5: Comparision between the data fitting in NLBayes (blue) and QNL-
Bayes (green) for p̃ = 0, [a, b] = [−2, 2], σ = 0.5

Defining A = a−p
σ

y B = b−p
σ

, the first and second order derivatives of the
functional E(p) = D(p) +R(p) are:

E ′(p) =
e−B

2/2 − e−A2/2

σ
∫ B
A
e−t2/2 dt

+
p− p
s2

E ′′(p) =
(Be−B

2/2 − Ae−A2/2)
∫ B
A
e−t

2/2 dt+ (e−B
2/2 − e−A2/2)2(

σ
∫ B
A
e−t2/2 dt

)2 +
1

s2
.

In Figure 3.4 are shown the plots of the above functions in the case when p
doesn’t belong to the quantization interval.

The data fitting D(p) of QNLBayes measures the − log probability that the
quantized coefficient p+n belongs to the quantization interval [a, b]. So, while
p ∈ [a, b] this functional will be nearly zero (in this case the most probable
fact is that p + n ∈ [a, b], so the probability is near 1), but if p 6∈ [a, b] the
probability of an outlier occurs is small (even more for small values of σ) and
then D(p) will be large.

Thus, D(p) permits to choose p almost freely in [a, b] but starts to penalize
a lot as we move away from the limits of the quantization interval. In contrast,

the data fitting in NLBayes is ‖P−P̃‖
2

σ2 and then only considers the noise (not
the quantization). A comparison of the two data fitting functionals is shown
in Figure 3.5. As we can see, the QNLBayes data fitting functional is more
flexible to coefficients belonging to the quantization interval than the one in
NLBayes. If we reduce the value of σ, the graph of D(p) in [a, b] becomes
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Figure 3.6: Functionals of QNLBayes of a two-dimensional patch. Left: D(p)
and R(p). Right: E(p) = D(p) +R(p).

more flat and tends to +∞ more quickly outside [a, b]. This is coherent with
the fact that, for small values of σ, an occurrence of an outlier is very rare
and then the data fitting requires the coefficient to belong to the quantization
interval. In Figure 3.6 is shown a two-dimensional example of the QNLBayes
functionals.

3.1.4 Comparision with NLBayes

For a fair comparison, we take into account the noise added by the quantization
step in the NLBayes algorithm. Given the image formation and compression
model described previously, we can model the conditional distribution of the
noisy-quantization error by

P̃x = Px + nx

where the noise nx of pixel x follows a distribution N + U with

N ∼ N(0, σ2), U ∼ U
[
−q

2
,
q

2

]
which is the sum of a normal and an uniform independent random variable
respectively. If q/σ is not too large (which means that the quantization error
does not influence too much in the overall error), this distribution can be
approximated by a Gaussian of zero mean and variance

σ2
qn = σ2 +

q2

12
(3.13)

(that is, the sum of the variances of N and U). Thus, for the results shown in
this subsection, we apply NLBayes with the parameter σqn given by (3.13).

In Figure 3.7 and 3.8 we can see that QNLBayes is better than NLBayes
dealing with quantized images for large values of q/σ. This is not surprising
because NLBayes is not designed to denoise quantized images for large values
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(a) Original image (b) Noisy quantized image - PSNR =
28.02 (q = 5, σ = 10)

(c) NLBayes - PSNR = 34.21 (d) QNLBayes - PSNR = 34.09

Figure 3.7: Comparision between NLBayes and QNLBayes restoring noisy
quantized Lena with q = 5 and σ = 10 in spatial (q/σ = 0.5).
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(a) Original image (b) Noisy quantized image - PSNR =
27.95 (q = 30, σ = 5)

(c) NLBayes - PSNR = 32.37 (d) QNLBayes - PSNR = 33.14

Figure 3.8: Comparision between NLBayes and QNLBayes restoring noisy
quantized Lena with q = 30 and σ = 5 (in the spatial domain) such that
q/σ = 6.
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of q/σ since the noise distribution in this case is far from being Gaussian. As
was pointed out in the previous subsection, the QNLBayes algorithm uses the
same regularization term as NLBayes (that is, the same Gaussian model for
the clusters of similar patches to the one to be denoised) but the data fitting
term is more flexible to moving inside the quantization interval, which allows
for better estimating the unquantized coefficient.

3.2 Dequantizing in wavelet domain

In this last section we will incorporate the dequantization ingredient into the
WNLB algorithm in order to obtain the denoising/dequantizing algorithm in
the wavelet domain, which is natural considering the image formation model
presented in Chapter 1.

3.2.1 Wavelet compression schemes

In Chapter 1 we presented a general definition for a quantizer

Q : R→ CQ, CQ = {c1, c2, . . . , cm}

that maps a high-precision coefficient x ∈ R into a representation coefficient
Q(x) ∈ CQ using fewer bits. Moreover, if most of the inputs symbols are
mapped to a small number of ci, then we can use a variable-length representa-
tion of the elements of CQ in order to encode the most frequent ci with fewer
bits and the other (less frequents) with larger code words, so that the overall
length will be smaller than using a fixed codelength words for all the ci coeffi-
cients. This procedure is called entropy coding.

Also, we see in Chapter 1 that the wavelet transform has the property of
concentrating the energy of the image in a small number of coefficients (in
general in the LL subband and in the edge positions in the other subbands),
setting the rest of the coefficient to very small values that will be quantized
to zero. Thus, we are in the context described above: we will have a large
amount of wavelet coefficients quantized to a small subset of CQ (in this case,
to zero) and we will produce a very compressed version of the wavelet domain
image by means of a entropy coding procedure. The entropy coding is a lossless
compresion procedure and a detailed explanation of this process is out of the
scope of this thesis. In what follows we will concentrate in the lossy compresion
procedure (the quantization) that is where belongs all the loss of image quality.

Dynamic range expansion

If we take for example an 8-bit (integer) image and perform a decimated
wavelet transform (that is, mantaining the same number of coefficients than
pixels in the original image), the wavelet coefficients in general will be no
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longer integer values, and thus we must represent them (in memory) by float-
ing point values (32 or 64 bits each). This difficulty of having to increase the
needed bits for representing the same image is called dynamic range expansion.

Although we do not want to compress the wavelet coefficients, we must
reduce the number of bits used to store them in order to avoid excessively
increasing the size of the data (by a factor of 4 to 8 for a 8-bit image). The
amount of dynamic range expansion allowed by the CCSDS Recomendation,
for an integer image of bI bits per sample varying between 6 and 16, is

bW = bI + 5

where bW is the number of bits per coefficient in the wavelet domain. This
recommendation is for data storage and not for memory computations (unless
it is needed due to onboard hardware limitations, for example).

Coefficient quantization

Once we follow a convention to atenuate the dynamic range expansion, we ad-
dress the problem of quantization to represent each coefficient in the wavelet
domain with fewer bits than the above discussion. The CCSDS uses the con-
cept of significant bits to reduce the size of the representation of the wavelet
coefficients. If z is an integer and we denote by

z = (b1b2 . . . bn)2

its binary representation, setting its m least significant bits to zero (where
0 ≤ m ≤ n) means that we have a quantized version zm of z by

zm = (b1 . . . bn−m 0 . . . 0︸ ︷︷ ︸
m bits

)2

represented with m fewer bits than z. This may be done by means of the
quantizer

Qm(z) = bz/2mc2m.

For example, if we want to represent z = 213 which has binary representa-
tion 213 = (11010101)2 with 3 bits less, then

Q3(213) = b213/23c23 = 208 = (11010000)2

that corresponds to null the last 3 (the least significants) bits.

Bit allocation

Using an orthogonal wavelet transform W , by the Parseval identity

‖un‖2 = ‖Wun‖2 = ‖wn‖2.
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Figure 3.9: Embedded Zero-Tree Wavelet coding. Left: propagation of signif-
icant coefficients across frequency bands. Right: example zero-trees that can
be defined on the wavelet transform. The roots of the three trees (indicated
by shading) originate in the LL3, LH3 and HL2 subbands. (From [36])

That means that the error introduced by the quantization procedure in the
spatial domain is the same as that in the wavelet domain. Thus, we can de-
sign a quantizer based on considerations made only in wavelet domain. As a
result, the coefficients in each subband can be quantized independently of each
other, based on the statistics of the subbands, because each subband requires
a different amount of bit resources to obtain best coding performance. For
example, as has been pointed out, the LL subband contains the majority of
the energy of the signal, and hence it is logical to assign more bits to represent
that subband than the others.

For a compressed image, the bit rate achieved by the compressor, measured
in bits/pixel (bpp), is defined as the number of bits used in the compressed rep-
resentation of the image divided by the number of pixels in the image. Thus,
a compression of 0.5 bpp means that we can store an image of n pixels in a
compressed image using n/2 bits overall (in contrast with 8n bits needed to
store the gray image in an 8-bit representation). The only issue to be resolved
is the number of bits to be assigned to each individual subband to give the
best performance. We can think that we have a bit budget for the whole image
(given by the compression bit rate) that we must distribute over all the coef-
ficients of the wavelet domain. This is refered as bit allocation in the literature.

For example, JPEG2000 standard is based on a method called Embedded
Zero-Tree Wavelet coding (EZW). As was previously noted, the energy of the
signal is concentrated in a small number of wavelet coefficients, and thus cod-
ing only these ones with the available bits and setting the rest to zero will
lead to a good compression rate with minimum quality distortion. But in this
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case we must also code the positions of the non-zero coefficients. Depending
on the method used, the amount of resources required to code the position
information can be a significant fraction of the total, negating much of the
benefit of the energy compaction.

It was found experimentally that zeros could be predicted very accurately
across different scales in the wavelet transform. Defining a wavelet coefficient
as insignificant with respect to a threshold T if |x| < T , the EZW algorithm
hypothesized that “if a wavelet coefficient at a coarse scale is insignificant with
respect to a given threshold T , then all wavelet coefficients of the same orien-
tation in the same spatial location at finer scales are likely to be insignificant
with respect to T” [36].

Recognizing that coefficients of the same spatial location and frequency
orientation in the wavelet decomposition can be compactly described using
tree structures, the EZW called the set of insignificant coefficients, or coef-
ficients that are quantized to zero using threshold T , zero-trees. Figure 3.9
shows an example of the correlation between positions of the significant coef-
ficients across scales, and the tree structures generated by the EZW coding.
Actually, the JPEG2000 compression scheme is flexible in the choice of the
wavelet transform, the specific compression algorithm, and other parameters
to be used. For more details about the JPEG2000 compression scheme, we
suggest to consult [36].

The CCSDS standard for image compression is a little more specific and
its lossy version suggest the usage of the CDF 9/7 transform. In order to
minimize the effects of information loss, the image is coded in separated blocks
that consists in differents regions of the image. To each block is assigned a
bit budget to guarantee the overall compression rate. It proposes to code
in differents ways the summary and detail coefficients taking into account
the nature of each of these subbands. A detailed explanation of the CCSDS
standard compressor is out of the scope of this thesis, and we refer the reader
to the Green Book of [16].

Some examples

In order to generate compressed noisy images to be restored with the discussed
algorithms, here we implement a simple quantizer that was inspired in the
above compressors (EZW and CCSDS). It doesn’t consider the entropy coding
because the latter is a lossless (invertible) process, but uses the notion of
assigning more bits to significant coefficients and to null the less significant
ones, in a three-level significance scheme. Basically, for a number x, a threshold
T > 0 and a number of bits b, it does

• If |x| < T , then x is considered as insignificant and set to zero.
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• If T ≤ |x| < 2T , then x is considered as less significant and the b bits
less significant are set to zero.

• If |x| ≥ 2T , then x is considered as very significant and it is only rounded
to the closest integer.

This quantizer is described in Algorithm 3.

Quantizer with three significance levels

input : Wavelet coefficients w of an image u
input : Threshold T , number of bits b
output: A quantized image Q(w) = wq
output: The corresponding quantization intervals [ak, bk] for each wq(k)

for each k ∈ Ωw (wavelet coefficient) do
# Quantized coefficient:

wq(k) =


0 if |w(k)| < T(⌊

w(k)
2b

⌋
+ 0.5

)
2b if T ≤ |w(k)| < 2T

bw(k)c+ 0.5 if |w(k)| ≥ 2T

# Quantization interval:

[ak, bk] =


(−T, T ) if |w(k)| < T[

wq(k)− 2b−1, wq(k) + 2b−1
)

if T ≤ |w(k)| < 2T
[wq(k)− 0.5, wq(k) + 0.5) if |w(k)| ≥ 2T

end

Algorithm 3: Basic quantizer used to test discussed algorithms.

Figure 3.10 shows an example of the compression (using the above algo-
rithm) of a noisy image. Also, as we can see, not all the outliers are removed by
NLBayes, in part because there are some of them of similar shapes near each
other, so they are considered as part of the texture of the image. These out-
liers aren’t Gaussian noise in spatial domain, so the NLBayes algoritm doesn’t
work well as its noise model is not satisfied.

3.2.2 Final WNLB algorithm

Recall that now we do not have the noisy coefficients (which is the requeriment
for NLBayes to work properly) but instead we have the quantified ones, that
is, only a reference of an interval in which this coefficient belongs. No mat-
ter what bit allocation procedure was applied in the quantization step of the
compression scheme, in what follows we assume that we have access, for each
quantized coefficient wqn(k), to the interval [ak, bk] to which the unquantized
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Figure 3.10: From top to bottom: Original satellite StMichel image, Com-
pressed noisy image with Algorithm 3 (σ = 15, T = 30, b = 4), and NLBayes
result (on the left, contrast has been enhanced in order to see in the shadows).
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noisy coefficient wn(k) belongs, as was done in 3.1.1. That general setting
permits to apply the resulting algorithm to any coding scheme that uses quan-
tization as part of the compression procedure.

The adaptation of the QNLBayes algorithm presented in the previous sub-
section to the wavelet domain is straightforward: we can make the changes in
a similar manner as was done between NLBayes and WNLBayes in Chapter 2.
That is, we take the previous multi-scale WNLBayes algorithm and we replace
the way in which we restore each patch (that now consists in quantized noisy
wavelet coefficients instead of pixels).

There are a few modifications to be adressed:

Subbands soft-thresholding

In the quantization process, the small coefficients were set to zero. Thus now
it is not necessary to apply a softthresholding to the detail subbands previous
to the search of similar patches.

Translated samples

No longer works the generation of traslated samples in the search of similar
patches in the cluster estimation, because we do not have access to the un-
compressed spatial image by means of the inverse wavelet transform (now the
coefficients are quantized). In order to compensate the lack of wavelet patches
centered in all pixels due to the subsampling procedure of the wavelet trans-
form, we can use a similar approach to the Cycle-Spinning of Coifman and
Donoho [11]. This has not yet been done and will be considered in future work
(see Chapter 5).

Weighted distances

When we compute distances between patches, we must take into account the
noise introduced by the quantization (that now is variable and depends in each
coefficient of the patch). Thus, for patches P,Q ∈ R4t2 extracted of the wavelet
domain, we propose to standardize the Euclidean distance, which means that
we compute them with

dqn(P,Q) =
∑
k∈ΩP

[
P (k)−Q(k)

σP (k) + σQ(k)

]2

(3.14)

where

σ2
P (k) = σ2 +

(bP (k)− aP (k))2

12
(3.15)

is the approximated variance of the noise in the k-th coefficient of P that com-
bines the Gaussian and the quantization noise (here [aP , bP ] is the quantization
interval associated to the patch P ) and analogous for σ2

Q(k).
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Covariance matrix unbiased estimation

In the correction of the bias introduced by the noise in the covariance matrix,
we must add the contribution of the quantization noise. If we assume that
the noise (3.15) in each coefficient k of P is independent then the covariance
estimate is biased by

ΣP̃ = ΣP + S2
P

where now the bias is

S2
P = diag((sP (k))k), sP (k) =

1

|NP |
∑
Q∈NP

σ2
Q(k)

(recall that NP is the set of nearest neighbors of P used for the Gaussian model
estimation).

WNLB: Wavelet Non-Local Bayes Restoration Algorithm

input : 3-level quantized wavelet coefficients wqn of noisy image un
input : Total noise affecting the image σ, quantization intervals [ak, bk]

for each k ∈ Ωw

output: A restored image û

# First step:
for each patch P̃ ∈ wqn (of size t× t× 4) do

NP = obtain nearest neighbors(P̃ , wqn) (using distances (3.14))

(P̃ ,ΣP̃ ) = obtain Gaussian model(P̃ , NP )

P̂ (1) = arg min P E(P ) using P̃ ,ΣP̃ and [ak, bk]
end
for k ∈ Ωw do

ŵ0(k) = aggregate patches(k)
end

# Second step:
for each patch P̃ ∈ wqn do

N ŵ
P = obtain nearest neighbors(P̃ , ŵ0)

(P̃
ŵ

,Σŵ
P̃

) = obtain Gaussian model(P̃ , N ŵ
P )

P̂ (2) = arg min P E(P ) using P̃
ŵ

,Σŵ
P̃

and [ak, bk]

end
for k ∈ Ωw do

ŵ(k) = aggregate patches(k)
end
û = wavelet synthesis(ŵ)

Algorithm 4: Wavelet Non-Local Bayes Restoration Algorithm for com-
pressed noisy images.
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We present the final version of WNLB algorithm in Algorithm 4. The
results of WNLB in several compressed noisy images are shown in Chapter 5,
and comparisons with NLBayes algorithm is also performed.



Chapter 4

Experimental results

In this Chapter we present the results of our denoising/decompression algo-
rithm WNLB as was discussed in the previous chapters. We perform various
experiments in order to evaluate the performance of WNLB restoration algo-
rithm in different contexts, and to compare our results with other approaches,
we also show the results of NLBayes to the same images. First, we will show
the results in a set of experiments using the noise model and compressors stud-
ied in this thesis, and later we present some adaptations that can be made in
order to test our method on more realistic images.

There exists very little research on noisy decompression algorithms. For
this reason we can only compare our algorithm to one of the best available
image denoising algorithms like NLBayes, even if it was not designed for com-
pression noise. For compressed noisy images we do not have a noise model in
the spatial domain (which was the main reason for considering denoising in the
wavelet domain), so the comparisons will be made with the known variance of
the noise before quantization.

4.1 Synthetic noise and simplified quantizer

We will perform five different experiments that contemplate the following sit-
uations:

• Experiment 1: Barbara 512× 512 with noise σ = 10, no compression.

• Experiment 2: Lena 1024× 1024 with noise σ = 20, no compression.

• Experiment 3: Lena 1024× 1024 with noise σ = 20, compression using
Algorithm 3 with T = 40 and b = 3.

• Experiment 4: St Michel with noise σ = 15, compression using Algo-
rithm 3 with T = 30 and b = 4.

• Experiment 5: St Michel with noise σ = 8, compression using uniform
quantization with q = 40 (thus q/σ = 5 constant).

87
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In the first two experiments there is no compression, and in Figures 4.1 to
4.8 the results of NLBayes and WNLBayes denoising in the above experiments
are shown. We see that the method it is not so bad in restoring this type of
images. In Experiment 1 there is low noise variance and NLBayes is better
suited to restore this image. This may happen because the size of the patch in
WNLBayes in low-frequency levels corresponds to large patch sizes in spatial
domain, which is not the better option as was pointed out in NLBayes [21]. In
Experiment 2 we see that, although NLBayes gives better PSNR, WNLBayes
can restore certain textures better than NLBayes (see for example the hat in
Figure 4.4).

In the last three experiments there are outliers due to the compression pro-
cedure. In Experiment 3 and 4 we perform compression with Algorithm 3 that
is similar to CCSDS and JPEG2000 compressors. We can see that NLBayes
algorithm preserves some of the outliers because they are learnt as part of the
Gaussian model prior (mainly when they are mixed with high frequency tex-
tures or rare patches). In contrast, WNLBayes is able to remove them, as each
outlier corresponds to the noise in only one coefficient in the wavelet domain
which is in general decorrelated from the neighboring coefficients (and thus
more easily removed).

Finally, in Experiment 5 we compress the satellite image with an uniform
quantizer in the wavelet domain of the form (3.2):

Qq(w) =

⌊
w

q
+ 0.5

⌋
q

This quantizer is the same to the one used in the spatial domain, and for each
k ∈ Z it maps the whole interval [(k− 1/2)q, (k+ 1/2)q) to kq. This was done
in order to stabilize the value q/σ that now is constant, and thus we can choose
a large value of q/σ to show the advantage of our method in these situations,
as was pointed out in Subsection 3.1.1. As we can see in this case, although
NLBayes is able to remove the outliers, WNLBayes has better visual results
as it can better estimate the underlying textures, and also gives better PSNR
result.
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(a) Original image (b) Noisy - PSNR = 28.132

(c) NLBayes - PSNR = 34.924 (d) WNLBayes - PSNR = 34.335

Figure 4.1: Experiment 1: Barbara 512× 512 with noise σ = 10, no compres-
sion.
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(a) Original image (b) Noisy - PSNR = 28.132

(c) NLBayes - PSNR = 34.924 (d) WNLBayes - PSNR = 34.335

Figure 4.2: A zoom of the previous image.
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(a) Original image (b) Noisy - PSNR = 22.144

(c) NLBayes - PSNR = 35.406 (d) WNLBayes - PSNR = 34.737

Figure 4.3: Experiment 2: Lena 1024×1024 with noise σ = 20, no compression.
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(a) Original image (b) Noisy - PSNR = 22.144

(c) NLBayes - PSNR = 35.406 (d) WNLBayes - PSNR = 34.737

Figure 4.4: A zoom of the previous image.
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(a) Original image (b) Compressed noisy - PSNR =
26.707

(c) NLBayes - PSNR = 34.057 (d) WNLBayes - PSNR = 33.950

Figure 4.5: Experiment 3: Lena 1024 × 1024 with noise σ = 20, compression
using Algorithm 3 with T = 40 and b = 3.
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(a) Original image (b) Compressed noisy - PSNR =
26.707

(c) NLBayes - PSNR = 34.057 (d) WNLBayes - PSNR = 33.950

Figure 4.6: A zoom of the previous image.
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(a) Original image (b) Compressed noisy - PSNR =
29.033

(c) NLBayes - PSNR = 32.449 (d) WNLBayes - PSNR = 32.286

Figure 4.7: Experiment 4: St Michel with noise σ = 15, compression using
Algorithm 3 with T = 30 and b = 4.
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(a) Original image (b) Compressed noisy - PSNR =
29.033

(c) NLBayes - PSNR = 32.449 (d) WNLBayes - PSNR = 32.286

Figure 4.8: A zoom of the previous image.



4.1. SYNTHETIC NOISE AND SIMPLIFIED QUANTIZER 97

(a) Original image (b) Compressed noisy - PSNR =
29.033

(c) NLBayes - PSNR = 32.449 (d) WNLBayes - PSNR = 32.286

Figure 4.9: Another zoom of the previous image.
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(a) Original image (b) Compressed noisy - PSNR =
31.444

(c) NLBayes - PSNR = 33.911 (d) WNLBayes - PSNR = 35.014

Figure 4.10: Experiment 5: St Michel with noise σ = 8, compression using
uniform quantization with q = 40, so q/σ = 5 is constant.
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(a) Original image (b) Compressed noisy - PSNR =
31.444

(c) NLBayes - PSNR = 33.911 (d) WNLBayes - PSNR = 35.014

Figure 4.11: A zoom of the previous image.
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(a) Original image (b) Compressed noisy - PSNR =
31.444

(c) NLBayes - PSNR = 33.911 (d) WNLBayes - PSNR = 35.014

Figure 4.12: Another zoom of the previous image.



4.2. REALISTIC NOISE AND CCSDS QUANTIZER 101

4.2 Realistic noise and CCSDS quantizer

In a more realistic application, we must consider another noise model and
compression scheme. Instead of a uniform noise, the actual noise model is
Gaussian independent in each pixel x of the image with zero mean and variance

σ2(x) = c2
1 + c2 × u(x)

that depends on the pixel luminance and is therefore spatially variant. Our
model performs well in this situation only changing σ by σ(x) in the data fit-
ting function (3.12) and in the covariance estimation correction.

The CCSDS compressor, as was discussed in Chapter 3, quantizes the more
significant wavelet coefficients using more bits than for less significant coeffi-
cients. Given a number of bit-planes B(k), the quantization operator Q ap-
plied to a coefficient w(k), returns the same coefficient with all its B(k) least
significant bits set to 0, that is

Q(w(k)) = bw(k)/2B(k)c2B(k),

Note also that the quantization step q(k) := 2B(k) depends on the coefficient
itself: to each coefficient corresponds a possibly different quantization step,
and this is done in order to ensure a fixed compression ratio. We refer the
reader to the Green Book of the CCSDS standard [16].

In order to make a fair comparison, as NLBayes assumes a signal inde-
pendent noise, we must decorrelate the noise from the signal. The Variance
Stabilization Transform (VST) is a contrast change transform that is applied
to the image in order to make the noise (approximately) stationary. The aim
behind the choice of a VST is to find a simple function g to apply to values
x in a data set to create new values y = f(x) such that the variability of the
values y is not related to their mean value. In our case, if the quantisation
effects are not taken into account, the realistic image formation model is such
that the acquired image is given by

ũ(x) = u(x) + ñ(x),

where ñ is a non-uniform Gaussian noise with zero mean and variance σ(x)2.
Equivalently

ũ(x) = u(x) + σ(x)n(x),

with n ∼ N (0, 1). It is therefore possible to apply a contrast change g to the
acquired image such that the noise variance is nearly constant after contrast
change:

Var g(ũ)− g(u) ≈ const.

Using a first order approximation

g(ũ) ≈ g(u) + g′(u)σ(u)n
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the noise variance after contrast change can be estimated as√
Var g(ũ)− g(u) ≈ c = g′(u)σ(u).

Integrating, we obtain:

g(u) =
2c

b

√
c2

1 + c2u

which gives an image g(u) corrupted with noise of nearly uniform variance c2.

In Figure 4.13 we can see the results of WNLBayes adapted to realistic
noise and compressed with the CCSDS compressor of the above experiment.
Also, in Tables 4.1 and 4.2 are shown the quantitative results of NLBayes (with
VST) and WNLBayes. As in the previous experiments, we can see that WNL-
Bayes is better suited to remove outliers and to restore underlying textures
present in the image.

To conclude with this thesis, we mention that all a manuscript was sub-
mitted to IEEE Transactions on Computational Imaging, Special Issue: Com-
putational Imaging for Earth Sciences, and it is actually in review process.

Original vs Noisy NLBayes NLBayes/VST WNLB

Cannes (bpp = 2.0) 13.79 49.66 49.69 49.83
St. Mitchel (bpp = 2.77) 50.21 50.43 50.53 50.78

Table 4.1: A quantitative analysis of the proposed method for different noise
levels and compression ratio. Results are expressed in PSNR. A comparison
with NLBayes and NLBayes + VST is also presented.

q/σ range 0.66 - 2.28 2.28 - 2.65 2.65 - 3.19 3.19 - 4.13 4.13 - 9.47
Noisy 50.33 50.20 50.18 50.22 50.13
NLBayes 50.55 50.40 50.40 50.44 50.33
WNLB 50.64 50.52 50.51 50.54 50.46
Increment 0.093 0.11 0.11 0.10 0.13

Table 4.2: Analysis of the performance of the presented method for differ-
ent q/σ ratios. The table shows the PSNR grouped by quartile. The values
correspond to St. Michel Image compressed at 2.7 bpp.
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(a) Original Image (b) Noisy and quantised image

(c) Restored image using NLBayes (d) Restored image using WNLB

Figure 4.13: Detail of the results obtained for an image with a noise with local
variance and compression ratio of 2 bpp. Image range is saturated in order to
view on the dark regions (in this case, the street). Note that NLBayes still
presents several outliers (clear on the detail of the street)
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Chapter 5

Conclusions and Future Work

Let us summarize the work presented in this thesis:

• In Chapter 1 we presented a brief introduction in image processing tasks
as denoising and compression, as well as an introduction to the modern
wavelet theory, and then we gave a description of the problem that we
want to address.

• In Chapter 2 we reviewed some of the state-of-the-art image denoising
algorithm such as NLBayes, and then we discussed how to adapt it to do
denoising in the wavelet domain, obtaining, in this way, a denoising al-
gorithm that works in several decomposition levels (frequency subbands)
of the wavelet domain.

• In Chapter 3 we gave some details about the CCSDS Recomendation for
image compression and the JPEG2000 format, both having very similar
compression schemes. Then, we presented an adaptation of Candès’
method for dequantization of wavelet coefficients which leads to a convex
minimization problem for each patch of the image that can be efficiently
solved.

• In Chapter 4 we show several examples that demonstrate that WNL-
Bayes algorithm reaches similar denoising results to the state-of-the-art
image methods, which is not surprising because is highly based in one
of them: the NLBayes algorithm. We could see that WNLBayes algo-
rithm is better suited for restore compressed noisy images such as highly
compressed high-resolution satellite images, as was seen in the performed
experiments.
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Future work

As was pointed out before, there are several tasks that must be adressed in
order to improve the WNLBayes algorithm. Some of these tasks are:

• To exploit the problem structure in the minimization algorithm. For
example, some minimization schemes like [27] may be applied, as the
funcional E(P ) introduced in Section 3.1.1 is of type E(P ) = D(P ) +
R(P ) where D is a differentiable convex function and R is simple.

• It may be worth to apply the denoising of several translations of the
image and to average them to reduce ringing artifacts near edges (pseudo-
Gibbs artifacts) as in [11]. The quantization prevents to apply the inverse
wavelet transform on the compressed image, so a frame inversion must
be considered.

• In order to improve the denoising results, an optimal set of the parame-
ters involved in the WNLBayes algorithm must be obtained.

• There still are little pseudo-Gibbs effects that remain due to the fact that
the high-frequency coefficients try to compensate the mistakes made on
previous levels. Another improvement can be achieved if we take into
account intra-scale information in each level denoising.

• The actual implementation of the algorithm was done in Python+Numpy
for simplicity. But it is quite slow as the image size grows. So this issue
must be resolved before the others.
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Appendix

A.1 Wavelet analysis

A.1.1 Orthogonal and biorthogonal wavelet basis

In this subsection we briefly describe how we can construct basis of L2(R)
generated by dilatations and translations of a single function ψ called wavelet.
There two important types of such a basis: orthogonal and biorthogonal. Al-
though orthogonality ensures an energy preserving wavelet transform, we must
show that sometimes we want other regularity properties which forces us to
consider more relaxed assumptions as biorthogonality.

Multiresolution analysis

Based in ideas of Burt and Adelson [9], Mallat [22] and Meyer [24] introduced
a concept of multiresolution analysis spaces that are very useful for analyzing
a signal in a cascade of lower resolution approximations, and also for obtaining
other orthonormal basis for L2(R) with better regularity than Haar basis:

Definition A.1. Multiresolution Analysis (MRA)
A sequence {Vj}j∈Z of closed subspaces of L2(R) is a multiresolution analysis
if the following six properties are satisfied:

∀j, k ∈ Z, f(t) ∈ Vj ⇔ f(t− 2jk) ∈ Vj (A.1)

∀j ∈ Z, Vj+1 ⊂ Vj (A.2)

∀j ∈ Z, f(t) ∈ Vj ⇔ f(t/2) ∈ Vj+1 (A.3)

lim
j→+∞

Vj = ∩j∈ZVj = {0} (A.4)

lim
j→−∞

Vj = Closure (∪j∈ZVj) = L2(R) (A.5)

and there exists θ ∈ L2(R) such that {θ(t− k)}k∈Z is a Riesz basis of V0.

Let us give an intuitive explanation of these mathematical properties, that
will be useful to understand the wavelet tools for later analyzing images. The
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scale parameter j is inversely proportional to the resolution level 2−j. (A.1)
means that Vj is invariant by any translation proportional to the scale j. The
inclusion (A.2) is a property that proves that an approximation at a scale
j contains all the necessary information to compute an approximation at a
coarser scale j + 1 (of less resolution). Dilating functions in Vj by 2 enlarges
the details by 2 and (A.3) guarantees that it defines an approximation at a
coarser scale j + 1. When the resolution goes to 0, (A.4) implies that we lose
all the details of f and

lim
j→+∞

‖PVjf‖ = 0

where PVjf is the projection of f onto the subspace Vj. On the other hand,
when the resolution 2−j goes to +∞, property (A.5) imposes that the signal
approximation converges to the original signal:

lim
j→−∞

‖f − PVjf‖ = 0

Analysis/synthesis basis - Biorthogonal basis

The idea of Riesz basis is to loosen up the orthogonality requirement of a basis.
The Riesz basis requeriment means that {θ(t − k)}k∈Z is a family of linearly
independent functions such that there exist 0 < A ≤ B which satisfy

∀f ∈ V0, A‖f‖2 ≤
∑
k∈Z

|〈f, θ(t− k)〉|2 ≤ B‖f‖2.

This energy equivalence guarantees that signal expansions over {θ(t− k)}k∈Z
are numerically stable. Indeed, if two functions f1, f2 have very close coeffi-
cients measured by `2(Z) metric, which is equivalent to∑

k∈Z

|〈f1 − f2, θ(t− k)〉|2 ' 0

then the first inequality of the Riesz basis requeriment implies ‖f1 − f2‖2 ' 0
and then f1 and f2 are very close in the L2(R) metric sense. Also, one may
verify that the family

{θj,k}j,k∈Z = {2−j/2θ(2−jt− k)}j,k∈Z

is a Riesz basis of Vj with the same Riesz bounds A and B at all scales j.

In order to reconstruct a signal f ∈ Vj through its associated coefficients in
a Riesz basis {θj,k}j,k∈Z, it can be proved (see Appendix ??) that there exists
a dual basis {θ̃j,k}j,k∈Z such that

f =
∑
k∈Z

〈f, θj,k〉θ̃j,k =
∑
k∈Z

〈f, θ̃j,k〉θj,k. (A.6)

We call {θj,k}j,k∈Z the analysis basis and {θ̃j,k}j,k∈Z the synthesis basis.



A.1. WAVELET ANALYSIS 109

Inserting f = θj,n in (A.6) we obtain

θj,n =
∑
k∈Z

〈θj,n, θ̃j,k〉θj,k

and the linear independence implies that

〈θj,n, θ̃j,k〉 = δkn.

This is known in the literature as a biorthogonal basis of Vj.

Orthonormal basis

It can be shown [23] that we can orthogonalize a Riesz basis to produce a
function φ ∈ L2(R) such that

{φj,k}j,k∈Z = {2−j/2φ(2−jt− k)}j,k∈Z

is a orthogonal basis of Vj for all j ∈ Z. The function φ is called the scaling
function of the MRA. In this case, we have

∀f ∈ Vj, f =
∑
k∈Z

〈f, φj,k〉φj,k

and thus the analysis and synthesis basis are the same. We continue the present
discussion using this scaling function for simplicity, but in the next subsection
we will justify the importance of having a Riesz basis and its associated dual
basis instead of an orthonormal (self-dual) basis.

Examples of multiresolution analysis includes:

• Piecewise constant approximations. Space Vj is the set of all g ∈
L2(R) such that g(t) is constant for t ∈ [k2j, (k + 1)2j) for k ∈ Z. The
approximation at scale j of an f ∈ L2(R) is the closest piecewise constant
function on intervals of size 2j. The scaling function can be chosen to
be the box window φ = 1[0,1). The verification of the multiresolution
properties is straightforward.

• Shannon approximations. Space Vj is defined as the set of func-
tions with a Fourier transform support incluided in [−2−jπ, 2−jπ]. An
orthonormal basis {φ(t−n)}n∈Z of V0 can be generated by the sinc func-
tion:

φ(t) =
sin πt

πt
.

A plot of the sinc function is shown in Figure A.1. The proof of this fact
is related to the Shannon-Whittaker Theorem.
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Figure A.1: Sinc funcion φ(t) = sinπt
πt

. Its integer translations generate an
orthonormal basis of the set of functions with frequency support contained in
[−π, π] due to the Shannon-Whittaker Theorem.

Wavelets as high-pass filters

In a MRA, the approximation of f at scales j and j − 1 are equal to their
orthogonal projections on Vj and Vj−1 respectively, and we know that Vj is
included in Vj−1. Let Wj be the orthogonal complement of Vj in Vj−1:

Vj−1 = Vj ⊕Wj.

The orthogonal projection of f on Vj−1 can be decomposed as the sum of
orthogonal projections on Vj and Wj:

PVj−1
f = PVjf + PWj

f.

Thus, the complement PWj
f provides the “details” of f that appear at the

scale j − 1 but that dissapear at the coarser scale j. In Figure A.2 we can see
two level decompositions of a signal using the Haar basis.

Mallat and Meyer [23] proved that we can construct a function that gen-
erates each Wj as well as φ generates Vj:

Proposition A.2. Given a MRA {Vj}j∈Z with scaling function φ ∈ L2(R),
we can construct a function ψ ∈ L2(R) such that

{ψj,k}j,k∈Z, ψj,k(t) = 2−j/2ψ(2−jt− k)

is an orthonormal basis of Wj.

The function ψ is called mother wavelet. It’s easily shown that

L2(R) = ⊕j∈ZWj ⇒ {ψj,k}j,k∈Z is an orthonormal basis of L2(R)

Then, using MRA’s we can construct new orthonormal basis of L2(R).
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Figure A.2: Cascade approximations of a function f using projections on lower
resolution spaces Vj and detail spaces Wj (from [29]).

Daubechies compactly supported wavelets

A important family of orthonormal wavelet basis are due to Daubechies [13].
Daubechies wavelets have a compact support of minimum size for any given
number p of vanishing moments, that is∫

R
tkψ(t) dt = 0 for 0 ≤ k < p.

This means that ψ is orthogonal to any polynomial of degree p−1. The above
property implies that, if f is regular, say locally Ck, then f is well approxi-
mated in a small interval by a Taylor polynomial of degree k. If k < p, then
wavelets are orthogonal to this Taylor polynomial and thus produce small-
amplitude coefficients |〈f, ψj,k〉| at fine scales j. In Figure A.3 we can see some
of the Daubechies wavelets for differents values of p. Later, we will show that
Daubechies wavelets are well suited for analyze images (as well as other regular
functions).

A.1.2 Filter banks

We conclude this section presenting the concept of filter banks that permits to
decompose a finite-length signal with a fast algorithm using discrete convolu-
tions.

Since {φj,k}k∈Z and {ψj,k}k∈Z are orthonormal bases of Vj and Wj respec-
tively, the projection of f ∈ L2(R) on these spaces is characterized by

aj(k) = 〈f, φj,k〉 and dj(k) = 〈f, ψj,k〉.
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Figure A.3: Daubechies scaling funcion φ and wavelet ψ with p vanishing
moments.

Figure A.4: (a) A fast wavelet transform is computed with a cascade of fil-
terings with h̄ and ḡ followed by a factor 2 subsampling. (b) A fast inverse
wavelet transform recontructs progressively each aj by inserting zeroes between
samples of aj+1 and dj+1, filtering and adding the output.
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The next proposition shows that these coefficients are calculated with a cascade
of discrete convolutions and subsamplings. We denote x̄(n) = x(−n) and

x̌(n) =

{
x(p) if n = 2p

0 if n = 2p+ 1

Proposition A.3. Mallat [22]
There exists discrete filters h, g ∈ `2(R) that satisfy:

Decomposition (from Vj to lower resolution Vj+1):

aj+1(n) =
∑
k∈Z

h(k − 2n)aj(n) = aj ? h̄(2n)

dj+1(n) =
∑
k∈Z

g(k − 2n)aj(n) = aj ? ḡ(2n)

Reconstruction (from Vj+1 to higher resolution Vj):

aj(n) =
∑
k∈Z

h(n− 2k)aj+1(k) +
∑
k∈Z

g(n− 2k)dj+1(k) = ǎj ? h(n) + ďj ? g(n)

(A.7)

This means that h is used to project the signal in a lower resolution space
at scale j+ 1 and g computes the detail coefficients that are eliminated in this
process (and needed for the reconstruction). Thus, the filters h and g act as
a low-pass filter and a high-pass filter respectively. The orthonormality of the
wavelet basis is reflected in the above filters as∑

n∈Z

h(n− 2i)h(n− 2j) = δij∑
n∈Z

g(n− 2i)g(n− 2j) = δij∑
n∈Z

h(n− 2i)g(n− 2j) = 0

(A.8)

To perform decompositions and reconstructions by applying the above convo-
lutions is known as the Fast Wavelet Transform (FWT) and the algorithm is
O(N), that is, faster than the Fast Fourier Transform which is O(N logN),
where N is the length of the signal [23].

Cohen-Daubechies-Feauveau 9/7 wavelet

In the orthogonal case, we also have filters h̃ and g̃ related to the dual functions
φ̃ and ψ̃ such that the reconstruction in (A.7) is done with these filters instead
of h, g. The Cohen-Daubechies-Feauveau (CDF) wavelets [10] are the histori-
cally first family of biorthogonal wavelets, and the CDF 9/7 is experimentally
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Filter Index hi gi
0 0.852699 0.788486

-1,1 0.377402 0.418092
-2,2 -0.110624 -0.040689
-3,3 -0.023849 -0.064539
-4,4 0.037828

Table A.1: Cohen-Daubechies-Feauveau (CDF) 9/7 wavelet filters (from [36]).

Parameter First step Second step
λ (subbands soft-threshold) σ 0
t (patch size) 2,3,3 2,3,3
k (# k-NN) 90 90
Search window side 7t 7t

Table A.2: Parameters used for WNLBayes algorithm (3-level) in each level

the better suited for image analysis [37]. Although this is not a orthogonal
wavelet, it is almost orthogonal in the sense that the relations (A.8) must be
approximately satisfied (see [36]).

A.2 Parameters for WNLBayes algorithm

We summarize in Table A.2 the parameters used in WNLBayes Algorithm 2
for generating the results in this thesis. Although this setting works well for
several noise values σ, an optimal set of values must be found in order to
optimize the performance of the resulting algorithm.
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