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From the graviton-graviton scattering amplitudes calculated perturbatively in quantum gravity to the one-

loop order, we develop further a formalism that allows one to calculate infrared-finite partial-wave amplitudes
fulfilling perturbative unitarity. As a result of this process a parameter dubbed In a emerges that separate between
infrared and typical external momenta. The resulting partial-wave amplitudes are next unitarized by employing
the Inverse Amplitude Method and the algebraic-N /D method. Then, the graviball resonance, with a similar pole
position, is confirmed in the S-wave partial-wave amplitude for all unitarization methods, also with respect to
the unitarization of only the leading-order amplitude. Although the spectrum of the theory is independent of the
specific value of In g, the requirement for a well-behaved unitarized effective field theory of gravity identifies the
optimal range of Ina for our next-to-leading-order calculations as 0.5 S Ina < 1.7. Briefly, we discuss the D-wave
scattering that is weaker than the S-wave scattering, repulsive and non-resonant for Ina ~ 1.

1. Introduction

In this work, we study graviton-graviton scattering by unitarizing the
one-loop perturbative four-graviton scattering amplitudes calculated in
perturbative gravity in Ref. [1]. These scattering amplitudes are ultra-
violet finite and lack of any counterterm [2,3] but they are infrared
divergent [1,4,5]. The one-loop scattering amplitudes are suppressed
by an extra power of G's compared to the tree-level amplitudes for
low-energy gravity, |s| < G™!, being s the total center of mass energy
squared and G the Newton constant. This energy region is typically the
realm of the low-energy effective-field theory (EFT) of gravity [6-11].
The unitarization process has to face the intrinsic difficulties associated
to the infrared-divergent character of the scattering amplitudes. Here,
we take into account that it is possible to tackle the infrared divergences
so as to end with finite S-matrix amplitudes. In recent years, the devel-
oping of a well-defined S-matrix theory for gravity as well as for QED
with massless charged particles and in Yang-Mills theory has experi-
enced striking advances in different directions [12-24].

An infrared finite S-matrix for Quantum Electrodynamics (QED) was
constructed long time ago by Faddeev and Kulish (FK) in Ref. [25].
Reference [12] has provided an explicit extension of this method in per-
turbative gravity, and the properties of the FK states in gravity under
the BMS group were extensively studied in Refs. [13,14]. In connection
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with this, Ref. [24] shows how BMS supertranslations can also be cap-
tured by the on-shell framework of scattering amplitudes. In the present
work we use the observation of Ref. [26] for Coulomb scattering in QED
that one can extract the same infrared-finite scattering amplitudes as in
the FK method by applying the compact formulas provided by Wein-
berg [27] that resum the infrared divergences from the exchanges of
soft virtual photons/gravitons. In this way, one does not need the aux-
iliary construction of the FK states in order to end with the .S-matrix
elements. Remarkably, this result has been generally proved by Ref. [13]
to all orders in perturbative gravity. Infrared divergences also make
that the standard definition of partial-wave amplitudes (PWAs) cannot
be directly implemented. In particular, the calculation of infrared-finite
PWAs in terms of the infrared-finite scattering amplitudes already ob-
tained in momentum space has to be properly done because of diverging
integrals in the angular variables. In this respect, we follow and expand
the ideas in the approach of Refs. [28-30] for calculating infrared finite
PWAs for infinite-range forces in PWAs.

By studying the characteristic size of one-loop unitarity contribu-
tions and their variation under a change of scale, it was concluded in
Ref. [28,29] that a typical scale for the low-energy graviton-graviton
scale is Q> = #G~!/Ina. The parameter Ina emerges during the pro-
cess of removing infrared divergences and is related to the cutoff in
momentum, A2 = s / a?, such that soft (hard) gravitons have linear mo-
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menta smaller (larger) than A in magnitude. We also compare the results
between different unitarization methods [31,32]: The algebraic N /D
method [33,34], the first-iterated N /D method [35], and the Inverse
Amplitude Method (IAM) [36-39]. Our benchmark results are those ob-
tained by applying the IAM because this method does not introduce
any unitarization scale. These unitarization methods are very popular
in hadron physics, where these methods, and variants of them, have
been applied with great success for studying many resonances and re-
lated processes [31,32,36,37,40-42].

Reference [29] established the existence of a low-lying graviton-
graviton resonance in pure gravity, the so-called graviball, by unitarizing
the Born term for graviton-graviton scattering. It corresponds to a res-
onance pole sp in the scalar J =0 (J is the total angular momentum)
PWA, with the value sp = (0.22-i0.63)(G In a)~! obtained in Ref. [29],
so that |sp|/Q% ~0.2 < 1. Let us notice that the convergence radius of
the perturbative series is limited by |sp| < Q. An interesting argument
was put forward in Ref. [28] to favor a value of Ina= 1.

This reference highlights the remarkable similarity between the
graviball pole and the lightest resonance in QCD, known as the ¢ or
f0(500) [43]. Notably, the pole position for the ¢ resonance satisfies
Iss|/(4m f,[)2 ~ (.2, where f, =92 MeV is the pion decay constant, and
4r f, represents the natural scale for the low-energy EFT of QCD, Chi-
ral Perturbation Theory [44,45], which describes pion interactions and
other hadronic processes. Since the low-energy limits of quantum grav-
ity and QCD can both be described, to some extent, by similar EFTs,
such analogies are not entirely surprising. The presence of the ¢ pole in
the scalar isoscalar zz PWA can be rigorously established by combin-
ing EFT-based amplitude calculations with S-matrix methods [46,47],
or exclusively by using the latter [48].

In our present study, the unitarization of the one-loop scattering
amplitudes confirms the J = 0 graviball pole. Nonetheless, while |sp|
is almost the same, now the real part of sp increases while its imag-
inary part decreases, giving rise to a sharper resonance signal along
the real s-axis as compared with the LO study [28,29]. We also discuss
that the pole content of the infrared-finite .S-matrix should not depend
on a specific value of Ina for a full calculation to all orders in pow-
ers of G. The requirement of having a well-behaved unitarized EFT for
graviton-graviton scattering implies interesting constraints. Through the
application of different unitarization methods and values of In a, varia-
tions in the results along the real axis, 0 < s < Q2, as well as regarding
the graviball pole position, are compared with expected sizes based on
power counting. This leads us to argue that the optimized interval of
values of Ina for our NLO calculations is 0.5 SIna S 1.7.

After this introduction, we explain the main features of the formalism
in Sec. 2. The unitarization methods considered are the object of Sec. 3.
We study the J = 0 graviton-graviton PWA and its spectrum in Sec. 3.
The main features of the J =2 PWA are also briefly discussed. Section 4
ends the manuscript with some concluding remarks and outlook.

2. Formalism: infrared-finite scattering amplitudes and
partial-wave amplitudes

For the generic scattering process @ — f§, the relation between the
full S-matrix Sg,, and the one without infrared divergences S;j)a, was
established by Weinberg in [27] for gravity and QED. By employing
dimensional regularization (DR) we would write

A

1
Sﬁa=52,, exp| 5 / dPqB(9)| . (2.1)

where D =4 — 2¢, and the integration variables correspond to the com-
ponents of g, which is the momentum of and exchanged soft graviton.
Here, A is a cutoff that separates between soft, |q| < A, and hard,
lq| > A, gravitons [27]. The exponent in Eq. (2.1) is denoted by @,
and it is given by the expression [27] (in our convention the Minkowski
metric is diag(—1,+,+, +)),

Physics Letters B 861 (2025) 139275
1
Dy, = 5/dl’qB(q)

A
2 1.2 2
dPq Py~ Pp)” — 3m,my,

=-i4zG 2 Nullm N 5
nm ”Ims)

(2.2)

Qm)P (q> +ie)p, - q+in,e)p, - q—

with € — 0%, and the indices m and n run both over all the particles
involved in the initial and final states. In this equation the mass and
momentum of the ny particle are designed by m, and p, (pﬁ = mﬁ),
respectively. The sign function #, = +1(—1) for out(in)going particles.

We have performed the calculation of @, within DR, since graviton-
graviton scattering amplitudes from Ref. [1] are calculated with this
regularization scheme. Dimensional regularization regularizes the re-
sult for the ¢ — O part of the integral in Eq. (2.2). More details of its
calculation will be given elsewhere [49]. The result in the massless limit
(m, — 0) is

1

1
(Dﬂa = E (E —In A2) Z NullmPn * P (=1, 112Dy - D) (2.3)

w1th 1 = + In4z — yg. It also follows from Eq. (2.1) that the .S matrix
free of 1nfrared divergences Soa corresponds to S0 = Spa exp( <I>ﬂa)
Since Sﬂa does not depend on A, Egs. (2.1) and (2 3) imply that the
two infrared finite .S matrices calculated with the cutoffs A and A’ are
related by the factor

0
Sﬂa(A) 1
0o = oXp p In
0.
The relation between the S and T matrices is S‘ﬁ)a =6(f — a) + iTy,.

The graviton-graviton scattering amplitude T, in the loop expansion
of gravity as a low-energy EFT is written as

A
N D Ml * P 101,112, -pm)) . 2.4
n.m

— 7O L 7O
Tpu =Tyo +T5) + ... (2.5)

where the superscript between brackets indicates the number of loops
involved in the corresponding scattering amplitude, and the ellipsis rep-
resents higher orders. We consider here contributions up to the one-loop
order or O(G?). Then, the T matrix up to (G?) gets dressed as
-
As indicated in the introduction, when applied to QED this procedure
is equivalent to the FK method [25,26], and a proof to all orders in
perturbative gravity is given in Ref. [13]. Moreover, there is another
contribution that stems from the identity operator in the .S matrix times
the expansion of the phase factor,

Ty @, . (2.6)

I exp (—iImCI)ﬂa) . 2.7)

The real part of ¢4, does not enter in the dressing the identity oper-
ator because the normalization of the states is fixed. This is explicitly
demonstrated for two-body scattering below Eq. (2.17). Equation (2.7)
is essential for the calculation of infrared finite PWAs [28,29], because
the angular integration over the whole scattering solid angle picks up
the identity operator contribution.

2.1. Explicit formulas for the infrared-finite scattering amplitudes

We specifically consider the graviton-graviton scattering process
|P1241)1P242) = |P3A])|p4AL), where |p;4;) denotes a graviton state
with linear momentum p; and helicity 4;. We denote the scattering am-
plitudes directly calculated from perturbative gravity by T,{/1 iy (s,t,u),
where s, ¢ and u are the usual Mandelstam variables: s = (p; + p2)2,
t=(p; — 113)2 and u = (p; — p4)2. In turn, the infrared-finite graviton-
graviton scattering amplitudes are denoted as A PR AT (s,t,u). Since
the helicity of a graviton is +2, we will only indicate its sign for simplic-
ity. We can express the different graviton-graviton scattering amplitudes
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just in terms of three of them, being the others related by crossing and
P and T invariance. At the tree level we have [1],

87Gs*

Tt = =0 2.8)
7O (s,t,u)=0 2.9
o (851 , .

0)
T2 (s,t,u)=

At the one-loop level the expressions are [1],

8G2s* 1
Tyt = S [ 2 Fi (st + F(su )| + 4G hGs.rw)
(2.10)
where
f1(s,t,u) = sIn(—=s) + tIn(—1) + uln(—u) , (2.11)

fo(s,t,u) = sIn(—=1) In(—u) + t In(—u) In(—s) + uIn(—s) In(—1) ,
19221* +914383u + 146221212 + 9143t + 1922u*
18054

(t + 2u)(2t + u)(2t* + 285u — Pu? 4 20088 + 2u®) (
s

h(s,t,u) =

Zya?)

(t —u)(3411* 4 160973u + 256612u2 + 1609t + 341u4) AL
3055 e
For the other two helicity configurations the expressions for the one-
loop scattering amplitudes are simpler,

G2+ 12 +u?)

T (s tu)= 5 , (2.12)
G (s + 12 +u?)
TV sty = —

All the scattering amplitudes explicitly displayed are ¢ < u symmetric
because gravitons are Bosons and they appear with the same helicity
in the final state. The general expression for ®;, in Eq. (2.3), that is
independent of helicity, particularizes for graviton-graviton scattering
as

®(s,t,u) = g (é - 1nA2) [sIn(—s) + ¢ In(=1) + uIn(w)] . (2.13)

Then, the infrared-finite one-loop scattering amplitude A(1 s (81w,
according to Eq. (2.6), is given by

™ _1O0

AQJ_;++ Tyiy Ty = Ja(s.t.u) + MG h(s. 1),

(2.14)

(s,t,u) =

where, for on-shell scattering s + 7+ u = 0, it is straightforward to prove
that [50]

Fols, ) =In A2 f (5,1, u)+f2(s t, u)

—sln—ln Y tin=2im +u1n—1n .

A2 A2 A2 A2 A2 A2

Importantly, now all the log functions appear with dimensionless argu-
ments and the scattering amphtude can be directly used for meaningful
computations, contrarily to T' + + +4+(s:1,u) in Eq. (2.10). The absence of
infrared-divergences in Eq. (2.12) reflects the infrared-divergent struc-
ture given in Eq. (2.6) [27], which is zero at the one-loop level for a
vanishing tree-level amplitude, cf. Eq. (2.9).

(2.15)

2.2. Explicit formulas for the infrared-finite partial-wave amplitudes

Let us discuss first the angular integration over the scattering angle
/_+11 dcos@( ) of the real part of Aﬂ;ﬁ(s, t,u), Eq. (2.14). Along the
physical region, s > 0, its imaginary part stems from In(—s) = In(s) — iz,
with s+ie and € — 0%, In terms of the scattering angle § and the variable
s, one has the well-known formulas t = —s sin? g, and u = —s cos? g. The

infrared-finite angular projection of A

iy Was discussed in Ref. [29],
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and we briefly review it below. It is clear that the angular integration
for A$1.++(s t,u) and A(]) (800 does not pose any problem. For the

real part of A(1 +4.44 (s, 1,u) the only term that needs special discussion is
the one divided by stu, since the rest of terms are polynomials in 7 and u,
sometimes multiplying Int/u or In®t/u, which are integrable. Thus, the
limits in the integral that require further analysis are t - 0 (or 6 — 0)
and u — 0 (or § - x). Let us take § — 0, for & — = one can proceed
analogously with ¢ < u. Then, u - —s and

=0 ln )

sln—ln S puin =L (2.16)
A2 A2 2

Az A A2 A2
so that when divided by stu the angular integration is finite. Now,
let us discuss the partial-wave projection for the imaginary part of

Agi 1 (S W), According to Eq. (2.14) we have that

mAY) ,, (s,1,u) = ~87G>s> (i 25+ Lin =) (217)

tAZ

In order to end with a meaningful infrared-finite partial-wave projection
for lmA(1 - +(s,1,u), we have to consider Eq. (2.7) from the redefinition
of the § matrix. In this equation only the imaginary part of @ enters in
the exponent with its sign reversed. One can explicitly check from the
expression of ®(s, 1, u) given in Eq. (2.13) that the real part of ® vanishes
for 6 =0 and #, which are the angles that enter in the normalization
condition of two gravitons accompanying the identity operator. This
explicitly proves that Eq. (2.7) is a consequence of the general formula
Eq. (2.1) that relates the infrared finite and diverging .S’ matrices.

For two-graviton scattering Im® = —2G'sIn u/A in the physical re-
gion, where y — 0" is a graviton mass that acts as an infrared regulator,
used in Sec. V of Ref. [27] too.! This generates an O(G?) contribution
to a PWA given by

.4G2S2 2( H
i——In (K) (54’]/115/1;/12+(—1)J5/1’l/125/1’2/11) .

It follows then that the complete formula for calculating a PWA for the
one-loop scattering amplitude is

(2.18)
b4

+1
J() 1 7 o)
AA’]A;;/MZ(S) o z/dcosé'd“,(G)AA,A, . (s,1,u)
2
4G22 5 H
+TZ (1) (8ua, By + D B804, )

(2.19)

Here, d/{/l,(G) is the Wigner d-matrix, and A= 4, — A, and 4’ = /1’2 - /1’1.
Let us exemplify Eq. (2.19) for J =0 with 4; = 4 = 42. It follows from
this equation and Eq. (2.17) that

—t+;4 )

+1
2s M 2st3
ImAO+(J1r)++( )= —— In? A /dcos@—_“
s}

:ﬁlrﬁﬁ.,.ﬁ]nz_p]n%:ﬁhﬁg

T A p 3 u A V3
(2.20)

where, as an intermediate step we have regularized the integration in
cos 6 by including a vanishing graviton mass, with the replacement ¢ —
t — u®. Then, the partial-wave projection to (9(G?) becomes infrared
finite. For J > 0 one can proceed similarly to show that the PWA is IR
finite by noticing that P;(1) =1 [26,49].

For the LO case [28,29], the same process of accounting for the re-
definition of the .S matrix at O(G) implies that

1 At this point, this regularization is included to avoid having to treat with a
partial-wave expansion in any dimension as it is the case with DR.
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+1

J(0) _ 1 7 )
A/l’lﬂ’zzllflz(s) = 2/dcosé'du,(g)A (5,1, 1)

a1 Ay
-1
4G J
+= 2 (A) (5,11115,1,212 + (184,60 ) (2.21)
From Egs. (2.19) and (2.21) the resulting PWA is finite and it also sat-
isfies perturbative unitarity in PWAs at the one-loop level:

2
J(1) _T J(0)
Im A/l’/l’ AL Ay ()= 8 (A/I’]/l’z;/ll/lz> »$20,

that was explicitly checked. For J = 0 its fulfillment follows from
Egs. (2.20) and the formula A(ﬁ? ()= % In ZX" that one can directly
calculate from Eq. (2.21), cf. Ref. [29].

The analytical extrapolation in the complex s-plane of A( ) Zi (8,10

(2.22)

and A(l) o+ +(s,t,u), given in Eq. (2.12) is straightforward. For

A(l b +(s,2,u) the key point is to take into account the relation In — ﬁ =

In ﬁ —ion, where ¢ = sgn(Im(s)) and arg(s) € (-, 7). Then, it readily
follows that for complex s one can straightforwardly adapt the argu-
ments used above in regarding Egs. (2.16) and (2.17) (more details are
given in Ref. [49]). The neat result is that for calculating the one-loop
contribution to a PWA from A(+ +:44(s,1,u) in the complex s-plane one
has the following formula:

+1
i$)++( )= dcos @ Py(cosb) [—S {sln —; In 1_\_;‘
—1
—u N —t N
+ tln Fln E +ulnﬁ lnﬁ } +h(s,t,u)]

+iok (410,0) (2:29)
Regarding the emerging scale A we proceed as in Ref. [29] and write
it as

(2.24)

with a > 1, since the approach of Ref. [27] was developed for A smaller
(though not necessarily much smaller) than s. Indeed, Weinberg in
a couple of times refers in this way in Ref. [27]. For the case of
Coulomb scattering Ina = yj. This value can be derived rigorously in
the non-relativistic case [28,30] by comparing with the known solution
of Coulomb scattering in partial waves obtained in Quantum Mechan-
ics. For QED the value is the same, as one can deduce through the
comparison with Ref. [51], which employed the small-angle expansion
of scattering amplitudes to all orders in the fine-structure constant. As
for graviton-graviton scattering, Ref. [28] argues that Ina ~ 1 based on
maximum smoothness in matching the graviball pole at D =4 to its
pole position in larger dimensions, for which there are no infrared di-
vergences [28,52,53].

Let us emphasize that the relationship between the infrared-divergent
and infrared-finite .S-matrices in Eq. (2.1) is established through the ex-
ponential factor exp (<I>pa), which has no poles. This allows us to use
the new unitary and infrared-finite .S-matrix Sga [13,27] to search for
its poles, thereby enabling the study of the related spectroscopy for
graviton-graviton scattering. In close connection to this, it is important
to note that the pole content of Soa is independent of the value taken
for the cutoff A, and hence of q, as it follows from Eq. (2.4), since its
right-hand side has no poles. Then, it is not either necessary for the cut-
off A to satisfy A < \/E, nor for a to be excessively large (a > 1), which
clarifies the validity of our approach when Ina ~ 1.> We also stress that

2 The fact that Ina = y; for Coulomb scattering [30,51] comes by considering
the reproduction of the S matrix with the standard phase choice.
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this conclusion is independent of the numerical value of G (its sign and
strength), meaning that we can transition between different types of
spectra, and the result still holds.

3. Unitarized graviton-graviton scattering and the graviball

Given the PWA A7,

¥ A h (s), its associated .S matrix is

Zolalfa g9 (). 3.1

).’/1’)./1

J
SA’/I’A). (S)—1+l4

For single-channel scattering, unitarity in PWAs implies that

. s)|“ = 1 which, at the level of the inverse of the , reads
|SHM()|21h'h he level of the i f the PWA, read
[54]
|41/4
ImAJ ! :-”28 , (3.2)
/1’1/1’2;/11/12(5)

valid for s + ie, with s > 0. In this work we concentrate on studying the
0 . .
PWA A - +(5), and more briefly A2 - +(s) in the single-channel ap-

proximation. We do not study here the impact of the PWAs A7 i +(8),

cf. Eq. (2.12), which in principle couple to A7 (s), because the for-

i+

mer is very much suppressed A is reduced by a factor around

(O]
1500 compared to A}}., |

A(l) o+ +(5,2,u) will be shown in [49]. Since we restrict in the following
to helicities equal to +2 we drop them, and keep in mind that A = A" =0.

Taking advantage of Eq. (3.2), one can fulfill unitarity by implement-
ing a unitarization method, which should also respect proper analytical
properties, like the existence of the unitarity or right-hand cut and of
the left-hand cut. Two popular algebraic unitarization methods fulfill-
ing these requirements are the IAM and the algebraic-N /D methods.
The IAM [36-39] can be straightforwardly obtained by performing the
expansion of 1/A”’ in powers of G up to NLO, and then directly invert-
ing the outcome. The PWA obtained is denoted by A7, = (s) and is given
by

— i+
). Results considering also PWAs built out of

1AM

A.I(O)(S)Z

Ajau(9) = A0 (5) — ATD(s) (3:3)

; AM(s) fulfills unitarity, Eq. (3.2), or equivalently that ImAI AmS) =
| 4]y \i($)|?7/8, as a consequence of A7()(s) satisfying perturbative uni-
tarity, Eq. (2.22). The PWA resulting by the algebraic-N /D method

J . . . . . . .
[33,34], Ayp(s), satisfies unitarity by implementing the parameteriza-
tion
R’(s)

J —
A= R ) G

where g(s) = é In _—; We notice that g(s) is an analytical function with

only a right-hand cut, and its imaginary part along the cut is —z/8,
matching TmA” ()71 in Eq. (3.2). It follows then that ImR’(s) =
for s > 0, so that it has only left-hand cut. This function is calcu-
lated perturbatively in powers of G by reproducing the perturbative
expansion of AI{ID(S) =A7O 1 ATD 4+ O(G?) order by order. Thus,
R/ = RO 4+ R/D + 9(G?) with

R/O(5) =470y, (3.5)
R'D(s)= A7W(5) + A7 O(5)2g(s) . (3.6)

At every order, the resulting function R’(s) is then substituted in
Eq. (3.4). Notice that 1/A” (s) has the nice feature that it vanishes when-
ever A”(s) (in the second Riemann sheet) has as resonance pole.

Then, we distinguish between the application of the algebraic-N /D
method at LO, with R’ (s) = R/©(s), and at NLO, with R/ = R/© 4
R’M . The former is denoted in short as NDO and the latter as ND1,

with the corresponding PWAs called ANDO and AI{IDI’ respectively. The

unitarization scale Q2 in g(s), has an ultraviolet character. The effects of
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Fig. 1. In the left, center and right panels we plot |A0(s)|2, the .S-wave phase shifts §,(s), and |A°/ A%?|2. The perturbative calculations up to LO and NLO correspond
to the (blue) dotted and (orange) dashed-dotted lines, in this order. The results from the unitarization methods are: NDO (green dashed-double-dotted lines), ND1
(magenta dashed lines), and the IAM (black solid lines). For all calculations Ina = 1 is used, and Q> =« /(Glna) is taken for NDO and ND1.

this scale are O(G?) since, by construction, the algebraic-N /D method
reproduces the perturbative input to (9(G2). Following the discussion in
the introduction we take Q% =« /(G1na), and discuss results allowing
a variation by Q2 — Q%27, with r = —1,0, 1. We have also explored the
first-iterated N /D method [31,35,55]. Nevertheless, we do not present
its results here, since they are basically identical to those obtained by the
algebraic method [49]. It is also worth indicating that the IAM can be

seen as a particular case of the algebraic-N /D method because Jl
ND1

1 A/ 1
m - W'FO(G): % +(9(G)

We first discuss the results for Ina = 1. In the left and center pan-
els of Fig. 1 we show, |A%(s)|?, and the phase shifts &,(s), respec-
tively (for a PWA fulfilling unitarity A%(s) = 8 sin 8ye'®). They are
obtained from the perturbative EFT calculationg to LO (blue dotted)
and NLO (orange dashed-dotted), and from AV (black solid), AONDO

1AM
(green dashed-double-dotted), and A%Dl (magenta dashed line). We use
0% = /(G Ina) for NDO and ND1. For the perturbative calculations we
find sizable NLO corrections already very soon for s > 0.25 G~!. The
perturbative result to NLO also violates the unitary bound for |A°|?, in-
dicated by the horizontal red solid line in the left panel, for s > 0.6 G~!.
It can neither reproduce the typical bending in the unitarized results due
to an underlying resonance phenomenon. The clear resonance shape in
| A%/ A%®)|2 for the unitarized results, shown in the right panel of Fig. 1,
is due to the presence of the graviball pole in the complex s plane, which
becomes more prominent for the NLO unitarized calculations.

Seeking for resonances implies the analytical extrapolation of a PWA
to the second Riemann sheet (RS), which connects smoothly with the
physical or first RS along the right-hand cut (s > 0). The 7" matrix in the
second RS is denoted by AIJI (s), and resonances are poles of AIJI(s). The
standard relation between A’(s) and A} (s) is 1/A} = 1/AY +ion /4.
The pole positions sp found for the different unitarization methods
are shown in Table 1, where Ina = 1 is used for all of them, and
0= /(G Ina) is taken for NDO and ND1. The LO study of Refs. [28,29]
with NDO finds a graviball pole at s p.ypo = 0.22 —0.64 G~!. Now, for
the IAM the pole position is sp.ay = 0.50 —0.55 G~1, so that the real
part becomes larger and the imaginary part smaller in absolute value
compared with sp.ypo. Because of this, the phase of sp,ay is 0.84,
and that of sp.\pg is 1.23, around a 30% of relative difference. This
size for a relative correction when passing from a LO to a NLO cal-
culation indicates a suppression scale of around the value Q% = zG~!,
such that |s,/ 0?| ~ 25%, in agreement with the estimates from the LO
studies of Refs. [28,29]. Let us notice that |sp| only differs by a 8%
between both calculations, which is interesting because |sp| gives an
upper bound for the scale expansion for the low-energy EFT of gravity.
For ND1 we have two poles. One pole corresponds to the graviball with

Table 1

We show for each different method s, and the residue y2. In the last
column we compare |Ims | with z|y?|/8. For all calculations Ina = 1
is used, and Q% = /(G Ina) is taken for NDO and ND1.

Method s, [G7'] sp [#G™'] Residue y? [G] %lyzl (G
[spl [G™'] Ispl [xG™'] I¥*| [G]

1AM 0.50—-i0.55 0.16—i0.17 0.14+i1.40 0.55 (0%)
0.74 0.24 1.40

NDO 0.22-i0.64 0.07-i0.20 1.10+i0.54 0.48 (24%)
0.68 0.22 1.23

ND1 0.42-i0.52 0.13-i0.17 0.38+i0.95 0.40 (23%)
0.67 0.21 1.02

spnp1 = 0.42—i0.52 G™!, with only a relative deviation of around a 10%
of difference with respect to s pa, which matches with the expectation
I's ppaml®/Q? = (0.75/7)? ~ 6%. In addition, ND1 has also another pole
at sg.np; = —0.87-i0.45 G~!. This pole lies far away from the physical
region s > 0, so that it does not connect continuously with the physical
sheet.

The fact that spay has a larger real part and a smaller imaginary
part in modulus than the LO determination [29], implies that is closer to
the real axis and gives rise to a cleaner resonance signal. This is already
seen in the more steep raise of the phase shifts §, for the IAM in the
center panel of Fig. 1, which also reach higher values passing through
/2, a point in which unitarity is saturated as shown in the left panel.
A more clear way to see this resonance phenomenon is by depicting

|A° /AO(O)’Z, shown in the right panel of Fig. 1, which isolates better
the resonance phenomenon by removing the zero of the PWA at s =0
[29,56]. As it can be seen, the results obtained by applying ND1 and
IAM are very similar, while the perturbative calculation to NLO matches
well the unitarized results near s = 0, but it clearly departs from the
resonance shape due to the graviball for |s| 2 0.25 G~!. The residue, 2,
of the PWA at the pole position

2= SEISnP (s—s P)Aii?++(s) 3.7)
are shown in the fourth column of Table 1. The deviation between
the moduli of the residues determined from NDO, ND1 and IAM is
(780! = 178pa D/ ep1 = 20% and 2(1yf | = 17ps D/ Uil + 178ps D =
31%. It is informative to compare with the narrow resonance case, for
which —Imsp = Z|y2. The evaluation of |y?|z/8 for each pole is indi-
cated in the fifth column of Table 1, and the quantity between brackets
indicates the relative deviation with respect to |[Imsp|. For the IAM
the agreement is unexpectedly good, but for NDO and ND1 the agree-

ment is not perfect, as expected, with a difference of around a 20%. We
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Fig. 2. Ina is varied in steps of 0.1. Left panel: Maximum of the ratio in Eq. (3.10), for s between 0 and 0.427Q?, with 7 =0, 1 and —1 for the blue, green and
orange lines, respectively. Right panel: Graviball poles for NDO (green), IAM (blue), and ND1 (orange points). For every point the value of Ina used is indicated, and

0? =z /(Glna) is employed for NDO and ND1.

also mention that it was already shown in Ref. [28] that multi-graviton
states, with more than two gravitons, are parametrically suppressed as
possible coupled-channel intermediate states. E.g. the phase space of
three gravitons versus the one of two gravitons for Gs = 1 was estimated
to be suppressed by around 6 - 1073,

Let us now consider other values of Ina. Since the difference in the
results between the IAM and ND1 for |s| < G~! can be seen as a prop-
agation of the error in AJ due to a variation 5R’®, we expect that

AL\
J J | |spi@ ND1
AIAM - ANDI) =|6R ( RY >
A similar reasoning for the variation between the results obtained by
unitarizing the LO and NLO PWAs drives to

AL\
J J | —|spI( [ ND1
ANDO_ANDI‘_ SR < R >

Our final criterion is obtained by taking the quotient between Egs. (3.8)
and (3.9), so that the involved function (AI{IDI /R’)? drops in the ra-
tio. Taking into account that 6 R/® /6 R/(D = O(s/Q?), we consider the
maximum for the ratio

‘ (AIJAM B AI{IDI)/(AI{IDI
5/ 0>
by varying s from 0 up to 0.462, with éz =27Q%and r =-1,0, 1, ie. for
02 /2, 02, and 202, respectively. We show in the left panel of Fig. 2 the
result of this exercise as a function of In a in steps of 0.1, with the colors
blue, orange and green corresponding to 7 =0, 1, and —1, respectively.
We see that this ratio exceedingly grows for Ina < 0.5, which is a clear
hint that this parametric region of small values of Ina should be disre-
garded on the basis of an acceptable behavior of the unitarized EFT. For
the rest of values shown in the figure, we observe that there is a min-
imum for Ina ~ 1, and then the ratio grows and it finally keeps rather
constant. We can also interpret the value at the minimum as an indica-
tion that it does not make much sense to decrease (increase) further the

(3.8)

(3.9

— AL
xpo) (3.10)

unitarization scale beyond %2(2Q2), because otherwise this minimum
value would be too small (large) compared with expectations.

We show in the right panel of Fig. 2 the graviball poles, with every
point labeled with its corresponding value of Ina. From the figure it is
clear that the poles from the different methods lie closer when Ina is
roughly in between 0.8 and 1.5. There sp.j5, moves from right to left
in between 0.55 —i0.35 to 0.15 — i0.6 G~'. While this visually pole-

accumulating region is appealing, one can quantify what is meant by
closer and further by measuring distances with respect to Q2, which
scales like 1/1na. For that aim we take the ratios

SPJIAM ~ SP;NDO SpIAM
Ry=|— : —— |, (3.11)
SpjIAM 27Q?
R, = SpiaM ~ SPND1 | | SPiAM (3.12)
1= .
Sp.1AM ~ S P:NDO 2702

These ratios are plotted in the left and right panels of Fig. 3. Let us
notice that the positions for all poles used in this figure are smaller in
modulus than 2°Q2, so that an order of magnitude estimate based on
powers of s/(2°Q?) is in order. We see that small values of Ina < 0.5 are
also disfavored from the study of these ratios, in agreement with our
previous observations regarding Fig. 2. In addition, the ratio R, hints to
disfavor larger values of Ina > 1.7 because, out of the three scales, the
two larger ones provide large R; > 5. This interval of values for Ina is
similar to the preferred one in between 0.8 and 1.3 found in Ref. [28]
from an independent dimensional analysis.

Let us elaborate on the meaning of the optimized interval of values
for Ina around 1 within our method. From the point of view of EFT, we
already remarked above that the parameter In a controls the size of the
ultraviolet scale Q2 ~ 7G/ Ina, that we determine by studying the uni-
tarity corrections [28,29] from the combination Aﬁ);) 1+ 8(8) = s% =
5/0%. The corrections from the imaginary part of g(s) are larger by a
factor # at NLO. Within the unitarized theory the larger corrections from
Img(s) are immediately accounted for, as well as a calculation of those
unitarity corrections from the real part of the unitarity loops by invok-
ing analyticity along the right-hand cut. From the EFT perspective, it
does not make sense for Ina to be too large, as this would make Q? too
small, compromising the convergence properties of the perturbative ex-
pansion needed for the calculation of RY, cf. Egs. (3.5) and (3.6). On the
other hand, if In @ were too small, Q> would be an overly optimistic (too
large) estimate for the actual ultraviolet scale. Thus, from the EFT view-
point, Ina should be O(1); otherwise, the situation could be considered
fine tuned. Our analysis, which considers corrections from LO to NLO
and compares different unitarization methods, provides a more accurate
determination of the optimal interval for Ina, which is 0.5 $Ina $1.7.
In general, as the order of calculation increases, the dependence of the
poles on Ina for Ina = O(1) is expected to decrease, while the range of
values for which this holds should expand and become broader. This
trend is clearly illustrated in Fig. 2: the pole positions for ND1 (orange
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Fig. 3. The ratios R, (left) and R; (right panel) are shown, cf. Egs. (3.11) and (3.12), respectively, as a function of Ina in steps of 0.1. The results from three different
unitarization scales used in NDO and ND1 are plotted: Q? (blue), Q%/2 (orange) and 2Q? (green).

points) are clustered within a remarkably narrow region, whereas the
pole positions for NDO at LO remain unbounded as Ina — 0*.

Let us now briefly discuss the J =2 PWA Ai ot +(5). The calcu-
lated infrared-finite perturbative PWA up to NLO satisfies perturbative
unitarity. For limitations of space we do not show here the results for
A2(s) from the unitarization methods with Ina = 1. The resulting J =2
PWA is clearly more perturbative than the J = 0 already discussed,
with higher order corrections becoming relevant for s > 0.6 G~1. We
also notice that 6,(s) < 0, which indicates the repulsive character of
the D-wave graviton-graviton interaction in this energy region. This
is also in agreement with the fact that now for D-wave scattering we
do not find any resonance pole in the second RS that could impact
the physical region of interest. The perturbative LO PWA is given by
A?® = _45(3 —21na)/x, and for Ina = 3/2 changes sign, so that the D-
wave interaction passes from repulsive to attractive. For larger Ina > 2.5
the attractive interaction has enough strength to give rise to resonance
poles with |sp| < 1 G~!, that become lighter as Ina further increases.
However, this parametric region for Ina has been already disfavored
and, in fact, the D-wave pole positions vary then very appreciably from
one unitarization method to another.

4. Conclusions and outlook

Summarizing, we have discussed how to calculate infrared-finite
partial-wave amplitudes (PWAs) for graviton-graviton scattering, and
apply it to one loop in perturbative gravity [1]. For removing the in-
frared divergences we have first followed the results of Ref. [27]. How-
ever, when performing the angular integrals needed to calculate a PWA
new divergences arise. To remove them, one has to account for a redef-
inition by a phase factor [29] of the identity operator, which is part of
the relation between the S- and T-matrices. Remarkably, the resulting
PWAs satisfy perturbative unitarity. The removal of the infrared diver-
gences gives rise to the emergence of a dimensionless parameter Ina,
such that the cutoff squared in momentum is expressed as A% = s/a?,
which differentiates between soft (hard) gravitons having linear mo-
menta smaller (larger) than A in magnitude. We have also shown that
the spectrum of the theory (poles in the PWAs) does not depend on the
specific value of Ina in a calculation to all orders in powers of G.

In order to end with nonperturbative PWAs that satisfy full unitar-
ity and can be used to search for resonances, the perturbative PWAs
are unitarized by applying the Inverse Amplitude Method (IAM) and
the algebraic-N /D method. These methods have been extensively em-
ployed with success in hadron physics [31,32]. We have then studied in
detail the J = 0 graviton-graviton PWA. As a result of unitarizing this
PWA the existence of the graviball pole, predicted by the unitarization
of the Born amplitude in Ref. [29], is confirmed, with a pole position
that is similar for the different unitarization methods. With the IAM no
unitarization scale is introduced, while one is needed for the algebraic
N /D method and, in particular, for the leading-order study of [29].
The requirement of ending with a well-behaved unitarized effective-
field theory (EFT) implies interesting constraints on In a. In this respect,

we have compared the variation in the results between the different uni-
tarization methods, and between the unitarized results to LO and NLO
order. We conclude that small values of Ina < 0.5 should be discarded,
because variations observed are too large compared with expectations.
Similarly, hints for discarding larger values of Ina > 1.7 are clear too.
Within the range 0.5 $1na < 1.7 the graviball pole position sp from the
algebraic- N / D method to NLO varies approximately from 0.5—i 0.4 G~!
to 0.3 —i0.7 G~'. A variation much smaller than the one from the LO
study. We have also studied the D-wave graviton-graviton scattering.
For Ina = 1 it is clearly weaker than its .S-wave counterpart, it is repul-
sive and not resonant.

We expect to further pursue these techniques in the future to two-
loop graviton-graviton scattering calculated in perturbative gravity
[57]. It will be also exciting their extensive application to systems made
up not only by gravitons but also by matter fields. As the number of
light fields coupled increases, it is expected that the graviball becomes
lighter and narrower [28]. So, the exciting prospect that the graviball
could be relevant for physics at much lower scales, e.g. those in infla-
tion or in theories with extra dimensions [58,59], should be clarified. It
would be also interesting to study the connection between the graviball
and the portrait of a black hole as a leaking quantum Bose condensate
of soft gravitons [60,61].
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