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1 Introduction

Over the past decade, there has been a rich revision on the subject of asymptotically
flat spacetimes, largely sparked by Strominger’s infrared triangle that connects asymptotic
symmetries, soft theorems and memory effects [1]. An attractive feature of these developments
is their wide scope of applicability, ranging from gravitational wave observables [2–4] to
flat space holography [5–8]. Indeed, it came as a surprise that new physics was hiding in a
seemingly settled area, with foundational works dating back to the 60s [9–12].

In reality the subject was never closed, and many landmark results slowly accumulated
during the intervening years. To give a few examples that are directly relevant for the
present paper, we can highlight Geroch’s conformal description of gravitational radiation [13],
Ashtekar and Streubel’s (AS) gravitational phase space at null infinity [14], and Barnich and
Troessaert’s extension of the Lorentz group to include holomorphic superrotations (SRs) [15].

Within the more recent developments, our starting point is Kapec, Lysov, Pasterski
and Strominger’s observation [16] that the subleading soft graviton theorem [17] can be
understood as a Ward identity of holomorphic superrotations. It was noticed afterwords that
one may in fact drop the holomorphicity condition and interpret the soft theorem in terms
of smooth superrotations [18]. Whereas this may appear to run against the idea of a dual
Celestial Conformal Field Theory (CCFT) [6–8], it has the advantage that it allows to extend
the notion of superrotations (and its relation to the subleading soft theorem) to dimensions
grater than four [19–21]. The cost to pay, however, is that the celestial metric has to be
treated dynamically in the gravitational phase space [22]. From a CCFT perspective, one is
allowing the boundary theory to live on arbitrary background metrics.1

1See [23, 24] for discussions of background sources in CCFT and their relation to asymptotic symmetries.
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One of the main difficulties one faces in treating the celestial metric as a dynamical
variable is the appearance of divergences in the gravitational symplectic structure at null
infinity. As shown in [25–28], these can be regularized and renormalized by appropriate
boundary counterterms. These techniques, however, usually leave undetermined “corner”
contributions at the boundaries of null infinity. In [29] these difficulties were bypassed by
requiring consistency of the charge algebra generated by superrotations and supertranslations
(ST), leading to a specific proposal for a symplectic structure at null infinity in which the
fundamental variables are the shear tensor (as in the AS case) and the celestial metric.

Once a symplectic structure is given, it is natural to ask what the corresponding Poisson
brackets (PB) are. For the case at hand, this turns out to be quite a challenging problem
and progress was initially made in restricted settings: In [30] PBs were obtained in the
sector relevant for holomorphic SRs while [31] dealt with smooth SRs at linearized level.
Based on the insights gained in those previous studies, in this work we undertake the task
of evaluating PBs without simplifying assumptions.

1.1 Summary of results

Before getting started, let us describe the main result of the paper. Consider the following
gravitational variables at null infinity,

Nab(u, x) news tensor,
C(x) supertranslation Goldstone mode,
qab(x) celestial metric (≡ smooth superrotation Goldstone mode),

where u and x are, respectively, time and angular coordinates at null infinity, while a, b, . . .
are 2d indices on the celestial sphere. C(x) is the “ST Goldstone mode” introduced in [32],
which, together with the news tensor, provide a parametrization of the AS phase space.
The celestial metric appears as an additional variable, playing the role of Goldstone mode
for smooth SRs [22].

The evaluation of PBs requires the introduction of a cut-off Λ such that2

−Λ < u < Λ with Λ → ∞.

The final result of our analysis can be summarized in the following PB algebra:

{Nab(u,x),Ncd(u′, x′)}=
1
2δab,cd δ

(2)(x,x′) δ̇(u−u′)

+ δab,cd δ
(2)(x,x′) δ̇Λ(u)

(
ΛδΛ(u′)− 1

2
)
− [u↔ u′]

+ Kab,cd(x,x′)δ̇Λ(u)δ̇Λ(u′) (1.1)
− Lab,cd(x,x′)δΛ(u)δ̇Λ(u′)+[(u,x,ab)↔ (u′, x′, cd)]

− 1
2qcdNmn(u′, x′)D⟨aGb⟩mn(x,x′)δ̇Λ(u)+[(u,x,ab)↔ (u′, x′, cd)]

{Nab(u,x),C(x′)}=−Gab(x,x′)
(
C(x)δ̇Λ(u)+δΛ(u)

)
(1.2)

2The introduction of a cut-off in u appears to break Lorentz (or, more generally, Weyl) symmetry at
null infinity. Under Weyl transformations, however, the cut-off is rescaled such that PBs of Weyl-invariant
quantities is unaffected, see appendix A.2.
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{Nab(u,x), qcd(x′)}=−D⟨aGb⟩cd(x,x′)δ̇Λ(u) (1.3)
{C(x),C(x′)}= {qab(x),C(x′)}= {qab(x), qcd(x′)}= 0, (1.4)

where δab,cd = 1
2(qacqbd + qadqbc − qabqcd), δΛ(u) is a Dirac delta at |u| = Λ, and the dot

represents a derivative with respect to time. The various bilocal tensors on x and x′ will
be described in due course. The first line of (1.1) is the usual news PBs, while the second
term in (1.2) reproduces the bracket obtained in [32]. All other terms (i.e. the last four
lines of (1.1), the first term in (1.2), and (1.3)) are the new contributions that arise when
extending the AS space by qab. Their role will become clear during the analysis.

1.2 Organization of the paper

The article is organized as follows. Section 2 sets the stage for the paper: In 2.1, we
introduce notation and explain our objective in more detail. In 2.2, we review the notion
of SR covariance, which plays a central role throughout the article. In 2.3, we present a
parametrization of the gravitational variables at null infinity that simplifies the symplectic
structure. This parametrization suggests a description of the extended phase space as a
constrained system, presented in 2.4. The constraints naturally group into two sets, and
in 2.5 we present the strategy for their imposition. In 2.6, we comment on the subtleties
associated to the use of holomorphic coordinates in a context where the 2d metric is not fixed.

The body of the paper is composed of five sections: In 3 we present the kinematical PBs,
while in 4 and 5 we impose the first and second set of constraints respectively, resulting in
the brackets (1.1) to (1.4). As an illustration and consistency check, in section 6 we use the
brackets to evaluate the action of supertranslation and superrotation charges, recovering the
expected transformation rules. A final discussion is given in section 7.

The article is complemented with eight appendices: In A we review the notions of Weyl
scaling at null infinity, (G)BMS group and charges, and establish various properties of the
symplectic structure. In B we present differential operators and Green’s functions that are
used in the analysis. C is a complement of section 3 which discusses kinematical HVFs. In D
we present the evaluation of the first stage Dirac matrix. E is a complement of section 5
and discusses HVFs on the intermediate kinematical space. In F we present details of the
evaluation of the second stage Dirac matrix. G contains a discussion of HVFs on the physical
space and H discusses null directions of the three symplectic structures appearing in the
paper (kinematical, intermediate, and physical).

2 Preliminaries

2.1 Conventions and statement of the problem

We follow a coordinate-based approach, as in the original BMS treatment [9, 10], although we
shall use various geometric notions that arise in the coordinate-free conformal setting [12–14].

Asymptotically flat space-times in Bondi coordinates are characterized by the leading
r → ∞ angular components of the spacetime metric (see [33] for a detailed review)

gab
r→∞= r2qab(x) + rg

(1)
ab (u, x) + · · · , (2.1)
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where a, b, c, . . . are two-dimensional indices on the celestial sphere. Future (past) null infinity
I is parametrized by sphere coordinates xa and retarded (advanced) time u. qab defines the
2d metric at null infinity, which is used to raise and lower 2d indices.

Among Bondi gauge conditions, the one that plays a key role in our discussion is3

det gab = r4 det q̊ab, (2.2)

where det q̊ab is the square of an area element that is being fixed. In terms of the expansion
coefficients in (2.1), the condition reads

det qab = det q̊ab, (2.3)

qabg
(1)
ab = 0, (2.4)

and can be interpreted as follows. Eq. (2.3) freezes Weyl diffeomorphisms at null infinity (see
appendix A.1) while eq. (2.4) brings down to two the number of independent components of
g

(1)
ab , eventually allowing their identification with the two polarizations of gravitational waves.

It has been known since the early works on null infinity asymptotics [13] that gravitational
radiation is encoded in a “renormalized g

(1)
ab ” [25],

Cab := g
(1)
ab − uTab, (2.5)

where Tab is a symmetric, trace-free (STF) tensor that is constructed from qab (see eq. (2.13)
below). In particular, the energy-flux of gravitational waves is proportional to the square
of the time derivative of Cab,

Nab := ∂uCab. (2.6)

We refer to Cab, Tab and Nab as the shear, Geroch, and news tensor respectively.
Requiring finiteness of the total energy carried by gravitational waves implies

lim
|u|→∞

Nab = 0. (2.7)

Typical spacetimes of interest satisfy a stronger version of (2.7), which is that the spacetime
metric becomes flat at early and late times [35]. The condition can be written as

lim
u→±∞

Cab = (−2D⟨aDb⟩ + Tab)C±, (2.8)

for certain functions on the celestial sphere C±. Here Da is the covariant derivative of qab

and the angle brackets denote symmetrization and extraction of the trace.4
The standard gravitational phase space at null infinity is defined such that only Cab is

allowed to vary, leading to the symplectic structure introduced by Ashtekar and Streubel [14]

ΩAS =
∫
I
δN ab ∧ δCab. (2.9)

3See [26, 34] for more general boundary conditions.
4Explicitly, given a 2d tensor Aab, we define A⟨ab⟩ := 1

2 (Aab +Aba)− 1
2qabq

cdAcd.
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Among other things, this structure allows for a canonical realization of the asymptotic
isometries of the spacetime metric, described by the so-called BMS group. On the other
hand, as indicated in the introduction, the subleading soft graviton theorem suggests one
should allow for diffeomorphisms that are not necessarily asympotic isometries. For spacetime
metrics in Bondi gauge, these are generated by smooth superrotations and supertranslations,
and span a generalized version of the BMS group.5

In general, SRs change the 2d metric and so their description requires one to work in
the extended space [22]6

Γ =
⋃
qab:

det qab=det q̊ab

Γqab
AS , (2.10)

where Γqab
AS is the AS phase space associated to a given 2d metric qab. This space admits

a natural symplectic structure that is compatible with both SRs and STs and which takes
the form [29]

Ω = ΩAS +
∫

S2

(
δpab

1 ∧ δqab + δΠab
1 ∧ δTab

)
, (2.11)

where pab
1 and Πab

1 are STF tensors that are constructed out of Cab, Nab, qab and Tab (see
subsection 2.3 and appendix A.4).

The aim of this paper is to invert (2.11), i.e. to derive the PBs among elementary variables.
The starting point will be a rewriting of (2.11) that brings Ω into a simpler form compared
to the original expression of [29]. A recurring technical tool in our analysis will be the use
of a SR covariant derivative, which we describe next.

2.2 SR covariant derivative

A u-independent 2d tensor A at null infinity is said to be SR covariant if it enjoys the
SR transformation rule7

δV A = LV A+ k

2DcV
cA, (2.12)

where LV is the Lie derivative along the 2d vector field V a generating the SR and k is the
Weyl weight of the tensor, see appendix A.1.

In general, derivatives of SR covariant quantities are not SR covariant. For instance, the
term −2D⟨aDb⟩C± in (2.8) is not SR covariant. In this case, the non-covariance is “corrected”
by the addition of the tensor Tab introduced earlier and defined by the condition [13, 25],

DbTba = −1
2∂aR, (2.13)

where R is the scalar curvature of qab. More generally, one can always “SR covariantize”
differential expressions by means of a SR covariant derivative defined as follows [29].8

5From now on, we will omit the adjective “smooth” when referring to smooth superrotations. The BMS
group and its generalized version are reviewed in appendix A.3.

6The space may appear to depend on the choice of det q̊ab. Different choices can however be identified
thanks to the Weyl invariance of the symplectic form, see appendix A.1.

7Borrowing CFT terminology, tensors satisfying (2.12) are also referred to as primary fields [36].
8In the present smooth context, the notion of SR covariant derivative is equivalent [31] to that of Weyl

covariant derivative (see e.g. [37, 38]). In the holomorphic setting, however, the two notions are independent.
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Let ψ be a potential for Tab such that [25]9

Tab = 2(D⟨aψDb⟩ψ +D⟨aDb⟩ψ). (2.14)

The SR covariant derivative Da is then defined as

DaA := DaA+ kDaψA+
ψ

ΓA, (2.15)

where k is the weight of the tensor A, as given in (2.12), and
ψ

ΓA represents indices contractions
with the Christoffel-like symbols,

ψ

Γc
ab = −2D⟨aψδ

c
b⟩. (2.16)

One can then show that the SR covariant derivative of a SR covariant tensor is SR covariant, i.e.

δV A =
(
LV + k

2DcV
c
)
A =⇒ δV DaA =

(
LV + k

2DcV
c
)

DaA. (2.17)

In particular, DaDbC± is SR covariant, and in fact one has the identity

−2D⟨aDb⟩C± = (−2D⟨aDb⟩ + Tab)C±. (2.18)

Other useful identities to keep in mind are

Daqbc = 0 (2.19)
DaR = 0, (2.20)

where R is the SR covariant scalar curvature, defined by [Da,Db]ωc = R d
abc ωd with Rabcd =

Rqa[cqd]b. It is related to the ordinary scalar curvature by R = R + 2DcD
cψ.

2.3 Simplifying the symplectic form through a hard–soft split

Following [30, 32], it is convenient to isolate a u-independent part of Cab by writing it as

Cab(u, x) = σab(u, x) + Cab(x) (2.21)

with σab satisfying

lim
u→∞

(σab(−u, x) + σab(u, x)) = 0. (2.22)

In a slight abuse of language, we shall often refer to σab as the shear.
The splitting (2.21) translates into a splitting of the AS symplectic structure (2.9),10

ΩAS =
∫
I
δσ̇ab ∧ δσab +

∫
S2
δ

0
N ab ∧ δCab, (2.23)

9ψ can equivalently be defined by the condition that e−2ψqab is diffeomorphic to the round sphere
metric [25, 29]. From either definition one finds that ψ is defined modulo an additive term associated to
conformal isometries. The tensor Tab is however independent of such ambiguity. In [25] ψ is interpreted as a
Liouville field and (2.14) as the trace-free part of the corresponding stress tensor.

10If we had chosen ΩAS to be
∫
I δNab ∧ δCab (i.e. with covariant/contravariant indices swapped from (2.9)),

we would still end up with (2.23). This is because its difference from (2.9) is proportional to δ√q, as can be
seen by writing the difference in holomorphic coordinates.
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where
σ̇ab = ∂uσ

ab ≡ N ab (2.24)

and
0
N ab :=

∫ ∞

∞
du σ̇ab (2.25)

is the leading soft news. The first term in (2.23) will be referred to as the hard part of
the symplectic structure,

Ωhard :=
∫
I
δσ̇ab ∧ δσab. (2.26)

It turns out that the second term in (2.23) combines nicely with the second term in (2.11),
resulting in what we will refer to as the soft part of the symplectic structure (see appendix
for A.4 for details)

Ωsoft :=
∫

S2

(
δ(DN) ∧ δC + δΠab ∧ δTab + δpab ∧ δqab

)
, (2.27)

where C and N are such that11

Cab = −2D⟨aDb⟩C,
0
N ab = −2D⟨aDb⟩N,

(2.28)

and D is the 4th order differential operator defined by

DN := −2D⟨aDb⟩ 0
N ab = 4D⟨aDb⟩D⟨aDb⟩N. (2.29)

The conjugates to Tab and qab appearing in (2.27) are

Πab = 2(
1
N ab + C

0
N ab), (2.30)

pab = 1
2

(
D⟨aDcΠb⟩c − R

2 Π
ab
)
=: 12O

ab
cdΠcd, (2.31)

where
1
N ab :=

∫ ∞

−∞
duuσ̇ab (2.32)

is the subleading soft news.
To summarize, the extended symplectic structure (2.11) can be written as

Ω = Ωhard +Ωsoft,

=
∫
I
δσ̇ab ∧ δσab +

∫
S2

(
δ(DN) ∧ δC + δΠab ∧ δTab + δpab ∧ δqab

)
.

(2.33)

A few comments are in order:

1. The above hard-soft splitting does not mean the total phase space is a product of
hard and soft phase spaces. In particular, Ωhard depends on the “soft” variable qab

through the condition qabσab = 0 while Ωsoft depends on the “hard” variable σab through
eqs. (2.29), (2.30), (2.31).

11In terms of C± introduced in (2.8): C = (C+ + C−)/2 and N = C+ − C−. All these scalars are to be
understood as defined modulo elements in the kernel of D⟨aDb⟩. These indeterminacies are associated to null
directions in the symplectic structure, see appendix H for further details.
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2. There is certain freedom into how one chooses to write Ω. For instance, we could
express the first piece of Ωsoft as

∫
S2 δN ∧ δ(DC) at the cost of introducing extra terms

in the definitions of Πab and pab [30, 31]. Additionally, one could consider a different
prescription in the splitting (2.21) such that ασ−ab + (1 − α)σ+

ab = 0 with α ̸= 1/2.
The choices we made simplify the expressions for Πab and pab and allow for a relation
between them (2.31) that does not involve C nor N . See appendix A.4 for further
details.

3. In order for (2.32) to be well-defined, we need σ̇ab to decay faster than u−2. We will
thus assume

σ̇ab
|u|→∞= O(1/|u|2+ϵ) (“physical” boundary conditions) (2.34)

for some ϵ > 0. The qualifier “physical” here is just to distinguish it from the different
boundary conditions that are needed at the kinematical level (see eq. (2.36) below). It
is however well-known that the fall-offs (2.34) are generally too restrictive, and that
one should, in fact, set ϵ = 0 [39, 40]. See [41–44] for recent progress on how to deal
with such situation at the phase space level.

2.4 Physical phase space as a constrained system

Following [30], we will regard the phase space introduced before as a constrained system
inside an auxiliary kinematical phase space. The latter is defined by regarding all quantities
appearing in (2.33) as independent (except for the trace-free conditions on the tensors and
the fixed determinant on the metric):

Γkin,0 = {σab, C,N, Tab,Πab, qab, p
ab}. (2.35)

In addition, we relax the u→ ±∞ boundary conditions (2.34) on σ̇ab to allow for an O(1) term:

σ̇ab
|u|→∞= O(1) +O(1/|u|2+ϵ) (“kinematical” boundary conditions). (2.36)

The vanishing of this O(1) term will then be treated as part of the constraints. The reason
to include it is to have a well-defined kinematical action of the subleading news (2.32), see
section 3.2 for further details. Note that we are assuming the asymptotic values of the
kinematical news at u → ±∞ coincide.

Conditions (2.7), (2.8), (2.13), (2.22), (2.30) and (2.31) will then be regarded as con-
straints on Γkin,0 that determine the physical space Γphys. Specifically, we define the constraint
functions:

F ab
1 := pab − 1

2O
ab

cdΠcd,

F2a := DbTba + 1
2∂aR,

F ab
3 :=

1
N ab + CNab − 1

2Π
ab,

F ab
4 := 2σ̇+ab,

F ab
5 :=

0
N ab −Nab,

F ab
6 := 1

2(σ
+ab + σ−ab),

(2.37)
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where the ± superscripts indicate u → ±∞ limits, Nab := −2D⟨aDb⟩N , and Oab
cd is the

differential operator defined in eq. (2.31).
The origin of F2 and the pair F5, F6 are evident from the definitions of the quantities

involved, as given in sections 2.2 and 2.3 respectively. The constraints F1 and F3 arose
from demanding that the canonical charges associated to the generalised BMS symmetries
faithfully represent the GBMS algebra [29]. Finally, the constraint F4 demands that the O(1)
mode (2.36) of the news vanishes.12 For concreteness we impose this condition at u→ +∞,
but any condition of the type ασ̇+ + βσ̇− = 0 with α + β ̸= 0 works equally well.

2.5 Strategy for the imposition of constraints

The constraints (2.37) naturally split into two sets,

(F1, F2) and (F3, F4, F5, F6). (2.38)

The first set only involve variables from the “soft sector” and can be consistently imposed on
its own. This leads to an intermediate kinematical space that we denote by Γkin,1,

Γkin,1 := {F1 = F2 = 0} ⊂ Γkin,0. (2.39)

As we shall see, the role of these constraints is to make explicit the SR covariance of the PBs.
The remaining constraints, involve the field σab and its time derivative, and require

dealing with distributional contributions at |u| → ∞. Their imposition may be regarded as
a generalization of the analysis made in [32] (which, in our notation, only treated F5 and
F6 as there were no SRs), and leads to the physical phase space

Γphys ≡ Γkin,2 := {F3 = F4 = F5 = F6 = 0} ⊂ Γkin,1. (2.40)

It turns out that, in both cases, the constraints form a second class system. PBs can
then be obtained by iterating Dirac’s procedure as follows. Let

{Fα, Fα′}i (2.41)

be the matrix of constraints’ PBs at the i-th level (i = 0, 1), where {·, ·}i are the PBs on
Γkin,i and the index α represents the constraint labels (possibly including tensor components
and points on the celestial sphere). Dirac’s procedure requires the inverse matrix of (2.41)
which we denote by Wαβ

i ,

{Fα, Fα′}iW
α′β
i = δα

β . (2.42)

The corrected PBs between two quantities ψ and φ are then given by,

{ψ,φ}i+1 = {ψ,φ}i + {ψ, Fα}iW
αα′
i {φ, Fα′}i. (2.43)

Our starting point are the “zeroth” kinematical PBs, discussed in section 3. Apply-
ing (2.43) for i = 0 yields the “intermediate” kinematical PBs (section 4) and applying it
again for i = 1 yields the physical PBs (section 5).

12Unlike the situations studied previously [30, 31], the explicit inclusion of this constraint is essential in
order to obtain an invertible Dirac matrix.
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Throughout the process, it will be important to keep in mind the definition of PBs in
terms of Hamiltonian vector fields (HVFs). In a slight abuse of notation, we denote by {·, φ}
the HVF of φ. It is defined as the solution to the equation

Ω(δ, {·, φ}) = δφ. (2.44)

The Poisson brackets between two such functionals is then given by

{φ,ψ} = Ω({·, ψ}, {·, φ}). (2.45)

As implied by the notation, one can interpret the l.h.s. of (2.45) either as the HVF of ψ
acting on φ or as (minus) the HVF of φ acting on ψ.

Equations (2.44) and (2.45) hold on each space Γkin,i separately. The constraint analysis
can in fact be understood as a recipe to solve (2.44) on the physical space (i = 2). When
applied to the kinematical space (i = 0), eqs. (2.44) and (2.45) provide the definition of the
“zeroth” PBs. This abstract perspective will help us deal with the subtleties associated to the
non-compact nature of the time variable u, discussed in subsection 3.2.

We conclude by introducing additional notation. In actual computations it will be useful
to consider smeared constraints. In the notation of (2.41) we write them as

F [X] := FαX
α, (2.46)

where Xα plays the role of smearing parameter for the constraints. The Dirac matrix can
then be thought of as the linear map

Xα 7→ Yα = {Fα, Fα′}iX
α′ ≡ {Fα, F [X]}i, (2.47)

with inverse

Xα =Wαα′
i Yα′ . (2.48)

Given a function φ, we can associate a smearing parameter Xφ by

Xα
φ :=Wαβ

i {φ, Fβ}i, (2.49)

in terms of which eq. (2.43) takes the compact form

{·, φ}i+1 = {·, φ}i + {·, F [X]}i|X=Xφ . (2.50)

This version of Dirac’s formula will be used in appendices E and G to evaluate HVFs on
Γkin,1 and Γkin,2 respectively.

2.6 Comments on the use of holomorphic coordinates

In order to simplify computations and expressions, it is useful to work in holomorphic
coordinates (z, z̄) satisfying

qzz̄ > 0, qzz = qz̄z̄ = 0. (2.51)
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In particular, the independent variations of the 2d metric (which are trace-free, since det qab

is fixed) are simply parametrized by δqzz and δqz̄z̄. That is, we have

δqzz̄ = 0, and δqzz, δqz̄z̄ unconstrained. (2.52)

As it is evident from (2.52), when dealing with tensor variations it is important that the
evaluation on holomorphic coordinates is done after the variation is performed. This in turn
requires knowing the expression of the tensor in general coordinates. It will thus be important
to be able to go back and forth between expressions in holomorphic and in general coordinates.

STF tensors are naturally parametrized by their holomorphic/antiholomorphic compo-
nents. Their variations, however, can include mixed terms. Specifically, let Aab be a STF
tensor and consider a general variation of its trace:

0 = δ(Aabqab) = δAabqab +Aabδqab. (2.53)

Writing (2.53) in holomorphic coordinates and solving for the pure-trace part, one has

δAzz̄ = −1
2q

zz̄(Azzδqzz +Az̄z̄δqz̄z̄), (2.54)

where we emphasize again that the expression is written in holomorphic coordinates after the
variation is performed. The above equation makes it clear that such pure-trace variations
are entirely captured by variations of the 2d metric. The truly independent variations of
STF tensors are captured by δAzz and δAz̄z̄.

Similar expressions hold for STF tensors with lower indices. The relation between
variations of lower and upper components are

δAzz̄ = −qzz̄qzz̄δA
zz̄ (2.55)

and

δAzz = qzz̄qzz̄δA
z̄z̄, δAz̄z̄ = qzz̄qzz̄δA

zz, (2.56)

where the negative sign in (2.55) arises from δqzz = −qzz̄qzz̄δqz̄z̄.

3 Kinematical brackets

As introduced in section 2.4, the kinematical phase space treats the fields appearing in the
symplectic form (2.33) as independent variables. In this section we discuss the resulting
kinematical PBs. We start in 3.1 by presenting PBs in holomorphic coordinates and restricting
to finite-u values in the shear. In 3.2 we extend the analysis to include quantities that are
sensitive to |u| → ∞ asymptotic values of the shear. This section is complemented by a
treatment based on HVFs in general 2d coordinates given in appendix C.
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3.1 Soft variables and finite–u shear

Let us start with the PBs associated to what may be referred as the canonical pairs,13

{σzz(u), σ̇ww(u′)}0 = 1
2δ(u− u′)δ(2)(z, w), (3.1)

{C(z), N(w)}0 = Gz(w), (3.2)
{qzz, p

ww}0 = δ(2)(z, w), (3.3)
{Tzz,Πww}0 = δ(2)(z, w), (3.4)

where Gz(w) is the Green’s function for the D operator, see appendix B for details. Eq. (3.1)
is the well-known news-shear PB, first postulated by Sachs [45], while the PB relation (3.2)
was introduced in [32]. Eqs. (3.3) and (3.4) are standard PB relations for canonical pairs.

The above relations do not yet exhaust all PBs, but can be used to generate the
remaining ones as follows.

Consider first PB relations involving pab. Since pab has a non-trivial bracket with the
2d metric, it must have non-trivial brackets with all 2d STF tensors. Applying eqs. (2.54)
and (2.55) to a variation generated by {·, pww}0 leads to

{σzz̄(u), pww}0 = 1
2qzz̄σ

zz(u)δ(2)(z, w),
{Tzz̄, p

ww}0 = 1
2qzz̄T

zzδ(2)(z, w),
{Πzz̄, pww}0 = −1

2qzz̄Πzzδ(2)(z, w),
{pzz̄, pww}0 = −1

2qzz̄p
zzδ(2)(z, w).

(3.5)

These relations in turn imply, upon using Jacobi identities involving two pab’s,

{pzz, p
ww}0 = 1

2

(
ΠzzTzz −Πz̄z̄Tz̄z̄ +

∫
du(σ̇zzσzz − σ̇z̄z̄σz̄z̄)

)
δ(2)(z, w). (3.6)

The remaining non-trivial PBs are those involving N with pab and Πab. These can be
understood from the observation that DN Poisson commutes with all variables except C,
while D has non-trivial PBs with pab and Πab (since it depends on qab and Tab respectively).
For pww this leads to

{N(z), pww}0 = −Gz{Dz, p
ww}0N(z)

= 2∆(N(w))Gww
z + 2∆(Gz(w))Nww, (3.7)

where in the first line we used an operatorial notation for the Green’s function (which leaves
implicit the integration, see appendix B.4) and the subscript in D indicates the variable on
which the operator acts. In the second line Gww

z ≡ −2DwDwGz(w) while ∆ is a differential
operator that captures the variation of D⟨aDb⟩, see appendices B.1 and B.8. Similarly for
Πww one has

{N(z),Πww}0 = −Gz{Dz,Πww}0N(z)
= −(N(w)Gww

z + Gz(w)Nww). (3.8)
13We denote points on the celestial sphere by z, w, · · · , without implying any holomorphic dependence.

Sphere points on tensor arguments are omitted: σzz(u) ≡ σzz(u, z), σz̄z̄(u) ≡ σz̄z̄(u, z), etc.
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One can finally show that eqs. (3.1) to (3.8), together with their complex conjugates,
complete all non-trivial PBs among the elementary kinematical variables (2.35). We refer
to appendix C for additional details.

3.2 Prescriptions for brackets when |u| → ∞

In the PB expressions discussed above, the variable u in σab(u) was assumed to be bounded.
We will however need PBs involving |u| → ∞ limiting values of the shear, in particular when
imposing the constraints F3 to F6 in section 5. This requires certain prescriptions that we
discuss below. From an abstract phase space perspective, the subtleties arise because, in the
presence of boundaries, HVFs are not always guaranteed to exist [46].

Asymptotic values of the shear and news tensor can appear either explicitly (as in the
constraints F4 and F6), or through the leading and subleading soft news (as in the constraints
F3 and F5). Let us start the discussion with the leading soft news (2.25).

One can show this quantity has a perfectly well-defined HVF, with action on the shear
given by14

{σab(u),
0
N cd}0 = δ

⟨cd⟩
⟨ab⟩, (3.9)

where δ⟨cd⟩
⟨ab⟩ represents the identity kernel on STF tensors. As emphasized in [32], eq. (3.9) is in

conflict with the bracket between the shear and the news, which in the above notation reads,

{σab(u), σ̇cd(u′)}0 = 1
2δ

⟨cd⟩
⟨ab⟩δ(u− u′). (3.10)

Indeed, integrating (3.10) over u′ gives half the expected result from (3.9). The problematic
quantity causing the discontinuity, however, is not the soft news, but the shear. As reviewed
in C.1, one can show σab does not admit a HVF, implying (3.9) and (3.10) are not bona fide
PBs, in the sense of (2.45). Although hidden in the notation, the brackets (3.9) and (3.10)
are only defined through the HVF action of the (soft) news. The discontinuity can however
be fixed [32] when imposing the constraints F5, F6, as we shall see in section 5.

To discuss the remaining “soft” quantities we will make use of a cutoff Λ such that

−Λ < u < Λ with Λ → ∞. (3.11)

In particular, we will use Dirac deltas supported on the limiting endpoints, defined by

δ±(u) = δ(u∓ Λ),
∫
du δ±(u) = 1. (3.12)

We also denote a symmetrized Dirac delta at infinity by

δΛ(u) := 1
2(δ+(u) + δ−(u)). (3.13)

14In this subsection we revert to general 2d coordinates an keep implicit the dependance on sphere points.
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In terms of these distributions, the constraints F4 and F6 can be written as15

F ab
4 =

∫
du δ+(u) σ̇ab(u), (3.14)

F ab
6 =

∫
du δΛ(u)σab(u), (3.15)

with a HVF action of F4 on the shear given by

{σab(u), F cd
4 }0 = δ

⟨cd⟩
⟨ab⟩δ+(u). (3.16)

For the reasons discussed earlier, there is no HVF associated to F6, see appendix C.1.
This poses a challenge for defining PBs involving this quantity, needed in the construction
of the Dirac matrix. Another difficulty is the appearance of product of Dirac deltas at
coincident points when attempting an evaluation of brackets involving F4 with itself or with
F6. Following [30] we take a prescription in which all these quantities have vanishing brackets:16

{F4, F4}0 = {F4, F6}0 = {F6, F6}0 = 0. (3.17)

On the other hand, the brackets between F4, F6 and the soft news can be obtained
from the HVF action of the latter, leading to

{F ab
4 ,

0
N cd}0 = 0, {F ab

6 ,
0
N cd}0 = δ⟨ab⟩⟨cd⟩. (3.18)

Alternatively, the first relation can be recovered by integrating the time derivative of (3.16)
and using

∫
du δ̇+(u) = 0.

Let us finally discuss the subleading soft news. This is yet another quantity not admitting
a HVF. As in the case of the shear, the failure for satisfying the HVF condition can be
removed at the cost of adding a term proportional to F6, leading to (see appendix C.1)

{σab(u),
( 1
N cd − ΛF cd

6
)
}0 = 1

2δ
⟨cd⟩
⟨ab⟩u. (3.19)

Using (3.19) in conjunction with (3.17) and (3.18) leads to

{F ab
4 ,

1
N cd}0 = δ⟨ab⟩⟨cd⟩, (3.20)

{F ab
6 ,

1
N cd}0 = 0, (3.21)

{
0
N ab,

1
N cd}0 = 0, (3.22)

{
1
N ab,

1
N cd}0 = 0. (3.23)

15As mentioned at the end of section 2.4, there is certain freedom in the definition of F4. It may be more
natural to keep a symmetrized form so that δΛ, rather than δ+, appears in (3.14). Such is the prescription
implicitly used in the expressions given in subsection 1.1. In the body of the paper, however, we keep the
asymmetrical form (3.14) to facilitate the identification of the induced distributional terms in the physical PBs.

16It is clear that {σ⟨ab⟩−, σ̇⟨cd⟩+}0 should vanish. On the other hand {σab+, σ̇cd+}0 is formally given by
1
2δ

⟨cd⟩
⟨ab⟩ lim

U→∞,U′→∞
δ(U − U ′). The prescription in (3.17) sets this type of terms to zero. A nonzero value for

these brackets could impact on the final physical brackets, see footnote 45. It would be interesting to explore
what is the most general PBs F4 and F6 could take that is compatibility with Jacobi identity and with
GBMS covariance.
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Note that (3.20) is compatible with (3.16) (by using
∫
duu δ̇+(u) = −1), while (3.22) is

consistent with the fact that the soft news has a trivial action on the news tensor.
We conclude the section by postulating the bracket between the news tensor and F6 to be17

{σ̇ab(u), F cd
6 }0 := −δΛ(u)δ⟨cd⟩

⟨ab⟩. (3.24)

This definition is consistent with (3.18), and leads, through (3.19), to

{σ̇ab(u),
1
N cd}0 =

(1
2 − ΛδΛ(u)

)
δ
⟨cd⟩
⟨ab⟩. (3.25)

Eq. (3.25) is in turn compatible with (3.22), (3.23), as well as with (3.10), by appropriately
keeping track of boundary terms.

We will return to the discussion of this subsection when imposing the constraints
(F3, F4, F5, F6). All these subtleties, however, play no role in the imposition of the first pair
of constraints to which we turn next.

4 Intermediate brackets

In this section we construct the Poisson brackets associated to the intermediate kinematical
space (2.39),

Γkin,1 := {F1 = F2 = 0} ⊂ Γkin,0, (4.1)

where we recall

F ab
1 = pab − 1

2O
ab

cdΠcd,

F2a = DbTba + 1
2∂aR.

(4.2)

Since the constraint F ab
1 is symmetric and trace-free, it provides two independent con-

straints (per point on the celestial sphere). Together with F2a, we then have at this stage four
independent constraint equations. These can be thought of as fixing pab and Tab in terms of
Πab and qab. The intermediate kinematical space (4.1) can then be parametrized by

Γkin,1 = {σab, C,N,Πab, qab}. (4.3)

In order to discuss the Dirac matrix associated to (4.2), we consider the constraints
in smeared form,

F1[X] :=
∫

S2
F ab

1 Xab, F2[X] :=
∫

S2
F2aX

a, (4.4)

where Xab and Xa are smearing parameters.18 In the abstract notation of section 2.5, Xα

represents the pair (Xab, X
a) and

FαX
α = F1[X] + F2[X] ≡ F [X]. (4.5)

17The prescription (3.24) is what eventually solves the analogue of the discontinuity between (3.9) and (3.10)
in the physical space. The price one pays is that (3.24) is discontinuous with what one would get from (3.10).
This, however, does not lead to discontinuities in the physical space.

18F1 identically vanishes if Xab ∝ qab, and so one can restrict Xab to be trace-free. F2 identically vanish if
D⟨aXb⟩ = 0 and so Xa is defined modulo CKVs. The resulting Dirac brackets are insensitive to this redundancy.
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The Dirac matrix map (2.47) then reads

Y ab = {F ab
1 , F [X]}0, Ya = {F2a, F [X]}0, (4.6)

with (Y ab, Ya) corresponding to Yα. In appendix D we show (4.6) is given by

Y z̄z̄ = 1
4AX z̄z̄ + 1

2q
zz̄qzz̄D3

zX
z,

Yz̄ = 1
2D3

z̄X
z̄z̄,

(4.7)

where A is a differential operator with Πab-dependent coefficients (see appendix B.6 and
eq. (D.6)). The inverse map (Y ab, Ya) 7→ (Xab, X

a) takes the form19

Xzz = 2qzz̄qzz̄D−3
z̄ Yz̄,

Xz = 2D−3
z Yzz − qzz̄qzz̄D−3

z AD−3
z̄ Yz̄.

(4.8)

The “coefficients” of Y in (4.8) form the elements of the inverse Dirac matrix that go
into Dirac formula (2.43) for i = 0. We present below the resulting PBs in holomorphic
coordinates. A complementary discussion in terms of HVFs and in general 2d coordinates
is given in appendix E.

We start by noticing that σzz, C and N commute with F1 and F2 and hence their
PBs remain unchanged,

{σzz(u), σ̇ww(u′)}1 = 1
2δ(u− u′)δ(2)(z, w), (4.9)

{C(z), N(w)}1 = Gz(w). (4.10)

Likewise, PBs involving asymptotic values of the shear and the news tensor, discussed in
subsection 3.2, also remain unchanged.

For the remaining independent variables in (4.3), the general formula (2.43) leads to
the following non-trivial bracket relations

{qzz,Πw̄w̄}1 = −2qzz̄D−3
z̄ Dzδ

(2)(z, w) (4.11)
{Πzz,Πw̄w̄}1 = Dz̄D−3

z AD−3
z̄ Dzδ

(2)(z, w) (4.12)
{N(z),Πww}1 = −Gz{Dz,Πww}1N(z) (4.13)

= −
(
N(w)Gww

z + 2qww̄Dw̄D−3
w B̄(N(w))Gw̄w̄

z + (N ↔ Gz)
)
, (4.14)

where B is a differential operator, given in eq. (B.38), that is constructed out of O and ∆.20

19One may worry about the invertibility of the D3
z operator. When seen as a map from tensors to vectors,

as in the second line of (4.7), it has trivial kernel. The corresponding inverse, appearing in the first line
of (4.8), is therefore unambiguously defined. When seen as a map from vector to tensors, as in the first line
of (4.7), it has a non-trivial kernel given by global CKVs. The corresponding inverse, appearing in the second
line of (4.8), is then defined modulo global CKVs. However, as discussed in footnote 18, Xa is itself defined
modulo CKVs and hence there is no ambiguity in the second line of (4.8). See appendix B.5 for further details
of the D3

z operator and its inverse.
20The equivalence between (4.13) and (4.14) can be shown by writing the first line explicitly as

{N(z),Πww}1 = −
∫
d2z′Gz(z′){D′,Πww}1N(z′), and using the formula (B.8) for the variation of D, to-

gether with (4.11) and (4.17), (4.18).
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Since Πzz has non-trivial brackets with the metric, it induces pure trace deformations
on STF tensors. Specializing eq. (2.54) to the case where the variation is generated by the
PB action of Πw̄w̄ leads to

{σzz̄(u),Πw̄w̄}1 = σzz(u)D−3
z̄ Dzδ

(2)(z, w), (4.15)
{Πzz̄,Πw̄w̄}1 = ΠzzD−3

z̄ Dzδ
(2)(z, w). (4.16)

Eqs. (4.9) to (4.16), together with their complex conjugates, complete all non-trivial
PBs among the independent variables on Γkin,1.

We will also need PB expressions for what appear as “non-elementary” quantities from
the perspective of Γkin,1. In particular, for the Geroch tensor one has

{Tzz,Πww}1 = δ(2)(z, w), (4.17)
{Tzz,Πw̄w̄}1 = qzz̄ŌD−3

z̄ Dzδ
(2)(z, w), (4.18)

{Tzz̄,Πw̄w̄}1 = −Tz̄z̄D−3
z̄ Dzδ

(2)(z, w). (4.19)

Additional non-elementary PBs, such as those involving D2
z and D3

z are discussed in
appendix E.

5 Physical brackets

In this section we construct the physical PBs by imposing the remaining constraints,

Γphys = {F3 = F4 = F5 = F6 = 0} ⊂ Γkin,1 , (5.1)

where we recall

F ab
3 =

1
N ab + CNab − 1

2Π
ab,

F ab
4 = 2σ̇ab+,

F ab
5 =

0
N ab −Nab,

F ab
6 = 1

2(σ
ab+ + σab−),

(5.2)

and Nab ≡ −2D⟨aDb⟩N .
Our first task is to evaluate the brackets between constraints. Given the PBs on Γkin,1,

together with the prescriptions discussed in subsection 3.2, one finds the Dirac matrix takes
the following schematic form

{Fα, Fβ}1 =


K −1 L 0
1 0 0 0
−L̃ 0 0 −1
0 0 1 0

 , (5.3)

where α, β = 3, 4, 5, 6 enumerate the constraints (5.2). Each matrix entry is to be understood
as an operator in the space of STF tensors, with 1 representing the identity (modulo raising
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of indices). L and K are integro-differential operators discussed in appendix F, with L̃ the
adjoint of L. K is anti-selfadjoint.

The inverse of (5.3) is given by

Wαβ
1 =


0 1 0 0
−1 K 0 L

0 0 0 1
0 −L̃ −1 0

 . (5.4)

We can now apply Dirac’s formula (2.43) for i = 1. For the reasons discussed in
subsection 3.2 and appendix C, we will regard the news tensor, rather than the shear, as the
fundamental “hard” variable. The elementary brackets naturally fall into three categories,
according to how many instances of the news tensor appear in them. We discuss each
case separately below.

5.1 Soft-soft brackets

We start by considering the independent soft variables in Γkin,1, namely C,N,Πab and qab.
The four quantities commute with the constraints F4 and F6. On the other hand, the
non-zero entries of Wαβ

1 are located at positions where at least one of the indices is 4 or
6 (corresponding to the second and fourth column/raw in (5.4)). It then follows that the
physical PBs among such quantities coincide with their brackets on Γkin,1,

ψ,φ ∈ (C,N,Πab, qab) =⇒ {ψ,φ}2 = {ψ,φ}1. (5.5)

From the perspective of Γkin,2, we should also consider
0
N ab and

1
N ab among the soft

variables. Their brackets can be obtained either by Dirac’s formula,21 or by expressing
them in terms of C,N,Πab and qab,

1
N ab = 1

2Π
ab − CNab,

0
N ab = Nab,

(5.6)

and then evaluating their brackets using eq. (5.5). Regardless the procedure, one finds the
following non-trivial relations

{C(z),
0
Nww}2 = Gww

z ,

{C(z),
1
Nww}2 = −C(w)Gww

z ,

{qz̄z̄,
1
Nww}2 = −qzz̄D−3

z Dz̄δ
(2)(z, w),

{
1
N zz,

0
Nww}2 = Lδ2(z, w),

{
1
N zz,

1
Nww}2 = Kδ2(z, w),

(5.7)

where K and L are scalar operators that characterize the Dirac matrix entries K and L

in (5.3), see appendix F for details. In (5.7) we focused on the trace-free components. The

21Their non-trivial brackets with the constraints are {
1
N zz, F

ww
4 }1 = {

0
N zz, F

ww
6 }1 = −δ2(z, w).
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subleading soft news also induces trace variations on all tensors, similarly to what occurs
with Πab (see discussion before eq. (4.15)). In particuar, one has

{
0
N zz̄,

1
Nww}2 = −1

2
0
N zzD−3

z Dz̄δ
(2)(z, w),

{
1
N zz̄,

1
Nww}2 = −1

2
1
N zzD−3

z Dz̄δ
(2)(z, w).

(5.8)

5.2 News-soft brackets

According to the prescriptions given in subsection 3.2 (which remain unaltered on Γkin,1),
the non-trivial PBs between the news tensor and the constraints are

{σ̇zz(u), Fww
3 }1 =

(1
2 − ΛδΛ(u)

)
δ(2)(z, w),

{σ̇zz(u), Fww
4 }1 = δ̇+(u)δ(2)(z, w),

{σ̇zz(u), Fww
6 }1 = −δΛ(u)δ(2)(z, w),

(5.9)

where δ+ and δΛ are Dirac deltas with support at infinity, according to eqs. (3.12) and (3.13).22

Using (5.9), one can show the PBs between the news tensor and any soft quantity φsoft
take the form23

{σ̇zz(u), φsoft}2 = δΛ(u){
0
N zz, φsoft}2 − δ̇+(u){

1
N zz, φsoft}2. (5.10)

The integration rules ∫
du δΛ(u) = 1,

∫
du δ̇+(u) = 0,∫

duuδΛ(u) = 0,
∫
duuδ̇+(u) = −1,

(5.11)

then imply (5.10) is compatible with the leading and subleading soft news brackets,∫
du{σ̇zz(u), φsoft}2 = {

0
N zz, φsoft}2, (5.12)∫

duu{σ̇zz(u), φsoft}2 = {
1
N zz, φsoft}2. (5.13)

This illustrates the absence of discontinuities in the physical brackets, in contrast to what
occurs at the kinematical level. In particular, the kinematical discontinuity between (3.9)
and (3.10) should be compared with the continuity (5.12) when φsoft = C. See appendix G
for further comments.

In addition to the “boundary u” brackets (5.10), there are also “bulk u” brackets involving
the trace-part of the news. They can be obtained from (4.15) (which remains unchanged),
leading to

{σ̇zz̄(u),Πww}2 = 2{σ̇zz̄(u),
1
Nww}2 = −σ̇zz(u)D−3

z Dz̄δ
(2)(z, w). (5.14)

Upon integrating (5.14) in u one recovers the analogue bracket involving the trace part of
the (sub)leading soft news, eq. (5.8).

22As discussed in footnote 15, one could use a definition of F4 such that δΛ appears in place of δ+. All the
results of this and the next section remain unchanged if we replace δ+ by δΛ.

23For φsoft = C,N,Πab, qab, this follows from {φsoft, F3}1 = {
1
N , φsoft}2, {φsoft, F5}1 = {

0
N , φsoft}2 and

W 34
1 =W 56

1 = −1. For φsoft =
0
N ,

1
N , the Dirac bracket involves other components of Wαβ

1 . The result can be
written as (5.10) after using the last two relations in (5.7).
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5.3 News-news brackets

The news bracket with itself can be evaluated by substituting (5.9) on Dirac formula (2.43),
leading to

{σ̇zz(u), σ̇ww(u′)}2 =
(

1
2 δ̇(u− u′)−

(1
2 − ΛδΛ(u′)

)
δ̇+(u) +

(1
2 − ΛδΛ(u)

)
δ̇+(u′)

+δ̇+(u)δ̇+(u′)K + δΛ(u)δ̇+(u′)L† − δ̇+(u)δΛ(u′)L
)
δ(2)(z, w). (5.15)

We can again verify a continuity condition, this time between (5.15) and (5.10) with φsoft =
0
N ,

1
N . Using the integration rules (5.11) and∫

duu = 0,
∫
du δ̇(u− u′) = 0,

∫
duuδ̇(u− u′) = −1 + 2ΛδΛ(u′), (5.16)

one finds ∫
du′{σ̇zz(u), σ̇ww(u′)}2 = −δ̇+(u)Lδ(2)(z, w)

≡ {σ̇zz(u),
0
Nww}2, (5.17)∫

du′u′{σ̇zz(u), σ̇ww(u′)}2 = −
(
δ̇+(u)K + δΛ(u)L†

)
δ(2)(z, w)

≡ {σ̇zz(u),
1
Nww}2. (5.18)

Finally, either from Dirac formula or from consistency with (5.10) with φsoft = qab

(see (5.20) below) we get

{σ̇zz̄(u), σ̇ww(u′)}2 = 1
2 σ̇zz(u)δ̇+(u′)D−3

z Dz̄δ
(2)(z, w). (5.19)

Integrating (5.19) in u or u′ leads to news-soft brackets that are consistent with the earlier
expressions.

5.4 Elementary PB algebra

A minimal set of variables parametrizing Γphys are: σ̇ab, C and qab. The non-trivial PBs among
these quantities are given by eqs. (5.15), (5.19), together with eq. (5.10) for φsoft = C, qab,

{C(z), σ̇ww(u)}2 =
(
δ̇+(u)C(w) + δΛ(u)

)
Gww

z ,

{qz̄z̄, σ̇
ww(u)}2 = δ̇+(u)qzz̄D−3

z Dz̄δ
(2)(z, w).

(5.20)

This “elementary” PB algebra was presented in eqs. (1.1) to (1.4) at the beginning of
the paper. There, we used general 2d coordinates and assumed a symmetric definition for
F4 so that δ+ is replaced by δΛ. The bilocal kernels in those expressions are obtained by
applying the corresponding integro-differential operators to the 2d Dirac delta.

Let us conclude the section by emphasizing that the continuity properties discussed in
the previous subsections imply that the elementary PBs can be used to generate all physical
brackets. These include, in particular, the “soft” brackets discussed in section 4, which
remain unchanged on Γphys according to (5.5). In this perspective, quantities like Πab or
N are regarded as non-elementary/composite.

A more interesting example of composite quantities is the supertranslation and super-
rotation charges. We discuss them in the next section.
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6 GBMS Poisson bracket action

In this section we verify that the PB action of ST and SR charges reproduce the expected
transformation rules,24

δf = {·, Pf}, δV = {·, JV }. (6.1)

For concreteness, we will evaluate (6.1) on the following phase space quantities:

C,N, qab, Tab,Πab and σ̇ab(u). (6.2)

6.1 Supertranslations

The supermomentum can be written as Pf = P soft
f + P hard

f with (see appendix A.5)

P soft
f =

∫
d2z f(z)DN(z), P hard

f =
∫
dud2zf(z) σ̇ab(u, z)σ̇ab(u, z). (6.3)

Let us start with the soft quantities in (6.2). From the soft brackets discussed in section 4
(which remain unchanged according to (5.5)) one has

{C,P soft
f } = f, {φ, P soft

f } = 0, φ = N, qab, Tab,Πab. (6.4)

On the other hand, the brackets of the soft quantities with P hard
f can be evaluated from

the news-soft brackets (5.10). It is easy to see that the distributional terms at infinity do
not contribute in the u integral of (6.3) so that

{φ, P hard
f } = 0 for φ = C,N, qab, Tab,Πab. (6.5)

Thus, (6.4) holds for the total Pf , correctly reproducing the ST action on the soft variables.
We now discuss the news tensor. Using the general formula (5.10) together with

{
0
N zz, P

soft
f } = 0, {

1
N zz, P

soft
f } = −f(z)

0
N zz (6.6)

one finds

{σ̇zz(u), P soft
f } = δ̇+(u)f(z)

0
N zz. (6.7)

To evaluate the bracket with the hard supermomentum, we start with

{σ̇zz(u), P hard
f } = 2

∫
du′d2wf(w){σ̇zz(u), σ̇ww(u′)}σ̇ww(u′). (6.8)

The news-news bracket (5.15) has the form

{σ̇zz(u), σ̇ww(u′)} =
(

1
2 δ̇(u− u′)− 1

2 δ̇+(u)
)
δ(2)(z, w) + (· · · )δΛ(u′) + (· · · )δ̇+(u′). (6.9)

By the same reasoning given before (6.5), one can check that the distributional terms at
|u′| = ∞ do not contribute to the u′ integral in (6.8). The first two terms in (6.9) lead to

{σ̇zz(u), P hard
f } = f(z)σ̈zz(u)− f(z)

0
N zz δ̇+(u). (6.10)

Adding (6.7) and (6.10) we recover the ST action on the news,

{σ̇zz(u), Pf} = f(z)σ̈zz(u). (6.11)
24In this section we omit the subscript in PBs, with the understanding that they refer to physical brackets.
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6.2 Superrotations

The charge can be written as JV = Jhard
V + J soft

V with

Jhard
V =

∫
S2

∫
du σ̇abδV σab,

J soft
V =

∫
S2

(
DNδV C −ΠabSab cV

c
)
,

(6.12)

where (see appendix A.5 for further details)

δV σab =
(
LV + 1

2DcV
c(u∂u − 1)

)
σab, (6.13)

δV C =
(
LV − 1

2DaV
a
)
C, (6.14)

Szz cV
c = D3

zV
z. (6.15)

We start with the observation that the first four quantities in (6.2) commute with the
hard superrotation charge

{φ, Jhard
V } = 0 for φ = C,N, qab, Tab. (6.16)

This, again, is not entirely trivial, as one needs to check that distributional terms at infinity
do not contribute. The situation is more subtle than in the supertranslation case, since Jhard

V

depends both on the news and on the shear tensors.25

Let us now consider the PBs of the quantities in (6.16) with J soft
V . The simplest case

is C, for which one has

{C(z), J soft
V } =

∫
d2wDw{C(z), N(w)}δw

V C(w) = δV C, (6.17)

where we used that the only non-trivial PB is the one with N , (4.10).
N , on the other hand, has non-trivial brackets with C and with Πab (4.14), leading to

{N(z), J soft
V } =

∫
d2w

(
DwN(w)δw

V {N(z), C(w)} − ({N(z),Πww}D3
wV

w + c.c.)
)

(6.18)

= GδV (DN) +
∫
d2w(Gz{Dz,Πww}N(z)D3

wV
w + c.c) (6.19)

= GδV (D)N + δV N − G{D, J soft
V }N = δV N, (6.20)

where in the last equality we used that {D, J soft
V } = δV D. This is a consequence of the SR

action of the soft charge on the 2d metric and on the Geroch tensor, which we verify next.
For the 2d metric the only non-trivial PB is the one with Πab (4.11), leading to

{qzz, J
soft
V } = −

∫
d2w{qzz,Πw̄w̄}D3

w̄V
w̄ (6.21)

= 2DzVz ≡ δV qzz, (6.22)
25One thus needs to evaluate shear-soft brackets. These can be defined by integrating the news-soft

brackets (5.10), with boundary condition F6 = 0. One can show the resulting distributional terms do not
contribute in the bracket (6.16), by a similar argument to the one given below in eq. (6.41) (with φ playing
the role of σzz(u)).
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where we used

[Dz,D3
z̄] = 0, (6.23)

together with the fact that the SR covariant derivative on (k = 0) SR vector fields coincides
with the ordinary covariant derivative,

DaV
b = DaV

b. (6.24)

For the Geroch tensor, the non-trivial brackets are those with Πab. Using eqs. (4.17)
and (4.18), the trace-free components of the PBs are

{Tzz, J
soft
V } = −

∫
d2w

(
{Tzz,Πww}D3

wV
w + {Tzz,Πw̄w̄}D3

w̄V
w̄
)

(6.25)

= −D3
zV

z − ŌDzVz = δV Tzz, (6.26)

where to get the second equality we used (6.23) and in the last equality we used the
identity (B.40). STFs tensors also exhibit pure-trace variations that compensate for the
change in the metric. From (4.19) one gets

{Tzz̄, J
soft
V } = −

∫
d2w

(
{Tzz̄,Πww}D3

wV
w + c.c

)
(6.27)

= TzzDz̄V
z + c.c = δV Tzz̄, (6.28)

where we used (6.23), (6.24), and the fact that δV Tzz̄ = LV Tzz̄ = Dz̄V
zTzz +DzV

z̄Tz̄z̄.
The last soft quantity to analyse is Πab. Unlike the other soft variables, there is a

non-trivial contribution from the hard SR charge given by (see the end of this section for
a derivation)

{Πzz, Jhard
V } = Dz̄D−3

z AhardDzV
z̄, (6.29)

where we recall that

Ahard = 2
∫ ∞

−∞
du(σ̇zzσzz − σ̇z̄z̄σz̄z̄). (6.30)

On the other hand, the bracket with the soft charge is a sum of two terms,

{Πzz, J soft
V } = −

∫
d2w

(
{Πzz,Πw̄w̄}D3

w̄V
w̄ +Πab{Πzz,Sab c}V c

)
. (6.31)

The first term can be evaluated using (4.12) leading to

−
∫
d2w{Πzz,Πw̄w̄}D3

w̄V
w̄ = −Dz̄D−3

z ADzV
z̄. (6.32)

The second term can be evaluated using the brackets computed in E.3 and gives

−
∫
d2wΠab{Πzz,Sab c}V c = −{Πzz,S[X,V ]}|X=Π (6.33)

= δV Πzz + DzD−3
z AsoftDzVz. (6.34)
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Since A = Asoft + Ahard, the two contributions add up to

{Πzz, J soft
V } = δV Πzz − Dz̄D−3

z AhardDzV
z̄. (6.35)

The second term in (6.35) precisely cancels the hard contribution (6.29), so that we finally
recover the desired result

{Πzz, JV } = δV Πzz. (6.36)

The evaluation of {Πzz̄, JV } is analogous to the one already discussed for Tzz̄, with the
relevant bracket now being (4.16).

We finally discuss the news tensor. We start by noticing that the soft brackets found
above imply

{
0
N zz, J

soft
V } = δV

0
N zz (6.37)

{
1
N zz, J

soft
V } = δV

1
N zz − 1

2Dz̄D−3
z AhardDzV

z̄. (6.38)

Therefore, the general news-soft bracket formula (5.10) leads to

{σ̇zz(u), J soft
V } = δΛ(u)δV

0
N zz − δ̇+(u)

(
δV

1
N zz − 1

2Dz̄D−3
z AhardDzV

z̄). (6.39)

The bracket of the news with Jhard
V can be written as,

{σ̇zz(u), Jhard
V } =

∫
du′d2w

(
{σ̇zz(u), σ̇ab}δV σab + σ̇abδV {σ̇zz(u), σab}

)
, (6.40)

where it is understood that σab and δV are tensor fields on the (u′, w) variables being integrated.
The second term in (6.40) can be shown to be equal to the first one, after a double integration
by parts: One on the sphere for δV , and one on u′. The latter leads to a boundary piece

σab(u′)δV {σ̇zz(u), σab(u′)}
∣∣∣u′=+∞

u′=−∞
= 0, (6.41)

that vanishes provided we define the news-shear PBs by integrating the news-news PBs (5.15)
with boundary conditions compatible with F6 = 0. After the double integration by parts,
one gets

{σ̇zz(u), Jhard
V } = 2

∫
du′d2wδV σab(u′){σ̇zz(u), σ̇ab(u′)}. (6.42)

Let us now split (6.42) into trace and trace-free components of σab,

{σ̇zz(u), Jhard
V }|trace part = 4

∫
du′d2wδV σww̄(u′){σ̇zz(u), σ̇ww̄(u′)}, (6.43)

and
{σ̇zz(u), Jhard

V }|trace-free = 2
∫
du′d2wδV σww(u′){σ̇zz(u), σ̇ww(u′)}. (6.44)

The evaluation of (6.43) follows the same pattern of (6.29) (see the end of the section) and gives

{σ̇zz(u), Jhard
V }|trace part = −1

2 δ̇+(u)Dz̄D−3
z AhardDzV

z̄. (6.45)
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To evaluate (6.44), we write the news-news bracket as we did in (6.9)

{σ̇zz(u), σ̇ww(u′)} =
(

1
2 δ̇(u− u′)− 1

2 δ̇+(u)
)
δ(2)(z, w) + (· · · )δΛ(u′) + (· · · )δ̇+(u′). (6.46)

As before, one can show that the boundary distributions do not contribute to the u′ integral
(unlike the supertranslation case, however, we need to make explicit use of the condition
F6 = 0). The integration in u′ of the first two terms in (6.46) requires keeping track of
the cutoff Λ according to∫

du′γ(u′)δ̇(u− u′) = γ̇(u)− 2γ+δΛ(u),∫
du′γ(u′) = −

∫
duu′γ̇(u′)

for any γ(u′) s.t. γ+ + γ− = 0, (6.47)

where γ± = limΛ→±∞ γ(u). Applying (6.47) in (6.44) and using the fact that
0
N zz =

2σ+
zz we get

{σ̇zz(u), Jhard
V }|trace-free = δV σ̇zz(u)− δΛ(u)δV

0
N zz + δ̇+(u)δV

1
N zz. (6.48)

Adding the three contributions (6.39), (6.45) and (6.48) we recover the expected result

{σ̇zz(u), JV } = δV σ̇zz(u) (6.49)

where δV σ̇zz = LV σ̇zz + 1
2DaV

auσ̈zz.
The above discussion dealt with the trace-free components of the news-JV bracket. As

for the other tensors, there is also a non-trivial bracket for the trace part. The computation
parallels the one given in (6.27), with the relevant elementary bracket now being (5.14),

{σ̇zz̄(u), JV } = {σ̇zz̄(u), J soft
V } (6.50)

= −
∫
d2w

(
{σ̇zz̄(u),Πww}D3

wV
w + c.c

)
(6.51)

= σ̇zz(u)Dz̄V
z + c.c. = δV σ̇zz̄(u). (6.52)

(One can show that the contribution from Jhard
V vanishes, by the same reason that the

boundary terms in (6.46) do not contribute to {σ̇zz, J
hard
V }.)

Let us comment on the fact, that, if one assumes |u| < ∞, so that no distributions at
infinity ever appear, the derivation of (6.49) would be identical to a PB computation in the
AS phase space [18, 36]. From this perspective, the real novelty is the non-trivial action on
the trace-part of the news, eq. (6.52). We notice that, without such trace variations, the
commutator between two smooth superrotations would not close [18, 47].

Derivation of eq. (6.29). The PB of Πzz with the hard superrotation charge can be
written as a sum of two terms,

{Πzz, Jhard
V } =

∫
dud2w

(
{Πzz, σ̇ab}δV σab + σ̇ab{Πzz, δV σab}

)
. (6.53)
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The only brackets that contribute are those involving the trace components of the shear/news
tensor, eq. (4.15). For the first term in (6.53) this leads to∫

dud2w {Πzz, σ̇ab}δV σab = 2
∫
dud2w{Πzz, σ̇ww̄}δV σww̄ (6.54)

= −2
∫
duDz̄D−3

z (σ̇z̄z̄(Dz̄V
zσzz +DzV

z̄σz̄z̄)). (6.55)

The second term in (6.53) may seem to vanish, since δV σww and δV σww̄ appear to depend
solely on the trace-free part of the shear according, see e.g. (6.49) and (6.52). There is
however a hidden trace term in δV σww coming from the Lie derivative in (6.13),

LV σww = (V cDc + 2DwV
w)σww + 2DwV

w̄σww̄, (6.56)

leading to∫
dud2w σ̇ab{Πzz, δV σab} =

∫
dud2w (σ̇ww{Πzz, δV σww}+ (w ↔ w̄)) (6.57)

= 2
∫
dud2w

(
DwV

w̄σ̇ww{Πzz, σww̄}+ (w ↔ w̄)
)

(6.58)

= 2
∫
duDz̄D−3

z (DzV
z̄σ̇zzσzz +Dz̄V

zσ̇z̄z̄σzz). (6.59)

Adding (6.55) and (6.59) and comparing with eq. (6.30) leads to eq. (6.29).

7 Discussion

In this paper, we obtained Poisson brackets at null infinity that are compatible with a
generalized BMS symmetry group, spanned by supertranslations and smooth superrotations.
The presence of smooth superrotations requires treating the celestial metric as a phase space
variable, along with the news tensor. Following previous work [30, 31], we realized the phase
space as a constrained system, reducing the problem to one of evaluating Dirac brackets.

The analysis involved two types of challenges related to the dependence of the fields on the
sphere and on the time variable. These were addressed separately by dividing the constraints
into two sets. The first set is independent of the time variable u and ensures SR covariance
of Poisson brackets. The second set is sensitive to |u| → ∞ values of the news tensor. Their
imposition leads to distributional terms at |u| = ∞, whose role can be understood as follows.

It has long been appreciated [16] that the subleading soft news is canonically conjugated
to the Geroch tensor, and hence (modulo a differential operator) to the celestial metric [22, 25].
However, the news tensor at finite u should Poisson commute with the celestial metric. These
two conditions are reconciled precisely by the distributional terms described above.

Several points deserve a more thorough understanding. Regarding the sphere dependence,
there appears to be a rich geometrical structure that merits further study. For instance, the
sector spanned by (q, p, T,Π), along with the constraints F1, F2, supports a canonical action
of superrotations that may have applications beyond the present context [48, 49]. As for the
time dependence, our treatment of distributional terms at infinity was rather formal, and a
more rigorous approach would be desirable [50–52]. In particular, it would be important to
understand the potential ambiguities in the prescriptions we have given.
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When restricted to a single helicity sector, supertranslations and superrotations are just
the first two rungs of an infinite ladder of higher 2d-spin symmetries [53–56]. An open question
is whether there exists a generalization of such a tower that treats both helicities on equal
footing. This would presumably require the inclusion of higher spin “edge modes” [57–59],
see [60–62] for similar discussion in the context of gauge theory.

There are situations of interest in which the 2d celestial space exhibits a non-trivial
topology [38, 63–66]. In such cases, the Geroch tensor is no longer uniquely determined by
the 2d metric and contains new, independent degrees of freedom. This leads to an extension
of the phase space, even if the celestial metric is fixed (see [30] for the case of a celestial
plane). A natural research direction would be to attempt a general description that is valid
for celestial spaces with dynamical metrics and arbitrary topologies.

Our treatment only dealt with the gravitational field at null infinity, but we expect no
obstacles in including other massless fields. Massive fields are however more challenging and
will require additional considerations. Relatedly, what we have referred to as “charges” are
in fact “fluxes” over all null infinity, i.e. difference of surface charges [67–71]. A canonical
realization of GBMS at time-like (and spatial) infinity would require control of such surface
charges at u = ±∞. Whereas this is understood for supertranslations [72–79], the case of
superrotations remains an open problem (see [80] for recent progress at spatial infinity).

What may be the most serious limitation of our analysis is the too-strong u-fall-off
assumption needed for a finite subleading soft news. Generic gravitational scattering exhibits
1/u tails in the shear that spoil this assumption [39, 40]. A divergent subleading news implies
a divergent canonical conjugate to the celestial metric. The most conservative conclusion
would be that the celestial metric cannot be a dynamical variable, thus reverting us to the
standard radiative space. It is, however, difficult to believe this is the end of the story,
as non-trivial conservation laws can be derived from divergent superrotation charges [41–
44]. We hope the results of this paper will be relevant in more complete treatments that
incorporate these tail effects.
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A Background material

A.1 Weyl scaling at null infinity

In Geroch’s conformal approach [13], a central role is played by “residual” Weyl rescalings
at null infinity (see e.g. [81]). In our notation, these correspond to

qab → e2ωqab, ∂u → e−ω∂u

σab → eωσab, ∂a → ∂a

(A.1)

where ω = ω(x) is independent of u. We emphasize that even though ∂u has a non-trivial
scaling, this version of Weyl transformations does not move points in I: The field σab, before
and after the transformation, is evaluated at the same location. This is to be contrasted with
the Weyl diffeomorphisms of the BMSW group, see subsection A.1.1.

Under Weyl rescalings (A.1) the fields at null infinity exhibit different transformation
rules. Weyl-covariant quantities transform homogeneously as

A→ e−kωA, (Weyl-covariant tensor of weight k), (A.2)

where we have defined the Weyl weight in a way that matches the one given in eq. (2.12).
Non-covariant quantities such as Tab and pab exhibit additional pieces. Below we give a table
summarizing the weights of various fields of interest.26

Field qab q
ab √

q σab σ̇ab C N DN Πab Tab p
ab f V a

weight k −2 2 −2 −1 0 −1 −1 3 2 ”0” ”4” −1 0
(A.3)

The numbers in quotation marks account for the covariant part of an otherwise non-covariant
transformation rule (see below). We also included the symmetry parameters f and V a of the
GBMS group. Notice that the corresponding vector fields f∂u and V a∂a are Weyl-invariant.

We now discuss the Weyl invariance of the symplectic form (2.33). For the hard part,
the argument is just a repeat of the AS case [81]. The volume form changes as27

dud2x
√
q → e3ωdud2x

√
q (A.4)

i.e. it has k = −3. This cancels the k = 3 weight of the integrand.
For the soft part there is again a cancellation of weights between the integrand and the

area form. There are however non-covariant terms, coming from Tab and pab. As we now
show, these also cancel out, ensuring the symplectic form is Weyl invariant.

Let us first discuss the transformation rules for Tab and pab. For the Geroch tensor it is
useful to use the representation (2.14) in terms of the potential ψ, which transforms as

ψ → ψ + ω. (A.5)

Using (A.5), together with the transformation rule for the covariant derivative

DaVb → DaVb − 2D⟨aωVb⟩ (A.6)
26Since √

q is a density, the action of the Lie derivative is LV
√
q = DaV

a√q and so δV
√
q = 0.

27The √
q factor is kept implicit in all the integrals of the paper. It has non-trivial contributions under Weyl

scalings and when integrating by parts Lie derivatives on the sphere. These two contributions cancel out when
integrating by parts SR variations of SR-covariant quantities.
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one gets28

Tab → Tab − 2(D⟨aωDb⟩ω −D⟨aDb⟩ω). (A.7)

To see the transformation rule for pab, consider its definition in terms of Πab, eq. (2.30).
Using

DaV
b → DaV

b + δa
bV

cDcω +DaωV
b − VaD

bω, (A.8)
R→ e−2ω(R− 2DcDcω), (A.9)

together with the scaling properties of the metric and Πab, one gets

pab → e−4ω
(
pab +∆ωp

ab
)
, (A.10)

where

∆ωp
ab = D⟨aΠb⟩cDcω−DcΠc⟨aDb⟩ω− 2Πc⟨aDb⟩ωDcω+Πc⟨aDb⟩Dcω+ 1

2Π
abDcDcω. (A.11)

We now have all the ingredients to study the Weyl transformation of the symplectic form.
It is actually simpler to look at the symplectic potential, and we focus on the (Π, T, p, q)
part that exhibits the non-covariant terms. Under Weyl scaling, the respective contributions
from the (Π, T ) and (p, q) pairs are∫

S2
ΠabδTab →

∫
S2

(
ΠabδTab +ΠabDcωDcωδqab + 2δqab∆ab

cd(ω)Πcd
)
, (A.12)∫

S2
pabδqab →

∫
S2

(
pabδqab +∆ωp

abδqab

)
, (A.13)

where the variation of the inhomogeneous term in (A.7) were evaluated with the help of
the formula (B.2) together with −2Πabδ(D⟨aωDb⟩ω) = ΠabδqabD

cωDcω. By writing (A.12)
and (A.13) in holomorphic coordinates, one can show the non-covariant terms exactly cancel
upon addition, thus leaving invariant the symplectic potential.

A.1.1 Weyl diffeomorphims

As shown in [26, 33], Weyl rescaling at null infinity can be realized by large diffeomorphisms
in Bondi coordinates if ones imposes the determinant condition (2.2) in the weaker form

∂r(r−4 det gab) = 0. (A.14)

This augments the GBMS group by “Weyl diffeomorphisms”, generated by vector field with
asymptotic form

ξω = 2ω(u∂u − r∂r) + · · · (A.15)

where ω = ω(x) is an infinitesimal u-independent Weyl rescaling. The analogue of (A.1)
for the corresponding finite diffeomorphisms is

qab → e2ωqab, ∂u → ∂u,

σab(u) → eωσab(e−ωu), ∂a → ∂a,
(A.16)

where we kept implicit the sphere label x as it is left unchanged.
28Notice that if one takes ω = −ψ, the transformed Geroch tensor vanishes, in accordance with the fact

that e−2ψqab is a round sphere metric.
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One can show that the symplectic structure is invariant under this version of Weyl
scalings. For the soft part, the argument is identical to the one given above, while for the
hard part the intermediate steps are slightly different as they require a change of integration
variable in the time direction. It is this version of Weyl transformations that is present in
superrotations, since the latter can be thought of as sphere diffeomorphisms followed by a
Weyl scaling (A.16) that ensures the area element on the sphere is unchanged.

A.2 Weyl scaling and the u = Λ cutoff

The introduction of a cutoff in u for the evaluation of PBs breaks Weyl invariance. The
brackets are however covariant in the cutoff, so that

Λ → Λ(ω) ≡ eωΛ (A.17)

under Weyl rescalings. In particular, the PBs of Weyl invariant quantities is Weyl-invariant.
To illustrate the aforementioned Weyl-covariance, consider the PB of the news tensor

with itself, as given in eq. (1.1). Let

N (ω)
ab (u, x) = Nab(e−ωu, x), (A.18)

be the Weyl-transformed news tensor (in the description of eq. (A.16)). The bracket with
itself, as computed from (1.1), is

{N (ω)
ab (u, x),N (ω)

ab (u′, x′)} = {Nab(ũ, x),Nab(ũ′, x′)}| ũ=e−ωu
ũ′=e−ωu′

. (A.19)

To evaluate the r.h.s. of (A.19), one just needs to evaluate the r.h.s. of (1.1) at Weyl-rescaled
times e−ωu and e−ωu′. Using

δ̇(e−ω(u− u′)) = e2ω δ̇(u− u′), δΛ(e−ωu) = eωδΛ(ω)(u), δ̇Λ(e−ωu) = e2ω δ̇Λ(ω)(u), (A.20)

along with the appropriate Weyl-scaling relations of the various 2d fields, e.g.

q
(ω)
ab = e2ωqab, K(ω)

ab,cd = e6ωKab,cd, L(ω)
ab,cd = e5ωLab,cd, etc. (A.21)

one finds that (A.19) is precisely given by the Weyl-rescaled version of (1.1). We note that
in this computation, it is important to include a 1/√q factor that is implicit in the PB of
unintegrated (in the sphere) quantities.

A.3 GBMS group

The asymptotic diffeomorphisms that preserve the Bondi form of the metric (2.1) are generated
by vector fields with an r → ∞ asymptotic form

ξf = f∂u + · · · , and ξV = V a∂a + 1
2DcV

c(u∂u − r∂r) + · · · . (A.22)

These are referred to as supertranslations (ST) and superrotations (SR) respectively. Here,
f = f(x) and V a = V a(x) are arbitrary functions on the sphere. The vector field Lie
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brackets relations of (A.22) are29

[ξf , ξf ′ ] = 0, [ξV , ξf ] = ξV (f), [ξV , ξV ′ ] = ξ[V,V ′], (A.23)

where [V, V ′] is the 2d vector field Lie bracket and

V (f) := V a∂af − 1
2DaV

af. (A.24)

Relations (A.23) define the (infinitesimal) generalized BMS group (GBMS),

GBMS = Diff(S2)⋉ ST, (A.25)

where the Diff(S2) factor is generated by ξV and ST is the Abelian group of supertranslations,
generated by ξf .

The action of (A.22) in the asymptotic metric (2.1) implies the transformations rules

δV qab = LV qab −DcV
cqab = 2D⟨aVb⟩, δfqab = 0

δV Tab = LV Tab −D⟨aDb⟩DcV
c, δfTab = 0

δV Cab = LV Cab +
1
2DcV

c(u∂u − 1)Cab, δfCab = f∂uCab + (−2D⟨aDb⟩ + Tab)f,
(A.26)

with the corresponding algebra of variations reproducing the algebra (A.23) [22].
Given (A.26), one can derive the transformation rules for the different quantities that

were defined in section 2.3. In particular, under supertranslations one finds

δfσab = fσ̇ab, δfC = f, δfN = 0

δf

1
N ab = −f

0
N ab, δfΠab = 0, δfp

ab = 0.
(A.27)

For superrotations, σab transforms in the same way as Cab,

δV σab =
(
LV + 1

2DcV
c(u∂u − 1)

)
σab, (A.28)

while the remaining u-independent quantities transform as in (2.12) (except for Tab and pab

which exhibit non-covariant pieces), with weights given by (A.3).
The standard BMS group arises as the subgroup of GBMS that leaves invariant a given

2d metric qab,

BMS(qab) = Conf(qab)⋉ ST, (A.29)

where Conf(qab) is the group of conformal isometries of qab, generated by 2d vector fields
satisfying δV qab = 0. Finally, the translation subgroup of BMS is generated by ST vector
fields ξf satisfying

Translations(qab) := {ξf : (−2D⟨aDb⟩ + Tab)f = 0} ⊂ ST ⊂ BMS(qab). (A.30)
29Eq. (A.23) is to be interpreted as valid modulo “small” diffeomorphisms that decay to zero at null infinity.

Alternatively, one can use the modified bracket of [33] for which the analogue of (A.23) is valid for all values
of r, not just asymptotically.

– 32 –



J
H
E
P
1
2
(
2
0
2
4
)
1
7
0

A.4 Symplectic form

In this section we review the symplectic structure (2.11) introduced in [29] and show how it
can be brought into the form (2.33) upon isolating the constant-in-u mode of the shear.

We will phrase the discussion in terms of the symplectic potential. After isolating a
constant-in-u mode of the shear as in eq. (2.21) the potential splits as in (2.33),

θ = θhard + θsoft (A.31)

where θhard is the potential for Ωhard (given by the first term of (2.33)) and θsoft is a sum
of two terms as follows.

θsoft = θ0 + θ1, (A.32)

where
θ0 := −

∫
S2
CabδNab, (A.33)

is the “soft” contribution of the AS symplectic potential, after isolating the zero mode of the
shear (that is, the potential for the second term in (2.23)). θ1 is the “extra” contribution
found in [29], which, in the notation of that reference reads30

θ1 :=
∫

S2

(
1
Nab

1
Sab(δ)−

1
2

[
Nab(δ

0
S(C)ab −

0
S(δC)ab − C

1
Sab(δ)) + (N ↔ C)

])
(A.34)

with
0
S(C)ab = −2D⟨aDb⟩C + CTab (A.35)

1
Sab(δ) = 2δTab +D(aD

cδqb)c −
R

2 δqab (A.36)

Cab =
0
S(C)ab, Nab =

0
S(N)ab. (A.37)

Here Cab is the zero mode of the shear defined in (2.21) while Nab ≡
0
N ab,

1
Nab ≡

1
N ab are

the leading and subleading soft news, defined in eqs. (2.25) and (2.32) respectively. The
scalars C and N are defined exactly as in (2.28), but in the notation of [29] we write them as
in (A.37). Note that θAS = θhard + θ0 is the potential for the AS symplectic form.

We would like to express θsoft = θ0 + θ1 in a way that the terms proportional to δTab

and δqab appear with no derivatives.
For θ1 this leads to

θ1 =
∫

S2

(
Πab

1 δTab + pab
1 δqab

)
(A.38)

with31

Πab
1 = 2

1
Nab + 1

2NC
ab + 1

2CN
ab, (A.39)

pab
1 = Oab

cd

(
1
N cd + 1

2NC
cd + 1

2CN
cd
)
+∆ab

cd(C)N cd +∆ab
cd(N)Ccd, (A.40)

where Oab
cd and ∆ab

cd are the differential operators defined in eqs. (B.9) and (B.4) re-
spectively.

30Using N = Ĉ+ − Ĉ− and C = (Ĉ+ + Ĉ−)/2 we recover the expression from [29]. If one uses a definition
of C that is not symmetric under Ĉ+ ↔ Ĉ− (corresponding to an asymmetric boundary condition in (2.22)),
one gets an extra term in (A.34) that is quadratic in N . This leads to additional terms in (A.39) and (A.40)
that modify the relation eq. (2.31) by an additive piece that is quadratic in N .

31These are the momenta appearing in eq. (2.11).
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For θ0 there is certain freedom in how one chooses to write derivatives acting on C or N ,
see for example eqs. (4.38) and (4.39) in [30]. We choose the form corresponding to (2.27),
which yields, up to total variation terms:

θ0 =
∫

S2

(
−Cδ(DN) + Πab

0 δTab + pab
0 δqab

)
, (A.41)

with
Πab

0 = CNab, pab
0 = −2∆ab

cd(C)N cd. (A.42)

The total coefficient of δTab in θsoft can then be written as:

Πab
0 +Πab

1 = 2(
1
Nab + CNab) +D⟨aXb⟩ (A.43)

where
Xa := CDaN −NDaC. (A.44)

The first term in (A.43) is invariant under supertranslations. The second term can be moved
into a contribution to pab as follows:

D⟨bXa⟩δTab = −XaDbδTab −
1
2D ·XqabδTab + (total derivative) (A.45)

= −Xaδ(DbTab) +Xaδ(Db)Tab −
1
2D ·XT abδqab (A.46)

Using the equality DbTab = −∂aR/2, the first term in (A.46) can be written as

−Xaδ(DbTab) =
1
2X

aδ∂aR = −1
2D ·XδR+ (total derivative) (A.47)

Collecting all terms, one then has

D⟨bXa⟩δTab = p̃abδqab, (A.48)

where
p̃zz = −1

2D
zDzD ·X + 1

2(Dz̄X
z̄)T zz + 1

2X
aDaT

zz. (A.49)

We finally discuss the coefficient of δqab in θsoft. The contributions from θ0 and θ1
can be written as

pab
0 + pab

1 = Oab
cd(

1
N cd + CN cd) +

[1
2O

ab
cd(NCcd) + ∆ab

cd(N)Ccd − (C ↔ N)
]

(A.50)

where again we have isolated a supertranslation invariant part. The claim now is that the
reminder, in square brackets, is nothing but −p̃ab so that it goes away once we add that
contribution. In other words, if write

pab = pab
0 + pab

1 + p̃ab = Oab
cd(

1
N cd + CN cd) + β(C,N), (A.51)

where β(C,N) is the bilinear obtained by adding the square bracket in (A.50) to p̃ab, then
β(C,N) = 0. This vanishing can be verified by explicit computation. Alternatively, we can
provide an abstract argument as follows.
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Since Ωsoft(δ, δf ) = δ
∫

S2 fDN (see appendix A.5) one should have∫
S2
(δfΠabδTab + δfp

abδqab) = 0. (A.52)

For Πab defined by the first term in (A.43) one has δfΠab = 0. Then the corresponding pab

should satisfy δfp
ab = 0 for (A.52) to hold. But

δfp
ab = β(f,N), (A.53)

so that δfp
ab = 0 =⇒ β = 0.

Summarizing, the soft symplectic potential can be written as

θsoft =
∫

S2

(
−Cδ(DN) + ΠabδTab + pabδqab

)
(A.54)

with

Πab = 2(
1
Nab + CNab), , (A.55)

pab = Oab
cd(

1
N cd + CN cd). (A.56)

This precisely leads to the soft symplectic form presented in eq. (2.27). The total symplectic
potential θ = θhard + θsoft then leads to the total symplectic form (2.33).

A.5 GBMS charges

In this appendix we review the form of supertranslation and superrotation charges. We start
by recalling the argument [29] as to why STs and SRs act canonically with respect to the
symplectic form (2.33). The idea is to work with a symplectic potential that is invariant
under STs and SRs, i.e. that it satisfies (see e.g. [82])

δfθ(δ) + θ([δ, δf ]) = 0,
δV θ(δ) + θ([δ, δV ]) = 0.

(A.57)

A symplectic potential for (2.33) satisfying this condition is given by32

θ =
∫
I
σ̇abδσab +

∫
S2

(
DNδC +ΠabδTab + pabδqab

)
. (A.58)

The corresponding canonical charges are then simply given by

Pf = θ(δf ), JV = θ(δV ). (A.59)

Using the GBMS transformation rules given in section A.3, this leads to

Pf =
∫
I
fσ̇abσ̇ab +

∫
S2
fDN (A.60)

JV =
∫
I
σ̇abδV σab +

∫
S2

(
DNδV C −ΠabSab cV

c
)
, (A.61)

32Invariance under SRs follows from the SR invariance of the integrands (for which one needs to take into
account the cancellation of non-covariant terms from δTab and pab discussed in section A.1). ST invariance
is verified as follows: The hard term yields a total derivative that vanishes while for the soft part the only
potential contribution comes from δC. This leads a term proportional to δf which vanishes, as long as we
keep the symmetry parameters to be field independent.
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where for JV we did an integration by parts and used eq. (B.16) to get the following
simplification: ∫

S2

(
ΠabδV Tab + pabδV qab

)
=
∫

S2
Πab

(
δV Tab +

1
2O

cd
ab δV qcd

)
(A.62)

= −
∫

S2
ΠabSab cV

c. (A.63)

B Differential operators and Green’s functions

In this section we describe differential operators, Green’s functions, and identities among
them, that are used throughout the paper.

B.1 ∆ab
cd and variations of D⟨aDb⟩ and D

Given a scalar f and a STF tensor Xab, we define the differential operator ∆ab
cd

(f,Xab) 7→ ∆ab
cd(f)Xcd (B.1)

by the condition ∫
S2
Xabδ(D⟨aDb⟩)f =

∫
S2
δqab∆ab

cd(f)Xcd, (B.2)

or equivalently by,33

∆ab
cd(f)Xcd = δ

δq⟨ab⟩

∫
S2
XcdD⟨cDd⟩f, (B.3)

(provided Xab and f are independent of qab, save for a trace-free condition on Xab). Its
explicit form is given by

∆ab
cd(f)Xcd = DcD

⟨afXb⟩c +D⟨afDcX
b⟩c − 1

2D
cfDcX

ab −D2fXab. (B.4)

One can check that it is a symmetric (or self-adjoint) operator, in the sense of34∫
S2
Y ab∆abcd(f)Xcd =

∫
S2
Xab∆abcd(f)Y cd, (B.5)

where we recall that indices are raised and lowered with the 2d metric qab.
The above formulas can be used to evaluate the variations of the SR-covariant operators

f 7→ fab := −2D⟨aDb⟩f, (B.6)
f 7→ Df := 4D⟨aDb⟩D⟨aDb⟩f, (B.7)

where f and Xab are now assumed to have Weyl weights −1 and 3 respectively. The variation
of D⟨aDb⟩ is just given by (B.2) plus a term proportional to δTab. Concatenating this result,
one finds the variation of Df can be expressed as∫

S2
fδ(D)g =

∫
S2

(
−2(∆ab

cd(g)f cd +∆ab
cd(f)gcd)δqab + (gfab + fgab)δTab

)
, (B.8)

where fab ≡ −2D⟨aDb⟩f and gab ≡ −2D⟨aDb⟩g.
33Here and in the following we keep implicit a 1/√q factor in front of functional derivatives.
34This property can be understood by writing D⟨aDb⟩f = δ/δq⟨ab⟩I[f ] with I[f ] = − 1

2

∫
DafDaf , thus

realising ∆abcd(f) as a second functional derivative.
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B.2 Oab
cd

We now turn attention to the differential operator introduced in eq. (2.31). Given a STF
tensor Xab, we define

Oab
cdX

cd = D⟨aDcX
b⟩c − R

2X
⟨ab⟩. (B.9)

Its adjoint Õ, defined by the condition,∫
S2
γabOab

cdX
cd =

∫
S2
XabÕ cd

ab γcd (B.10)

is given by

Õ cd
ab γcd = D⟨aD

cγb⟩c −
R

2 γ⟨ab⟩, (B.11)

and satisfies,

Õ cd
ab = O cd

ab , (B.12)

i.e., O is self-adjoint.

B.3 Sab c

Consider the differential operator [22]

Sab cV
c := D⟨aDb⟩DcV

c −O cd
ab DcVd, (B.13)

which, in holomorphic coordinates takes the familiar form,

Szz cV
c = D3

zV
z, (B.14)

that features in the soft contribution of the SR charge [16, 68]. Its SR covariant version
(acting on k = 0 vectors) is given by [29]

Sab cV
c = Sab cV

c − LV T⟨ab⟩, (B.15)

where the trace-free part is being taken after the Lie derivative. Using the SR transformation
rules for Tab and qab (see (A.26)), the operator can alternatively be written as [29]

Sab cV
c = −δV T⟨ab⟩ −

1
2O

cd
ab δV qcd. (B.16)

When expressed in holomorphic coordinates, it satisfies the SR covariant version of (B.14)

Szz cV
c = D3

zV
z. (B.17)

We denote by S̃a bc the adjoint of (B.15). It maps k = 2 STF tensors to k = 2 covectors.
In holomorphic coordinates, it is simply given by

S̃z bcX
bc = −D3

zX
zz. (B.18)
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B.4 Green’s function for D

We denote by Gx(x′) the Green’s function of D, that is,

g = Df =⇒ f(x) =
∫
d2x′Gx(x′)g(x′) mod kerD, (B.19)

where we have indicated that the inverse of D is defined modulo its kernel.35

Since D̃ = D it follows that Gx(x′) = Gx′(x). We shall occasionally write (B.19) in
the compact form

g = Df =⇒ f = Gg mod kerD, (B.20)

where G is now regarded as an operator.
As in (B.6) and (B.8) we use the notation

Gab
x′ (x) = −2D⟨aDb⟩Gx′(x), (B.21)

where derivatives are taken with respect to the x variable. The expression can be interpreted
as the Green’s function for the differential operator −2D⟨aDb⟩.

The above expressions display certain simplifications when written in holomorphic
coordinates. We first note that D2

z commutes with D2
z̄ (thanks to eq. (2.20)). The operator

D can then be written in the following two ways

D = 8qzz̄qzz̄D2
z̄D2

z = 8qzz̄qzz̄D2
zD2

z̄. (B.22)

Likewise, G can be written as

G = 1
8qzz̄qzz̄D−2

z̄ D−2
z = 1

8qzz̄qzz̄D−2
z D−2

z̄ . (B.23)

This in turn allows for the following compact form for Gzz,

Gzz ≡ −2qzz̄qzz̄D2
z̄G = −1

4D−2
z . (B.24)

B.5 Green’s function for Sab c

We now discuss the Green’s function for the operator Sab c:

Yab = Sab cV
c =⇒ V a(x) =

∫
d2x′ Ga b′c′(x, x′)Yb′c′(x′) mod CKV, (B.25)

where we used the fact that the kernel of Sab c is given by global conformal Killing vector
fields (CKVs) on the sphere [16, 68], that is, V c satisfying D⟨aVb⟩ = 0. For the adjoint
operator S̃a bc we have,

Ya = S̃a bcX
bc =⇒ Xab(x) =

∫
d2x′ G̃ab c′(x, x′)Ya′(x′). (B.26)

35It is easy to verify that this kernel coincides with that of D⟨aDb⟩, the latter being given by “pure
translations”, eq. (A.30).
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In this case there is no indeterminacy in inverting the differential operator since its kernel
is trivial.36 The two Green’s functions are related by

G̃ab c′(x, x′) = Ga′ ab(x′, x). (B.27)

We write (B.25) and (B.26) in abstract operator notation as

Yab = Sab cV
c =⇒ V a = Ga bcYbc mod CKV,

Ya = S̃a bcX
bc =⇒ Xab = G̃ab cYc.

(B.28)

In holomorphic coordinates, the operators (B.28) can be written as

Gz bcYbc = D−3
z Yzz,

G̃zz cYc = −D−3
z Yz.

(B.29)

B.6 Aabcd

Given three k = −2 STF tensors Xab, Yab and Zab, let us consider the operator associated
to an antisymmetric variation of O,

Asoft[Z, Y,X] := 2
∫

S2
Xab

δ

δq⟨ab⟩
O[Y,Z]− (Z ↔ X) (B.30)

where
O[Y,X] =

∫
S2
YabOabcdXcd. (B.31)

The symmetry property O[Y,X] = O[X,Y ] (B.12), implies Asoft satisfies a Jacobi-type
identity

Asoft[X,Y, Z] +Asoft[Y, Z,X] +Asoft[Z,X, Y ] = 0. (B.32)

By factoring out Z (or X) we can define a Y -dependent differential operator Aabcd
soft (Y )

by the condition

Asoft[Z, Y,X] =
∫

S2
ZabA

abcd
soft (Y )Xcd. (B.33)

Its explicit expression in holomorphic coordinates is computed in eq. (D.19) for Yab = Πab.
It turns out this operator can be made SR covariant by a simple additive term:

Aabcd
soft (Y )Xcd = Aabcd

soft (Y )Xcd − 2T cdYcdX
ab + 2T abY cdXcd. (B.34)

The operator Aabcd is finally defined by the addition of a “hard” piece

Aabcd(Y ) = Aabcd
soft (Y ) + 2

∫
du(σabσ̇cd − σ̇abσcd). (B.35)

The kinematical PBs of the constraint F1 with itself features this operator with Yab = Πab,
in which case we omit the Π label. We notice the terms added to Asoft in (B.34) and (B.35)
are compatible with (B.32) so that Asoft and A also satisfy an identity of the type (B.32).

36This can be seen by performing a spherical harmonic decomposition of the electric and magnetic part of
the tensor Xab.
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B.7 Bab
cd

Given a k = −1 scalar f and a k = 3 STF tensor Xab, we define the map

Bab
cd(f)Xcd := 2∆ab

cd(f)Xcd + 1
2O

ab
cd(fXcd). (B.36)

As indicated by the notation, one can show the resulting expression is SR covariant. The
map is related to variations of the differential operator D⟨aDb⟩ on the physical phase space
and features in the kinematical PB between N and F1 (see footnote 44).

A useful identity that can be proven by going to holomorphic coordinates is

Bab
cd(f)gcd − Bab

cd(g)f cd = Sab
c(gDcf − fDcg), (B.37)

where fab ≡ −2D⟨aDb⟩f and gab ≡ −2D⟨aDb⟩g.

B.8 Simplifications in holomorphic coordinates

One of the simplifications that occur in holomorphic coordinates is the decoupling of holo-
morphic/antiholomorphic components of (integro) differential operators, as already seen in
eq. (B.17) for Sab c. In particular, for the differential operators with four indices discussed
before, one has:

∆zz
cd(f)Xcd = ∆zz

zz(f)Xzz =: ∆(f)Xzz

Ozz
cdX

zz = Ozz
zzX

zz =: OXzz

Az̄z̄cd(Y )Xcd = Az̄z̄zz(Y )Xzz =: A(Y )X z̄z̄

Bzz
cd(f)Xcd = Bzz

zz(f)Xzz =: B(f)Xzz,

(B.38)

where ∆(f), O, A(Y ) and B(f) are scalar complex operators. In terms of these, (B.36) reads

B(f)Xzz = 2∆(f)Xzz + 1
2O(fXzz), (B.39)

while eq. (B.16) becomes

D3
zV

z = −δV Tzz − ŌDzVz. (B.40)

Similar decoupling occurs for the four-index operators Kabcd and Labcd that appear in the
second stage Dirac matrix,

Kz̄z̄cdXcd =: KX z̄z̄,

Lz̄z̄cdXcd =: LX z̄z̄,
(B.41)

which are therefore captured by complex scalar operators K and L as in (B.38).
Additional simplifications occur with holomorphic/antiholomorphic components of the

SR covariant derivative: From (2.20) one can show

[D2
z,D2

z̄] = 0, [Dz,D3
z̄] = 0. (B.42)

We conclude by describing how the adjointness properties of the tensorial operators
get reflected in adjointness properties of their complex scalar counterparts. We have noted

– 40 –



J
H
E
P
1
2
(
2
0
2
4
)
1
7
0

that ∆ab
cd and Oab

cd are self-adjoint, whereas Aabcd and Kabcd are anti-selfadjoint. For the
complex scalar operators, the notion of adjoint includes, in addition to an integration by
parts (indicated with a tilde in (B.12) and elsewhere in the text), a complex conjugation.
Denoting the combined action by a dagger, we then have

∆† = ∆, O† = O, A† = −A, K† = −K. (B.43)

C Kinematical HVFs

Let us denote by Ωkin,0 the symplectic form on Γkin,0,

Ωkin,0 =
∫
I
δσ̇ab ∧ δσab +

∫
S2

(
δ(DN) ∧ δC + δΠab ∧ δTab + δpab ∧ δqab

)
. (C.1)

It has the same form as Ω (2.33), except that the constraints (2.37) are not being imposed.
The HVF {·, φ}0 of a phase space function φ is defined by the relation

Ωkin,0(δ, {·, φ}0) = δφ. (C.2)

We present below the solution to (C.2) for all the variables appearing in (C.1).37

{·, qab}0 = − δ

δp⟨ab⟩ (C.3)

{·, Tab}0 = − δ

δΠ⟨ab⟩ −
1
2qabT

cd δ

δpcd
(C.4)

{·,Πab}0 = δ

δT⟨ab⟩
+ 1

2q
abΠcd δ

δpcd
−
∫
d2x′(NGab

x′ + Gx′Nab) δ

δN(x′) (C.5)

{·, σ̇ab}0 = 1
2

δ

δσ⟨ab⟩
+ 1

2q
abσ̇cd δ

δpcd
(C.6)

{·, pab}0 = δ

δq⟨ab⟩
+ 1

2T
abqcd

δ

δTcd
− 1

2Π
abqcd δ

δΠcd
+ 1

2

∫
duσabqcd

δ

δσcd

+ 1
2

(
(qabpcd − pabqcd) + (ΠabT cd − T abΠcd) +

∫
du(σ̇abσcd − σabσ̇cd)

)
δ

δpcd

+ 2
∫
d2x′(∆ab

cd(N)Gcd
x′ +∆ab

cd(Gx′)N cd) δ

δN(x′) (C.7)

{·, N(x)}0 =
∫
d2x′Gx(x′)

δ

δC(x′)

+
∫
d2x′(NGab

x + GxN
ab)(x′) δ

δΠab(x′)

− 2
∫
d2x′(∆ab

cd(N)Gcd
x +∆ab

cd(Gx)N cd)(x′) δ

δpab(x′) (C.8)

{·, C(x)}0 = −
∫
d2x′Gx(x′)

δ

δN(x′) (C.9)

37We regard σ̇ab, rather than σab as the “fundamental” hard variable since the latter does not admit a HVF.
See appendix A of [18] and subsection C.1 for further details.
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The main source of difficulties in solving (C.2) is the implicit dependence of qab in the
various tensors and in the differential operator D (which in addition depends on Tab). These
are responsible for what appears as “correction terms” to the standard canonical expressions,
as explained in section 3 and below.

Comments

• The extra terms in the first line of (C.7) (together with the pabqcd term in the second
line), induce a pure trace deformation on the various tensors in order to keep them
traceless under the deformation of the metric induced by the first term in (C.7).

• The aforementioned terms have their counterparts in the terms proportional to δ/δpcd in
eqs. (C.4) to (C.6) (as well as the qabpcd term in (C.7)). These terms can be understood
from the following variation formula of STF tensors:38

δAab = δA⟨ab⟩ +
1
2qabA

cdδqcd =⇒ {·, Aab}0 = {·, A⟨ab⟩}0 +
1
2qabA

cd{·, qcd}0 (C.10)

where the trace-free part is being taken after the variation/evaluation of PBs.

• Jacobi identity between two pab’s and one of these tensors then requires the second line
in (C.7). Alternatively, the second line in (C.7) is needed when solving (C.2) in order
to cancel δqab pieces induced by the extra terms in the first line of (C.7).

• The second and third line of (C.8) can be understood by expanding the HVF relation
{·,DN}0 = δ/δC and using the formula for the variation of D given in eq. (B.8).

• The aforementioned terms have their counterparts in the terms proportional to δ/δN
in (C.5) and (C.7). Equivalently, these terms can be understood by requiring that Πab

and pab Poisson commute with DN . This is most easily seen if we consider smeared
versions. Using (B.8), one can show the smeared versions of (C.5) and (C.7) take the
form (we only display terms relevant for this discussion)

{·,
∫

S2
τabΠab}0 =

∫
S2

(
δτTab

δ

δTab
− GδτDN

δ

δN

)
+ · · · (C.11)

{·,
∫

S2
Xabp

ab}0 =
∫

S2

(
δXqab

δ

δqab
− GδXDN δ

δN

)
+ · · · (C.12)

where
δτTab = τ⟨ab⟩, δXqab = X⟨ab⟩, (C.13)

and δτD, δXD represents the infinitesimal variation of the operator D under (C.13).
The terms proportional to δ/δN in (C.11) and (C.12) can be understood as being
determined by the condition that Πab and pab Poisson commute with DN . For instance:

0 = δX(DN) = δXDN +DδXN =⇒ δXN = −GδXDN. (C.14)
38Together with analogous formula for contravariant tensors, δAab = δA⟨ab⟩ − 1

2q
abAcdδqcd. We also notice

the identity δA⟨ab⟩ = qacqbdδA⟨bd⟩, where the trace-free part is being extracted after the variation.
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• The appearance of G in some of the HVFs lead to ambiguities in their expressions,
as G is defined modulo the kernel of D (B.20). As discussed in appendix H, such
ambiguities are associated to null directions of the symplectic structure and should
therefore be understood as intrinsic redundancies of Γkin,0. Similar null directions are
present in Γkin,1 and Γkin,2 (see appendix H). All physical quantities should of course
be independent of such redundancies.

C.1 Obstructions for a shear and subleading news HVF

In this subsection we explain why the shear and the subleading news do not admit HVFs.39

A natural candidate for a shear HVF may be obtained by integrating that of the news
tensor. Assuming boundary conditions compatible with F6 = 0 leads to

“{·, σ⟨ab⟩(u)}0” =
1
4

∫
du′sign(u′ − u) δ

δσ⟨ab⟩(u′)
, (C.15)

where, for simplicity we only display the trace-free part components (the trace-part is
determined by the general expression (C.10) and is insensitive to the issues we are now
discussing). Plugging (C.15) in the symplectic structure leads to

Ωkin,0(δ, “{·, σ⟨ab⟩(u)}0”) = δσ⟨ab⟩(u)− 1
2δF

⟨ab⟩
6 . (C.16)

The second term in the r.h.s. of (C.16), which results from an integration by parts when
evaluating the l.h.s., appears as an obstruction for finding a HVF for the shear. Although
this obstruction is absent when the constraint F6 = 0 is satisfied, it cannot be ignored when
working in the kinematical space. Indeed, eq. (C.16) tell us that, the quantity whose HVF is
well defined on the kinematical space is the combination

(
σ⟨ab⟩(u) − 1

2F
⟨ab⟩
6

)
{·,
(
σ⟨ab⟩(u)− 1

2F
⟨ab⟩
6

)
}0 = 1

4

∫
du′sign(u′ − u) δ

δσ⟨ab⟩(u′)
. (C.17)

The above discussion also shows that F6 lacks a HVF. This represents an obstruction for
evaluating the Dirac matrix, which we overcome with the prescriptions given in subsection 3.2.

For the subleading news, the candidate HVF obtained by integrating that of the news is

“{·,
1
N ⟨ab⟩}0” =

1
2

∫
duu

δ

δσ⟨ab⟩(u)
. (C.18)

The evaluation of the symplectic structure along this direction can be written as

Ωkin,0(δ, “{·,
1
N ⟨ab⟩}0”) = δ

1
N ⟨ab⟩ − 1

2
[
uδσ⟨ab⟩]+Λ

−Λ (C.19)

= δ
1
N ⟨ab⟩ − ΛδF ⟨ab⟩

6 , (C.20)

where, as in (C.16) we kept track of boundary terms when integrating by parts. This time,
however, there remains an explicit dependence on the cutoff Λ.

We formally write this result as

{·,
1
N ⟨ab⟩}0 = 1

2

∫
duu

δ

δσ⟨ab⟩(u)
+ Λ{·, F ⟨ab⟩

6 }0. (C.21)
39These are specific instances of more general quantities that can be expressed through u-smearings of the

shear/news tensor, such that their smearings do not satisfy appropriate antisymmetric or symmetric boundary
conditions, respectively. See appendix A of [18] for further discussion.

– 43 –



J
H
E
P
1
2
(
2
0
2
4
)
1
7
0

D First stage Dirac matrix

Let us start by considering the PB of F1 with itself. From the kinematical HVFs described
in appendix C we have

{F1[X ′], F1[X]}0 = 1
2

∫
S2
X ′

ab

δ

δq⟨ab⟩

∫
S2
XcdOcd

mnΠmn − 1
4

∫
S2
X ′

abΠabD⟨cDd⟩Xcd

+ 1
2

∫
S2
X ′

ab

(
pabqcd + T abΠcd +

∫
duσabσ̇cd

)
Xcd

−
(
X ′ ↔ X

)
. (D.1)

Below, we will work out the explicit expression for this bracket in holomorphic coordinates.
Before doing so, let us make a few remarks about (D.1) and its relation to the computation
in holomorphic coordinates:

• One can show (D.1) depends on X an X ′ only through their trace-free parts (as it
should). The way this happen is that the first term in the second line of (D.1) cancels,
upon using F1 = 0, an equal an opposite term coming from the variations of O. This is
what will allow us to focus on the XzzOzz

cdΠcd piece (and its complex conjugate) when
working with holomorphic coordinates

• As written, the metric functional derivative in (D.1) does not act on Πab even though
Πabqab = 0. Such implicit dependance of Πab on qab is instead captured in the second
term in the first line of (D.1), which comes from the “correction terms” in the kinematical
brackets discussed in section 3.

Alternatively, if we allow the metric functional derivative to act on Πab, we do not need
to explicitly include the second term in the first line of (D.1). This is how we will setup
the computation in section D.1 (see footnote 40).

• We will express the result of (D.1) as

{F1[X ′], F1[X]}0 = 1
4

∫
S2
X ′

abAabcdXcd, (D.2)

or,
AabcdXcd := 4{F ab

1 , F1[X]}0, (D.3)

with
Aabcd = Aabcd

soft + 2
∫
du(σabσ̇cd − σ̇abσcd). (D.4)

Aabcd
soft is thus constructed from the first line of (D.1) plus the term proportional to

T abΠcd in (D.1). As indicated by the notation, the resulting expression is SR covariant.

• As in the case of other differential operators introduced before, Aabcd exhibits a
holomorphic/antiholomorphic splitting. Specifically, when working in holomorphic
coordinates, one has

Az̄z̄cdXcd = (Asoft + Ahard)X z̄z̄ (D.5)
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where

Asoft = −3D2
zΠzz + D2

z̄Πz̄z̄ − 3DzΠzzDz − Dz̄Πz̄z̄Dz̄ −ΠzzD2
z +Πz̄z̄D2

z̄, (D.6)

Ahard = 2
∫ ∞

−∞
du(σ̇zzσzz − σ̇z̄z̄σz̄z̄). (D.7)

Further discussion of this operator is given in B.6 and D.3.

The PB between F1 and F2 will be computed below in holomorphic coordinates, resulting
in the differential operator whose general coordinate expression is discussed in section B.3.
The PB of F2 with itself vanishes.

D.1 Constraint variations and PBs involving F1

We start by considering variations of F zz
1 (4.2)

δF zz
1 = δpzz − 1

2O
zz
zzδΠzz − 1

2
∂Ozz

cdΠcd

∂qab
δqab (D.8)

where ∂Ozz
cdΠcd/∂qab denotes the differential operators acting in δqab when evaluating

δ(Ozz
cdΠcd) and in holomorphic coordinates, take the following form:40

∂Ozz
cdΠcd

∂qzz
= −1

2q
zz̄qzz̄(D2

z̄Πzz + 3Dz̄ΠzzDz̄ + 3ΠzzD2
z̄) (D.9)

∂Ozz
cdΠcd

∂qz̄z̄
= −1

2q
zz̄qzz̄(2D2

zΠzz +D2
z̄Πz̄z̄ −DzΠzzDz +ΠzzD2

z) (D.10)

We also need expressions for the variations of the integrated version of Ozz
cdΠcd. Given

a smearing parameter Xzz, let

O(Π, X) :=
∫

S2
XzzOzz

cdΠcd (D.11)

be the corresponding integrated operator. From the condition∫
S2
Xzz

∂Ozz
cdΠcd

∂qab
δqab =

∫
S2
δqab

δ

δqab
O(Π, X), (D.12)

one finds
δ

δqzz
O(Π, X) = −1

2q
zz̄qzz̄(D2

z̄Πzz + 3Dz̄ΠzzDz̄ + 3ΠzzD2
z̄)Xzz (D.13)

δ

δqz̄z̄
O(Π, X) = −1

2q
zz̄qzz̄(4D2

zΠzz +D2
z̄Πz̄z̄ + 3DzΠzzDz +ΠzzD2

z)Xzz. (D.14)

The HFV of the smeared F zz
1 constraint then takes the form41

{·,
∫
XzzF

zz
1 } =

∫
Xzz{·, pzz} − 1

2

∫
δO(Π, X)
δqab

{·, qab} − 1
2

∫
Ozz

zzXzz{·,Πzz}. (D.15)

40Note that the δqab contribution is obtained by computing not only the variational derivative w.r.t. qab,
but also the derivatives with respect to the trace-free tensors W ab, i.e, δW ab = δW ⟨ab⟩ − 1

2q
abW cdδqcd.

41Here and in the rest of the section we omit the zero subscript in the PBs.
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To evaluate the PB of F1 with itself, consider the unsmeared version of (D.15)

{F zz
1 , ·} = {pzz, ·} − 1

2
∂Ozz

cdΠcd

∂qab
{qab, ·} −

1
2O

zz
zz{Πzz, ·}. (D.16)

Using the kinematical PBs and the expressions given above one finds

{F zz
1 ,

∫
Xz′z′F

z′z′
1 } = 1

2
δO(Π, X)
δqzz

− 1
2
∂Ozz

cdΠcd

∂qzz
Xzz = 0 (D.17)

and

{F z̄z̄
1 ,

∫
Xz′z′F

z′z′
1 }= 1

2
δO(Π,X)
δqz̄z̄

− 1
2
∂Oz̄z̄

cdΠcd

∂qzz
Xzz +

∫
d2z′Xz′z′{pz̄z̄, pz′z′}

= 1
4q

zz̄qzz̄AsoftXzz +
1
2q

zz̄qzz̄
(
ΠzzTzz −Πz̄z̄Tz̄z̄ +

1
2Ahard

)
Xzz (D.18)

where

AsoftXzz := 2qzz̄qzz̄

(
δO(Π, X)
δqz̄z̄

− ∂Oz̄z̄
cdΠcd

∂qzz
Xzz

)
= (−3D2

zΠzz +D2
z̄Πz̄z̄ − 3DzΠzzDz −Dz̄Πz̄z̄Dz̄ −ΠzzD2

z +Πz̄z̄D2
z̄)Xzz. (D.19)

Remarkably, as can be shown by a slightly lengthy but straightforward computation, the
structure of Asoft is such that

Asoft = Asoft + 2(ΠzzTzz −Πz̄z̄Tz̄z̄), (D.20)

where Asoft is the superrotation covariant operator obtained by doing the replacement
Da → Da in (D.19). One thus arrives at

{F z̄z̄
1 ,

∫
Xz′z′F

z′z′
1 } = 1

4q
zz̄qzz̄(Asoft + Ahard)Xzz. (D.21)

D.2 Constraint variations and PBs involving F2

We start by considering

δF2z = DzδTzz +
∂F2z

∂qab
δqab (D.22)

where

∂F2z

∂qzz
= 1

2q
zz̄qzz̄(DzTz̄z̄ +DzD

2
z̄) (D.23)

F2z̄=0= 1
2q

zz̄Dz̄(DzD
z −R/2) (D.24)

∂F2z

∂qz̄z̄
= 1

2q
zz̄qzz̄(−DzTzz − 2TzzDz +D3

z) (D.25)

= 1
2q

zz̄qzz̄D3
z. (D.26)
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In addition to the above SR covariant expressions, we note that the first term in (D.22)
can be written as

DzδTzz = DzδTzz. (D.27)

Since F2 only depends on qab and Tab, one has

{F2z, F2z′} = {F2z̄, F2z′} = 0. (D.28)

As before, let us consider the smeared version of the constraint

F2(X) :=
∫

S2
XzF2z. (D.29)

The corresponding HVF takes the form

{·, F2(X)} =
∫
δF2(X)
δTzz

{·, Tzz}+
∫
δF2(X)
δqab

{·, qab} (D.30)

where

δF2(X)
δTzz

= −DzXz = −DzXz (D.31)

δF2(X)
δqzz

= 1
2q

zz̄qzz̄(DzTz̄z̄ −D2
z̄Dz)Xz (D.32)

F2z̄=0= −1
2O

zz
zzD

zXz = −1
2O

zz
zzDzXz (D.33)

δF2(X)
δqz̄z̄

= 1
2q

zz̄qzz̄(DzTzz + 2TzzDz −D3
z)Xz = −1

2q
zz̄qzz̄D3

zX
z, (D.34)

where in the last line one can express the differential operator in a superrotation covariant
manner, as can be checked by direct evaluation.

We finally compute the PBs involving F1 and F2. The simplest one is

{F z̄z̄
1 , F2(X)} = −δF2(X)

δqz̄z̄
= 1

2q
zz̄qzz̄D3

zX
z. (D.35)

For the bracket involving F zz
1 one has:

{F zz
1 , F2(X)} = 1

2O
zz
zz

δF2(X)
δTzz

− δF2(X)
δqzz

(D.36)

= −1
2D

zDzD
zXz + 1

4RD
zXz − 1

2q
zz̄qzz̄(DzTz̄z̄ −D2

z̄Dz)Xz (D.37)

= −1
2q

zz̄(Dz̄DzD
zXz − R

2Dz̄X
z +Dz̄Tz̄z̄ −Dz̄D

zDzX
z (D.38)

= −1
2q

zz̄XzF2z̄, (D.39)

where we used that [Dz, D
z]Xz = 1

2RX
z. Thus, F zz

1 commutes with F2z on the constraint
surface.
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D.3 Bracket relations between two F1’s and one F2

Let us introduce the notation

S[X,V ] :=
∫

S2
XabSab cV

c (D.40)

:=
∫
XabD⟨aDb⟩DcV

c − 1
2O[X, δV q]−

∫
X⟨ab⟩LV Tab. (D.41)

A[Y,Π, X] =
∫

S2
YabAabcd(Π)Xcd, (D.42)

where we have explicitly included the Πab dependence of the operator A. The brackets
evaluated in the previous subsections can then be written as

{F2[V ], F1[X]} = 1
2S[X,V ], (D.43)

{F1[Y ], F1[X]} = 1
4A[Y,Π, X]. (D.44)

We will now evaluate the bracket between F1 and (D.43). The HVF of the smeared F1
can be written as

{·, F1[Y ]} =
∫
Yab

δ

δq⟨ab⟩
− 1

2(OY )ab
δ

δT⟨ab⟩
+ 1

2(Y
cdTcd)qab

δ

δTab
+ · · · (D.45)

where the dots are terms that do not act on qab and Tab and hence have no impact in the
bracket we are interested in. Acting with (D.45) on (D.41) gives

{S[X,V ], F1[Y ]} =
∫
Yab∆abcd(D · V )Xcd

− 1
2

∫
Yab

δ

δq⟨ab⟩
O[X, δV q]−

1
2O[X, δV Y ]

+ 1
2

∫ (
XabLV (OYab)− Y cdTcdX

abδV qab + Y cdXcdT
abδV qab

)
, (D.46)

where each line corresponds to each of the terms in (D.41). Using the fact that ∆abcd is
a symmetric operator, the term in the first line can be combined with the first one of the
last line to give a SR variation of OYab,

δV (OYab) = LV (OYab) + 2∆ cd
ab (D · V )Ycd, (D.47)

as can be deduced from the (non-covariant) Weyl scaling properties discussed in A.1. Adding
the resulting expression to the second term in the second line gives,

1
2

∫
XabδV (OYab)−

1
2O[X, δV Y ] = 1

2

∫
XabδV (O cd

ab )Ycd (D.48)

= 1
2

∫
δV qab

δ

δq⟨ab⟩
O[X,Y ]. (D.49)

When (D.49) is added to the first term of the second line of (D.46) one gets the operator
Asoft (B.30). Furthermore, the last two terms of (D.46) are precisely the Geroch tensor
factors needed to make the expression SR covariant. The end result is then given by

{S[X,V ], F1[Y ]} = 1
4Asoft[Y,X, δV q]. (D.50)
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We conclude by noting that the Jacobi-type identity satisfied by Asoft (B.32) can be
understood from the Jacobi identity involving two F1’s and one F2:

{{F2[V ], F1[X]}, F1[Y ]} − (X ↔ Y ) = {{F1[X], F1[Y ]}, F2[V ]}. (D.51)

From (D.50), the l.h.s. of (D.51) is given by

1
8Asoft[Y,X, δV q]− (X ↔ Y ). (D.52)

From (D.44) and the HVF action of F2 it is easy to check that the r.h.s. of (D.51) is given by

1
8Asoft[X, δV q, Y ]. (D.53)

Writing δV qab = Zab the Jacobi identity (D.51) can then be seen to be equivalent to

Asoft[X,Y, Z] + Asoft[Y,Z,X] + Asoft[Z,X, Y ] = 0. (D.54)

It is easy to see that a similar identity trivially holds for Ahard, and hence for the full A.

E Intermediate HVFs

In this appendix we discuss the HVFs on Γkin,1. Our starting point is the Dirac map (4.7)
written in general coordinates:

Y ab = 1
4AabcdXcd +

1
2Sab

cX
c,

Ya = −1
2 S̃ bc

a Xbc,
(E.1)

where Sab c and Aabcd are the differential operators introduced in B.3 and B.6 respectively
and S̃a bc is the adjoint of Sab c (Aabcd is anti-selfadjoint).

The inverse map (Y ab, Ya) 7→ (Xab, X
a) can be written with the help of the Green’s

functions introduced in section B.5 and reads

Xab = −2G̃ c
ab Yc,

Xa = 2Ga
bcY

bc + Ga
bcAbcmnG̃ d

mnYd.
(E.2)

We next consider the smeared constraint’s HVF. Using the expressions of section C
one finds

{·, F [X]}0 =
∫

S2

(
X⟨ab⟩

δ

δqab
+
(
D⟨aXb⟩ − 1

2Π
cdXcdq

ab
)

δ

δΠab

+ 1
2
(
−O cd

ab X⟨cd⟩ + T cdXcdqab

) δ

δTab
+ 1

2

∫
duσcdXcdqab

δ

δσab

+Xab

∫
d2x′

(
Bab

cd(N)Gcd
x′ + Bab

cd(Gx′)N cd
) δ

δN(x′)

)
+ ∝ δ

δpab
, (E.3)

where O cd
ab and Bab

cd are given in eqs. (B.9) and (B.36). We do not explicitly write the
term proportional to δ/δpab, as it is not an independent direction on Γkin,1. We do display
the term proportional to δ/δTab (even though it is neither an independent direction) because
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it facilitates the analysis of variations involving Tab. Note that the term proportional to
δ/δN includes an additional 2d integral compared to the other terms; this arises from the
intrinsic non-locality of {·, N}0, see eq. (C.8).

This completes the ingredients needed to use the general formula (2.50) for i = 0. We
present below the resulting HVFs. We first discuss those associated to the “elementary”
fields (4.3) parametrizing Γkin,1 and then discuss some of the “derived” HVFs.

E.1 Elementary HVFs

We start by discussing the independent tensorial quantities: qab, Πab and σ̇ab. It will be
convenient to work with their smeared versions, defined by:42

q[ρ] :=
∫

S2
ρabqab, Π[τ ] :=

∫
S2
τab Πab, σ̇[γ] :=

∫
I
γab σ̇

ab. (E.4)

Evaluating (2.50) for i = 0 and φ = q[ρ], σ[γ], Π[τ ], one finds:

{·, q[ρ]}1 =
∫

S2
2Da(Gb

cdρ
cd) δ

δΠ⟨ab⟩ (E.5)

{·, σ̇[γ]}1 =
∫
I

(1
2γ⟨ab⟩

δ

δσab
− Da(Gb

cd(qmnγmnσ̇
cd)
) δ

δΠ⟨ab⟩

)
(E.6)

{·,Π[τ ]}1 =
∫

S2

(
δτqab

δ

δqab
+ δτT⟨ab⟩

δ

δTab
+ δτΠ⟨ab⟩ δ

δΠab
+ δτN

δ

δN

)
+ 1

2

∫
S2
δτqcd

(
T cdqab

δ

δTab
−Πcdqab δ

δΠab
+
∫
duσcdqab

δ

δσab

)
, (E.7)

where in (E.7) we isolated the trace and trace-free variations of the tensorial variables and

δτqab = 2G̃ c
ab Ddτ⟨cd⟩

δτT⟨ab⟩ = τ⟨ab⟩ −
1
2O

cd
ab δτqcd

δτΠ⟨ab⟩ = −1
2D⟨aGb⟩

cdAcdmnδτqmn − D⟨aGb⟩
cd(q

mnτmnΠcd)

δτN = −GδτDN.

(E.8)

For the (unsmeared) scalar quantities C and N one finds

{·, C(x0)}1 = −
∫

S2
Gx0

δ

δN
(E.9)

{·, N(x0)}1 =
∫

S2

(
Gx0

δ

δC
+
(
NGab

x0 + 2DaGb
cdBcd

mn(N)Gmn
x0 + (N ↔ Gx0)

) δ

δΠ⟨ab⟩

)
(E.10)

Let us make a few comments about these expressions.

• As a consistency check, one can verify the above expressions satisfy the defining condition

Ωkin,1(δ, {·, φ}1) = δφ, (E.11)

where Ωkin,1 is the symplectic structure on Γkin,1.

42We assume γab
|u|→∞→ 0. The case of non-trivial asymptotic values should be treated separately, according

to the discussions given in 3.2 and C.1.
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• The appearance of Green’s functions could potentially introduce ambiguities in the
HVFs. We have already noted that G̃ab c is free from ambiguities while Ga bc is defined
modulo CKVs. The latter however only appears in the form D⟨aGb⟩

cd, thus eliminating
such ambiguity. The situation with the Green’s function G is resolved in the same way
as in the kinematical case: As discussed in appendix H, the potential ambiguities are in
one-to-one correspondence with the null directions of Ωkin,1.

• The expression for δτN in (E.8) can be obtained from (2.50), after using the variation
formula (B.4) for D, together with the expressions for δτqab and δτT⟨ab⟩.

• The “pure-trace” variations of the various tensors given in the second line of (E.7)
are analogous to similar terms in {·, pab}0. They ensure the preservation of trace-free
condition of the different tensors given the variation in the metric.

• The terms involving the traces of the smearing parameters in {·, σ̇[γ]}1 and {·,Π[τ ]}1
can be understood from the general formula (C.10), applied to the {, }1 brackets.

• One way of understanding why the operators of the Dirac matrix given in (E.1) are SR
covariant (when acted upon smearing parameters of appropriate weight) is the Weyl
invariance of the symplectic form. Recall that SR covariance of a tensor is the property
of being a primary under the pure Weyl scaling. The smearing are chosen such that the
quantities q[ρ] and Π[τ ] are of SR weight zero (keeping in mind that the implicit √

q

term in the measure has weight −2). Since the pure Weyl scaling leaves the symplectic
form invariant, the brackets we compute of any SR covariant quantity with q[ρ] and
Π[τ ] must then scale with the same weight as that of the said quantity. This lets us
conclude that G̃ c

ab acts on weight +2 vectors Yc to give a weight −2 tensor and that
Gb

cd, Acdmn act on tensors Y ab, Y ′
ab of weight +4 and −2 to give a vector and tensor

of weight 0 and +4 respectively. Since these operators are inverses of entries from the
Dirac matrix, we see that weights claimed for the smearing parameters are the correct
ones.

There are several other quantities of interest that, from the point of view of Γkin,1, are
not elementary, since they can be written in terms of those discussed above. Of particular
interest are those involving second and third holomorphic SR covariant derivatives, which
we discuss below.

E.2 D2
z

Let us first consider43

{·,
∫

S2
XabD⟨aDb⟩f}1 =

∫
S2
Xab{·,D⟨aDb⟩}1f

+
∫

S2
D⟨aDb⟩f{·, Xab}1 +

∫
S2

D⟨aDb⟩X
ab{·, f}1, (E.12)

where Xab and f are unspecified functions that may be phase-space dependent. Our main
interest is Nab, for which we will take f = −2N and Xab a (phase-space independent)
smearing parameter.

43Unlike previous instances, the trace-free parts in (E.12) and (E.14) are taken before the evaluation of PBs.
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Let us focus on the first line of (E.12). Since D⟨aDb⟩ = D⟨aDb⟩ − 1
2Tab, this is a sum of

two contributions. The contribution from the first term can be obtained from the variation
formula for D⟨aDb⟩ (B.2), together with the HVFs for qab (E.5). The second contribution
requires the HVF of Tab. In smeared form, this is given by

{·, T [π]}1 =
∫

S2

(
−πab + DaGb

cd(qmnπ
mnT cd −Ocd

mnπ
⟨mn⟩

) δ

δΠ⟨ab⟩ , (E.13)

where πab is the smearing parameter. Combining both contributions and using the definition
of the operator Bab

cd (B.36), one finds∫
S2
Xab{·,D⟨aDb⟩}1f =

∫
S2

(
DaGb

cdBcd
mn(f)X⟨mn⟩ + 1

2fX
⟨ab⟩

+DaGb
cd(qmnX

mnD⟨cDd⟩f)
) δ

δΠ⟨ab⟩ . (E.14)

From the above, one finds the HVF of (smeared) Nab is:∫
S2
X⟨ab⟩{·, Nab}1 =

∫
S2

(
−2DaGb

cdBcd
mn(N)X⟨mn⟩ −NX⟨ab⟩

) δ

δΠ⟨ab⟩

− 2
∫

S2
D⟨aDb⟩Xab{·, N}1, (E.15)

where for simplicity we only displayed the contribution from the trace-free part of the
smearing parameter.

We finally show how (E.15) may be simplified by going to holomorphic coordinates. We
phrase the discussion in terms of the quantity∫

Xzz{·, Nzz}1 ≡
∫
Xz̄z̄{·, N z̄z̄}1. (E.16)

Expanding (E.16) as in (E.12) we have∫
Xzz{·, Nzz}1 = −2

∫
Xzz{·,D2

z}1N − 2
∫

D2
zX

zz{·, N}1. (E.17)

The first term can be read off from the general formula (E.14), leading to

−2
∫
Xzz{·,D2

z}1N =
∫ (

−2qzz̄DzD−3
z̄ B(N)Xzz δ

δΠz̄z̄
−NXzz δ

δΠzz

)
, (E.18)

where we recall that B(N) ≡ Bzz
zz(N).

In order to simplify the subsequent discussion we now introduce a few definitions. Let

g := −2GD2
zX

zz (E.19)

and
gzz = −2DzDzg, gz̄z̄ = −2Dz̄Dz̄g. (E.20)

Using the expressions for G and its derivatives given in eqs. (B.23) and (B.24), one can
show (E.19) and (E.20) can be written as

g = −1
4D−2

z̄ Xz̄z̄

gzz = 1
2X

zz

gz̄z̄ = 1
2D−2

z̄ D2
zX

zz.

(E.21)
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Let us also define44

Bzz(N, g) := B(N)gzz + B(g)N zz. (E.22)

Given this notation and eq. (E.10), the second term in (E.17) reads

− 2
∫

D2
zX

zz{·, N}1 =
∫ (

g
δ

δC
+ (Ngzz + gN zz + 2qzz̄Dz̄D−3

z Bz̄z̄(N, g)) δ

δΠzz

+ (Ngz̄z̄ + gN z̄z̄ + 2qzz̄DzD−3
z̄ Bzz(N, g)) δ

δΠz̄z̄

)
. (E.23)

In order to combine (E.23) and (E.18), we will use the identity (B.37) for the difference
between B(N)gzz and B(g)N zz:

B(N)gzz − B(g)N zz = −qzz̄qzz̄qzz̄D3
z̄(NDzg − gDzN). (E.24)

The Πzz components add up to:∫
d2wXww{Πzz, Nww}1 = −Ngzz + gN zz + 2qzz̄Dz̄D−3

z Bz̄z̄(N, g) (E.25)

= 2Dz
(
NDzg − gDzN + D−3

z Bzz(N, g)
)

(E.26)

= 2DzD−3
z (B(g)Nzz − B(N)gzz + Bzz(N, g)) (E.27)

= 4DzD−3
z B(g)Nzz. (E.28)

While for the Πz̄z̄ terms one gets∫
d2wXww{Πz̄z̄, Nww}1 = Ngz̄z̄ + gN z̄z̄ + 2qzz̄DzD−3

z̄ (Bzz(N, g)− B(N)Xzz)

= 2gN z̄z̄ (E.29)

In summary, the HVF (E.16) takes the form∫
Xzz{·, Nzz}1 =

∫ (
g
δ

δC
+ 4DzD−3

z B(g)Nzz
δ

δΠzz
+ 2gN z̄z̄ δ

δΠz̄z̄

)
. (E.30)

E.3 D3
z

We now discuss the quantity

S[X,V ] =
∫

S2
XabSab cV

c =
∫
d2zXzzD3

zV
z + c.c. (E.31)

The only non-trivial directions of its HVF are along Πab, and so we just focus on evaluating
the bracket

{Πzz,S[X,V ]}1 = {Πzz,S[X,V ]}0 + {Πzz,S[X,V ]}extra. (E.32)

The kinematical piece is given by

{Πzz,S[X,V ]}0 = −δV X
zz, (E.33)

44This is the combination that appears in the PBs between N and F1: {N(w), F zz1 }0 = Bzz(N,Gw).
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while the correction term takes the schematic form,

{Πzz,S[X,V ]}extra = {Πzz, F2}0W
21{S[X,V ], F1}0. (E.34)

Using (D.50) and (4.8) one finds

{Πzz,S[X,V ]}extra = −DzD−3
z Asoft(X)DzVz, (E.35)

where Asoft(X) is the operator Asoft after doing the replacement Πab → Xab.

F Second stage Dirac matrix

The non-trivial entries in the Dirac matrix (5.3) are those involving the constraints F3 and
F5.45 We write the corresponding smeared PBs as

{F3[X ′], F5[X]}1 =
∫

S2
X ′

abLabcdXcd, (F.1)

{F3[X ′], F3[X]}1 =
∫

S2
X ′

abKabcdXcd, (F.2)

where the weight of the smearing tensors is k = 0 for F3 and k = −1 for F5. We regard (F.1)
and (F.2) as definitions for Labcd and Kabcd respectively. The main objective of this section
is to provide explicit expressions for these operators.

Since
0
N ab and

1
N ab Poisson commute on Γkin,1, the calculation only involves PBs between

“soft” variables.46 For (F.1), the relevant PB is

LabcdXcd =
∫

S2
{CN ⟨ab⟩ − 1

2Π
⟨ab⟩,−N ⟨cd⟩}1Xcd

=
∫

S2

(
−N ⟨ab⟩{C,N ⟨cd⟩}1 +

1
2{Π

⟨ab⟩, N ⟨cd⟩}1

)
Xcd, (F.3)

where we used that Nab commutes with itself. In the next subsection we evaluate (F.3)
in holomorphic coordinates, and show the operator enjoys a holomorphic/antiholomorphic
splitting,

Lz̄z̄cdXcd = LX z̄z̄ (F.4)

where L is a complex (integro-)differential operator with coefficients that are linear in Nab.
We now turn to the operator in (F.2). Using the fact that C Poisson commutes with

itself and with Πab, the PB between F3 and itself can be expanded as:

{F ab
3 , F cd

3 }1 = C{Nab, F cd
3 }1 + {F ab

3 , N cd}1C + 1
4{Π

ab,Πcd}1. (F.5)

45Non-trivial in the sense of being neither vanishing nor proportional to the identity operator. We emphasize
that our considerations rest on the prescriptions presented in subsection 3.2. In particular, any putative
non-trivial bracket of F6 with itself would introduce additional terms in the physical HVFs of Πab and C. To
see this, notice that changing the entry at the bottom right corner of the matrix (5.3) potentially changes the
entries in the “central” 2× 2 block in the inverse Dirac matrix (5.4). The physical fields having brackets with
the constraints associated to these entries are precisely Πab and C.

46Additionally, since PBs involving soft variables on Γkin,1 remain uncorrected on Γphys (see section 5), one

has {F3, F5}1 = {
1
N ,

0
N}2 and {F3, F3}1 = {

1
N ,

1
N}2. From this perspective, the computations (F.3) and (F.5)

can be interpreted as the evaluation of the physical (sub)leading soft news brackets. See also the discussion
around eq. (5.6).
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The first two terms can then be written in terms of L̃ and L, while the last term can be
read off from (E.7). One then obtains

Kabcd = CL̃abcd − LabcdC − 1
4D⟨aGb⟩

mnAmnpqG̃ ⟨c
pq Dd⟩. (F.6)

The holomorphic/antiholomorphic splitting property satisfied by Labcd, Ga bc and Aabcd

ensures Kabcd also satisfies it:

Kz̄z̄cdXcd = KX z̄z̄ (F.7)

with
K = CL† − LC + 1

4q
2
zz̄DzD−3

z̄ ĀD−3
z Dz̄, (F.8)

where L† ≡ ˜̄L is the adjoint of L.

F.1 Evaluation of L

We start by writing (F.3) in holomorphic coordinates:

Lz̄z̄cdXcd =
∫
d2w

(
−N z̄z̄{C,N w̄w̄}1 +

1
2{Π

z̄z̄, N w̄w̄}1

)
Xw̄w̄

+
∫
d2w

(
−N z̄z̄{C,Nww}1 +

1
2{Π

z̄z̄, Nww}1

)
Xww. (F.9)

The PBs in (F.9) can be obtained from the HVF of N zz discussed at the end of section E.2
and read ∫

d2w {C,N w̄w̄}1Xw̄w̄ = −2GD2
zX

zz (F.10)∫
d2w {Πz̄z̄, N w̄w̄}1Xw̄w̄ = −4N z̄z̄GD2

zX
zz (F.11)∫

d2w {Πz̄z̄, Nww}1Xww = −8Dz̄D−3
z̄ B(GD2

z̄X
z̄z̄)Nz̄z̄. (F.12)

Using these expressions one finds the first line of (F.9) vanishes, leading to the form (F.4).
The second line gives the operator

LX z̄z̄ = 2N z̄z̄GD2
z̄X

z̄z̄ − 4Dz̄D−3
z̄ B(GD2

z̄X
z̄z̄)Nz̄z̄ (F.13)

We finally show how (F.13) may be simplified by using identities satisfied by B. We
phrase the following discussion in terms of L̄ rather than L, and reintroduce the notation
given in (E.21),

g = −1
4D−2

z̄ Xz̄z̄

gzz = 1
2X

zz

gz̄z̄ = 1
2D−2

z̄ D2
zX

zz.

(F.14)
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From the defining equation (F.3)

L̄Xzz =
∫
d2w

(
−N zz{C,N w̄w̄}1 +

1
2{Π

zz, N w̄w̄}1

)
Xw̄w̄, (F.15)

and eq. (E.30), one gets

L̄Xzz = −gN zz + 2DzD−3
z B(g)Nzz, (F.16)

which is nothing but the complex conjugate of (F.13). On the other hand, if we use the
“unsimplified” form of the Πzz component given in (E.25) one gets

L̄Xzz = −1
2(gN

zz +Ngzz) + qzz̄Dz̄D−3
z Bz̄z̄(N, g). (F.17)

In this form, the operator manifest a symmetry under the exchange of N with g. In particular,
it follows that we can also write it as in (F.16) with g and N interchanged:

L̄Xzz = −Ngzz + 2DzD−3
z B(N)gzz (F.18)

= 1
2
(
−N + 2qzz̄Dz̄D−3

z B(N)D−2
z̄ D2

z

)
Xzz. (F.19)

The advantage of (F.19) over (F.13) is that it allows to factor out Xzz, thus giving an
explicit operator expression for L̄.

G Physical HVFs

In this appendix we discuss the construction of HVFs on Γphys = Γkin,2. As we did in section E,
the idea is to apply Dirac formula (2.50), this time for i = 1. We shall work in general 2d
coordinates and parametrize the phase space by

Γkin,2 = {σab, C, qab}. (G.1)

From the point of view of Γkin,2 ⊂ Γkin,1, we are using F3 to determine Πab, and the electric
part of F5 to determine N . The magnetic part of F5, together F4 and F6, are constraints
on the allowed set of σab’s. Notice there is a subtle difference between the variables used as
phase space coordinates in (G.1), and those chosen in subsection 5.4 to build the elementary
PB algebra: The shear is more convenient than the news when it comes to HVFs expressions.
Conversely, the news is preferable to the shear when considering the PB algebra.

Writing the smeared constraint as

F [X] =
6∑

i=3

∫
S2
F ab

i Xi ab, (G.2)

the corresponding HVF, along the independent directions in (G.1), can be written as

{·, F [X]}1 =
∫

S2

(
δXqab

δ

δqab
+ δXC

δ

δC
+
∫
du δXσab

δ

δσab

)
+ {·, F6[X6]}1 + Λ{·, F6[X3]}1 (G.3)
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where

δXqab = −G̃ c
ab DdX3⟨cd⟩ (G.4)

δXC = 2GDaDb(X5⟨ab⟩ − CX3⟨ab⟩) (G.5)

δXσab(u) =
1
2uX3⟨ab⟩ + δ+(u)X4⟨ab⟩ +X5⟨ab⟩ +

1
2qabσ

cd(u)δXqcd, (G.6)

and where we left apart the contributions from F6. These come from two places: The
explicit one from the i = 6 term in (G.2), and one from the i = 3 term in (G.2) that arises
upon using eq. (C.21) (which also holds on Γkin,1). We keep these terms implicit since F6
does not admit a HVF in the sense of eq. (E.11). This will help clarify the role of the
prescriptions discussed in section 3.2.

Given eq. (G.3) and the inverse Dirac map (5.4), we now use the general formula (2.50)
to construct the corrected HVFs on Γkin,2.

Let us first consider the smeared 2d metric as defined in (E.4). Its only non-trivial
PB with the constraints is

{q[ρ], F ⟨ab⟩
3 }1 = D⟨aGb⟩

cdρ
cd. (G.7)

From the inverse Dirac map (5.4) one then finds that the only non-zero Xα (as defined
in (2.49)) is

X4ab = −D⟨aGb⟩ cdρ
cd. (G.8)

Since {·, q[ρ]}1 does not have components along the variables in (G.1), the HVF is just given
by substituting (G.8) in (G.3), leading to

{·, q[ρ]}2 = −
∫

S2
D⟨aGb⟩ cdρ

cd δ

δσ+
ab

, (G.9)

where be used the notation
δ

δσ+
ab

:= lim
Λ→+∞

δ

δσab(Λ)
. (G.10)

We next consider C. This time we have two non-trivial PBs with the constraints:

{C(x0), F ⟨ab⟩
3 }1 = −2CD⟨aDb⟩Gx0 (G.11)

{C(x0), F ⟨ab⟩
5 }1 = 2D⟨aDb⟩Gx0 . (G.12)

The non-trivial Xα’s (2.49) are then

X4ab = 2CD⟨aDb⟩Gx0

X6ab = −2D⟨aDb⟩Gx0 .
(G.13)

Since there are no contributions from {·, C(x0)}1 along (G.1), the HVF is given by sub-
stituting (G.13) in (G.3):

{·, C(x0)}2 = 2
∫

S2
D⟨aDb⟩Gx0C

δ

δσ+
ab

− {·, F6[X6]}1|X6ab=2D⟨aDb⟩Gx0
. (G.14)
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We finally discuss the news tensor, for which we consider three type of smearings:
First σ̇[γ] as in (E.4), where γab

|u|→∞→ , and then smearings appropriate for the leading and
subelading soft news. In the first case, the only non-trivial PB with the constraints is:

{σ̇[γ], F ⟨ab⟩
3 }1 = −1

2

∫
du
(
uγ̇⟨ab⟩ + D⟨aGb⟩

cd(q
mnγmnσ̇

cd)
)
, (G.15)

leading to

X4ab =
1
2

∫
duuγ̇⟨ab⟩. (G.16)

Substituting in (G.3) and adding the contribution from {·, σ̇[γ]}1 one gets

{·, σ̇[γ]}2 = 1
2

∫
I

(
γ⟨ab⟩

δ

δσab
+
(
uγ̇⟨ab⟩ − D⟨aGb⟩ cd(qmnγmnσ̇

cd)
) δ

δσ+
ab

)
. (G.17)

For the leading soft news we consider the smeared version,
0
N [χ] =

∫
S2

0
N abχab. (G.18)

Using the prescriptions given in section 3.2, its non-trivial PB with the constraints are
found to be

{
0
N [χ], F ⟨ab⟩

3 }1 = −1
2D⟨aGb⟩

cd(q
mnχmn

0
N cd)

{
0
N [χ], F ⟨ab⟩

6 }1 = −χ⟨ab⟩,

(G.19)

leading to

X4ab = −L cd
ab χcd,

X5ab = −χ⟨ab⟩.
(G.20)

Substituting in (G.3) and adding the contribution from {·,
0
N [χ]}1 one gets

{·,
0
N [χ]}2 =

∫
S2

(
−2GD⟨aDb⟩χab

δ

δC
−
(
Lχ⟨ab⟩ +

1
2D⟨aGb⟩ cd(qmnχmn

0
N cd)

)
δ

δσ+
ab

)
,

(G.21)
where we used the notation

Lχ⟨ab⟩ ≡ L cd
ab χcd. (G.22)

Finally, for the subleading soft news we consider
1
N [χ] =

∫
S2

1
N abχab. (G.23)

Using again the prescriptions of section 3.2, its non-trivial PBs with the constraints are

{
1
N [χ], F ⟨ab⟩

3 }1 = −1
2D⟨aGb⟩

cd(q
mnχmn

1
N cd)

{
1
N [χ], F ⟨ab⟩

4 }1 = −χ⟨ab⟩
(G.24)
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leading to

X3ab = −χ⟨ab⟩

X4ab = −Kχ⟨ab⟩

X6ab = L̃χ⟨ab⟩,

(G.25)

where we used the notation (G.22) for K and L̃. Substituting in (G.3) and adding the
contribution from {·,

1
N [χ]}1 we get47

{·,
1
N [χ]}2 =

∫
I

1
δχσab

δ

δσab
+
∫

S2

(
1
δχqab

δ

δqab
+

1
δχC

δ

δC

)
+ {·, F6[X6]}1|X6ab=L̃χ⟨ab⟩

, (G.26)

where
1
δχqab = G̃ ⟨c

ab Dd⟩χcd (G.27)
1
δχC = 2GD⟨aDb⟩(Cχab) (G.28)

1
δχσab(u) = −δ+(u)

(
Kχ⟨ab⟩ +

1
2D⟨aGb⟩ cd(qmnχmn

1
N cd)

)
+ 1

2qabσ
cd(u)

1
δχqcd. (G.29)

Comments

• The HVF of both C and
1
N exhibit the a priori undetermined term {·, F6}1. This is

not a problem for evaluating the PB algebra, if one uses the prescriptions given in
section 3.2, prior to eq. (3.24), and treats σ̇[γ],

0
N [χ] and

1
N [χ] separately, as we did

above. A unified treatment of these three quantities, however, requires the identification
of distributional terms at infinity in the unintegrated bracket {σ̇, F6}1. The prescription
given in eq. (3.24) implies∫

du{C, σ̇⟨ab⟩(u)}2 = {C,
0
N ⟨ab⟩}2, (G.30)

as can be checked from eqs. (G.14) and (G.21). This is how the analogue of the
kinematical discontinuity between (3.9) and (3.10) is resolved.

• The HVFs share some of the structural aspects of their kinematical counterparts
discussed in appendices C and E. In particular, potential ambiguities associated to
Green’s function are associated to null directions of the symplectic structure, see the
next appendix.

H Null directions of the symplectic form

The variables N and C introduced in eq. (2.28) are defined modulo the kernel of D⟨aDb⟩
(itself identical to the kernel of D). Denoting by t a general element of this kernel, we then
have an intrinsic redundancy in our description, in which

C ∼ C + t, N ∼ N + t, t ∈ kerD⟨aDb⟩ ≡ kerD, (H.1)

where the shifts may also include changes in other variables, see below.

47The term proportional to Λ coming from {·,
1
N [χ]}1 cancels with the one coming from the last term

in (G.3).
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In this appendix we show that, for all the three spaces involved in our discussion,
Γkin,i, i = 0, 1, 2, the shifts (H.1) span the null directions δi

null of the corresponding symplectic
structures,

Ωkin,i(δ, δi
null) = 0 ∀ δ ∈ Γkin,i. (H.2)

Thus, the phase spaces should actually be understood as being defined modulo such null
directions.

One way to construct the null shifts is as follows. Consider on Γkin,i the HVFs associated
to C and N ,

{·, C(x0)}i, {·, N(x0)}i. (H.3)

They all involve the Green’s function G of D. We then consider the formal replacement

Gx0(x) → t(x) (H.4)

in (H.3). This gives, for every t ∈ kerD, a pair of two null directions that we denote by
δN

t,i and δC
t,i:

δN
t,i := −{·, C}i|G→t

δC
t,i := {·, N}i|G→t,

(H.5)

where the sign choices correspond to those in (H.1).
For i = 0, eq. (H.5) leads to

δN
t,0 =

∫
S2

t δ

δN
,

δC
t,0 =

∫
S2

(
t δ

δC
+ tNab δ

δΠab
− 2∆ab

cd(t)N cd δ

δpab

)
.

(H.6)

One can explicitly check these satisfy the null condition (H.2). Notice the shift in C comes
with additional shifts in pab and Πab. Such terms appear due the fact that kerD depends on
qab and Tab respectively. We also notice that terms involving Gab

x0 ≡ −2D⟨aDb⟩G in {·, N}0
do not contribute since D⟨aDb⟩t = 0.

For i = 1, one finds

δN
t,1 =

∫
S2

t δ

δN
,

δC
t,1 =

∫
S2

(
t δ

δC
+
(
tNab + 2DaGb

cdBcd
mn(t)Nmn

) δ

δΠ⟨ab⟩

)
.

(H.7)

where we have only displayed the independent directions on Γkin,1, (4.3). The absence/presence
of corrections to the i = 0 expressions can be understood from the fact that δN

t,0F1 = δN
t,0F2 = 0

while δC
t,0F1 ̸= 0. One can again verify that (H.7) are null directions: For δN

t,1 this is direct
while for δC

t,1 it involves a non-trivial cancellation of terms.
Notice that, so far, the null directions only acted on soft-sector variables:

Ωkin,i(δ, δN/C
t,i ) = Ωsoft,i(δ, δN/C

t,i ) = 0, i = 0, 1. (H.8)
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This situation changes for i = 2. Using the parametrization (G.1) one finds

δN
t,2 = 0

δC
t,2 =

∫
S2

t δ

δC
+
(

1
2t

0
N ab − DaGb

cdBcd
mn(t)

0
Nmn

)
δ

δσ+
⟨ab⟩

 . (H.9)

The fact that δN
t,2 vanishes can be understood from the fact that N is no longer an independent

variable in Γphys = Γkin,2. Rather, it is defined through the leading soft news by N =
−2GD⟨aDb⟩

0
N ab. The parametrization (G.1), however, treats C as an independent variable,

that comes with its corresponding null direction. To show that δC
t,2 satisfies (H.2), we

notice that its action on the soft variables is identical to that of δC
t,1 (for the same reasons

leading to (5.5))

φ ∈ (C,N,Πab, qab) =⇒ δC
t,2φ = δC

t,1φ. (H.10)

From (H.8) this in turn implies

Ωsoft(δ, δC
t,2) = 0. (H.11)

Unlike the previous cases, however, there could be contributions from the hard part of
the symplectic structure. These yield terms proportional to limU→∞ δσ̇ab(U) which vanish
on Γphys and thus

Ωhard(δ, δC
t,2) = 0. (H.12)

We finally argue that (H.6), (H.7) and (H.9) span all null directions of Γkin,i for i = 0, 1, 2
respectively. For i = 0, this follows from the “block diagonal” form of Ωkin,0.48 The hard
piece is known to be non-degenerate [14]. The soft piece is a sum of three terms, with only
the δ(DN) ∧ δC piece exhibiting degeneracies. These are the ones captured by δN

t,0 and δC
t,0.

Since the first and second stage constraints are second class, there cannot be additional
null directions on Γkin,1 and Γkin,2.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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