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Resumen

Desde finales de la década de 1950 se conoce que la región externa del disco de la Vı́a Láctea está alabeada.
Sin embargo, al ser una gran estructura a escala del disco galáctico, es dif́ıcil poder caracterizar su geometŕıa
y su cinemática. Aunque el esfuerzo de entender el alabeo tiene varias décadas, varias preguntas aún quedan
sin responder.

En este trabajo presentamos dos art́ıculos en los cuales se explora el alabeo de las Cefeidas Clásicas y
demostramos por primera vez que las RR Lyrae trazan el alabeo. En éstos se hace uso de las distancias precisas
de ambas poblaciones (incertidumbres en el entorno de 3 % y 5 % para Cefeidas y RR Lyrae, respectivamente)
y movimientos propios de Gaia DR3. Para las Cefeidas Clásicas logramos la caracterización más detallada
de su alabeo tanto en estructura (altura vertical media) como en cinemática (velocidad vertical media) al
lograr para ambas sus descomposiciones de Fourier como función del radio. Esto nos permitió revelar la
importancia del modo m “ 2 para las asimetŕıas espaciales y para la cinemática, donde tiene una amplitud
comparable al modo m “ 1. De la caracterización de la estructura se obtuvo que la ĺınea de nodos tiene
una tasa de precesión de 12.7 ˘ 0.3˝/kpc en la dirección de la rotación estelar y comienza en R « 11 kpc.
Contrario a lo esperado por el modelo clásico de tilted rings (m “ 1), la ĺınea de máxima velocidad vertical
no coincide con la ĺınea de los nodos, ambas comparten la precesión pero están separadas por « 25˝, que
entendemos se debe a presencia del modo m “ 2. Finalmente analizamos la evolución temporal del modo
m “ 1 con un nuevo método desarrollado a partir de las descomposiciones de Fourier. Obtenemos que la
rotación del modo m “ 1 es aproximadamente constante en función del radio y es prógrada con un valor de
9.2 ˘ 3.1 km/s/kpc, en concordancia con estudios previos. También encontramos que el cambio en amplitud
del modo m “ 1 es despreciable hasta R « 14 kpc donde aumenta hasta « 4 ˘ 2 km/s en R « 15.5 kpc.

En nuestro segundo art́ıculo demostramos por primera vez que las RR Lyrae trazan el alabeo del disco
Galáctica. La señal del alabeo esta presente tanto en el anticentro, como revelan las RR Lyrae con altas
velocidades azimutales de rotación, como en el todo el disco, revelado por las RR Lyrae ricas en metales
(ą ´1 dex). La señal del alabeo para las ricas en metales se revela en todo el disco tanto en Z como en Vz

con amplitudes similares al de las Cefeidas. El análisis detallado del alabeo en la dirección del anticentro
demuestra que las RR Lyrae tienen una señal cinemática similar al Red Clump y, diferenciándose del trazado
por las Cefeidas, comienza en R « 10 kpc y alcanza un máximo de 7 km/s en R « 15 kpc. La altura media
de las RR Lyrae esta sistemáticamente por debajo (« 0.4 kpc) de la trazada por las Cefeidas. Con un nuevo
método simplificado, se obtuvo que la velocidad angular del alabeo de las RR Lyrae es prógrada con un valor
consistente con el resto de mediciones de otras poblaciones 13 ˘ 2 km/s/kpc. Finalmente, el análisis de la
dispersión de velocidades verticales de diferentes poblaciones trazadoras del alabeo indica una cinemática de
las RR Lyrae consistente con una edad intermedia de 3 ´ 4 Gaños, mucho menor que la edad de ą 10 Gaños
canónicamente asociada a estas estrellas. Nuestros resultados indican que las estrellas RR Lyrae de disco
delgado son un trazador dinámico de edad intermedia del alabeo, lo que abre una nueva ventana para estudiar
su dependencia con la edad estelar en la Vı́a Láctea.
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Caṕıtulo 1

Introducción

En este trabajo nos concentramos en caracterizar, con trazadores de diferentes edades, la estructura y
cinemática del alabeo de la Vı́a Láctea, una onda transversal que se propaga por el disco desviando la altura
media de las estrellas y el gas. Para introducir el contexto necesario que enmarca estos resultados, el texto
está organizado de la siguiente manera: En la Sección 1.1 describimos a grandes rasgos la estructura de la
VL. En la Sección 1.2 presentamos el alabeo como fenómeno general de las galaxias y cuales pueden ser sus
mecanismos de formación. En la Sección 1.3 damos cuenta de los estudios observacionales del alabeo en la
Vı́a Láctea y finalmente en la Sección 1.4 describimos los trazadores que utilizamos en los dos art́ıculos para
caracterizar el alabeo y en la Sección 1.5 se resumen los objetivos generales y espećıfico del trabajo.

1.1. La Vı́a Láctea

La Vı́a Láctea (VL) es una galaxia de disco, lo que implica que la amplia mayoŕıa de sus estrellas se
encuentran distribuidas en un disco rotante. Este disco está inmerso en un halo compuesto por materia oscura
y estrellas, donde reside la mayor parte de la masa gravitatoria („ 1012 M@ Bland-Hawthorn & Gerhard,
2016). La VL, como otras galaxias espirales, muestra una estructura dinámica con diferencias claras en
composición, cinemática y distribución entre sus principales componentes.

El disco de la Galaxia esta compuesto por dos discos. Un disco grueso y otro delgado, ambos discos se
suelen describir con una distribución de densidad de doble exponencial, una en función de la altura (z) y
la otra en función del radio (R), de esta forma cada disco esta caracterizado por dos constantes de escala,
una radial y otra vertical. El disco grueso se caracteriza por tener una escala radial corta (2.1 kpc Mateu
& Vivas, 2018) respecto al delgado ((2.6 ´ 4 kpc Bovy et al., 2012) y una escala vertical (0.75 kpc) alta
respecto al delgado (0.3 kpc) (Bland-Hawthorn & Gerhard, 2016). La diferencia en escala radial entre ambos
discos genera que no observemos estrellas del disco grueso a radios mayores de 13 kpc, mientras que el para
el disco delgado se alcanzan radios de hasta « 20 kpc. Las estrellas del disco delgado rotan ligeramente más
rápido ((2400 km s´1 Gaia Collaboration et al., 2021) que el disco grueso (180 km s´1 Carollo et al., 2010),
además, la rotación en el disco delgado es más ordenada que en el disco grueso, ya que la dispersión de
velocidades es menor. Finalmente, una diferencia en la composición qúımica de las estrellas del disco delgado
y grueso es clara cuando se compara la abundancia en elementos alfa y metalicidad. El disco grueso es rico
en elementos alfa (« 0.4 dex) y pobre en metales (« ´0.6 dex), mientras que el disco delgado es pobre en
elementos alfa (« 0.1 dex) y rico en metales (« ´0.3 dex) (Bovy et al., 2012). Esta diferenciación qúımica
es la principal diferencia entre ambos discos y es consecuencia de su historia de formación, siendo el disco
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grueso una componente antigua con población estelar vieja (ą 10 Gaños Catelan & Smith, 2015)1, mientras
que el disco delgado tiene un rango de edades cubriendo desde las más jóvenes hasta al menos las estrellas
de « 9 Gaños (Anders et al., 2023), aún se investiga cual es la edad más vieja del disco delgado (Nepal et
al., 2024).

El halo de la Vı́a Láctea es una estructura cuasi esferoidal o triaxial Han et al. (2022) que se extiende
hasta aproximadamente 300 kpc de radio (Medina et al., 2024). El halo contiene tanto materia oscura como
estrellas (ver introducción de Binney & Tremaine, 2008), aunque la materia oscura representa una proporción
significativamente mayor (« 100 veces más Bland-Hawthorn & Gerhard, 2016) a la estelar.

Las estrellas del halo son predominantemente pobres en metales (´1.6 Carollo et al., 2010) y ricas en
elementos alfa (« 0.4 Fulbright et al., 2007; Bovy et al., 2012), lo que indica que se formaron en las primeras
etapas de la evolución galáctica. A medida que uno se aleja del centro Galáctico, la influencia gravitatoria
del disco disminuye (dada la cáıda exponencial de la densidad), y la dinámica de las estrellas en las regiones
externas está dominada por la interacción con la materia oscura del halo, en lugar de la autogravedad del
disco.

Es sabido que la VL interactúa con otras galaxias más pequeñas, el ejemplo más prominente son la Nube
Grande de Magallanes (LMC por su siglas en ingles) la cual en su cáıda hacia la VL va perturbando el halo
al cambiar el centro de masa del sistema y también al crear sobredensidades de materia oscura (Para más
detalles ver Garavito-Camargo et al., 2019). Estas sobre densidades junto con la misma LMC perturban
al disco de la VL, especialmente su región mas externa. Otro perturbador del disco es la galaxia enana de
Sagitario (Ibata et al., 1994), la cual esta siendo desbaratada por la Vı́a Láctea (Ramos et al., 2022). Las
perturbaciones de Sagitario en el disco de la VL se han vinculado a la espiral de fase descubierta por Antoja
et al. (2018), la cual es la señal clara del mezclado de fase incompleto de las estrellas en el disco, este mezclado
de fase se manifiesta como ondulaciones en la densidad de estrellas del disco. En la región externa del disco
delgado, su distribución de velocidades verticales y altura media también están perturbado McMillan et al.
(2022), desviándose del plano medio de la galaxia a modo de onda transversal, a este fenómeno se lo conoce
como alabeo Gaia Collaboration et al. (2021).

1.2. El alabeo

El alabeo es un fenómeno de los discos galácticos en los cuales la posición media vertical de las estrellas en
la región externa se desv́ıa del plano medio definido con la región interna del disco. El alabeo como fenómeno
dinámico es muy común en galaxias de disco, entre el 40 % y 50 % de las galaxias de disco presentan un
alabeo en su gas (Sanchez-Saavedra et al., 1990; Reshetnikov & Combes, 1998). La VL no es una excepción
a este fenómeno, presentando un alabeo prominente en su componente de gas de hidrógeno neutro (Levine
et al., 2006) y en la componente estelar (Gaia Collaboration et al., 2021). El alabeo en la VL presenta
varios retos en su estudio ya que debemos estudiarlo con una perspectiva inmersa en el propio disco, la cual
dificulta observarlo en toda su extensión. Existen varios mecanismos de formación de alabeos en la literatura,
a continuación damos una lista de los principales mecanismos propuestos:

Torques del halo: La distribución no simétrica de materia en el halo genera torques sobre el disco, en
particular en la región externa del disco la cual esta dominada por el potencial del halo (Sparke, 1984;
Ideta et al., 2000; Jeon et al., 2009; Han et al., 2023).

Interacción con galaxias externas: Las galaxias externas durante sus orbitas pueden acercare lo suficiente
al disco para perturbarlo gravitacionalmente. La magnitud de estas perturbaciones dependen de la masa
y orbita de los satélites (Kim et al., 2014; Chequers et al., 2018; Semczuk et al., 2020; Poggio et al.,

11 Gaño = 109 años
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2021). Las nubes de Magallanes junto con Sagitario pueden ser los generadores del alabeo en el disco
de la VL (Laporte et al., 2018; Bland-Hawthorn & Tepper-Garćıa, 2021; Stelea et al., 2024).

Inestabilidad del disco: Chequers & Widrow (2017) encontraron que a un disco aislado de torques
externos se le puede inducir un alabeo si interacciona con ”shot noise”, el cual puede deberse a pequeños
halos de materia oscura que atraviesan el disco.

Acreción de gas: La acreción de gas desaĺıneada en el disco puede generar la formación del alabeo en
el gas y las poblaciones que se formen en el y hereden esa estructura (Roškar et al., 2010).

Todos estos mecanismos a priori podŕıan estar actuando al mismo tiempo, lo cual complejiza el análisis,
puesto que a cada mecanismo se lo podŕıa ajustar para reflejar el alabeo observado.

Naturalmente caracterizar la estructura y cinemática de las estrellas que trazan el alabeo es clave para
poner restricciones en los mecanismos de su formación. Además, saber cómo la estructura y cinemática
cambia para distintos trazadores es importante ya que no todos los mecanismos imprimen el mismo alabeo a
poblaciones de distintas edades. Por ejemplo, la acreción de gas favorece a observar el alabeo en poblaciones
jóvenes, y en cambio no está claro si los mecanismos de formación debido a interacciones gravitacionales
actúan de forma distinta en poblaciones con distintas edades. Para el resto de mecanismos no están claras
sus consecuencias según la edad de la población.

1.3. Trabajos observacionales del alabeo

El alabeo en la Vı́a Láctea se detectó primero en el gas dada su prominencia (Burke, 1957) y posterior-
mente en la componente estelar Djorgovski & Sosin (1989); Freudenreich et al. (1994). Desde entonces se ha
seguido analizado con distintos trazadores, tanto con el gas (Levine et al., 2006), polvo (Drimmel & Spergel,
2001; Marshall et al., 2006) y estrellas tipo OB (Romero-Gómez et al., 2019; Li et al., 2023a), gigantes K
(Cheng et al., 2020), estrellas Red Clump (López-Corredoira et al., 2002; Wang et al., 2020), gigantes rojas
(Romero-Gómez et al., 2019), Cefeidas Clásicas (Chen et al., 2019; Skowron et al., 2019a; Dehnen et al.,
2023), púlsares (Yusifov, 2004) y también con toda la población observada del disco (Jónsson & McMillan,
2024).

En la mayoŕıa de los trabajos recientes la descripción adoptada es un caso particular de una serie de
Fourier para la altura media

Zpϕ,Rq “

M
ÿ

m“0

AmpRq sinpmϕ ´ φmpRqq (1.1)

O la velocidad vertical media:

Vzpϕ,Rq “

M
ÿ

m“0

VmpRq sinpmϕ ´ φV
mpRqq (1.2)

Donde R y ϕ son el radio y azimuth galactocéntrico respectivamente. Para la componente estelar es muy
común la utilización únicamente del modo m “ 1, el cual para bajas amplitudes se conoce como modelo ”tilted
rings”. En este modelo se asume que las estrellas rotan en órbitas circulares inclinadas. En la Figura 1.1
representamos de forma esquemática dos modelos tilted rings, en el panel de la izquierda sin precesión en
los anillos, en del medio con precesión. La precesión entre los anillos determina la forma de la ĺınea de nodos
(donde los anillos cruzan el plano Galáctico) representada con la curva negra. Con el gas se demostró que el
modo m “ 1 es el dominante (Levine et al., 2006) siendo el segundo más importante el m “ 2. El tercer panel
de la Figura 1.1 ilustra un alabeo de éste tipo. Para la componente estelar la mayoŕıa de las veces se adopta
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Figura 1.1: Estructura espacial de tres modelos de alabeo distintos. La curva negra indica la ĺınea de nodos y los
anillos de colores son la altura media a un cierto radio. Los primeros dos paneles (de izquierda a derecha) ilustran un
model tilted rings con su ĺınea de nodos sin (izquierda) y con (derecha) precesión, mientras que el tercer panel ilustra
un alabeo con un modo principal m “ 1 y la contribución de un modo m “ 2.

el m “ 1 como el único modo del alabeo, aunque con Cefeidas Clásicas por primera vez en los trabajos de
Chen et al. (2019) y Skowron et al. (2019a) se detectó la presencia del modo m “ 2 en Z y demostraron
que su amplitud es menor a la del modo m “ 1. Esto es de esperar de los resultados de Levine et al. (2006),
ya que, como las Cefeidas son jóvenes, trazan un alabeo similar al del gas donde se formaron. Sin embargo,
para poblaciones más viejas la cobertura azimutal del disco no ha sido suficiente para que se demuestre con
rigor que el modo m “ 1 es en efecto el que domina, aunque siempre se asume que es aśı. Todos los trabajos
concuerdan a primer orden en la estructura del alabeo como un modo m “ 1, con su ĺınea nodos en la región
del anticentro y con una amplitud de 0.5 kpc en R “ 13 kpc para la mayoŕıa de los estudios en la literatura.

Para la descripción de los modos de Fourier, la mayoŕıa de trabajos adoptan una forma funcional particular
de AmpRq como un polinomio y las fases de los modos se consideran contantes (BRφm “ 0) (Drimmel &
Spergel, 2001; López-Corredoira et al., 2002; Yusifov, 2004; Marshall et al., 2006; Amôres et al., 2017), esto
restringe los análisis que se pueden realizar, en particular, el análisis de la ĺınea de nodos. En el gas de galaxias
externas se observó que la ĺınea de nodos en función del radio se enrosca progresivamente (como se ve en el
segundo panel de la Figura 1.1) en la dirección en que las estrellas rotan (Briggs, 1990), conocido como la
regla de Briggs. En la VL se ha demostrado que las Cefeidas cumple esta regla (Chen et al., 2019; Dehnen et
al., 2023), pero para el resto de poblaciones no se sabe con certeza (Romero-Gómez et al., 2019; McMillan
et al., 2022). La geometŕıa de la ĺınea de nodos es de interés para restringir el escenario de formación del
alabeo ya que su forma es consecuencia de la evolución propia del alabeo (Ideta et al., 2000; Poggio et al.,
2021).

Un parámetro de interés a la hora de analizar el alabeo es su velocidad angular ω, o ”pattern speed”
como se lo denomina en inglés. Este parámetro da cuenta de cuán rápido rota el alabeo en śı (no las estrellas
que lo delinean) y es de interés para restringir los mecanismos de formación. Algunos mecanismos predicen
velocidades angulares pequeñas (0.1km/s/kpc), como los propuestos por un halo oblato o prolato Ideta et al.
(2000); Jeon et al. (2009), y determinan si el alabeo rota a favor o en contra de la rotación estelar dependiendo
de la geometŕıa (Ideta et al., 2000). Las mediciones recientes de ω indican una rotación a favor de la rotación
estelar y del orden de 10´15 km/s/kpc (Poggio et al., 2020; Cheng et al., 2020; Dehnen et al., 2023; Jónsson
& McMillan, 2024; Poggio et al., 2024), por lo que ninguno de estos escenarios es suficiente para explicar las
propiedades observadas del alabeo de la VL.

El alabeo no sólo se puede detectar estudiando directamente la altura media en cada punto del disco,
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sino que también se lo ha hecho realizando conteo de estrellas (López-Corredoira et al., 2002; Amôres et al.,
2017) comparado la densidad con modelos de discos alabeados y también estudiando la velocidad vertical
de las estrellas, donde se ajusta un modelo tilted rings a la velocidad y luego se deriva cuál debe ser la
altura media para reflejar esa velocidad vertical. La variedad de modelos e hipótesis asumidas en los trabajos
de la literatura hace dif́ıcil la comparación sistemática entre todos ellos para poder entender para distintos
trazadores cómo vaŕıa la ĺınea de nodos, las fases de cada modo y sus amplitudes, tanto para Z como
para Vz. Los trabajos que se han realizado para entender la variación del alabeo con la edad del trazador
arrojan resultados contradictorios. Algunos trabajos indican que el alabeo crece en amplitud para edades
mayores (Amôres et al., 2017; Romero-Gómez et al., 2019), y otros indican lo contrario (Cheng et al., 2020;
Chrobáková et al., 2020; Wang et al., 2020; Li et al., 2023a). Además de las diferencias entre los modelos,
se debe tener en cuenta que distintas poblaciones padecen de distintos sesgos observacionales que deben ser
modelados para comparar las poblaciones de forma fidedigna.

Para poder estudiar la estructura y cinemática del alabeo sin presuponer modelos de la distribución de
densidad y evitar degeneraciones provocadas por la proyección sobre cielo, es clave tener medidas precisas
de la distancia para distancias heliocéntricas mayores de 2 ´ 3 kpc. El uso de estándares de luminosidad con
alta precisión en distancia en todo el disco ofrece ventajas clave para un estudio directo del alabeo.

1.4. Estrellas variables

La obtención de distancias precisas en astronomı́a garantiza poder saber la posición espacial de las estrellas
y, junto a sus movimientos propios, su velocidad. Para las estrellas más cercanas al Sol (hasta « 3 kpc) se
puede obtener la distancia a partir del paralaje, pero para las regiones más externas del disco donde estamos
interesados (« 7 kpc), el paralaje no está bien determinado para la mayoŕıa de las estrellas y, para las que
lo tienen, las incertidumbres son considerables " 10 % que y son modelo-dependientes (Bailer-Jones et al.,
2021).

Para estrellas pulsantes, el peŕıodo con el que vaŕıan su brillo está vinculado con el brillo intŕınseco
(luminosidad) de la estrella, de forma que se puede obtener la distancia comparando el brillo observado y el
intŕınseco, convirtiéndolas en estándares de luminosidad. A esta comparación se le debe agregar el detalle de
que el brillo observado también se ve reducido debido al polvo Galáctico entre la estrella y el observador, lo
cual se conoce como extinción. La corrección de este efecto se hace con ayuda de mapas tridimensionales de
extinción que nos dicen, para una posición del cielo y una distancia dada, cuánto se redujo el brillo debido
al polvo (Marshall et al., 2006; Green et al., 2019). En este trabajo hacemos uso de las Cefeidas Clásicas y
las RR Lyrae, estrellas pulsantes luminosas que nos permiten trazar el alabeo en casi todo el disco.

Cefeidas clásicas: son estrellas jóvenes de menos de 400 Myr. Dado que no pueden alcanzar edades
mayores, las Cefeidas Clásicas sólo trazan regiones de reciente formación estelar y en la VL esto sólo
ocurre en el disco delgado, por lo cual son trazadoras ineqúıvocas del mismo. Las Cefeidas Clásicas
son muy luminosas (sus luminosidades están entre 500 ă L{L@ ă 20, 000 Catelan & Smith,
2015) permitiendo observarlas en regiones del disco Galáctico lejanas al Sol y hasta distancias
extragalácticas (Tanvir, 1999). Las distancias con Cefeidas Clásicas suelen tener errores entorno
al 3 %. La desventaja de las Cefeidas es que sus progenitoras son estrellas masivas, las cuales son
escasas, provocando que tengamos sólo del orden de 3000 objetos en los catálogos más profundos
Samus’ et al. (2017); Pojmanski (2002); Udalski et al. (2018); Gaia Collaboration et al. (2020).

RR Lyrae: son estrellas que trazan prácticamente todas las estructuras y subestructuras de la VL;
trazan el halo, el disco grueso, el disco delgado, las Nubes de Magallanes, la galaxia enana de
Sagitario y otras galaxias enanas (Catelan & Smith, 2015; Vivas et al., 2004; Mateu & Vivas,
2018; Ramos et al., 2022). A diferencia de las Cefeidas, esto implica que observar una RRL no es
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suficiente para saber de cual estructura es trazadora, para ello es necesario estudiar su posición,
cinemática y, de ser posible, su qúımica. Las RR Lyrae también son luminosas (40 ă L{L@ ă 50,
Catelan & Smith, 2015) y se pueden observar a distancias extragalácticas (con errores t́ıpicos de
5 % Neeley et al., 2017) y, a diferencia de las Cefeidas, son mucho más numerosas, dos órdenes
de magnitud más que las Cefeidas (Á 300, 000). Las RRL son, en su amplia mayoŕıa estrellas
viejas con edades mayores a los 10 Gaños, sin embargo hay evidencia reciente de la existencia de
RRL con edades intermedias en el disco delgado de la VL (Iorio & Belokurov, 2021) y en la Nube
Grande de Magallanes (Sarbadhicary et al., 2021).

El uso de estas estrellas variables para el estudio de estructura por sus distancias precisas, tiene ya varias
décadas (Leavitt & Pickering, 1912; Bailey, 1902; Saha, 1985), sin embargo el potencial de sus distancias
precisas se vio enormemente enriquecido gracias a la misión espacial Gaia de la Agencia Espacial Europea
(Gaia Collaboration et al., 2016), la cual ha obtenido para un gran número de estrellas (1, 467, 744, 818 Gaia
Collaboration & Brown, 2021) la posición en el cielo, su movimiento propio, paralaje, brillo, color y para una
muestra más reducida, la velocidad radial. La combinación de distancias precisas con movimientos propios
nos permite analizar la estructura y cinemática del alabeo sin necesidad de presuponer modelos de la VL.

1.5. Objetivos de la tesis

Si la historia de la Vı́a Láctea fuera un rompecabezas, el alabeo seŕıa una sección donde faltan piezas
por encajar, y las que tenemos no siempre coinciden entre śı. En este contexto, el alabeo es un fenómeno a
gran escala con información valiosa sobre la historia de nuestra Galaxia. Por eso, caracterizar su estructura
y su dinámica mediante trazadores con distancias precisas y edades variadas es fundamental para añadir una
pieza más en el rompecabezas de su origen. El objetivo general de este trabajo, es pues, describir y analizar
las ondulaciones del alabeo en la población joven del disco Galáctico trazada por Cefeidas Clásicas y para
la población vieja trazada por RR Lyrae.

Objetivos espećıficos:

Cefeidas Clásicas: .

Describir el alabeo de las Cefeidas Clásicas usando métodos de descomposición de Fourier que permitan
detectar y cuantificar las asimetŕıas tanto en la estructura, como en la cinemática.

Caracterizar la evolución temporal del alabeo trazado por Cefeidas.

RR Lyrae:

Determinar si las RR Lyrae trazan el alabeo del disco Galáctico. En caso de trazarlo cuantificar las
diferencias con el alabeo de las Cefeidas.

Estimar las edades de las RR Lyrae del disco delgado.
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Caṕıtulo 2

El alabeo trazado por Cefeidas
Clásicas

En el primer art́ıculo que se presenta a continuación (Cabrera-Gadea et al., 2024b), ya publicado, ex-
ploramos en detalle el alabeo trazado por las Cefeidas Clásicas. En particular descomponemos en series de
Fourier tanto a Z como Vz hasta el modo m “ 2. Dado que nuestras descomposiciones no presuponen la
dependencia radial de las amplitudes y fases de los modos, obtenemos la descripción más general del alabeo
de las Cefeidas Clásicas hasta la fecha. Exploramos las asimetŕıas azimutales en la estructura y cinemática
gracias a al modo m “ 2. Además de las descomposiciones de Fourier se presenta un método bajo el cual se
podemos obtener el cambio temporal instantáneo de cada modo a partir de las series de Fourier de Z y Vz.

Los métodos implementados en este art́ıculo de la descomposición de Fourier y la evolución temporal del
alabeo (Sec. 2.3) fueron desarrollados en el trabajo de Iniciación a la Investigación (Cabrera, 2021). Para
su implementación en este art́ıculo extendimos la descomposición de Fourier en Vz hasta el modo m “ 2, lo
cual permitió un análisis más rico en cuanto a la estructura cinemática y la evolución temporal del alabeo
que no pudimos prever en el trabajo de licenciatura. Para la aplicación del método de evolución temporal,
generalizamos el trabajo de Cabrera (2021) para evaluar si velocidades radiales y cambios azimutales en la
velocidad de rotación podŕıan afectar las estimaciones realizadas. Finalmente, se realizó un estudio mediante
simulaciones sobre los sesgos que introduce en la inferencia de la velocidad de precesión de los modos m “ 1
y m “ 2 la cobertura azimutal limitada, con el propósito de argumentar la solidez de los resultados para el
modo m “ 1 y descartar realizar la inferencia para el modo m “ 2 debido a los sesgos resultantes.
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A B S T R A C T 

The warp is a well-known undulation of the Milky Way disc. Its structure has been widely studied, but only since Gaia DR2 has 
it been possible to reveal its kinematic signature beyond the solar neighbourhood. In this work, we present an analysis of the 
warp traced by Classical Cepheids by means of a Fourier decomposition of their height ( Z ) and, for the first time, of their vertical 
velocity ( V z ). We find a clear but complex signal that in both variables reveals an asymmetrical warp. In Z , we find the warp to 

be almost symmetric in amplitude at the disc’s outskirts, with the two extremes never being diametrically opposed at any radius 
and the line of nodes presenting a twist in the direction of stellar rotation for R > 11 kpc. For V z , in addition to the usual m = 1 

mode, an m = 2 mode is needed to represent the kinematic signal of the warp, reflecting its azimuthal asymmetry. The line of 
maximum v ertical v elocity is similarly twisted as the line of nodes and trails behind by ≈25 

◦. We de velop a ne w formalism to 

derive the pattern speed and change in amplitude with time Ȧ of each Fourier mode at each radius, via a joint analysis of the 
Fourier decomposition in Z and V z . By applying it to the Cepheids we find, for the m = 1 mode, a constant pattern speed in the 
direction of stellar rotation of 9.2 ± 3.1 km s −1 kpc −1 , a negligible Ȧ up to R ≈ 14 kpc and a slight increase at larger radii, in 

agreement with previous works. 

K ey words: stars: v ariables: Cepheids – Galaxy: disc – Galaxy: evolution – Galaxy: kinematics and dynamics – Galaxy: struc- 
ture.. 

1  I N T RO D U C T I O N  

The warp is an undulation in a galactic disc that makes its mean 
vertical height deviate from the mid-plane in the outskirts of the 
galaxy. Between 40 –50 per cent of edge-on disc galaxies are found 
to be warped (Sanchez-Saavedra, Battaner & Florido 1990 ; Reshet- 
nikov & Combes 1998 ), which implies that warps should be long- 
lived phenomena or the formation mechanism a very recurrent one 
in the history of galactic discs. The Milky Way is not an exception, 
having a warp whose structure has been widely studied with different 
tracers like H I (Levine, Blitz & Heiles 2006 ), dust (Marshall et al. 
2006 ) as well as with different stellar populations (L ́opez-Corredoira 
et al. 2002 ; Chen et al. 2019 ; Romero-G ́omez et al. 2019 ; Skowron 
et al. 2019a ; Cheng et al. 2020 ; Chrob ́akov ́a, Nagy & L ́opez- 
Corredoira 2020 ; Li et al. 2023 ). Although the Galactic warp has 
been known for a long time (Burke 1957 ), its origin is still puzzling. 
In order to elucidate the history and formation of the Milky Way’s 
warp, it is important to characterize its main properties, as its structure 
and kinematics. 

� E-mail: mauro.cabrera@pedeciba.edu.uy 

Classical Cepheids have proven exceptionally useful in tracing the 
structure and kinematics of the warp offering several key advantages 
to study the Galactic disc (Bobylev 2013 ; Chen et al. 2019 ; Skowron 
et al. 2019a , b ). Being very young stars (with ages up to a few hundred 
million years, e.g. Catelan & Smith 2015 ), it is expected that they 
have recently inherited the warped structure of the H I gas where they 
have formed, while still having cold kinematics (vertical velocity 
dispersion < 5 km s −1 , Chen et al. 2019 ) making it easier to observe 
the warp signal as secular dynamics has not had time to ‘heat’ or 
disturb it, as it would have for older populations (Binney & Tremaine 
2008 , section 8.1). Also, belonging to such a young population means 
there is no contamination from any other Galactic component, e.g. 
the thick disc or halo, which means the y e xclusiv ely trace the Galactic 
thin disc. In addition, Classical Cepheids are well-known standard 
candles (Lea vitt 1908 ; Lea vitt & Pickering 1912 ), offering extremely 
precise distance measurements ( ∼ 3 per cent errors); they can be 
reliably identified based on their variability, making contamination 
from other stars negligible (e.g. Jayasinghe et al. 2019 ; Rimoldini 
et al. 2019 , 2023 ); and being luminous (500 < L /L � < 20 000, 
Catelan & Smith 2015 ), makes them observable throughout a large 
extent of the disc even with the optical surv e ys used to identify 

© The Author(s) 2024. 
Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative 
Commons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), which permits unrestricted reuse, distribution, and reproduction in any medium, 
provided the original work is properly cited. 
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them at present (Udalski et al. 2018 ; Ripepi et al. 2023 ). Their only 
disadvantage is that they are relatively scarce, with fewer than 2500 
Classical Cepheids in the deepest and most complete catalogues 
of the Galactic disc to date provided by OGLE-IV (Udalski et al. 
2018 ) and the Third Gaia Data Release (DR3; Gaia Collaboration 
2020 ; Ripepi et al. 2023 ). For these reasons, Cepheids have been 
used to study the 3D structure of the warp in more detail than any 
other stellar population (Skowron et al. 2019b ), providing evidence 
for a twisted line of nodes (Chen et al. 2019 ; Dehnen, Semczuk & 

Sch ̈onrich 2023 ) and asymmetry in height between both extremes 
(Skowron et al. 2019a ) similar to the H I warp (Levine, Blitz & 

Heiles 2006 ). The y hav e also been used to study the kinematics 
of the warp revealing its characteristic bulk vertical motion in the 
outskirts of the disc (Skowron et al. 2019a ). 

To describe the structure of the warp, several studies have shown 
Fourier series to be of great use due to their versatility to summarize 
any warp signal if enough modes are considered (e.g. Levine, Blitz & 

Heiles 2006 ; Chen et al. 2019 ; Skowron et al. 2019a ). These studies 
have focused on describing the structure of the warp, i.e. its mean 
height as a function of radius and azimuth. Using a catalogue of 
Classical Cepheids identified mainly with OGLE-IV and combined 
with Gaia DR2 astrometry, Skowron et al. ( 2019b ) used a Fourier 
decomposition with up to 2 modes ( m ≤ 2) and a fixed line of nodes 
(LON) to present the first map of the Galactic warp in the young 
population co v ering o v er half the disc. Chen et al. ( 2019 ), using 
a compilation of optical plus Wide-field Infrared Survey Explorer 
( WISE ; Chen et al. 2018 ) Cepheid catalogues, studied the azimuthal 
dependence of the LON with radius finding it does not coincide 
with the Sun-Galactic Centre direction and that it presents a leading 
pattern, following Briggs’s rules for H I warps in spiral galaxies 
(Briggs 1990 ). For the kinematics, Fourier series have been used to 
characterize the changes in mean vertical velocity ( V z ) in simulations 
(Chequers, Widrow & Darling 2018 ; Poggio et al. 2021 ), but insofar 
there have been no Fourier decomposition studies of the warp’s 
kinematic signal with Cepheids (or any tracer) which can reflect 
and quantify its plausible azimuthal asymmetries and changes with 
radius. Previous studies with other – older – stellar populations 
have assumed the kinematic signal to be well represented by an 
m = 1 mode (Cheng et al. 2020 ; Poggio et al. 2020 ; Wang et al. 
2020 ; Chrob ́akov ́a & L ́opez-Corredoira 2021 ; Dehnen, Semczuk & 

Sch ̈onrich 2023 ), as expected from a tilted rings model ( m = 1 mode), 
but Romero-G ́omez et al. ( 2019 ) argue this model is insufficient to 
explain the more complex kinematic signature they observed with 
Red Clump stars. Works on external galaxies (Tsukui et al. 2024 ) and 
simulations (Bland-Hawthorn & Tepper-Garc ́ıa 2021 ) have shown an 
m = 2 mode in the bending waves of discs. 

In this work, we use a Fourier decomposition method to study 
the structure and kinematics of the Galactic warp using Classical 
Cepheids as tracers. We use the Cepheid catalogue from Skowron 
et al. ( 2019b ) combined with kinematic data from Gaia DR3 (Gaia 
Collaboration 2020 ) to explore the dependence of the amplitudes 
and the azimuths of the modes as free parameters as a function of 
radius, which allows us to infer the position of the LON and line 
of maximum vertical celocity (LMV z ) for a general warp model 
that accounts for the lopsidedness of the warp. The new method we 
present here (Section 5.2 ), based on a joint analysis of the Fourier 
series for Z and V z , allows us to infer the time evolution of the Fourier 
components of the warp: i.e. their pattern speed and instantaneous 
change in amplitude. The inference of the evolutionary terms of the 
Galactic warp has been tackled recently using different tracers, but 
mostly under the tilted rings model which assumes a symmetric warp. 
Poggio et al. ( 2020 ) and Cheng et al. ( 2020 ) have focused on inferring 

the pattern speed, while Wang et al. ( 2020 ) derived the change in 
amplitude. These works use general samples of stars with good 
quality Gaia DR2 and DR3 astrometry and available radial velocities; 
by not been focused on a specific tracer or having any age constraints, 
these parameters are representative of the general population of the 
disc as weighed by its star formation history, i.e. a stellar population 
of intermediate age (several Gyrs old). The recent work by Dehnen, 
Semczuk & Sch ̈onrich ( 2023 ) derives both evolutionary terms for 
different radii for a sample of Cepheids via a tilted rings model, 
finding differential rotation and change in inclination of the rings. 
Our work uses the same stellar population to derive the time evolution 
parameters of the warp with a completely independent method. 

The structure of the present paper is as follows. In Section 2 , 
we present the Fourier decomposition method used to describe the 
Galactic warp’s height and v ertical v elocity (Section 2.2 ) and the 
method showing how these are combined to derive each mode’s 
pattern speed and amplitude change (Section 2.3 ). In Section 2.4 , 
we present the inference model used to estimate the warp model’s 
parameters, including main conclusions from the inference validation 
performed using a mock catalogue. In Section 3 , we describe the 
catalogue of Classical Cepheids used in this work. In Section 4 , we 
apply the methods to this sample and summarize our results for the 
structure and kinematics of the Cepheid’s warp (Section 4.1 ) and 
those for the time evolution (Section 4.2 ). In Section 5 , we discuss 
our results and compare with the previous literature. Our conclusions 
are summarized in Section 6 . 

2  FOURI ER  DECOMPOSI TI ON  M E T H O D  

2.1 Reference frame 

We begin by describing the coordinate system and reference frame 
we use throughout this paper. The origin of the reference frame is 
at the galactic centre (GC), fixed with respect to an external inertial 
frame. Positions can be given in Cartesian, or cylindrical coordinates. 
The X-axis points from the GC away from the Sun, the Y -axis is 
parallel to the rotation velocity of the disc at the Sun position and 
the Z -axis is perpendicular to the Galactic plane forming a right- 
handed triad. In cylindrical coordinates, we use the Galactocentric 
azimuthal angle φ measured from the X-axis toward the Y -axis (i.e. 
opposite to Galactic rotation). In this coordinate system, the Sun is 
at R � = 8.277 kpc (GRAVITY Collaboration 2022 ), φ� = 180 ◦, 
and Z � = 0.027 kpc (Chen et al. 2001 ). F or v elocities, we use a 
Cartesian system whose origin is at rest with the GC and their axes 
parallel to the directions in which the X –Y –Z axes increase. This 
is an inertial system and thus does not rotate with the Galaxy, the 
Sun being along the ne gativ e X -axis only at present. This facilitates 
the kinematical and dynamical descriptions. We assume the Sun 
has Galactocentric cartesian velocity ( V x , V y , V z ) = (11.10, 232.24, 
7.25) km s −1 (Sch ̈onrich, Binney & Dehnen 2010 ; Bovy 2015 ). 

2.2 Fourier decomposition of the structure and kinematics 

We implement the Fourier decomposition method following Levine, 
Blitz & Heiles ( 2006 ) and Chequers, Widrow & Darling ( 2018 ). The 
disc is divided into concentric Galactocentric rings, in each ring the 
mean behaviour as a function of the azimuth for Z and V z described 
by a Fourier sums up to M modes as 

Z( φ) = 

M ∑ 

m = 0 

A m 

sin ( mφ − ϕ m 

) , (1) 
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V z ( φ) = 

M ∑ 

m = 0 

V m 

sin ( mφ − ϕ 

V 
m 

) . (2) 

The amplitudes ( A m , V m ) and phases ( ϕ m 

, ϕ 

V 
m 

) are free parameters, 
obtained as a function of R . In what follows we describe the method 
only for Z ( φ), being analogous for V z ( φ). The Fourier representation 
is flexible enough, even with a small number of modes, to describe 
many known warp shapes: for example, a U-shaped warp will be 
mainly described by an m = 0 mode with increasing amplitude as 
a function of radius; an integral or S-shaped warp, will be mainly 
described by an m = 1 mode with increasing amplitude as a function 
of radius, and asymmetries will be mainly described by a combination 
of m = 1 and m ≥ 2 modes. 

As we will see in Section 2.4 , it is also convenient to rewrite 
equation ( 1 ) in linear form with free parameters a m , b m as 

Z( φ) = 

M ∑ 

m = 0 

a m 

cos ( mφ) + b m 

sin ( mφ) , (3) 

where the transformation between a m , b m and A m , φm is given by 

A m 

= 

√ 

a 2 m 

+ b 2 m 

; ϕ m 

= arctan2 ( −a m 

, b m 

) . (4) 

2.3 Deriving time evolution 

In this section, we present a new formalism to derive the evolutionary 
terms from the warp, its pattern speed and the change in amplitude 
of each mode at each radii, disentangled from the motion of the stars. 
From now on we denote the star’s vertical height and vertical velocity 
as z and v z (lowercase) and the Fourier fits to the warp as Z and V z 

(uppercase). 
We begin by taking a ring at a radius R and considering a star 

that has no radial motion and constant angular velocity �, that it 
simply rotates around the Galactic Centre but following the warp of 
a razor thin disc. These assumptions are reasonable for dynamically 
cold populations such as the Cepheid stars we use in our analysis. 
Given that the stars follow the warp’s shape, their height z( t ) at time 
t is given by the functional expression of the warp Z ( φ, t ), which we 
can express as a Fourier series e v aluated at the star’s azimuth φ( t ) as 
follows: 

z( t) = Z 

(
φ( t) , t 

)
= 

M ∑ 

m = 0 

A m 

( t) sin ( mφ( t) − ϕ m 

( t)) . (5) 

We allow the amplitude and phase of each mode to evolve in 
time because we are interested in determining their instantaneous 
deri v ati ves Ȧ m 

and ϕ̇ m 

. If we take the total deri v ati ve of z( t ) with 
respect to time we obtain the vertical velocity v z of the star – not the 
warp – given by 

v z ( t) = 

M ∑ 

m = 0 

Ȧ m 

( t ) sin ( mφ( t ) − ϕ m 

( t)) 

+ A m 

( t) cos ( mφ( t) − ϕ m 

( t))[ m ̇φ( t) − ϕ̇ m 

( t)] . (6) 

As expected, equation ( 6 ) involves terms regarding the time 
evolution of the warp ( Ȧ m 

and ϕ̇ m 

), and a term regarding the motion 
of the star due to its own angular velocity ( ̇φ( t) = �). Now, we want 
to link equation ( 6 ), which describes the velocity of just one star at 
azimuth φ( t ), to the Z ( φ) and V z ( φ) fits from the previous section, 
which describe the mean motion of all stars in the ring at a given 
time t 0 (today). 

In a razor thin disc the height of the disc at an arbitrary azimuth 
and the position of a star at the same azimuth must exactly coincide. 

Thus, it follows that the vertical height z( t 0 ) and vertical velocity 
v z ( t 0 ) of a star at t 0 and azimuth φ( t 0 ) = φ0 must coincide with the 
Fourier fits ( Z ( φ0 ), V z ( φ0 )) we obtained at that same t 0 time. Taking 
t 0 as today, A m ( t 0 ) = A m ,0 and ϕ m = ϕ m ,0 , the amplitudes and phases 
obtained from the Fourier fits from equations ( 1 ) and ( 2 ). 

Similarly, the vertical velocity v z ( t 0 ) of the star must also coincide 
with the mean vertical velocity obtained from our Fourier fit V z ( φ0 ), 
e v aluated at the star’s azimuth. Setting V z ( φ0 ) = v z ( t 0 ) in the left- 
hand side of equation ( 6 ) and expressing V z ( t 0 ) as the Fourier fit for 
v z in its linear form (as shown in equation ( 3 ) for Z ) we obtain 

M ∑ 

m = 0 

a V m 

cos ( mφ0 ) + b V m 

sin ( mφ0 ) 

= 

M ∑ 

m = 0 

Ȧ m 

( t 0 ) sin ( mφ0 − ϕ m 

) 

+ A m 

cos ( mφ0 − ϕ m 

)[ m� − ϕ̇ m 

( t 0 )] , (7) 

where a V m 

and b V m 

are the linear amplitudes resulting from the Fourier 
fits in velocity, calculated from the V m and ϕ 

V 
m 

obtained via equation 
( 4 ). The terms sin ( m φ0 − ϕ m ) and cos ( m φ0 − ϕ m ) in the right-hand 
side of equation ( 7 ) can be rewritten as 

sin ( mφ0 − ϕ m 

) = sin ( mφ0 ) cos ( ϕ m 

) − cos ( mφ0 ) sin ( ϕ m 

) , (8) 

cos ( mφ0 − ϕ m 

) = cos ( mφ0 ) cos ( ϕ m 

) + sin ( mφ0 ) sin ( ϕ m 

) . (9) 

Regrouping the terms as a function of φ0 and using the orthog- 
onality of the Fourier modes, we obtain that the amplitudes a V m 

, b V m 

from the V z fit are related to the amplitudes A m and ϕ m from the Z 

and the warp evolutionary terms as 

a V m 

= A m 

[ m� − ϕ̇ m 

( t 0 )] cos ( ϕ m 

) − Ȧ m 

( t 0 ) sin ( ϕ m 

) , (10) 

b V m 

= A m 

[ m� − ϕ̇ m 

( t 0 )] sin ( ϕ m 

) + Ȧ m 

( t 0 ) cos ( ϕ m 

) . (11) 

Solving this linear system of equations for Ȧ m 

( t 0 ) and [ m ̇φ( t 0 ) −
ϕ̇ m 

( t 0 )] and writing back a V m 

, b V m 

in terms of the amplitude and phase 
( V m 

, ϕ 

V 
m 

), the evolutionary terms of the warp are given by 

[ m� − ϕ̇ m 

( t 0 )] = 

V m 

A m 

sin ( ϕ m 

− ϕ 

V 
m 

) (12) 

and 

Ȧ m 

( t 0 ) = V m 

cos ( ϕ m 

− ϕ 

V 
m 

) . (13) 

Assuming that the m th mode has angular velocity ω m , then setting 
ϕ m = m ω m t + ϕ m ,0 in equation ( 12 ), we get the pattern speed for 
each mode as 

ω m 

= � − V m 

mA m 

sin ( ϕ m 

− ϕ 

V 
m 

) . (14) 

Therefore, having connected the Fourier fits in Z and V z at a given 
radius, equations ( 13 ) and ( 14 ) describe how each pattern speed and 
amplitude change in time, allowing a reconstruct the time evolution 
of the warp as a function of radius. 

We leave for a future work the publication of a more general 
framework that consider an azimuthal dependence not only of the 
vertical motion of the stars, but also their radial and azimuthal 
velocity, which would presumably result in a better inference of 
the time evolution of individual Fourier modes of the warp. 1 

1 Using this framework with standard values allow us to conclude that 
the radial bulk motions and spiral arms can be ignored in a first-order 
approximation to derive the pattern speed and change in amplitude of the 
warp. 
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2.4 The inference 

We have used Bayesian Inference to infer the a m , b m (or A m , φm ) 
that best describe the mean behaviour of the stars in a given ring 
when applying the methods from Sections 2.2 and 2.3 to a particular 
sample. Bayes’ theorem (e.g. Sivia 2006 ) relates the Posterior 
distribution to the Likelihood ( L ) and the Prior ( p ) probability 
densities functions (PDFs) as 

P ( X | D, I ) ∝ L ( D| X , I ) p( X | I ) , (15) 

where D refers to the data, X to the model parameters, and I stands for 
any other available information. In our case, X is a vector containing 
the linear amplitudes: 

X = [ a 0 , a 1 , ..., a M 

, b 1 , ..., b M 

] . (16) 

For the model parameters, we assume uniform priors, with suffi- 
ciently and arbitrarily large limits. Assuming that the observations 
are independent, the likelihood is expressed as the product of the 
individual likelihood of each single data point z i , for which we 
assume a Gaussian distribution 

L ( { z}| X , I ) = 

N ∏ 

i= 1 

1 √ 

2 πσ 2 
i 

exp 

[
− ( z i − Z( φi , X )) 2 

2 σ 2 
i 

]
, (17) 

where we take σ 2 
i to be the square sum of the uncertainty in the 

measurement z i and the intrinsic dispersion σ ID of the variable at 
that ring. This σ ID is introduced to take into account the natural 
dispersion around the mean value that arises from the dynamics of 
the Galactic disc; in v z , it measures the velocity dispersion and, in z, 
it measures how thick the disc is at that ring. The intrinsic dispersion 
is not a free parameter in the fit. We estimate it as the mean dispersion 
in the variable of interest in equally spaced azimuthal bins, weighted 
by the number of stars in each bin because low number statistics 
dominate o v er observational errors. 

In our case, because the model is linear in all parameters and 
we have assumed a uniform prior, the MAP X 0 coincides with the 
maximum of L and the posterior is exactly a Gaussian distribution 
with mean X 0 and covariance matrix � (see e.g. section 1 in Hogg, 
Bovy & Lang 2010 , for a detailed discussion). The posterior PDF 

can, therefore, be expressed as 

P ( X | D, I ) = 

exp 
[− 1 

2 ( X − X 0 ) T � 

−1 ( X − X 0 ) 
]

(2 π) N+ 1 / 2 [ det � ] 1 / 2 
. (18) 

where X 0 is given by 

A X 0 = p . (19) 

The covariance matrix � is the inverse of A : the matrix that 
contains in its entries the ‘projection’ of each mode into the other 
ones [see equation ( A2 ) in Appendix A ] weighted by the dispersion 
in the data, and the vector p has the ‘projection’ of the data in each 
mode (see equation A4 ). 

Because we use a Fourier series to represent a variable, one would 
expect the modes to be mutually independent and therefore not 
correlated. This is not usually the case. When we have discrete 
measurements, the modes are not mutually orthogonal unless the 
measurements are equally spaced in azimuth and have the same σ i . 
In this special case A is diagonal and, in consequence, the covariance 
matrix is too. This particular distribution allows the modes to be 
mutually independent. Naturally, we will never get this configuration 
from the data itself, but this method shows analytically that data that 
are more or less uniformly distributed in azimuth are preferred for a 
Fourier analysis of the whole disc: studies with a sparse and irregular 
azimuthal co v erage will get modes that are not ‘fundamental’, in the 

sense that they are not describing the modes of the warp itself . The 
effect gets worse with high-frequency modes m ≥ 2. This should 
be kept in mind when interpreting results for individual modes, 
nevertheless, it will not affect our conclusions on the description 
of the warp as a whole (the sum of the modes) in the regions well 
sampled by the data. 

Finally, the disc is divided in rings such that we get a ‘continuum’ 
vie w of ho w the modes and the warp change with the radius. To do so 
we take each ring to contain a fixed number N of stars out of the total 
N tot stars, the first ring starting with the star at the smallest radius. The 
second ring will start at the radius of the second star and have a width 
such that it also contains N stars, and so on for subsequent rings. This 
scheme implies that the rings will have a varying width, depending 
on the sample’s radial distribution. We take the radius associated with 
each ring as the mean radius of the stars in it. This procedure allows 
us to have a continuous view, with all rings having the same number 
of stars N and, therefore, constant stochastic noise. It must be kept in 
mind, ho we ver, that only one out of e very N consecuti ve rings will 
be independent. Changing the number of stars in each ring changes 
the smoothened parameters inferred as a function of the radius (the 
bigger N , the smoother it gets). Also, the change in N mo v es the mean 
radius of each ring, the tendency is that a bigger N makes the rings 
to mo v e inwards (smaller radius), as e xpected for a density profile 
that decreases with radius. 

2.4.1 Validation with simulations 

Here, we present our main conclusions about the performance of 
the methods described in the previous section, assessed by applying 
them to mock catalogues constructed from test particle simulations. 
As discussed in detail in Section 2 , we used a test particle simulation 
of a warped disc from Romero-G ́omez et al. ( 2019 ) to create a mock 
catalogue affected by the Gaia DR3 selection function (SF) and 
observational errors. A fiducial model, unaffected by the SF or by 
errors, is used as a baseline for comparison of the results of the 
Fourier decomposition. The interested reader may find full details 
and discussion of these results in Section 2 . 

Our main results on how the SF affects the reco v ery of the warp 
as a whole, in different regions of the disc, are summarized here as 
follows: 

(i) For Z the best sampled region, the quadrants I and III ( X < 

0 kpc) are reco v ered well (differences between the real and the 
reco v ered warp are smaller than σ ID ) and the general tendency for 
all radii is reco v ered for both series summing up to M = 1 and M = 

2. For X > 0 kpc (quadrants I and IV), the SF causes the warp to be 
exaggerated. This bias is reduced for outer radii as the main mode of 
the warp ( m = 1) becomes greater than the intrinsic dispersion (see 
Fig. B2 ). 

(ii) For V z the recovery is better than Z , although for the inner 
disc ( R � 9 kpc) the reco v ery is poor for X > 0. The reco v ery in the 
sampled area is better than in Z for both M = 1 and M = 2 (differences 
are smaller than σV 

ID 

in most of the disc area, see Fig. B2 ). 
(iii) Main conclusion: The reco v ery of the full model (the Fourier 

sum) in both variables is robust in the well sampled regions for R 

> 10 kpc, i.e. second and third quadrants. In this region, all the 
warp features are well reco v ered within the uncertainties given by 
the Posterior realizations . 

We also tested how the individual modes are reco v ered. Our main 
conclusion are as follows: 

(i) The m = 0 mode is well reco v ered throughout the disc. 
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Table 1. Amplitudes and phases as a function of radius for the best fitting (MAP) models for Z and V Z . The first few rows of the table are shown to provide 
guidance regarding its form and content. The full version of the table is available in the electronic version. 

R A 0 sin ( − ϕ 0 ) A 1 A 2 ϕ 1 ϕ 2 V 0 sin ( −ϕ V 0 ) V 1 V 2 ϕ V 1 ϕ V 2 
(kpc) (kpc) (kpc) (kpc) (rad) (rad) (km s −1 ) (km s −1 ) (km s −1 ) (rad) (rad) 

5.171 −0.106 0.171 0.059 1.971705 2.337575 −0.422 2.638 1.976 −2.887806 −2.663989 
5.186 −0.107 0.176 0.063 1.979711 2.40411 −0.327 2.455 1.865 −2.875007 −2.720106 
5.202 −0.107 0.175 0.062 1.978782 2.403354 −0.363 2.296 1.941 −2.777056 −2.595807 

(ii) The m = 1 mode tends to be o v erestimated in amplitude at the 
inner disc. In the outer regions ( R > 10 kpc) its amplitude and phase 
are well reco v ered in both variables (i.e. Z and V z ). 

(iii) The m = 2 mode captures the asymmetries and is well 
reco v ered where there is data, i.e. quadrants II and III and R > 

10 kpc, but tends to be underestimated in amplitude and the general 
trend of the phase is poorly reco v ered in the whole disc. 

(iv) Main conclusion: The uncertainty on the reco v ery of the 
individual modes stems from the correlations between the modes 
which, in turn, appear as a consequence of the imperfect azimuthal 
co v erage. The de generacies introduced by the correlations mean that 
different combinations of amplitudes and phases for the individual 
modes can give the same sum model, in a finite azimuth range. A 

full azimuthal co v erage would break this de generac y and make the 
inference on the individual modes unique. The mode less affected by 
this degeneracies is the m = 1 mode due to its large amplitude. 

The intrinsic dispersion in z is well reco v ered in the outer disc, 
where the warp amplitude is larger than the dispersion. In the inner 
disc σ ID tends to be off by 10 per cent. For v z , we find σV 

ID 

is 
underestimated by 3 per cent without dependency on the radius. 

Given these results, we decide to include up to the m = 2 mode 
in the Fourier fits for this work because it offers the least biased 
reco v ery for the region of the disc where the warp is most prominent 
(i.e. outer radii). Reliable results for the inner region of the disc are 
limited to | φ| � 90 ◦, the region least affected by the SF with best 
co v erage, where biases in the reco v ery are lowest. 

We also tested the inference of the time evolution parameters Ȧ m 

and ω m . We concluded that the reco v ery of the Ȧ m 

for m = 2 is 
unreliable due to the biases and noise. For the m = 1 mode, we 
conclude a follows: 

(i) Ȧ 1 is well reco v ered within its uncertainties particularly for the 
outer disc. 

(ii) The reco v ered ω 1 tends to be o v erestimated due to a slight 
o v erestimation in A 1 , but the mean difference is ≈4 km s −1 kpc −1 . 
In the outer disc ( R > 14 kpc), we reco v er the values of the fiducial 
model within the uncertainty. 

3  T H E  C EPHEID S  SAMPLE  

We use the catalogue of Milky Way Cepheids from Skowron et al. 
( 2019a ). The catalogue contains 2385 Classical (Type I) Cepheids 
identified mainly with the OGLE surv e y (for more details, see 
Skowron et al. 2019a , b ) with photometric distances computed 
based on mid-IR photometry from the Wide-field Infrared Survey 
Explorer ( WISE ) and the Spitzer Space Telescope , resulting in 
distance uncertainties of 3 per cent on average. We cross-matched the 
Cepheid catalogue (at 1 arcsec tolerance) with Gaia DR3 to retrieve 
proper motions for these stars. Out of the 2381 Cepheids with Gaia 
proper motions, only 860 stars have radial velocities in DR3. In order 
to curate a homogeneous catalogue with full velocity information 
allowing us to compute v z , we infer the missing line of sight velocity 

for all stars in the catalogue by assuming the Cepheid rotation curve 
from Ablimit et al. ( 2020 ) which has a slope of −1.33 km s −1 kpc −1 

and takes the value 232 km s −1 at the solar radius. 2 

We clean this sample by keeping stars with RUWE < 1.4, σ z 

≤ 0.1 kpc and σv z ≤ 13 km s −1 . These upper bounds in z and 
v z uncertainties guarantee a significant amount of stars whose 
uncertainties are at most of the order of σ ID . To a v oid clear outliers 
due to probable contaminants and the Magellanic Clouds we restrict 
the analysis to stars with | z| ≤ 2 kpc, | v z | ≤ 30 km s −1 and 3 kpc < 

R < 18 kpc. These are very broad cuts that only remo v e v ery few 

( ≈ 3 per cent ) clear outliers (5 σ ) most of them due to the cut in V z 

(only one star is remo v ed for the cut in Z ). These constraints reduce 
the sample to a total of N tot = 1997 stars. 

4  RESULTS  

Here, we present the results obtained by applying the methods 
described in Section 2 to the final sample with M = 2 and N = 

200 stars in each ring. To calculate σ ID in both variables, we use 8 
azimuth bins. The resulting amplitudes and phases as a function of 
radius for the best fitting (Maximum a Posteriori, MAP) models for 
Z and V z are provided in Table 1 and 100 posterior realizations are 
provided in Table 2 . Figs C3 and C4 in the Appendix C show the 
amplitudes and phase (respectively) of each mode in Z and in V z as 
a function of the radius. 

4.1 Structure and kinematics of the warp 

In the following sections, we analyse different features of the 
warp structure and kinematics. We analyse the full Fourier series 
obtained. Since the validation with simulations indicated results for 
the individual modes are prone to be biased due to correlations 
between the modes, we discuss and summarize this in Appendix C 

for the interested reader. 

4.1.1 General structure of the warp 

We show in the upper panels of Fig. 1 the results of three fits in 
Z for different Galactocentric radii. Each panel shows, for rings of 
increasing radius, the Cepheids present in the ring, the best Fourier 
fit (black curve) and 500 random realizations from the Posterior PDF, 
the gre y curv es are fits to 200 bootstrapping realization. The plots 
clearly show a growth in amplitude typical of an S-shaped warp, 
reaching a maximum of ≈1.1 kpc in the outskirts of the disc. The 
effect of the SF is evident, the azimuth range sampled increases 
with radius. Other features like the change of the warp as a function 
of φ become clear in the second panel ( R = 11.0 kpc), where a 
plateau is noticeable around φ = 180 ◦. The third panel ( R = 15 kpc) 

2 We have tested different values for the rotation curve around this one and 
our results are not affected. 
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Table 2. Amplitudes and phases as a function of radius for 100 posterior realizations for the Z and V Z models. The first few rows of the table are shown to 
provide guidance regarding its form and content. The full version of the table is available in the electronic version. 

R A 0 sin ( − ϕ 0 ) A 1 A 2 ϕ 1 ϕ 2 V 0 sin ( −ϕ V 0 ) V 1 V 2 ϕ V 1 ϕ V 2 
(kpc) (kpc) (kpc) (kpc) (rad) (rad) (km s −1 ) (km s −1 ) (km s −1 ) (rad) (rad) 

5.171 −0.109 0.163 0.042 2.000795 2.192443 −0.951 3.761 3.294 2.232128 1.993639 
5.171 −0.097 0.155 0.053 1.848048 2.048916 0.626 5.258 4.114 −2.853366 −3.10008 
5.171 −0.111 0.19 0.076 1.897841 2.256799 −3.56 3.122 1.602 2.53726 −2.602042 

Figure 1. The upper panels are the vertical height Z as a function of galactocentric azimuth φ for three different rings with radius 8.0 kpc (left), 11.0 kpc 
(middle), and 15 kpc (right). Grey dots represent the Cepheids in each ring, the black solid line represents the Fourier curve MAP fit to the grey dots, and 
the oranges curves are 500 random realizations of the Posterior PDF. The gre y curv es are fits to 200 bootstrapping realizations. The bottom panels show the 
residuals between the best fit and each bootstrap realization. 

sho ws ho w from φ ≈ 60 ◦ to φ ≈ 240 ◦ the change in the warp 
between the extremes resembles a straight line more than a sinusoidal 
curve corresponding to a pure m = 1 mode would. This feature is 
correctly reproduced by the model thanks to the m = 2 mode; a 
simple tilted rings model ( M = 1) cannot reflect it. The fits to the 
bootstrapping realizations shows that for R < 10 kpc the fits are 
affected by statistical noise as shown in the first panel of Fig. 1 at 
R = 8 kpc in the first and fourth quadrant of the galactic plane, this 
became more clear in the residuals plot in the bottom panels. For the 
outer radii, the fits are less sensitive to statistical noise as we see in 
the second and third panels where the posterior realizations coincide 
with the bootstrap realizations. For this reason, we focus our analysis 
on the second a third quadrants. 

Fig. 2 shows V z as a function of φ for the same three rings shown 
in Fig. 1 . The first panel ( R = 8.0 kpc) of this figure, as well as in 
the previous one, shows how the few observed data points in regions 
most affected by the SF (e.g. φ ∼ 300 ◦) strongly drive the fit in 
those regions. As discussed in Section C , this makes the inference 
unreliable for the inner disc at R < 10 kpc, except around the azimuth 
of the solar neighbourhood. Therefore, in what follows we will 
restrict our analysis to R ≥ 10 kpc. As radius increases (second and 
third panels) the amplitude of the warp in velocity grows but only 
mildly, as it is at most of the order of the intrinsic dispersion σV 

ID 

≈ 8 
km s −1 even at the outer disc. This is in contrast with Z , where the 
amplitude of the warp exceeds the intrinsic dispersion by a factor 

of ≈3 in the outer disc. This low amplitude in comparison with σV 
ID 

makes it harder to detect the kinematic signature of the warp, but at the 
outer disc it is clear there is a complex and asymmetrical behaviour, 
as seen in the third panel in Fig. 2 . The bootstrap realizations for V z 

show the same conclusions as in Z , but due to the low amplitude of 
the kinematic signal in the first and fourth quadrant the realizations 
show a greater dispersion than the posterior, illustrating that due 
to low number statistics noise is larger. For this reason, we will 
focus the analysis of the kinematic signal to the second and third 
quadrants. 

4.1.2 Asymmetries in height 

First, we explore the asymmetries of the warp in height abo v e and 
below the plane. The left panel of Fig. 3 shows the difference between 
the maximum and minimum height reached by the warp abo v e 
and below the plane in the north and south Galactic hemispheres, 
respecti vely. Positi ve v alues in this plot, at any gi ven radius, imply 
that the northern extreme of the warp deviates more from the 
Galactic plane than the south. Up to R ≈ 12 kpc the northern 
extreme is larger than the southern, even within the uncertainties, 
showing an asymmetrical warp. This asymmetry decreases towards 
the outer disc, with the warp being almost symmetrical to within 
the uncertainties ( ≈100 pc) at R � 13.5 kpc. We should keep in 
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Figure 2. The upper panels are the vertical velocity V z as a function of galactocentric azimuth φ for three different rings with radius 8.0 kpc (left), 11.0 kpc 
(middle), and 15 kpc (right). Grey dots represent the Cepheids in each ring, the black solid line represents the Fourier curve MAP fit to the grey dots, and the 
oranges curves are 500 random realizations of the Posterior PDF. The gre y curv es are fits to 200 bootstrapping realization. The bottom panels show the residuals 
between the best fit and each bootstrap realization. 

Figure 3. Left: Difference between the north and south extreme of the warp as a function of galactocentric radii from our results (black curve), the same is 
calculated for the warp model by Skowron et al. ( 2019a ) (doted orange curve). Right: Least angular difference between the north and south extremes as a 
function of galactocentric radii from our results (black curve), the same is calculated for the warp model of Skowron et al. ( 2019a ) (doted orange curve). The 
grey dots are 500 random realization at each ring taken from the Posterior. 

mind that because of the SF, the extremes of the warp tend to be 
o v erestimated in the internal regions. Ho we ver, a more accurate and 
reliable measurement of this asymmetry is expected at the outskirts 
of the disc from our validation tests (Section 2.4.1 ). 

Since we set the phases of each mode free, we can also track 
the azimuth of each extreme of the warp to explore the azimuthal 
asymmetry as a function of R . The right panel of Fig. 3 explores the 
azimuthal asymmetry of the extremes of the warp as a function of 
radius by showing the smallest angular difference in the azimuths of 
the warp extremes in Z . In a simple tilted rings model of an S-shaped 
warp, these extremes are always separated 180 ◦, even if the line of 
nodes is twisted. The plot clearly shows the extremes of the Cepheid 
warp are never diametrically opposed . The difference in azimuth 
starts at its lo west v alue of ≈120 ◦ at R ≈ 10 −11.5 kpc and increases 
up to ≈145 ◦ at R ≈ 12.5 kpc after which it remains approximately 

constant. This is a robust feature that cannot be reproduced by an 
m = 1 warp, reinforcing the need for an m = 2 mode to describe the 
full warp. 

4.1.3 Line of nodes and line of maximum V z 

The o v erall behaviour of the best fitting (MAP) warp model for the 
Cepheids is shown in Fig. 4 in a face-on view of the disc with a colour 
scale indicating the mean height abo v e/below the mid-plane. The line 
of nodes (from now on LON) and line of maximum vertical velocity 
(LMV z ) are indicated with the black and green lines respectively. A 

leading twist (i.e. in the direction of Galactic rotation) in both the 
LON and LMV z is evident, as well as an offset between the two. 

Fig. 5 shows the LON and LMV z azimuths (for X < 0) as a 
function of radius. The figure shows that the azimuth of the LON 
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Figure 4. Face-on view of the best-fitting (MAP) warp model for the 
Cepheids (grey dots). The colour scale represents the mean Z of the disc 
(blue abo v e the plane and red below it). The line of nodes (LON, i.e. Z = 

0) is indicated with the black curve. The line of maximum vertical velocity 
(LMV z ) is indicated by the dark green curve. The different coloured lines 
correspond to lines of constant galactocentric azimuth. 

Figure 5. Azimuth as a function of galactocentric radius for: the LON from 

this work (black curve), Chen et al. ( 2019 ) (cyan dashed curve) and Dehnen, 
Semczuk & Sch ̈onrich ( 2023 ) (red curve); the LMV z (thick green curve) and 
ϕ 1 for m = 1 mode from our Z fits (red dots). The grey and olive green dots are 
500 realizations of the LON and the LMV z taken from the posterior at each 
ring, respectiv ely. The v ertical dashed line indicates the Holmberg radius for 
the Milky Way from Chen et al. ( 2019 ). The crosses indicate a sample of 
independent (disjoint) rings. 

is well represented by the straight line (in the plane φ, R ) with the 
parameters presented in equation ( 20 ), obtained from a fit to data 
in independent rings with R > 11. The LMV z also follows a linear 
tendency, well described by an almost constant azimuthal difference 
of 25.4 ◦ with respect to the LON. 

φLON ( R) = ( −12 . 7 ± 0 . 3) 
deg 

kpc 
R 

+ (347 . ◦5 ± 3 . ◦5) for R > 11 kpc . (20) 

Figure 6. The change in amplitude Ȧ 1 for the m = 1 mode as a function of 
the galactocentric radii from our fits (black curve) and the Ȧ 1 by Dehnen, 
Semczuk & Sch ̈onrich ( 2023 ) (cyan curve). Red dots indicate measures for 
independent rings. The grey dots around each Ȧ 1 are 500 realization taken 
from the posterior at each ring. 

4.2 The time evolution of the warp traced by Cepheid 

Here, we present results for the pattern speed (from equation 14 ) and 
the change in amplitude with time (from equation 13 ) for the m = 1 
mode obtained for the Cepheids. We ignore the m = 0 mode, since its 
pattern speed is ill-defined and its amplitude change is V 0 sin ( −ϕ 

V 
0 ) 

(this is shown in the right panel of Fig. C3 ). 
Although the Fourier series for Z and V z have been fit with M = 2, 

we focus this analysis in the m = 1 mode, because it is the dominant 
mode of the warp and the reco v ery of the evolutionary terms for 
m = 2 are biased and noisy due to SF effects (as shown in Section 
B1.2 ). From Section 2.4.1 , we recall that, for our simulation, ω 1 and 
Ȧ 1 are well defined for R � 12 kpc where V 1 is non-zero and also 
well-defined (as shown in Section C ). Therefore, we will restrict this 
part of the analysis to R � 12 kpc. 

4.2.1 Amplitudes 

In Fig. 6 , we present results for Ȧ 1 as a function of R . In the range 
R < 14.5 kpc, the change in amplitude is negligible, for R > 15 kpc 
it shows a growing tendency, 3 reaching a maximum in the external 
disc of ≈5 km s −1 ≈ 5 kpc Gyr −1 , this tendency is also present in 
the results by Dehnen, Semczuk & Sch ̈onrich ( 2023 ). Based on our 
validation summarized in Section 2.4.1 , we expect these results to be 
unbiased o v er this radial range. 

4.2.2 Pattern speed 

Assuming the angular velocity � from the rotation curve by Ablimit 
et al. ( 2020 ), we obtained the pattern speed for the m = 1 mode 
from equation ( 14 ). Because in our reference frame the stars rotate 
in the direction in which φ decreases, the angular velocities in the 
direction of stellar rotation are ne gativ e. To a v oid confusion, we 
present the angular velocities with their sign changed. Fig. 7 presents, 
as a function of Galactocentric radius, the pattern speed of the m = 

1 mode ω 1 (black curve), the angular velocity of the rotation curve 
� (red curve), the upper and lower limit given by the measurements 

3 We consider this result to be extended beyond R = 15 kpc and not only up 
to R = 15.5 kpc because the rings at this radius contain stars beyond R = 

15.5 kpc. 
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Figure 7. Minus the angular frequency as a function of the galactocentric 
radius for the pattern speed for the m = 1 mode ω 1 (black curve) from our 
fits, the angular velocity given by the rotation curve � (red curve) (Ablimit 
et al. 2020 ), the upper and lower limit found by Poggio et al. ( 2020 ), and 
results from Dehnen, Semczuk & Sch ̈onrich ( 2023 ). The dots around ω 1 are 
500 posterior realizations at each ring. 

by Poggio et al. ( 2020 ) (dotted blue lines) and results from Dehnen, 
Semczuk & Sch ̈onrich ( 2023 ) (solid cyan line and dots). 

We find that ω 1 decreases for R � 11 kpc and shows a small 
oscillation for 13 < R /kpc < 16. This o v erall behaviour, both the 
decrease and the oscillation, are observed by Dehnen, Semczuk & 

Sch ̈onrich ( 2023 ) but at a slightly different radius. This difference 
may arise from their use of guiding radius and also because we use 
a mean radius to represent each ring, which tends to drive the results 
from the outer to the inner radii. We would need smaller uncertainties 
to ensure this oscillation is a physical phenomenon in the disc and not 
an artefact from our fits. Ho we ver, the fact that it is also observed by 
Dehnen, Semczuk & Sch ̈onrich ( 2023 ), with a sample that includes 

radial velocities, increases our confidence in the result. Our mean 
value observed for R > 12 kpc is in agreement with the results from 

previous works on measuring the pattern speed by Poggio et al. 
( 2020 ) and Cheng et al. ( 2020 ), who assumed rigid body rotation for 
the warp. 

5  DI SCUSSI ON  

5.1 Structure and kinematics 

5.1.1 Comparison with different warp observations 

In Fig. 8 , we compare different warp models in the literature to 
our results for φ = 90 ◦ (northern region) and φ = 270 ◦ (southern 
region) for R > 10 kpc. The various works cited here have different 
azimuthal and/or radial co v erage, use different tracers, and have 
used different methods to fit for the warp. Table 3 summarizes this 
information for the works presented in the figure. We have selected 
these works in order to compare against other dynamically young 
tracers like the gas, dust and OB stars. We also include results from 

a few warp models for dynamically older populations for which the 
time evolution of the warp has been inferred. Since the warp followed 
by the older population may differ from that of the young, in Section 
5.2 we will discuss the effect due to the assumed structure on the 
inference of the time evolution of the warp. 

We begin by comparing our results against those from Skowron 
et al. ( 2019a ), obtained for the same Cepheid sample as used here. 
Within the uncertainties the two coincide at almost all radii. The 
Skowron et al. ( 2019a ) model behaves like an average smooth model 
around our results. The mean difference between both models for the 
northern region (for R � 10 kpc) is 0.054 kpc, and for the southern 
region is 0.043 kpc. This level of agreement is expected because 
we are using a subset of their sample, the differences being in how 

we model the w arp. Sk owron et al. ( 2019a ) model the warp as a 

Figure 8. Vertical height of the warp as a function of galactocentric radius for slices at φ = 90 ◦ and φ = 270 ◦, for this work and warp models in the literature 
summarized in Table 3 . The shaded region represents the uncertainty in the warp model from Wang et al. ( 2020 , see the text for more details). 
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Table 3. Models from the literature. The asterisk ( ∗) indicates the model shown in Fig. 8 . 

Work Tracer/Method Symmetric (yes or no) LON (fixed or free) Disc range 

Yusifov ( 2004 ) Pulsars Yes Fixed R � 15 kpc 
Levine, Blitz & Heiles ( 2006 ) HI No Fixed ∗/Free 10 < R /kpc < 30 
Marshall et al. ( 2006 ) Dust No Fixed [ d � 13] kpc l ∈ [ − 90 ◦, 90 ◦] 
Skowron et al. ( 2019a ) Cepheids No Fixed R < 20 kpc 
Chen et al. ( 2019 ) Cepheids Yes ∗/No Fixed ∗/Free 5 � R /kpc < 20 
Li et al. ( 2023 ) OB Yes Fixed 8.3 < R /kpc < 14 | z| < 1 kpc
Am ̂ ores, Robin & Reyl ́e ( 2017 ) 2MASS star counts No Fixed R < 18 kpc 
L ́opez-Corredoira et al. ( 2002 ) Red Clump Yes Fixed R < 13 kpc 
Wang et al. ( 2020 ) Red Clump Yes Fixed 8.3 < R /kpc < 14, | z| < 1 kpc 
Chrob ́akov ́a, Nagy & L ́opez-Corredoira ( 2020 ) Gaia DR2 Yes ∗/No Fixed ∗/Free R < 20 kpc 
Cheng et al. ( 2020 ) K type stars Yes Fixed R < 16 kpc 

Fourier sum with M = 2 (as we do) but assume a constant phase for 
each mode as a function of radius ( ∂ R ϕ i = 0) and a second-degree 
polynomial for each amplitude ( A m ( R ) = γ m ( R − R d ) 2 where γ m is a 
constant) as a function of R . Under these assumptions, the resulting 
model has the form 

Z ( φ, R ) = A 0 + ( R − R d ) 
2 

2 ∑ 

m = 1 

γm 

sin ( mφ − ϕ m 

) . (21) 

In consequence, there is a single Fourier sum that expresses the 
mean azimuthal behaviour of the warp at all R > R d which is scaled 
by the function ( R − R d ) 2 . In our model, without these assumptions, 
we can represent how the azimuthal geometry of the warp changes 
with the radius, giving rise to the differences between both models. 
The Skowron et al. ( 2019a ) model has the ability to reproduce the 
mean asymmetries observed in the warp, but not the LON twist or 
azimuthal changes in the different modes, which affect where the 
maxima are located. 

We also compare our results with those from other warp models 
obtained for dynamically cold tracers like H I (Levine, Blitz & Heiles 
2006 ), Dust (Marshall et al. 2006 ), OB stars (Li et al. 2023 ), Cepheid 
(Chen et al. 2019 ), and pulsars (Yusifov 2004 ). Because Cepheids 
are a young population ( < 500 Myr, e.g. Catelan & Smith 2015 ), they 
are expected to still retain the warp shape inherited from the gas and 
its star-forming regions, so the agreement among young tracers is 
expected. We also show the results from Am ̂ ores, Robin & Reyl ́e 
( 2017 ) selected for a young population with an age of 400 Myr 
compatible with that of Cepheids. In the northern region, within 
uncertainties, we found excellent agreement with all previous results 
for young tracers, and a clear disagreement with results from Am ̂ ores, 
Robin & Reyl ́e ( 2017 ) inferred from star counts modelling using the 
Besan c ¸on Galactic model. The warp model from pulsars departs the 
most from ours, with a mean difference of 0.14 kpc (less than the 
intrinsic dispersion of Cepheids, see Fig. C3 ). For the H I model, 
we found differences for R < 12 kpc, which may be due to the 
underestimation by the amplitude fitted to its own results by Levine, 
Blitz & Heiles ( 2006 ) between 10 < R < 12. Compared to our 
results in the southern region, these works tend to underestimate 
the amplitude of the warp for R � 13 kpc. The warp traced by 
pulsars underestimates the height the most, compared to ours, with 
a maximum difference of 0.42 kpc. These differences may arise 
due to the symmetry imposed in the models for this radial range. 
The models from Levine, Blitz & Heiles ( 2006 ), Chen et al. ( 2019 ), 
and Li et al. ( 2023 ) are strictly symmetric in this radial range, in 
consequence, the asymmetry given by the m = 2 mode between both 
regions cannot be represented. The difference with the model from 

Marshall et al. ( 2006 ) may be due to its radial co v erage which does 
not extend beyond R ∼ 13. 

Although the degree of agreement in the southern region is not as 
good as in the north, its clear that all young tracers follow a similar 
warp (Chen et al. 2019 ; Skowron et al. 2019a ; Li et al. 2023 ). The 
clear exception to this agreement is the result from Am ̂ ores, Robin & 

Reyl ́e ( 2017 ). Although the disagreement with the Am ̂ ores, Robin & 

Reyl ́e results in the south is not as strong as in the north, they still 
found a warp amplitude that is systematically lower than ours as well 
as all other works for Cepheids and similarly young tracers like dust 
and H I . 

We now focus our attention on the intermediate population: Red 
Clump stars (L ́opez-Corredoira et al. 2002 ; Wang et al. 2020 ), A type 
stars (Ard ̀evol et al. 2023 ), K type stars (Cheng et al. 2020 ), and the 
full Gaia DR2 population (Chrob ́akov ́a, Nagy & L ́opez-Corredoira 
2020 ). Results from L ́opez-Corredoira et al. ( 2002 ) in the radial range 
R � 13 kpc spanned by its observations (thick part of the line) shows 
agreement with our results and, as with the young populations, the 
agreement is better for the northern region. Ho we ver, extrapolating 
this warp model (thin part of the line) for the outer region of the disc 
would yield increasing differences that would grow up to the order 
of a few kpc. Also, the models by Cheng et al. ( 2020 ) and Wang et al. 
( 2020 ) for a 1–3 Gyr population are in agreement within uncertainties 
for the northern region in R � 12. In the southern region both models 
are in agreement with our results for R � 11.5 kpc, after this radius 
the differences increase up to several kpc in the outer regions. The 
warp model presented by Chrob ́akov ́a, Nagy & L ́opez-Corredoira 
( 2020 ) is in clear disagreement in both the northern/southern regions 
with all other warp models using similarly old tracers (like Cheng 
et al. 2020 ) and with ours and all other results for young tracers. 
As we will discuss in Section 5.2 , these differences in amplitudes 
between the models will become important in the determination of 
the pattern speed of the warp. Results from Ard ̀evol et al. ( 2023 ) for 
the kinematics of A-type stars population have shown a clear signal 
of the warp in the anticentre direction ( φ = 180), the increasing 
v ertical v elocity as a function of the radius from R ≈ 12 kpc, reaching 
≈6 −7 km s −1 at R = 14 kpc, similar to our results. 4 

The issue of the warp’s dependence on age of the stellar tracer 
remains an open question. Older stellar populations like RGB stars, 
Red Clump stars and other tracers older than Cepheids may trace a 
similar warp considering the uncertainty in the parameters of each 
model and their validity range. Also, Cantat-Gaudin et al. ( 2020 ) 
reported that stellar clusters typically older than 1 Gyr trace the 

4 Because Ard ̀evol et al. ( 2023 ) do not present a model of the warp traced by 
the A-type stars we cannot include it in Fig. 8 . 
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southern region of the warp similarly to the Cepheids. Thus, it is 
unclear whether there are significant discrepancies between the warps 
traced by older and younger populations. 

Among previous results available at present, either the predictions 
of models with age dependency deviate significantly from the warp 
observed for bona fide young tracers like the Cepheids, as seen 
in the case of Am ̂ ores, Robin & Reyl ́e ( 2017 ), or there is not 
enough discrepancy in the differences (considering uncertainties) 
to determine an age dependency for the warp, as in the case of results 
from Wang et al. ( 2020 ) shown in Fig. 8 . The uncertainties in the 
parameters obtained by Wang et al. ( 2020 ) for all ages are large 
enough to allow for the agreement of all models from 1 to 12 Gyr 
with our result with Cepheids. In particular the model for 9 Gyr 
(not shown), an age completely incompatible with that of Classical 
Cepheids, is the one in best agreement with our results. Taking into 
account the restrictions present in some of the models regarding 
the asymmetry and radial dependence of the warp, each model’s 
validity range in distance and azimuth, and the current precision of 
the observed warp using different tracers, it remains unclear whether 
or not there is an age dependency in the warp. 

5.1.2 Asymmetries and deviations from the tilted rings model 

Our results, as well as several previous ones, showed that a tilted 
rings model ( Z = A ( R )sin ( φ − ϕ( R )) or M = 1) does not explain 
many of the features observed at different radii in position and in 
kinematics. For Z , the presence of a plateau at 10 kpc � R � 11 kpc 
and φ ≈ 180 ◦ shown in the second panel of Fig. 1 , where the warp in 
Z is already present, cannot be explained without an m = 2 mode. At 
that distance, the tendency of the disc to warp towards the southern 
hemisphere is clear at φ ≈ 240 ◦, still far enough in azimuth from 

the strong obscuration towards the bulge ( | φ| < 90) to be an effect 
of the SF. The bootstrapping realizations shown in Figs 1 and 2 that 
the plateau is well reco v ered, for this reason we consider unlikely 
to be an artefact of statistical noise. The northern extreme lies in 
the first quadrant and so its inference is more affected by SF effects 
due mainly to obscuration, hence, it is less well constrained than the 
southern e xtreme. Nev ertheless, the e xtremes of the warp (in Z ) are 
found to be ≈120 ◦ apart, while in a tilted rings model this difference 
must be 180 ◦ by construction. The observed shape resembles the ‘S- 
Lopsided’ warp model presented by Romero-G ́omez et al. ( 2019 ). 
A better azimuthal co v erage in the first quadrant and behind the 
bulge (currently unavailable due to extinction) would provide better 
constraints for this model. Our result is robust, ho we ver, since better 
co v erage can only make the difference between the warp extremes 
even smaller if the northern extreme lies closer to the bulge. 

In the kinematics, a static warp (i.e. ω m = 0 and Ȧ m 

= 0) with 
a plateau would create a distinctive shape in V z . If we consider a 
star rotating with angular velocity � following the shape presented 
in the second panel of Fig. 1 , then, because the star rotates in the 
direction in which φ decreases, after passing the minimum in φ ≈
300 ◦ the star increases its vertical velocity until it reaches the plateau 
( φ ≈ 180 ◦) where V z ≈ 0, then, on its way to the maximum Z close 
to φ ≈ 60 ◦ the star gains V z until a certain point after which its V z 

decreases to zero when it reaches the maximum Z . This creates two 
maxima in V z , one before the plateau and another one after it. A toy 
representation of a plateau would be Z( φ) = A 1 sin ( φ) + 

A 1 
2 sin (2 φ); 

for a star rotating with angular velocity � in a static plateau, this will 
give V z ( φ) = �A 1 (cos ( φ) + cos (2 φ)), which shows the geometry 
described before. This shape is observed in the second panel in 
Fig. 2 . We also take the ratio between the amplitudes of the modes 

m = 1 and m = 2 in Z and V z and found consistency with what 
is expected from the toy model ( A 1 

A 2 
≈ 2 and V 1 

V 2 
≈ 1 around R ≈

10.5). This peculiar signal was also observed in proper motions by 
Romero-G ́omez et al. ( 2019 ) in the RGB population, who interpret 
it was a signal of the lopsidedness of the warp. As we see here it 
is actually a characteristic signal of the S-Lopsided model due to 
its plateau. An indirect evidence of the plateau is also illustrated in 
Fig. 5 by the large dispersion of the LON for R � 11.5 kpc where 
the LON is ill-defined. For R > 11.5 kpc, the plateau disappears, 
and the dispersion in Fig. 5 is sharply reduced as the disc is 
significantly inclined and the LON becomes well-defined. For R > 

11.5 kpc other features that differ from a tilted rings model are still 
present, like the azimuthal asymmetry between the two extremes. 
The angular difference between them grows but never reaches 180 ◦, 
meaning that an m = 2 mode is needed to describe the galactic 
warp. In consequence, the tilted rings (i.e. M = 1) model is unable 
to accurately describe the observed azimuthal location of the warp 
extremes at any radius. 

In Section 4.1.2 , we presented our results of the asymmetry 
between the north and south extremes in the Cepheid’s warp. Asym- 
metry between the height of the warp extremes, or lopsidedness, has 
also been reported by Chen et al. ( 2019 ) and Skowron et al. ( 2019a ) 
for the Cepheids sample, by Levine, Blitz & Heiles ( 2006 ) for the H I 

component and also by Romero-G ́omez et al. ( 2019 ) for the OB and 
RGB populations. All these works seem to agree in the existence of 
an asymmetrical distribution, with the H I as the best exponent of this 
feature. In our results, the northern extreme is larger by ≈0.25 kpc 
at 11.5 < R /kpc < 13 which declines to a mean difference ≈0.1 kpc 
for R > 13.5 kpc as shown in Fig. 3 . For comparison, the figure also 
shows the north/south asymmetry for the warp model obtained by 
Skowron et al. ( 2019a ). This difference behaves like a mean trend of 
our result as a consequence of the assumption of constant phases for 
the modes and the polynomial radial dependence of the amplitudes. 
The observed asymmetry in the outer disc is similar to that found for 
the OB population at R ≈ 14 kpc by Romero-G ́omez et al. ( 2019 ), 
but note that Romero-G ́omez et al. ( 2019 ) report an amplitude for 
the warp traced by OB of 0.3 kpc, much lower than the 0.8 kpc 
we observe for the Cepheids warp. For the RGB stars, which are 
older than the Cepheids, Romero-G ́omez et al. ( 2019 ) report a larger 
asymmetry (red line) but with the opposite sign. This would mean the 
RGB present a warp with similar amplitude to the Cepheids but larger 
at the southern extreme. As we show in the following discussion, this 
may be due to an azimuth dependency of the asymmetry measured. 

We have also found an azimuthal dependency in the asymmetry. 
Fig. 8 shows how the warp at φ = 90 ◦ (north) and φ = 270 ◦ (south) 
presents a southern region with a larger departure from the mid-plane 
in the outskirts of the disc ( R ≈ 15.5 kpc), but in Fig. 3 comparing the 
north and south extremes we get a northern warp height that is larger 
at all radii (see also Fig. 4 ), with a decline in asymmetry towards 
a minimum almost constant value at the outer disc ( R > 13 kpc). 
Here, the twisted LON can create misleading interpretations in the 
measurement of the asymmetry, depending on how this measurement 
is made. Because the LON is leading and closely centred around φ
≈ 180 ◦ (see Fig. 4 ), a sample which co v ers the region 90 ◦ < φ < 

270 ◦ will tend to co v er mostly re gions below the galactic plane (the 
mean Z in azimuth between 90 ◦ < φ < 270 ◦ is below the plane for 
R > 13 kpc). Hence, comparing Z at symmetric azimuths φ = 180 ◦

± 	 , rather than symmetric with respect to the LON, will tend to 
show a warp with larger amplitude below the plane. In Fig. 9 , we 
show the result of taking differences between the absolute values 
in height abo v e/below the plane at lines of sight symmetric with 
respect to the Sun-Anticentre line, i.e. | Z (180 ◦ − 	 ) | and | Z (180 ◦
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Figure 9. Difference 	 Z = | Z (180 ◦ − 	φ) | − | Z (180 ◦ + 	φ) | between 
two constant azimuths symmetric with respect to the anticentre direction φ = 

180 ◦, as a function of galactocentric radius. Results for RGB stars reported 
by Romero-G ́omez et al. ( 2019 ) are also shown. 

+ 	 ) | for different 	 . This clearly shows how measurements of the 
asymmetry at azimuths symmetric with respect to the Sun-Anticentre 
line will yield a different result than when the extremes of the warp 
are compared. This is a consequence of both the twisted LON and 
the extremes of the warp never being diametrically opposed (Fig. 3 ). 
If the effect introduced by the twist in the LON found with Cepheids 
is also present in other populations, then different values for the 
asymmetry may not be enough to ensure different warps for different 
populations if the azimuthal dependency of the LON is not taken into 
account. 

The results for the RGB sample obtained by Romero-G ́omez et al. 
( 2019 ), who reported a warp larger in the south than in the north, are 
also shown in Fig. 9 . The north/south extremes found by Romero- 
G ́omez et al. ( 2019 ) are roughly symmetric with respect to the Sun- 
Anticentre line, so comparison in Fig. 9 is appropriate, and this 
shows their results are consistent with ours for various 	 Z at their 
measured distance of R ≈ 14 kpc. Results for the OB population 
that were shown in Fig. 3 to be in agreement with ours regarding the 
asymmetry are not shown here because they do not correspond to 
measurements made symmetric with respect to the Sun-Anticentre 
line. 

5.1.3 Line of nodes and line of maximum V z 

In Section 4.1.3 , we presented results for the LON. As was previously 
reported by Chen et al. ( 2019 ) and more recently also by Dehnen, 
Semczuk & Sch ̈onrich ( 2023 ), the LON in the warp traced by 
Cepheids is twisted in the direction of the stellar rotation, meaning 
a leading LON, as shown in Figs 4 and 5 . This leading LON is 
in accordance with Briggs’s Third Rule for warps (Briggs 1990 ), 
which states that warp’s LONs are straight for R < R H 0 and twist for 
R > R H 0 , where R H 0 is the Holmberg radius. Although these rules 
are derived for the warps traced by H I , they are expected to also 
apply for warps in the young population. Chen et al. ( 2019 ) estimate 
the Holmberg radius at R H 0 = 11 . 4 kpc, its LON and its R H 0 are 
plotted in Fig. 5 (cyan curve and dashed vertical lines, respectively). 
We found better agreement between the R H 0 and our twist’s starting 
radius, than that of Chen et al. ( 2019 ), which starts further out in the 
disc, as shown in Fig. 5 . For R � 12.5 kpc, the LON obtained by 
Chen et al. ( 2019 ) is in quite good agreement with our results. We 

believe that the difference for R < 12.5 kpc between both works is 
because, fitting only with one mode, the m = 1 mode in Chen et al. 
( 2019 ) has to represent the whole warp despite its asymmetries. For 
this reason, and its relatively low amplitude in R < 12.5 kpc, the 
m = 1 mode in Chen et al. ( 2019 ) behaves as a mean between our 
LON (the full fit) and the phase of our m = 1 mode (blue dots). 
The LON twist is also suggested by Romero-G ́omez et al. ( 2019 ) 
to be present in the warp traced by RGB stars, but with an opposite 
direction, i.e. a trailing LON. Ho we ver, Romero-G ́omez et al. ( 2019 ) 
warn that this result may be driven by selection effects due to 
extinction. 

In Section 4.1.3 , we show how the LON and the LMV z have a 
similar twist but they do not o v erlap, having an almost constant phase 
offset of 25.4 ◦ between them. Both lines lie in the region of the disc 
best populated by our data (as seen in Fig. 4 ) and best reco v ered in 
our tests with simulations from Section B1.1 . Therefore, we consider 
both lines to be robust and not affected by biases. The difference in 
phase between the two lines could be due to the presence of m ≥ 2 
modes in the o v erall warp. Romero-G ́omez et al. ( 2019 ) also found an 
offset between the LON and the maximum vertical proper motion for 
the RGBs and attributed it to the lopsidedness of the warp. According 
to Romero-G ́omez et al. ( 2019 , see their fig. 8 and section 5.1), the 
LMV z for the RGBs may lie at φ ≈ 160 ◦−170 ◦ (they observe μb ,LSR 

rather than V z ), leading their LON (at φ ≈ 180 ◦−200 ◦) and also ours, 
but with a twist opposite to our results with Cepheids. Again, this 
result for the RGBs may be subject to selection effects which may 
have affected the inference of the LON. 

In a warp dominated by the m = 1 warp in both Z and V z , a change 
in amplitude with time could be responsible for the out-of-phase 
LON and LMV z . The phase offset δ between the LON and LMV z is 
given by ϕ 1 − ϕ 

V 
1 + π/ 2, so equation ( 13 ) translates into 

Ȧ 1 = V 1 sin δ (22) 

directly relating the phase offset with the amplitude change. There 
are sev eral cav eats, howev er. First, as we hav e shown, for Galactic 
Cepheids the m = 1 mode dominates the warp in Z but not in V z , 
in which the m = 2 mode has a comparable amplitude at all radii. 
Secondly, an LMV z trailing the LON implies δ < 0, and equation 
( 22 ) would require Ȧ 1 < 0 in contradiction with our results and those 
from Dehnen, Semczuk & Sch ̈onrich ( 2023 ) shown in Fig. 6 , which 
show that Ȧ 1 ≈ 0 up to R ∼ 14 kpc and Ȧ 1 > 0 at larger radii. 
Therefore, the evolution of the m = 1 mode alone cannot explain the 
observed phase offset between the LON and LMV z . 

We tested whether shifting the disc mid-plane can mo v e the LON 

to coincide with the LMV z . To do so we would need to shift the stars 
by −240 pc, the mean vertical height of the stars along the LMV z . 
This would be too big a shift compared to the typical uncertainties 
of the position of the Sun abo v e the Galactic plane (of the order 
of tenths of pc, see e.g. Chen et al. 2001 ), making this explanation 
unlikely. 

In conclusion, we find the most plausible explanation for the phase 
offset between the LON and LMV z to be the presence of m > 1 modes 
which deviate the LMV z from the LON, meaning that lopsidedness 
would indeed be the main driver of this offset as suggested also by 
Romero-G ́omez et al. ( 2019 ) for the RGB sample. Samples with 
larger azimuthal co v erage and also with measured line of sight 
velocities may help to confirm modes with higher frequencies in 
Z and V z , and settle the reason behind this out-of-phase LON and 
LMV z . 
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Figure 10. Z (left panel) and V z (right panel) as a function of galactocentric radius for nine evenly spaced azimuthal cuts from φ = 120 ◦ to 240 ◦. The range 
of azimuth is selected to be in the region of the disc more populated by data and less affected by the SF. In the right panel, the black curve represents the mean 
from the coloured ones. 

5.1.4 The twist and velocity arcs 

In Section 4.1.3 , we showed the LON and LMV z are twisted and 
found these are well represented by straight lines in the plane φ, 
R (equation 20 for the LON and plus an offset for LMV z ). These 
parameters are also explored by Dehnen, Semczuk & Sch ̈onrich 
( 2023 ) who present two LONs as a function of guiding radius for 
the warp traced by Cepheids, obtained from two different methods 
(mean orbital plane and mean position plane) and find a rate of 
change in the LON of −14.7 ± 0.7 deg kpc −1 (mean orbital plane) 
and −10.6 ± 0.8 deg kpc −1 (mean orbital position). Our result 
−12.7 ± 0.3 deg kpc −1 lies between the two values. 

As the disc rotates and the LON wraps up and gets more and 
more twisted, the disc could appear to have ripples if the LON wraps 
around more than once around the disc. The rate of change of the 
LON with R can be associated with the inverse of a radial wavelength 
of these ripples. If we take a simple tilted rings model ( Z ( R ) ∝ sin ( φ
− ϕ( R ))) and look at how it changes radially for a constant azimuth, 
e.g. φ = 0, then the warp will cross the plane at ϕ( R j ) = j π . Therefore, 
if the phase is described by ϕ = αR + β, α it can be easily associated 
with a wavelength by λLON = 

2 π
α

5 . This wavelength is the radial 
distance between two warp peaks at a constant φ, if the LON and 
the amplitudes do not change its behaviour. For our LON, we obtain 
λLON ≈ 28.4 kpc. In the left panel of Fig. 10 , we show how this 
twisted LON creates long arcs in Z for different azimuths. 

The right panel of Fig. 10 shows V z as a function of R for 
different azimuthal cuts, in which the velocity is seen to create 
arcs whose peak changes in radius for different azimuths. These 
arcs are explained by the twisted LMV z together with the growth in 
amplitude in the kinematic signal as a function of R . These arcs are a 
direct consequence of the twist in the LMV z because the kinematic 
signal does not decline, and also because the peaks of the arcs mo v e 
outwards as phi decreases, as expected for the leading LMV z . Of 
course, the change in amplitude and the asymmetries play a role in 
the position of the maximum, but the main driver of this arcs is the 
twist in the LMV z . 

These arcs in V z have been observed by previous works using 
Gaia DR2 and DR3 with other stellar tracers (Cheng et al. 2020 ; 
Gaia Collaboration 2021 ). Cheng et al. ( 2020 ) pointed out that these 
arcs in V z are a consequence of the pattern speed in a tilted ring 

5 In this approach, we have ignored the amplitude ( ∂ R A/A ≈ 0) which can 
change the distance between the peaks, but this change is negligible in 
comparison with our uncertainties. 

model, and indeed an arc can be created with just a constant pattern 
speed and a growing kinematic signal without a twisted LON. This 
is because the growing amplitude gets modulated by the factor ( �
− ω) so V z grows and then starts to decline as the co-rotation radius 
is achieved where V z is null (if Ȧ = 0), creating an arc. But this 
explanation cannot take into account the change of the arc shape as 
a function of the azimuth (as shown in the right panel of Fig. 10 ), 
which can only be due to the twisted LMV z , which is a consequence 
of the twisted LON and the combination of the different evolutionary 
terms of the warp modes, not only the pattern speed of the m = 1 
mode. 

Here, we have shown these arcs in V z are a direct consequence of 
the twisted LMV z . It is worth noticing that the LMV z does not track 
the line of maximum in V z of the arcs presented in Fig. 10 due to the 
change in amplitude as a function of R . 

Because the LMV z has the same twist as the LON, λLON represents 
also the radial distance between two V z peaks at a constant φ. Using 
the same λLON for the LMV z we may expect from a extrapolation 
of this oscillatory behaviour the minimum in V z at the anticentre 
direction to be around R ≈ 28 kpc and the point of null V z to 
be around R ≈ 21 kpc. Wang et al. ( 2023 ) used Gaia DR3 to 
map the disc population out to R ≈ 23 kpc. In their Fig. 3 , the 
disc’s vertical velocity goes from positive to negati ve v alues at R 

� 20 kpc. These results seem to support our prediction, assuming 
λLON holds for the entire Gaia DR3 sample used by Wang et al. 
( 2023 ). Future extended maps of V z may prove helpful to explore 
whether this analysis also holds for R > 20 kpc and for other stellar 
populations. 

Finally, Poggio et al. ( 2021 ) have shown with an N -body simulation 
of the Milky Way affected by the Sagittarius dwarf galaxy, that 
the m = 1 mode has prograde rotation if the Milky Way disc and 
Sagittarius are close to an interaction. After approximately a few 

Myr the prograde motion coherent with the m = 2 mode disappears. 
Perhaps the coherent rotation between the m = 1 and m = 2 modes 
close to an interaction found by Poggio et al. ( 2021 ) is the reason 
why the azimuth of the LON and the LMV z are well approximated by 
a monotonic (linear) dependence as a function of radius; without a 
coherent mo v ement in the outskirts of the disc the LON may behav e 
more erratically than is observed. 

5.2 Time evolution 

In Section 4.2 , we provided a new formalism to derive the time 
change of each mode’s amplitude ( Ȧ m 

) and pattern speed ( ω m ) at 
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Table 4. Pattern speed for the m = 1 mode in (km s −1 ) kpc −1 given by our 
mean value for R > 12 kpc, Poggio et al. ( 2020 ) and Cheng et al. ( 2020 ). 

This work 〈 ω 1 〉 R > 12kpc Poggio et al. ( 2020 ) Cheng et al. ( 2020 ) 

−9.18 ± 3.12 −10.86 ± 3.23 −13.57 ± 0.2 

each ring, from the Fourier decomposition of its Z and V z . This new 

formalism is free from assumptions on how the amplitude and phase 
of each mode depends on the radius. By applying it to the Cepheids 
we derived the pattern speed and change in the amplitude of the m = 

1 mode for R > 12 kpc. 
The dominant mode in Z for the warp is the m = 1 mode as expected 

for an S-type warp, so its evolution may drive most of the time 
evolution of the warp. In Fig. 7 , we show that, within uncertainties, 
ω 1 shows a mean rotation of 9.2 ± 3.1 km s −1 kpc −1 6 and its 
error corresponds to the standard deviation of posterior realizations 
from the independent rings, in agreement with previous reports from 

Poggio et al. ( 2020 ) and Cheng et al. ( 2020 ), presented in Table 4 . 
Some oscillations are present, similar to the results obtained by 
Dehnen, Semczuk & Sch ̈onrich ( 2023 ), the main difference being 
that for R < 12 kpc they found differential rotation slightly larger 
than we do, perhaps as a consequence of our use of the galactocentric 
radius as opposed to their use of the guiding centre. We note, 
ho we ver, our results from simulations (Appendix B ) suggest ω 1 may 
be o v erestimated in this radial range. 

Chrob ́akov ́a & L ́opez-Corredoira ( 2021 ) present arguments about 
how the o v erestimation in the amplitude of the warp leads to 
an o v erestimation in its pattern speed, 7 therefore getting a lower 
amplitude of the warp will translate into a slower precession. This 
is well reflected by our equation ( 14 ). Ho we v er, the v ery low 

amplitude of the warp presented by Chrob ́akov ́a, Nagy & L ́opez- 
Corredoira ( 2020 ) seems unrealistic when compared to the rest of 
results from the literature, even compared to those with similar 
tracers as Cheng et al. ( 2020 ). Chrob ́akov ́a & L ́opez-Corredoira 
( 2021 ) also present a warp model for the younger population in its 
sample, with very similar results as obtained for the total sample. This 
particular disagreement in amplitude with the models of the young 
populations may indicate that the model by Chrob ́akov ́a, Nagy & 

L ́opez-Corredoira ( 2020 ) may be significantly underestimating pre- 
cession rate of the warp, as a consequence of the underestimated 
amplitude. 

Equation ( 14 ) also makes it clear why our results for ω 1 are similar 
to those of Poggio et al. ( 2020 ) and Cheng et al. ( 2020 ), despite 
different assumptions in the three warp models, like the amplitude 
or the fixed phase φ1 . This equation shows that ω 1 depends on the 
difference between the phase of the mode in Z and in V z , therefore, 
it does not matter where they are located or if they are twisted, as 
long as the phase difference is the same. Because in the Milky Way 
the assumption that φ1 − φV 

1 ≈ − π
2 seems to hold at least up to R 

≈ 14 kpc, which is the same as assuming Ȧ 1 ≈ 0, independently of 
which φ1 the model adopts or if it is twisted or fixed ω 1 will not 
be influenced by this assumption as long the model adopts Ȧ 1 ≈ 0. 
Also, the assumed amplitude affects ω 1 as was previously mentioned, 
but ω 1 gets saturated by o v erestimations in A 1 , because as A 1 → 

∞ then ω 1 → � (because the kinematic signature V 1 makes ω 1 

< �). This may be the reason why Cheng et al. ( 2020 ), with its 

6 The mean was obtained with measurements in independent rings for R > 

12 kpc. 
7 This relation holds for a warp with prograde rotation. 

larger amplitude, gets a larger ω 1 than ours, and also why Poggio 
et al. ( 2020 ) with the same kinematic signature gets a larger ω 1 , 
as it uses larger amplitudes. In this analysis of ω 1 , we have left V 1 

constant because the kinematic amplitude of the warp seems similar 
for different tracers as shown by Gaia Collaboration ( 2021 ). These 
could be the reasons why Poggio et al. ( 2020 ) and Cheng et al. ( 2020 ) 
get similar results to ours, even when they do not consider a twisted 
φ1 and when their amplitudes are larger than ours. We should add that 
the difference in amplitude is not the only parameter that plays a role 
in this analysis, the rotation curve and the kinematic signal are not the 
same between the works cited and they can change the pattern speed 
measurements, so we expect that these differences to also play a 
role. 

Previous works on the time evolution of the warp neglect the 
contribution by the change in amplitude to the warp’s kinematics 
(Cheng et al. 2020 ; Poggio et al. 2020 ). Poggio et al. ( 2020 ) argue 
that the effect of Ȧ 1 may be a second-order effect in the kinematics. 
Our results shows empirically that the change in amplitude can be 
neglected at least up to R ≈ 15 kpc. Wang et al. ( 2020 ) finds the 
change in amplitude derived from the young population ( ≈1 Gy) 
to be null, which within uncertainties is consistent with our mean 
measurement up to the radial limit to which Wang et al. ( 2020 ) 
restricted its sample, i.e. R = 14 kpc. For R > 14 kpc, we found 
Ȧ 1 > 0, reaching a maximum Ȧ 1 ≈ 5 km s −1 , this tendency is 
also observed in the change of the inclination in the tilted rings 
model by Dehnen, Semczuk & Sch ̈onrich ( 2023 ) with similar 
values. 

The prograde rotation of the m = 1 mode found with Cepheids 
is expected in the context of a disc embedded in a prolate halo 
as shown by Ideta et al. ( 2000 ) and Jeon, Kim & Ann ( 2009 ). 
Ho we ver, if this were the case, the prograde motion should be 
much slower (0.1 km s −1 kpc −1 to 1.5 km s −1 kpc −1 ) than our 
result. 

Although the m = 1 mode rotates almost rigidly, this does not 
guarantee a rigid rotation of the LON, because the m = 2 mode 
also plays a role in the LON evolution, and in V z its amplitude is 
comparable to that of the m = 1 mode. Due to the poor reco v ery 
expected for the m = 2 mode (Section B1.2 ), a deri v ation of ω 2 and 
Ȧ 2 with our data would be biased, so we cannot ensure the evolution 
of the LON or of the whole warp to be one with rigid rotation. The 
m = 1 mode also presents a growing amplitude for R > 15 kpc, 
as is also reported by Dehnen, Semczuk & Sch ̈onrich ( 2023 ). For 
R < 14.5 kpc, the changes in amplitude are insignificant within the 
uncertainties; therefore, we present a warp which, at first order, shows 
a stable behaviour for R < 14.5 kpc but still evolving in the outskirts 
of the disc. 

In our deri v ation of ω m and Ȧ m 

, we have ignored the radial velocity 
and azimuthal changes in �. Considering a radial motion of 10 km s −1 

even when radial velocities may seem to be slower (Cheng et al. 
2020 ), we found that Ȧ 1 may change by about 1 km s −1 and ω 1 by 
2 km s −1 kpc, which are in the order of the uncertainties. Also, that 
the radial bulk motion reported by Cheng et al. ( 2020 ) is inwards 
for R � 14 kpc will translate into a decrease in the measurement 
of Ȧ 1 unless it is considered. Therefore, the growth in amplitude 
for R � 14 kpc cannot be reduced by taking the radial motion into 
consideration (in fact, it should increase). These changes are smaller 
than the uncertainties in the results presented in this work, therefore 
we do not take them into account in our analysis. These features could 
be added to the analysis by considering a field of radial velocity and 
� described by Fourier sums at different radii. The extension of our 
formalism to account for the radial component will be presented in 
a future work. 
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6  C O N C L U S I O N S  

In this work, we have used the Skowron et al. ( 2019b ) catalogue 
of Classical Cepheids to study the structure and kinematics of the 
Milky Way warp by means of Fourier Decomposition methods. 
These are the first results presented in the literature for the Fourier 
Decomposition of the warp in V z . Our main results regarding the 
structure and kinematics of the warp are the following: 

(i) The warp is clearly lopsided, both in Z and V z . In Z , the 
amplitudes of the m = 1 and m = 2 modes are comparable up to 
R ∼ 13 kpc. At larger radii the m = 1 mode dominates, as found 
previously by Chen et al. ( 2019 ) and Skowron et al. ( 2019b ). In V z , 
the amplitudes of the m = 1 and m = 2 modes are comparable at all 
radii. The m = 0 mode does not play a major role in the o v erall warp 
shape, we detect a bowl-like shape in the radial range 11.5 < R /kpc 
< 13 with a maximum amplitude of ≈200 pc. In V z , the m = 0 mode 
is almost null for R > 10 kpc. 

(ii) The warp presents a plateau at 10 < R /kpc < 11. The observed 
shape resembles that of the S-lopsided model from Romero-G ́omez 
et al. ( 2019 ). The double peak observed in V z at this radius is 
a kinematic signal associated with this plateau. It has also been 
observed in the proper motions of Red Clump stars by Romero- 
G ́omez et al. ( 2019 ). 

(iii) The warp is clearly asymmetric up to R ∼ 13 kpc, with a 
Northern warp larger than the Southern warp. In the outer disc ( R � 

13.5 kpc) the warp becomes symmetric to within uncertainties. 
(iv) The extremes of the Cepheid warp in Z are never diametrically 

opposed. The difference in azimuth between the warp extremes is 
∼120 ◦ at R ∼ 10 −11.5 kpc and increases up to 140 ◦ at R ≈ 12.5 kpc, 
remaining constant at larger radii. 

(v) The LON begins to twist at around R ≈ 11, which is close to 
the Holmberg radius for the Milky Way (11.4 kpc, Chen et al. 2019 ), 
in agreement with Briggs’ rules (Briggs 1990 ). The LON’s azimuth 
follows a linear relationship with radius, presented in equation ( 20 ). 
We found a twist of −12 . 7 ± 0 . 3 ◦

kpc . 
(vi) The LMV z does not coincide with the LON, but trails behind 

it with a constant offset of 25.4 ◦. We rule out that this offset is due to 
the change in amplitude with time of the m = 1 mode, and explain 
this offset as a consequence of the lopsidedness also present in the 
kinematics. 

(vii) The arcs in V z as function of R observed in other stellar 
populations (Cheng et al. 2020 ; Gaia Collaboration 2021 ) are also 
present in the Cepheids sample. We show these are a consequence of 
the twisted LMV z (see Fig. 10 ). 

We have also introduced a new formalism (Section 4.2 ), based 
on the joint analysis of the Fourier series in Z and V z , from which 
the pattern speed and instantaneous change in amplitude for each 
individual Fourier mode can be derived. By applying this formalism 

to the Fourier Decomposition obtained for the Cepheids in Z and V z , 
we derive the pattern speed and amplitude change of the m = 1 mode 
as a function of radius. Our main results are as follows: 

(i) The m = 1 mode shows a prograde differential rotation for 11 
< R (kpc) < 13 with ω 1 going from ∼−20 km s −1 kpc −1 at R ∼
10 −11 kpc to −9.18 km s −1 kpc −1 at R ∼ 13 kpc. Our results from 

simulations, ho we ver, suggest ω 1 may be o v erestimated in 11 < R 

(kpc) < 13 this radial range. 
(ii) The amplitude of the m = 1 mode remains approximately 

constant, with Ȧ 1 ≈ 0 km s −1 for R < 14.5 kpc. The amplitude 
change has a growing tendency for R > 15 kpc, reaching Ȧ 1 ≈ 5 km 

s −1 at R ≈ 15.5 kpc. 

Thanks to the precise measurements from Gaia DR3 and distances 
from Skowron et al. ( 2019a ) to its sample of Cepheids, we can explore 
the complex signal of the warp in both its structure and kinematics. 
Future Cepheid samples with increased co v erage in the first and 
fourth quadrants will contribute to better restrict the parameters of the 
warp. A better understanding of the warp kinematics is necessary to 
make more robust comparisons with simulations and with analytical 
models of its dynamics, which can lead to better constraints on the 
possible history of the warp and its role in the evolution of the Milky 
Way disc’s dynamics. Furthermore, the complexity revealed may 
not be unique to the Galactic warp, understanding it will help also 
understand warps in external galaxies. 
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APPENDI X  A :  MA  T H E M A  T I C A L  DEFI NITIONS  

F O R  T H E  I NFERENCE  

In this section we expand on the definitions of various mathematical 
objects used in Section 2 . We begin defining the vector CS ( φ) as 

CS ( φ) = [1 , cos ( φ) , cos (2 φ) , ..., cos ( Mφ) , sin ( φ) , ..., sin ( Mφ)] , (A1) 

we can write the matrix A as 

A = 

N ∑ 

i= 1 

CS ( φi ) ⊗ CS ( φi ) 

σ 2 
i 

, (A2) 

where ⊗ denotes the outer product, φi the azimuth of the i th star 
and the σ i its dispersion defined as 

σ 2 
i = σ 2 

z i 
+ σ 2 

ID 

, (A3) 

where σz i is the uncertainty in z and σ ID the intrinsic dispersion. 
The vector p is defended as 

p = 

N ∑ 

i= 1 

z i 

σ 2 
i 

CS ( φi ) . (A4) 

APPENDI X  B:  VA LI DATI ON  WI TH  

SIMULATI ONS  

In this section, we use a warped galactic disc simulation to analyse 
the performance of the method described in Section 2 when applied 
to mock data. We analyse ho w observ ational errors and the SF of the 
data affect the reco v ery of each mode’s parameters in Z and in V z , 
the full Fourier sum, and the intrinsic dispersion in different regions 
of the disc. 

B1 Structure and kinematics 

For our warped galactic disc model (without observational errors 
or SF), we use the test particle simulation of the Sine Lopsided 
warp from Romero-G ́omez et al. ( 2019 ). This is an S-shaped warp 
modified from a simple tilted rings model to allow for an warp with 
an arbitrary asymmetry (a 3D representation is shown in fig. B1 in 
Romero-G ́omez et al. 2019 ). The warp is such that the height of the 
mean plane of the disc is given by 

〈 z( R, φ) 〉 = R sin ( φ) sin ( ψ( R, φ)) , (B1) 
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Figure B1. Each panel in the left column shows Z as a function of R centred at four different Galactocentric azimuths (from top to bottom φ = 0.0 ◦, 90.0 ◦, 
180.0 ◦, and 270.0 ◦) with 	φ = 5 ◦. The same is shown in the right column for V z . The dif ferent solid curves sho w: the analytical prediction for the mean 
position of test particles in the warped potential (red curve), the ground truth model (black curve) and the SF model (blue curve) for the variable Z . The grey 
dots represent the stars used for the GT model, and the blue ones represent the star used for the SF model. The mean absolute difference between the SF and GT 

models for each φ is reported in the title. 

where 

ψ( R, φ; R 1 , R 2 , α, ψ up , ψ down ) = [ A + B sin ( φ)] f ( R; R 1 , R 2 , α) 

(B2) 

with A = 

1 
2 ( ψ up + ψ down ), B = 

1 
2 ( ψ up − ψ down ), and f having the 

following expression 

f ( R; R 1 , R 2 , α) = 

⎧ 

⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

0 R ≤ R 1 (
R−R 1 
R 2 −R 1 

)α

R 1 < R < R 2 , 

1 R ≥ R 2 

(B3) 
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Figure B2. Each plot shows the residuals between the fiducial model ( GT ) and the model reco v ered with the mock catalogue ( SF ), normalized by the intrinsic 
dispersion of the variable obtained in the fiducial model. The left and right panels show the residuals for Z and V z , respectively, for M = 1 (top) and M = 2 
(bottom). In each of the plots, the inner black ring at R = 10 kpc indicates where the warps starts, the outer ring is where the m = 1 mode begins to be greater in 
amplitude than the intrinsic dispersion. This happens at R = 12 kpc for Z and R = 14 kpc for V z . The pale grey dots are the stars in the mock catalogue used in 
the fit, and the black star indicates the position of the Sun. 

Figure B3. Each panel show the amplitude for the m = 0 (yellow), m = 1 (blue), m = 2 (violet) modes, and σ ID (black) for the SF model (dark solid lines) and 
the GT model (pale solid lines) obtained for Z (left panel) and V z (right panel). Each amplitude and σ ID is plotted as a function of radii. 

where Romero-G ́omez et al. ( 2019 ) set R 1 = 10.1 kpc, R 2 = 

14 kpc, α = 1.1, ψ up = 7.5 ◦ and ψ down = 4.25 ◦. These parameters 
were chosen so that they would represent a plausible model of the 
asymmetry observed in the Galactic warp. 

For the test particle simulation, the strategy followed by Romero- 
G ́omez et al. ( 2019 ) was to initialize test particles in a a flat disc 

relaxed in an Allen & Santillan ( 1991 ) Galactic potential, then warp 
the potential adiabatically for five periods of the circular orbit at a 
radius R = R 2 and finally let the stars relax for a further two periods 
(at R = R 2 ). The resulting configuration is such that stars at R < R 2 

kpc are in statistical equilibrium with the imposed potential and their 
mean z is described by equation ( B1 ). 
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Figure B4. Each panel shows the phase for the modes m = 1 (blue) and m = 2 (violet) for the SF model (solid dark line) and the GT model (solid pale line) 
obtained for Z (left panel) and V z (right panel), as a function of galactocentric radius R . 

Figure B5. The ratio between the difference in intrinsic dispersion by the GT 

model and the one obtained with the SF model, o v er the intrinsic dispersion 
of the GT model as a function of the galactocentric radii. The blue and 
green continuous curves correspond to the intrinsic dispersion of Z and V z , 
respectively. The black, blue, and green vertical dashed lines indicate the 
radius at which the warp begins, when the amplitude of the mode m = 1 is 
bigger than the intrinsic dispersion for Z and for V z , respectively. 

Figure B6. Angular frequency as a function of the galactocentric radii of 
the pattern speed ω 1 for the m = 1 mode, calculated from equation ( 14 ) for 
the GT model (black curve) and for the SF model (red curve), the angular 
velocity of the stars � (green curve) is derived analytically from the Allen & 

Santillan ( 1991 ) potential. The red dots around each ω 1 are 500 realization 
taken from the posterior at each ring for the SF model. 

The test particles were initialized with a v ertical v elocity dis- 
persion of 16.6 km s −1 representative of Red Clump stars at the 
solar radius. In this work, we will apply the method to a sample of 
Cepheids, a kinematically colder population in which the detection 
of the warp is more fa v ourable. The results obtained for the Red 

Figure B7. The change in amplitude Ȧ 1 for the m = 1 mode as a function 
of the galactocentric radius calculated from equation ( 13 ) for the GT model 
(black curve) and for the SF model (red curve). The red dots around each ω 1 

are 500 realization taken from the posterior at each ring for the SF model. 

Clump simulation will, none the less, still be useful to understand 
the general advantages and flaws of the method described in Section 
2 . 

The mock catalogue from Romero-G ́omez et al. ( 2019 ) includes 
the simulation of the Gaia DR2 observational errors and SF, as 
described in their Appendix D. In what follows we will use this 
mock catalogue down-sampled to N tot = 1997 to match the number 
of Cepheids in our final catalogue (Section 3 ), keeping the simulated 
errors in proper motion, and assuming a 3 per cent error in distance, 
representative of the photometric distances for the Cepheids in our 
sample (Section 3 ). Errors for V z were propagated from distance and 
proper motion errors, assuming the radial velocity is inferred from 

the rotation curve, as described in Section 3 . 
Since the test particles in the Romero-G ́omez et al. ( 2019 ) 

simulation are only relaxed up to R = R 2 = 14 kpc, we need to 
establish a ground truth model representative of the whole disc that 
can be used as a fiducial model against which results for mock 
catalogues are compared. We take as our ground truth model (from 

now on GT model) the Fourier fits for Z and V z obtained by applying 
the method described in the previous section to an arbitrarily large 
sample of the simulation, without errors or SF and fitting up to the 
second order mode ( M = 2). 8 Other combinations for N , N tot , M for 
the GT model were tested and we find that the selected one optimizes 

8 We tested a larger M and find that M > 2 does not impro v e significantly our 
results. 
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the computational time required and gives us the detailed information 
needed. Finally, we will call the SF model the Fourier fits obtained by 
applying the method to the mock catalogue affected by observational 
errors and SF. In all cases, to compute σ ID we divide each ring in 15 
equally spaced azimuthal bins and find the weighted average of the 
standard deviation. 

Fig. B1 compares the distribution of test particles in the GT (grey 
dots) and SF (blue dots) simulated samples to the resulting GT and 
SF models (black and blue lines) in Z versus R plots for three different 
azimuths. The figure shows in all cases the GT model does indeed 
capture the behaviour of the test particles in the full radial range 
and coincides with the analytical prediction for R < R 2 . Beyond this 
radius the stars cease to be in equilibrium with the potential and the 
mean 〈 z〉 traced by the stars is not expected to follow equation ( B1 ). 
The SF model agrees very well with the GT model o v er the whole 
disc, capturing the o v erall behaviour of the warp. The mean absolute 
difference between the SF and GT models for each φ is reported 
in the top label of each panel in Fig. B1 ( 〈| 	 Z |〉 R ), the maximum 

〈| 	 Z |〉 R ≈ 0.40 kpc corresponding to the region most affected by 
the bulge extinction ( φ = 0 ◦), and the minimum 〈| 	 Z |〉 R ≈ 0.08 kpc 
that corresponds to the region towards the anticentre ( φ = 180 ◦). In 
Fig. B1 , we notice that the general trend of the warp is reco v ered in 
all directions for the external region of the disc ( R � 10) where the 
warp begins. 

The right panel of Fig. B1 shows the corresponding results for 
V z . In this case, we compare only the results for the GT and the 
SF models, since there is no simple analytical form for V z ( R ) as 
discussed in appendix C in Romero-G ́omez et al. ( 2019 ). Again, as 
in Z , the best-reco v ered re gion is around φ = 180 ◦ because it is less 
affected by the SF. All differences between the GT and SF models 
are much smaller than the corresponding velocity dispersion, which 
has a mean of 19.2 km s −1 throughout the disc. For both Z and V z 

the reduced chi square χ2 
n u shows that the GT model fits for Z and 

V z are good ( χ2 
ν ≈ 1 ∀ R ). 

B1.1 Azimuthal and radial biases 

Fig. B1 hinted the existence of regions in which the reconstruction 
of the warp given by the SF model lacks accuracy. We argue this 
is due to the correlation between modes introduced by not having a 
uniformly distributed sample in azimuth and by stochastic clumps in 
regions with fewer stars in the sample due to the SF. To illustrate 
this, Fig. B2 shows, in each panel, a residual plot between the 
SF and the GT model in Z and V z (respectively top and bottom) 
normalized by the intrinsic dispersion given by the GT model (with 
fixed M = 2), for SF model fits with up to 1 (left) and 2 modes 
(right). Grey dots show the SF sample, the black star shows the Sun’s 
position, the inner ring is R = 10 kpc where the warp begins and 
the outer ring is the radius in which the amplitude of m = 1 mode 
is bigger than the intrinsic dispersion in the variable. The red and 
blue colours correspond to o v er/under estimations by the SF model, 
respectively. 

In Z , for both M = 1 and M = 2 the differences are greater at X 

> 0 kpc in the inner region before the warp begins. The discrepancy 
is larger for M = 2 because when fitting with a higher number of 
modes, in the areas most affected by the SF the higher frequency 
modes tend to drive the fit towards the few data points available 
introducing spurious oscillations where there is less data. For both 
M = 1 and M = 2, the reco v ery is best for outer radii, where the 
warp amplitude is larger than the intrinsic dispersion. For M = 1, 
the differences start growing with radius due to the simulated warp’s 

asymmetry which is not well represented by the Fourier series with 
m ≤ 1 modes, generating an m = 2 pattern in the differences. By 
contrast, the asymmetry is better captured by the series for M = 2 for 
which the discrepancies in the outer region are smaller. Ho we ver, a 
hint of the m = 2 pattern in the differences still remains; this is due 
to a lower amplitude of the m = 2 mode reco v ered by the SF model 
(this is illustrated in left panel of Fig. B3 ). 

For V z we analyse the bottom panels in Fig. B2 , the left plot for 
M = 1 and the right for M = 2. The differences between the SF and 
GT models are al w ays smaller for V z than the intrinsic dispersion 
in the whole disc, both for M = 1 and M = 2, in contrast with the 
reco v ery in Z where differences exceed the intrinsic dispersion in the 
inner region. The best and worst recovery for V z are found in the same 
regions as for Z because the azimuthal distribution is the same for 
both samples; with the best reco v ery at ne gativ e X , and the worst in 
the internal disc at positive X . Finally, the differences between the SF 

and GT models are much lower in V z than in Z . As also discussed in 
Romero-G ́omez et al. ( 2019 ), this is expected because the SF creates 
exclusion zones in Z due to high extinction near the Galactic plane, 
but does not in V z because the correlation between z and v z is weak 
for a given star. 

Given these results, we decide to use M = 2 for Fourier fits for 
this work because it offers the least biased reco v ery for the region of 
the disc where the warp is most prominent (i.e. outer radii). Reliable 
results for the inner region of the disc are limited to 90 ◦ � φ � 270 ◦, 
the region least affected by the SF with best co v erage, where biases 
in the reco v ery are lowest. 

B1.2 Recovery of individual modes 

So far we have analysed the reco v ery of the shape and kinematics 
of the warp as a whole, given by the sum of the M individual modes 
in the Fourier series. Now, we will analyse how well each mode is 
reco v ered. 

Each mode m is characterized by its amplitude A m and its phase 
ϕ m in Z , and in V z with V m and ϕ 

V 
m 

. In Fig. B3 , we compare the 
amplitudes for Z (left) and V z (right) as a function of R reco v ered for 
the SF model (dark solid lines) against the v alues gi ven by the GT 

model (pale solid lines) for each mode. The intrinsic dispersion as a 
function of radius is also plotted in each panel. 

The left panel of Fig. B3 shows how for inner radii ( R < 10 kpc) 
the disc is flat before the onset of the warp, as shown by the near 
zero amplitudes for all modes in the GT model. Particularly for m = 

1, 2, the SF model finds non-zero amplitudes of the order of the 
intrinsic dispersion. Amplitudes are o v erestimated in the inner disc 
because the modes make the full Fourier series flat in the region less 
affected by the SF ( φ ≈ 180 ◦), but it also tries to fit stochastic clumps 
far from the mid-plane at φ ≈ 0 ◦ where the SF has remo v ed stars 
preferentially in the disc plane. At the outer parts of the disc, the m = 

1 mode is o v erestimated by the SF model but the bias is reduced at 
the external part of the warp ( R > 13 kpc), where the A 1 amplitudes 
are larger. The m = 2 mode is o v erestimated due to correlations with 
other modes when the whole fit of the series is driven by stochastic 
clumps at R � 10 kpc, as for the m = 1 mode. The m = 0 mode is 
well reco v ered o v er the whole disc. 

Some features observed for the amplitudes in Z are present also in 
V z . F or e xample the amplitudes are not 0 km s −1 for R < R 1 due to the 
sparse azimuthal co v erage caused by the SF. For V z , the amplitude 
of m = 1 is underestimated but the general trend is well reco v ered 
by the SF model for R > R 1 = 10 kpc as in Z . The amplitudes of 
m = 0, 2 have differences between the SF and the GT model, also 
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as in Z , which is expected because both amplitudes in the GT model 
are smaller than σ ID , which makes them harder for the SF model to 
reco v er. 

Similarly to Fig. B3 , in Fig. B4 we compare how the phase of each 
mode in Z (left) and V z (right) is reco v ered by the SF model as a 
function of radius. We do not plot the phase for m = 0 because it can 
only take two possible values ( −90 ◦ and 90 ◦). 

For the inner disc at radii R � R 1 = 10 kpc before the onset of 
the warp, it is normal that the phase is badly reco v ered for all modes 
because the (true) amplitudes are near zero at these radii and the 
phase becomes meaningless. For the m = 1 mode the phase for both 
Z and V z are very well reco v ered, with no significant bias, for R � 

12 kpc where A 1 > σ ID . For m = 2, the general trends are reco v ered 
for R � 12 kpc, e.g. the twist in Z and V z showing the change of 
phase as a function of radius. Ho we ver, we must be cautious in any 
particular analysis of m = 2 as an individual mode due to the lack of 
reco v ery by the SF model with this mode, its phase reco v ers some 
of its tendency but without accuracy. 

B1.3 Intrinsic dispersion 

Finally, we analyse the bias introduced by the SF to the intrinsic 
dispersion that our method calculates. To do so, we compute the 
fractional difference between the σ ID obtained with the GT and SF 

samples. These differences for Z (blue curve) and V z (green curve) 
are plotted in Fig. B5 as a function of radius. The black vertical 
dotted line at 10 kpc indicates the beginning of the warp, the blue 
one when the mode m = 1 for Z starts to be greater than σ ID , the 
green one is the same as the blue but for V z . 

First, for Z the reco v ered σ ID is increasingly o v erestimated at 
inner radii until the warp becomes greater than the disc’s thickness; 
for larger radii, the reco v ered σ ID decreases and is off just by 10 
per cent of the GT value. Both effects are due to the combination of 
the increased warp amplitude and the SF. The SF makes the stars 
near the plane very unlikely to be observed due to high extinction, 
while the stars away from the plane are less affected by it; since 
these stars are further away from the disc plane (because of the 
amplitude of the warp) this tends to inflate σ ID for Z . This effect is 
expected to be smaller for a dynamically colder stellar population like 
Cepheids. For V z , on the other hand, we find a mean underestimation 
of 3 per cent, much smaller than for Z . We find the appearance of the 
warp signal in V z has no effect in the ability to reco v er σ ID . Ov erall, 
the reco v ery of the intrinsic dispersion affects the inference on the 
amplitudes and phases in terms only of the dispersion of the posterior 
PDF, it does not introduce any systematic biases in the parameters 
themselves. 

B1.4 Assumptions on the rotation curve 

We tested how the assumed rotation curve may affect the inference in 
the simulations and with the real data. We did not find any systematic 
bias in the amplitudes, phases and intrinsic dispersion inferred from 

the mock catalogues when we used the v z derived from the rotation 
curv e, ev en when using different rotation curv es. 

In the case of the Cepheids, we tested whether changing the 
rotation curve offset by ±10 km s −1 could change our main results. 
We found that different offsets change the amplitudes of the V z arcs 
by ∼1km s −1 but do not change the general trend of the kinematic 
signal of the warp. The changes in ω 1 and Ȧ 1 due to changes in the 
rotation curve are insignificant in comparison with the uncertainties. 

B2 Time evolution 

In this section, we validate the inference of ω m and Ȧ m 

by applying the 
formalism developed in Section 2.3 to the simulated sample affected 
by the SF and comparing it to results for the GT model (as in Section 
B1.2 ). By doing this we’re assuming that the formalism developed 
holds and will yield correct results for the GT model. Since the test 
particle simulation we are using has a fixed warp, we expect from 

this test to reco v er a constant amplitude and null pattern speed in the 
region at equilibrium with the potential (i.e. R < R 2 = 14 kpc). In 
the outer parts, the warp would be expected to evolve with time as 
the stars relax in the potential. Because the warp model used in the 
test particle simulation is not constructed by definition as a Fourier 
series, it is not straightforward to use this data to test the reco v ery 
of specific values of the time evolution parameters. More involved 
tests in this direction could be done in a future work to validate the 
method. 

In what follows we analyse the difference between the parameters 
from both models for R > 10 kpc where the warp is present. We apply 
this formalism only to the m = 1 mode due to the bias and noisy 
reco v ery in the m = 2 mode parameters discussed in Section B1.2 . 

Fig. B6 shows the results for the GT and SF models for ω 1 as 
a function of radius. For the GT model, we get ω 1 = 0 for R > 

12 kpc (black curve in Fig. B6 ). The variations observed in ω 1 at 
10 < R /kpc < 12 are expected in this region were the amplitude of 
the mode is still very low and it’s pattern speed ill-defined. As the 
amplitude of m = 1 mode increases the pattern speed reco v ered for 
the SF model converges to results for the GT at the outermost radii. 
The mean o v erestimation in ω 1 for R > 12 kpc is of the order of 4 km 

s −1 kpc −1 , which is within the uncertainties given by the posterior 
realizations (grey dots). 

Fig. B7 shows the result for Ȧ 1 for the GT (black curve) and the SF 

models (blue curve). The difference between the two for R < 12 kpc 
is due to the poor reco v ery in ϕ 

V 
1 as shown in Fig. B4 . The mean 

difference for R < 12 kpc between the reco v ery with the SF and GT 

models is less than 2 km s −1 , which is within the uncertainties given 
by the posterior realizations (gre y dots). F or 12 < R /kpc < 17, the 
general tendency for Ȧ 1 is recovered within the uncertainty with not 
appreciable bias. The relatively large uncertainty in the recovery on 
Ȧ 1 stems from small differences in ϕ 1 − ϕ 

V 
1 , which near π /2 translate 

in large differences in Ȧ 1 due to it dependence on the difference via a 
cosine function (equation 13 ). The opposite happens for ω m because 
it depends on the difference via a sine function. 

APPENDI X  C :  G O O D N E S S  O F  FIT  A N D  

RESULTS  F O R  I N D I V I D UA L  M O D E S  

This appendix presents the results for the goodness of fits and 
summarizes the results of Section 4.1 for the individual modes. 

C1 Goodness of fit 

We have tested with the reduced Chi-square how mean y mode where 
needed to do the fits in Z and V z for the Cepheids sample. Figs C1 
and C2 shows as a function of the radius the results for Z and V z . 
Clearly the result fa v oured the fits for M = 2 for both variables, 
showing the need of the m = 2 mode to reflect the asymmetries 
present in the warp. We have also computed the Bayesian information 
criteria (BIC; Ivezi ́c et al. 2014 ) for different radii and we found that 
M = 2 is al w ays clearly the best model for Z at all radii > 10 kpc. 
This is of special importance since Z is more sensitive to biases due 
to the SF problems. For V z the fits with M = 2 is also the best case 
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for the outer disc where the amplitude of the warp is significant. We 
have therefore chose the M = 2 model for both variables. 

C2 Individual modes 

C2.1 Fits in z 

In Fig. C3 (left panel), we present the results of the amplitudes for 
each mode and the intrinsic dispersion in Z as a function of radius. 
Clearly, the m = 1 mode (red) dominates the fit (it has a maximum 

of ≈1.1 kpc), as expected from an almost S-type like the Milky Way 
warp. The main mode that takes into account the asymmetries is 
m = 2 (violet), its amplitude begins to grow at R ≈ 10 kpc but never 
e xceeds 250 pc. F or m = 0 (yellow), we have a maximum of ≈200 pc. 
This mode can give asymmetry between both extremes of the warp, 
but its main purpose is to set the mean height in each ring, so it has 
the ability to represent radial ripples with no azimuthal dependence. 
For comparison, we plot the amplitudes for each mode from Skowron 
et al. ( 2019a ) (dotted curves) obtained with exactly the same Cepheid 
sample but under the assumption of a monotonic dependency of A m 

with R 

2 . For the m = 1 mode at R > 10 kpc both amplitudes are 
practically the same; for the other modes the amplitudes obtained 
by Skowron et al. ( 2019a ) are similar to the mean behaviour of our 
results. 

Figure C1. Reduced Chi-square for the fits in Z done with M = 1 (green 
curve) and M = 2 (blue curve) as a function of galactocentric radius. 

Figure C2. Reduced Chi-square for the fits in V z done with M = 1 (green 
curve) and M = 2 (blue curve) as a function of galactocentric radius. 

The wavy pattern in the amplitudes for R < 10 kpc should not be 
fully taken as real corrugations in the modes. In Section B1.2 , we 
concluded that stochastic clumps in the φ−z plane due to the SF 

generate correlations between the modes. This wavy pattern in A 1 

is remo v ed if we take M = 1, so the wavy pattern is mainly due to 
correlations between m = 1 and m = 2. 

In Fig. C4 , we present the phases of the m = 1, 2 modes for Z (top 
right for m = 1 and top left for m = 2) as a function of R . First, let’s 
consider ϕ 1 , our results and those of Skowron et al. ( 2019a ) (dotted 
line) coincide in their general trends for the e xternal re gion of the disc 
( > 10 kpc). For m = 1, a twist in the direction of the galactic rotation 
is well defined, beginning at R ≈ 13 kpc. For the internal region, 
both phases are difficult to determine due to the low amplitude of 
the warp and because the azimuthal co v erage is affected by the SF. 
For ϕ 2 there is more uncertainty than for ϕ 1 because m = 1 is better 
defined and dominates the warp. Within its uncertainty ϕ 2 agrees 
with the phase obtained by Skowron et al. ( 2019a ) (red dotted line). 
For R > 10 kpc, the phases, like the amplitudes, are better behaved 
than in the internal disc as we expected from Section B1.2 . 

Finally, given that we calculate the intrinsic dispersion for Z in 
each ring, we can see how the disc traced by Cepheids becomes 
thicker at larger radius, as its shown with the black curve in the left 
panel of Fig. C3 . This sho ws ho w the flare in this young population 
starts at around R ≈ 8 kpc with a height ≈100 pc to end up at a 
height ≈390 pc at R ≈ 15 kpc. Previous measurements on how thick 
the disc traced by Cepheid is Chen et al. ( 2019 ) and Skowron et al. 
( 2019b ) agree with our results for the scale and trend found from 

σ ID . 

C2.2 Fits in v z 

The right panel of Fig. C3 presents amplitudes for the fits in vertical 
velocity as a function of galactocentric radius. For V z , the amplitudes 
show a smooth oscillating pattern. The important difference between 
the A m and V m is that in Z the m = 1 mode dominates the warp 
at all radii; in V z the kinematic signal of the warp is dominated 
by both m = 1 and m = 2, a result unexpected for a tilted rings 
model. The m = 1 mode in V z starts to appear at R ≈ 12 kpc and 
at its maximum reaches an amplitude similar to the value of σ ID 

≈ 7.2 km s −1 . For m = 2 in V z , there is an oscillation, as in for 
m = 1 too. The amplitude of none of the kinematic modes never 
exceeds the intrinsic dispersion, by contrast to the warp in Z , in 
which they do. Ho we ver, the amplitude of the oscillations in m = 1, 
2 is larger than the uncertainty in each mode, making the result more 
significant. 

For the phases, ϕ 

V 
1 rises for R > 11 kpc and ϕ 

V 
2 is nearly constant, 

declining for R > 14 kpc. Since the amplitudes in V z for m = 1 and 
m = 2 are comparable, the connection between these behaviours and 
the twisting of the LMV z is not as straightforward as in Z where m = 

1 clearly dominates and the LON twist is evident in the decline of ϕ 1 

for outer radii. 
Finally, the intrinsic dispersion for V z (black curve, Fig. C3 right 

panel) is found to be almost constant with radius at σ ID ≈ 7.2 km 

s −1 . 
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Figure C3. Amplitudes of each mode for Z (left panel) and V z (right panel) as a function of galactocentric radius. The black curve shows the intrinsic dispersion 
for each radius in the respective variable. The dotted line for the amplitudes in Z shows the results from Skowron et al. ( 2019a ). The colour dots around each 
mode are 500 realization taken from the posterior at each ring. 

Figure C4. Each panel shows the phases of each mode as a function of galactocentric radius. The first two top panels are the results for Z and the bottom two 
for V z (left m = 1 and right m = 2). The doted line for the phases in Z are the constant phases obtained by Skowron et al. ( 2019a ). The colour dots around each 
mode are 500 realization taken from the posterior at each ring. 
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Caṕıtulo 3

El alabeo trazado por RR Lyrae

Las RR Lyrae son por excelencia trazadoras del halo y disco grueso de la VL, pero como adelantamos
en la introducción, gracias al poder estad́ıstico de Gaia, varios trabajos recientes han confirmado que las
RR Lyrae también trazan el disco delgado (Prudil et al., 2020; Zinn et al., 2020; Iorio & Belokurov, 2021).
Naturalmente, utilizar a las RR Lyrae como trazadoras del alabeo implicar aislar la muestra perteneciente
al disco delgado. En un primer acercamiento al problema e inspirados por el trabajo de Price-Whelan et
al. (2019), exploramos un método de descomposición de Fourier con contaminantes, donde a través de la
estad́ıstica Bayesiana (Sivia, 2006) se modela el halo como una población contaminante de fondo y al disco
como una distribución alabeada. Si bien el método desarrollado dio resultados robustos para los modelos de
prueba sencillos (disco y halos gaussianos), es necesario introducir la función de selección de Gaia para las RR
Lyrae (Mateu, 2024) en el método para modelar la falta de estrellas en ciertas regiones. La implementación
correcta de este efecto implica un modelado tipo ”forward modeling”que escapa a los objetivos y plazos de
este trabajo. En vista de esto, decidimos cambiar de estrategia y usar lo aprendido sobre la firma cinemática
del alabeo observada con las Cefeidas y aplicarlo a esta nueva población.

Diferenciar la población de RR Lyrae del disco delgado de la población del halo a través de la velocidad
de rotación galactocéntrica en la dirección del anticentro, o de metalicidad, en todo el disco, nos permitió
revelar por primera vez que las RR Lyrae de disco delgado trazan el alabeo, aportando un nuevo trazador
para explorar la dependencia del alabeo con la edad de la población estelar. Estos resultados se presentan, a
continuación, en el art́ıculo Cabrera-Gadea et al. (2024a), actualmente en proceso de arbitraje en la revista
Astronomy & Astrophysics.
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ABSTRACT

Context. The outskirts of the Milky Way disc have been known to be warped since the late 1950s. Although various stellar populations
have shown an underlying warped distribution, the relation between the age of the population and the warp they trace remains an open
question. Understanding this relation may shed light on the origin of the warp which remains a puzzle to be solved.
Aims. Our goal in this work is to detect the presence of the warp in the RR Lyrae (RRL) population of the Milky Way disc.
Methods. We use a compilation of the three largest public catalogues of RRL stars, precise photometric distances (∼ 5%) and Gaia
DR3 proper motions to kinematically select a sample of thin disc RRL in the Galactic anticentre, where the tangential velocity best
approximates the azimuthal velocity to differentiate between those that rotate (disc) and those that do not (halo). For those disc-like
RRL we analyse their mean vertical height and mean vertical velocity.
Results. We show, for the first time, that RRL stars with thin disc-like kinematics trace the warp. In the anticentre direction, the
RRL population reaches a minimum in mean vertical height of ≈ 0.4 kpc, with a trend systematically lower than the one found with
Classical Cepheids. The kinematical signal of the RRL warp starts at R ≈ 10 kpc and, rather than resembling the Cepheid’s, shows a
similar trend to the Red Clump population from previous works, reaching a maximum value of ≈ 7 km s−1in vertical velocity. We also
obtain an estimation of the pattern speed of the RRL warp with a prograde rotation of ≈ 13 ± 2 km s−1 kpc−1, compatible with results
obtained from Classical Cepheids. Finally, we also obtain a vertical velocity dispersion ≈ 17 km s−1, inconsistent with the kinematics
of a canonical old age (> 10 Gyr) disc population and, instead, favouring a population dominated by intermediate-age (3-4 Gyr).
Conclusions. Our results indicate that the thin disc RRL stars are a dynamical intermediate-age tracer of the warp, opening a new
window to study the dependency of the warp with stellar age in the Milky Way.

Key words. Galaxy: disk – Galaxy: structure – Galaxy: kinematics and dynamics – Stars: variables: RR Lyrae

1. Introduction

It has been known for a long time that the Milky Way disc is
warped (Burke 1957). Different disc tracers have shown fea-
tures in their positions and/or kinematics typical of a warped
disc (Yusifov 2004; Levine et al. 2006; Skowron et al. 2019;
Chen et al. 2019; Romero-Gómez et al. 2019; Poggio et al. 2020;
Cheng et al. 2020; Li et al. 2023a; Dehnen et al. 2023; Jónsson
& McMillan 2024). Although stellar populations with different
ages have been found to trace a warped disc, the relationship be-
tween the warp’s shape and the age of the tracer is still unclear.
Some works have found the amplitude of the warp increases for
older stellar populations (Amôres et al. 2017; Romero-Gómez
et al. 2019) while others claim the opposite (Cheng et al. 2020;
Chrobáková et al. 2020; Wang et al. 2020; Li et al. 2023a). The
differences and contradictions in the literature may arise from
several factors like the purity of the samples, their selection func-
tion and also the uncertainties in the estimation of distances in
the outer regions of the disc where the warp is present. The ex-
tinction in the disc affects mainly the detection of stars close to
the Galactic plane, which can lead to an overestimation of the
amplitude of the warp (see Appendix B in Cabrera-Gadea et al.
2024); purity affects the reliability of the age determination, and
accuracy and precision in the distance determination are key to
study the global warp structure and kinematics.

Standard candles offer the best performance in the determi-
nation of distance and, generally, ensure the purity of the sample.

Classical Cepheids have been widely used to study the warp be-
cause of their excellent distance precision (∼3%), wide disc cov-
erage and, since they are all younger than 500 Myr, they act as
tracers of the gaseous disc in which they formed. Thus, Cepheids
have proved to be of great use in characterising the warp’s struc-
ture and kinematics (Chen et al. 2019; Skowron et al. 2019;
Dehnen et al. 2023; Cabrera-Gadea et al. 2024), but they do not
help us understand the changes with stellar age. To do that, we
would need an alternative standard candle representative of the
dynamics of the older stellar component of the thin disc (TnD).
To the best of our knowledge, the only previous study looking
for the warp with standard candles older than the Cepheids is
Iwanek et al. (2023), where Mira stars were used. However, as
pointed out by the authors, the presence or absence of the warp
could not be determined with their sample.

RR Lyrae stars (RRL), are a popular standard candle for
the eldest stellar populations (>10 Gyr) and have been widely
used as tracers of the thick disc (Layden 1995; Kinemuchi et al.
2006; Mateu & Vivas 2018). Given its short radial scale length
(hR = 2.1 kpc, Mateu & Vivas 2018), it is not expected that its
outermost region would trace the warp since only ∼ 2% of thick
disc stars would be found at distances beyond the warp’s on-
set (R ≈ 10 − 12 kpc). However, evidence for RRLs with TnD
kinematics has been accumulating (Prudil et al. 2020; Zinn et al.
2020; Marsakov et al. 2019). Recently, Iorio & Belokurov (2021)
have shown there is a fraction of RRLs with TnD kinematics be-
yond the Solar neighbourhood up to R ≈ 25 kpc, which raises the
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question of whether or not this population also traces the warped
TnD. Either scenario would be of great interest to restrict the
dynamical origin of the warp in the Galaxy.

RRL stars, as the Cepheids, offer low distance uncertainties
(∼ 5%), large spatial coverage, with the addition of being more
numerous and having a well understood selection function (Ma-
teu 2024; Mateu et al. 2020). Contrary to the Cepheids, however,
they are not unequivocal tracers of the TnD. RRLs trace almost
all structures and substructures of the Milky Way, making it im-
possible to differentiate which structure they belong to just by
virtue of being an RRL. This aspect together with the lack of
RRL catalogues with extended radial and azimuthal coverage at
low latitude have delayed the analysis of the warp, and indeed of
the disc, using RRL stars until recently.

In this paper we use the largest public catalogues of RRL
stars to date (Section 2) to detect the Galactic disc’s warp by
selecting TnD samples based on metallicity and on rotation ve-
locity (Section 3). In Section 4 we show that the TnD traced by
the RRL has the signal of the warp imprinted in the mean Z and
Vz as a function of the galactocentric radius, and we compare it
to other results in the literature. Our conclusions are summarised
in Sec. 5.

2. RR Lyrae sample

In this work, we used a catalogue containing 309,998 stars,
compiled by combining the three largest public RRL surveys:
Gaia DR3 Specific Objects Study (SOS, Clementini et al. 2023),
ASAS-SN-II (Jayasinghe et al. 2019) and PanSTARRS1 (PS1,
Sesar et al. 2017). We implemented the quality cuts and cross-
matching strategy described in Sec. 2 of Mateu et al. (2020) for
each catalogue, removed duplicates based on Gaia’s source_id
and restricted the final catalogue to stars with RUWE < 1.4
to ensure the quality of the astrometric parameters, as recom-
mended by Lindegren, L. et al. (2021).

Distances to the RRL stars were computed via the MG −
[Fe/H] relation from Garofalo et al. (2022) using photometric
metallicities recalculated by Li et al. (2023b) for Gaia DR3 RRL.
For stars without a photometric metallicity estimate, we assigned
a metallicity from a normal distribution with mean −0.65 dex
and standard deviation 0.28 dex1. This assumption will affect
the star’s distance and, by extension, its inferred velocity, as we
discuss in Sec. 3.1. For the G-band apparent mean magnitude we
used phot_g_mean_mag and extinctions were calculated using
the Green et al. (2019) 3D extinction map. The extinction law
coefficient for the Gaia G band was taken from Eq. A1 of Ramos
et al. (2020), assuming BP − RP = 0.7 for all RRL stars and an
RV = 3.1.

3. Kinematic selection of TnD RRL in the Anticentre

The Galactocentric reference frame and cylindrical coordinate
system (R, ϕ, z) used throughout this work is the same as pre-
sented in Cabrera-Gadea et al. (2024), with only a slight dif-
ference in the solar Galactocentric cartesian velocity, taken here
as (V x,Vy,Vz) = (11.10, 248.5, 7.25) km s−1(Schönrich et al.
2010; Reid & Brunthaler 2020). In this frame, negative Vϕ cor-
responds to prograde disc rotation.

We focus our analysis on the anticentre where the azimuthal
velocity V∗ϕ calculated solely from the proper motions, i.e. with-
out a line of sight velocity, best approximates the full azimuthal
1 As we will show in Sec. 3.1 this corresponds to the mean metallicity
of kinematic-thin-disc RRL stars.

velocity (Vϕ). The anticentre sample was selected as all RRL
with 165◦ < ϕ < 195◦, 9.5 < R/kpc < 17, |Z| < 3 kpc,
|V∗z | < 70 km s−1and error in V∗z and V∗ϕ < 40 km s−1. The cuts in
Z and V∗z remove clear outliers and ensure our sample consists
only of disc-like RRL. Finally, after visual inspection of all the
light curves, we rejected 16 RRLs as misclassified (see Table A.1
and details in Appendix A).

3.1. Selecting fast/disc-like rotating RR Lyrae

In Fig. 1 the first column shows histograms for V∗ϕ for the anti-
centre sample. The black and green lines show the histograms
for the sample with measured and assigned photometric metal-
licities (see Sect. 2), respectively. A bimodality is clear in both:
a fast component (V∗ϕ < −170 km s−1) rotating like the bulk disc
population, containing 321 RRL, and a slower or almost non-
rotating component (V∗ϕ > −170 km s−1), corresponding to the
halo. Therefore, we define our sample of kinematically-selected
TnD RRL stars as those with V∗ϕ < −170 km s−1. The final disc
anticentre sample is summarised in Table 1.

As previously mentioned in Sec. 2, our assumption on disc
metallicity for those stars without photometric-metallicity mea-
surements affects the distance and, by extension, the velocity. If
a halo star is (wrongly) assigned a disc metallicity, its distance
will be underestimated, and its proper motion will translate into
a slower velocity. Because we are selecting disc stars as the ones
which rotate faster, it is unlikely this assumption will introduce
halo contaminants in our disc sample.

Since we do not have photometric metallicities for all the
RRLs in our sample, we used the Period-Amplitude diagram to
check whether our full kinematic-selected sample is consistent
with what is expected for a more metal-rich population com-
pared to the more metal-poor halo. This is shown in the second
column of Fig. 1 for different radial bins. The full and empty
dots show whether the RRL has photometric or assigned metal-
licity, respectively. The RRL with V∗ϕ < −170 km s−1(full and
empty red dots) have a shorter mean period than those with
V∗ϕ > −170 km s−1. This difference is indicative of a higher
metallicity in the rotating component and it is also clear in com-
parison to the full catalogue (grey), which is dominated by the
metal-poor halo population.

Finally, for the RRL with photometric metallicities, the third
column in Fig. 1 shows the (V∗ϕ, [Fe/H]) plane colour-coded by
vertical height. The bimodality in V∗ϕ also corresponds to a bi-
modality in metallicity, which is clearer in the outermost ra-
dial bins (R > 11 kpc) where the TnD dominates and the thick
disc is no longer present due to its shorter scale length. In the
9 < R < 11 kpc bin, the transition between the two separate
populations (halo and TnD) seems, unsurprisingly, to be bridged
by thick disc RRL. As we move to the outer disc it is clear that
the fast-rotating and metal-rich population is always close to the
Galactic plane (|Z| < 2) kpc and the mean tends to go below
the Galactic plane (as observed for the warped TnD traced by
Cepheids Cabrera-Gadea et al. 2024).

Therefore, the sample selected of RRL in the anticentre di-
rection by V∗ϕ < −170 km s−1is remarkably consistent with what
is expected in kinematics, metallicity and height distribution for
the Galactic TnD population (e.g. Das et al. 2024).

Article number, page 2 of 10



Mauro Cabrera-Gadea et al.: RR Lyrae stars trace the Milky Way warp

Fig. 1. The figure shows the bimodality of the population of RRL stars in velocity and metallicity. The first column shows the histogram of V∗ϕ for
the RRL with Gaia photometric metallicity (black) and those with metallicity assigned (green, see Sec. 2). The second column shows the period-
amplitude (V-band) diagram where red dots are fast rotating RRL with V∗ϕ < −170 km s−1and blue dots are slower rotating RRL with V∗ϕ > −170 km
s−1. The third column shows the V∗ϕ , [Fe/H] plane, with the black and blue vertical lines indicating V∗ϕ = −230 km s−1and V∗ϕ = −170 km s−1,
respectively for all panels. From top to bottom, each row corresponds to a different radial bin R ∈ (9, 11), (11, 13), (13, 15), (15, 17) kpc.
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Table 1. Anticentre sample of kinematically-selected thin disc RRL stars

Source ID d [kpc] ∆d [kpc] l [deg] b [deg] µl [µas/yr] µb [µas/yr] [Fe/H] P [days] AmpV [mag] F
51220203721624064 3.39 0.14 170.018375 -25.580921 3.2322 -0.5654 -0.47 0.481201 0.84 0
72425797289881344 2.55 0.13 152.701939 -47.293983 2.7634 -0.8368 -0.35 0.28662 0.21 0
80556926295542528 1.63 0.08 149.994094 -40.849758 3.3490 -8.9908 -0.63 0.354279 0.40 0

Description of the columns: Gaia DR3 source ID, distance (d), distance error (∆d), galactic longitude (l) and latitude (b), proper motion in l (µl)
and b (µb), the metallicity adopted for the distance calculation ([Fe/H]), the period (P), V-band amplitude (AmpV) and the value "F" is 1 when the
metallicity adopted is the photometric one and 0 if it was assigned (see Sec. 2)

4. Results and discussion

4.1. The warp traced across the disc

The last column of plots in Fig. 1 showed that RRLs with
[Fe/H] > −1 are dominated by the disc population. By selecting
stars based on metallicity without filtering by V∗ϕ, we can distin-
guish between the halo and disc populations across all azimuths,
without being limited to the anticentre. For this particular sam-
ple, Fig. 2 presents a map of the mean Z (on the left) and Vz (on
the right), obtained by a single component Gaussian extreme de-
convolution (Vanderplas et al. 2012; Ivezić et al. 2014) in each
bin.

Figure 2 (left) shows the underlying warped distribution of
the disc RRL population. Since selection effects due to extinction
and crowding mostly affect the completeness of RRLs for X > 0.
We have also explored the halo population ([Fe/H]< −1) and it
does not show any asymmetries (not shown), supporting that the
observed trend is likely not an artefact. The sign and coherent
pattern, similar to the one traced by classical Cepheids (Skowron
et al. 2019; Chen et al. 2019; Dehnen et al. 2023; Cabrera-Gadea
et al. 2024), clearly reveals the underlying warped distribution.
In the right panel of Fig. 2, the warp’s signal appears with posi-
tive velocities in the anticentre region as expected from a popu-
lation ascending towards the northern extreme of the warp.

Therefore, we have found that the RRL with TnD-like kine-
matics, and equivalently the most metal-rich RRL, follow a warp
across the whole disc, qualitatively similar to the Cepheid’s
warp.

4.2. The warp in the anticentre

Using the anticentre sample, we searched for the warp signal up
to R ≈ 17 kpc. Figure 3 shows the mean Z (top) and V∗z (bottom)
as a function of radius: in both plots the black lines correspond to
the mean in 1 kpc radial bins, within the 5th and 95th percentiles
of V∗z . This result, together with the individual stars, is shown in
the Appendix C.

The top panel in Fig. 3 shows a deviation of mean Z from
the galactic midplane by ≈ −0.4 kpc at R ≈ 15 kpc. Even though
Z is more susceptible to bias due to the selection function and
extinction effects than V∗z (Romero-Gómez et al. 2019; Cabrera-
Gadea et al. 2024), based on the selection function for our RRL
catalogue from Mateu (2024), we are confident the Z trend is
robust (see Appendix B). We compare the RRL to our results
with Cepheids in Cabrera-Gadea et al. (2024) (blue curve) and
the results for the Cepheids in the same region and method as the
RRL (blue dashed curve). We found that the RRL share a sim-
ilar trend to the Cepheids, going below the Galactic mid-plane,
with the RRL being systematically lower than the Cepheids by
≈ 0.2 kpc at R > 13 kpc. Even within the uncertainty (dominated
by low number statistics in our sample of RRL), the Cepheid and
RRL trends may coincide only marginally at best.

For V∗z the kinematic signal starts at a shorter radius (R ≈
10 kpc) than for the Cepheids, for which it begins at R ≈ 11 kpc
(Chen et al. 2019; Dehnen et al. 2023; Cabrera-Gadea et al.
2024)2. The positive trend with the radius reaches a maximum
of ≈ 7 km s−1, then declines to ≈ −5 km s−1. As discussed in
Cabrera-Gadea et al. (2024), this is a clear signal of the warp
and similar trends have been found in other stellar populations
(Cheng et al. 2020; Li et al. 2023a) with different amplitudes
but similar in their "arch" shape. The bulk disc population from
Jónsson & McMillan (2024) (orange) and the result from Gaia
Collaboration et al. (2021) for red clump stars (RC, brown curve)
and intermediate population (IP, green curve)3 are also shown.

The difference between the younger and older stellar popula-
tion in the starting radius and the linear growth in the anticentre
direction was observed by Gaia Collaboration et al. (2021). Here
it is confirmed by two samples of standard candles with precise
distances at different ages. In contrast, we do not observe sig-
nificant differences between RRL and the intermediate-age pop-
ulations. For the RC, which can be compared against the RRL
sample for a larger range of radii, both populations have a sim-
ilar mean V∗z up to R ≈ 14 kpc. For R > 14 kpc, within our un-
certainty, both populations are compatible with the same trend
in V∗z . The bulk population from Jónsson & McMillan (2024)
shows the same trend as the RRL up to R ≈ 14 kpc, and seems
to start declining earlier in radius, but at a lower rate.

4.3. The warp pattern speed

Inspired by our work in Cabrera-Gadea et al. (2024), where we
showed that the relative phases of Z and Vz are related to the time
evolution of the warp, we found that Fig. 2 can give a general
picture of the time evolution of the RRL warp. Because of the
similarity with Cepheids in the relative phases between Z and
Vz, i.e. positive Vz where Z goes from negative to positive in the
stellar rotation direction, we can expect the change in amplitude
to be negligible (Ȧ = 0) and the pattern speed (ω) to be slower
than the angular velocity of the stars (Ω, see Eqs. 14 and 22 in
Cabrera-Gadea et al. 2024). Under the assumption of Ȧ = 0 and a
unique pattern speed, we developed a simple method to estimate
the instantaneous pattern speed of the warp for our RRL sample
(see Apendix D). The results are shown, as a function of the
radius, in Fig. 4 for the RRL (black curve) and Cepheids (blue,
Cabrera-Gadea et al. 2024). The angular velocity (⟨Vϕ⟩/R) of the
RRL is shown by the green curve. The RRL warp, thus, shows a
prograde rotation with a mean pattern speed of ≈ 13 ± 2 km s−1

kpc−1for R > 12 kpc.

2 These starting radii may not be the same radius at which the entire
warp begins
3 To avoid misleading comparisons in our discussion we left out the old
population result from Gaia Collaboration et al. (2021) because their old
population is selected by taking the stars below the turn off of an 8 Gyr
old isochrone. In this selection, low-mass stars of any age coexist and it
is not guaranteed that the eldest population dominates the sample.
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Fig. 2. XY plane for the RRL sample with photometric metallicity [Fe/H] > −1. In each hexagonal bin the mean Z (left) and Vz (right) computed
by a gaussian extreme deconvolution is plotted. The RRL sample with R > 8 kpc is plotted with black transparent dots. Dashed lines indicate
galactocentric rings at R = 10 kpc, 15 kpc and 20 kpc.

The pattern speed estimated for the RRL is similar in mag-
nitude and direction to that of the Cepheids (Dehnen et al. 2023;
Cabrera-Gadea et al. 2024), which is also similar to the results
by Poggio et al. (2020); Cheng et al. (2020); He (2023); Jónsson
& McMillan (2024); Poggio et al. (2024) with other disc tracers.
It also shows the differential rotation present in the Cepheids
(Dehnen et al. 2023; Cabrera-Gadea et al. 2024; Poggio et al.
2024) and young giants (Poggio et al. 2024), but due to our low
number statistics, this trend should be taken with caution.

4.4. The age of the thin disc RR Lyrae

In order to use RRL for the study of the warp’s age dependency,
we should assess whether our disc RRL sample is actually rep-
resentative of an old population (> 10 Gyr). Although RRL are
always assumed to be an old stellar population, for the TnD they
have been proposed to be younger (5 − 7 Gyr) by Iorio & Be-
lokurov (2021)4 based, under the assumption of an axisymmet-
ric disc, on an analysis of their total velocity dispersion and the
age-velocity-dispersion relation.

Here, we use the vertical velocity dispersion σVz as a proxy
of stellar age (Anders et al. 2023, and references therein). By
using σVz instead of the total velocity dispersion as Iorio &
Belokurov (2021), we do not assume axisymmetry of the disc,
which we have shown does not hold because of the warp. Fig-
ure 5 shows the σVz as a function of R, in the left panel com-
paring, for |Z| < 0.6 kpc, our TnD RRL sample (black curve)
to the RC stars from Das et al. (2024) separated into stars with
ages between 3 − 4 Gyr (green curve) and > 9 Gyr (brown
curve). The velocity dispersion of our TnD RRL sub-sample is
inconsistent with the old population from Das et al. (2024), even
within the uncertainties, and, instead, shows much better agree-
ment with the intermediate-age population. Although our RRLs
show colder kinematics for R > 13 kpc than the intermediate
age, the inconsistency with the older population by Das et al.
(2024) remains. We have also compared the σVz from our RRL

4 Similar results were found from completely independent arguments
and data by Sarbadhicary et al. (2021) for RRLs in the LMC.

sample with results from Anders et al. (2023) in the same verti-
cal and radial range. We found them to be consistent with an age
close to 3 − 4 Gyr (σVz ≈ 15 km s−1) and also, within uncertain-
ties, inconsistent with an age of > 10 Gyr as the canonically old
RRL population.

The right panel of Fig. 5 shows the σVz of our total sample
of TnD RRL (black), our sample of Cepheids (blue, Cabrera-
Gadea et al. 2024), the intermediate age population (IP) and RC
from Gaia Collaboration et al. (2021) in dashed green and red
solid curves, respectively. Our TnD RRL are consistent with
the IP and RC populations in σVz at all radii. Given that an
intermediate-age population dominates the RC (Girardi 2016),
this adds evidence to the inconsistency of TnD RRL with a
canonically old population. We remark that the RRL and the
RC share the same mean vertical velocity and vertical veloc-
ity dispersion, suggesting that both have experienced the same
dynamic history.

5. Conclusions

We have shown for the first time that RRL stars trace a warped
thin disc. We used a compilation of the largest catalogues of
Milky Way RRL stars (Gaia SOS, ASAS-SN-II and PS1) and,
using precise distances (∼ 5%) and proper motions from Gaia
DR3, in the anticentre direction we find a clear kinematic sep-
aration between halo (Vϕ > −170) and disc (Vϕ < −170) RRL.
Our kinematic selection of TnD RRL stars have led us to the
following conclusions:

– Metal-rich RRL stars clearly exhibit the spatial and kine-
matic signal of the warp across the disc.

– In the anticentre direction, the RRL warp in Z is systemati-
cally below the Cepheid’s warp by ≈ 0.2 kpc.

– Also in the anticentre, the RRL warp reaches similar ver-
tical velocities Vz ≈ 7 km s−1 as the Cepheid’s warp, but
with a different radial profile. The vertical velocity of RRL
as a function of the radius is similar to the results for the
intermediate-age population and RC stars by Gaia Collabo-
ration et al. (2021).
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Fig. 3. The vertical height Z as a function of the galactocentric radius R
at the anticentre direction for our sample of RRL (black) and Cepheids
best-fit warp at the anticentre from Cabrera-Gadea et al. (2024, blue
solid line), and for the Cepheids, measured in the same region and with
the same method as the RRL (blue dashed line). The shaded areas corre-
spond to one standard deviation from 300 bootstrap realisations. V∗z as a
function of R for RRL stars from this work (black curve), Cepheids
results from Cabrera-Gadea et al. (2024) (blue curve), the measure-
ment for the same region and method as the RRL for the Cepheids
sample (blue dashed line), the bulk population from Jónsson & McMil-
lan (2024) (yellow curve) and the result from Gaia Collaboration et al.
(2021) for the red clump (RC, brown curve) and intermediate popula-
tion (IP, green curve).

– The pattern speed of the RRL warp is prograde with a mean
value of 13±2 km s−1 kpc−1 for R > 12 kpc, similar to previ-
ous results on the pattern speed for other stellar populations.

– The vertical velocity dispersion for our kinematically se-
lected RRL is consistent with intermediate age population
3 − 4 Gyr. In contrast, we find that the expected velocity
dispersion of a population with the ages typically associated
with RRL (>10Gyr) is significantly higher, supporting a dy-
namical intermediate age for our sample of TnD RRL stars.

– The vertical velocity of the RRL and the RC stars reported
by Gaia Collaboration et al. (2021) shows the same trend in
their mean and dispersion, reflecting their similar dynamical
history.

Fig. 4. Pattern speed as a function of radius for the RRL’s warp (black
curve), Cepheid’s warp (blue curve) and the angular velocity of the RRL
(green curve). The grey shaded area shows the 15% and 85% percentile
of the pattern speed results from the bootstrap realisation, the dashed
line shows the median of the realisations.

These results open a new window with which to analyse the
Galactic disc’s warp. The addition of a new standard candle trac-
ing the warp across the entire disc motivates its use to study
wave phenomena in the TnD. Future works about the Milky Way
warp’s origin will find in the RRL population the characterisa-
tions of Z and Vz needed to understand how this wave differs
with the stellar population age.
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(Kluyver et al. 2016), TOPCAT (Taylor 2005, 2006) and PYGAIA (https:
//github.com/agabrown/PyGaia).
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Fig. 5. Both panels show the vertical velocity dispersion as a function of the galactocentric radius. Left: Our results for the RRL (black curve) in
the same vertical range as the result for 3 − 4 Gyr (green dashed curve) and > 9 Gyr (red curve) by (Das et al. 2024, D24). Right: σVz for the total
TnD RRL sample (black curve), for the Cepheids sample (blue dashed curve), for the Red Clump (red curve) and intermediate age population
(green dashed curve) from (Gaia Collaboration et al. 2021, GC21)
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Gaia DR3 source_id Comment
51251471083601920 Eclipsing (EB), P=2Psos
201773650856861696 Eclipsing (EB), P=2Psos
87159184382553088 Eclipsing (EB), P=2Psos
182118845420393088 Eclipsing (EB), P=2Psos
412435405816698880 G-band too sparse, P=2Psos
412572810414744064 Eclipsing (EB), P=2Psos
248905041414230656 Eclipsing (EB), P=2Psos
258626781489990272 Noisy, very low ampliture (0.2 in G)
513743720002047488 Noisy, double sequence
668027908865948032 Eclipsing (EW), P=2Psos

3100435740214782080 Too sparse, unlikely shape
2208678999172871424 Not an RRL. G/BP/RP well sampled

too red, amplitude ratios inconsistent
3108887445579879552 Eclipsing (EB), P=2Psos
3112279365934238720 Probably Eclipsing (EA)
3099365949760856448 Eclipsing (EB/EW), P=2Psos
3324366332775173760 Probably Eclipsing (EA)

Table A.1. RRL stars rejected based on their light curves. Eclipsing
binary types are denoted EA (detached), EB (semi-detached) and EW
(contact)

Appendix A: Rejected stars

After visual inspection of the light curves of the kinematically-
selected sample of TnD RRL stars in the anticentre (Sec. 3),
there were 16 RRLs rejected as misclassified. These are sum-
marised in Table A.1. The majority of rejected stars are eclipsing
binaries, most of type EB (β Lyrae or semi-detached) that were
misclassified as RRc stars in the Gaia DR3 SOS catalogue. We
have indicated with P=2Psos when a true period twice of that re-
ported by SOS produces a better light curve (with both eclipses
clearly visible). In all of these cases, when available, the ratios
between the G, BP and RP bands are close to unity, further sup-
porting their classification as eclipsing binaries.

Appendix B: RRL Selection Function

Figure B.1 shows the selection function for the composite
Gaia+ASAS+PS1 RRL catalogue as inferred by Mateu (2024),
based on the method described in Mateu et al. (2020). The top
panel shows the completeness of the RRL catalogue in the Z
versus R plane. The middle panel shows the residuals obtained
by subtracting from the completeness map a north-south flipped
version of itself. The bottom panel shows the completeness as
a function of R, separately for the north (blue) and south (red)
hemispheres.

These maps illustrate there are no systematics in the selection
function favouring a detection of RRL in any hemisphere ver-
sus the other. The map shows that although completeness starts
to decrease towards the Galactic plane for the outermost radii
(R > 16 kpc), it remains symmetric with respect to the Galactic
midplane. It is worth stressing that these estimates are empirical
and not based on any Galactic model and, so, there is no prior
assumption of symmetry.

Appendix C: The warp in the anticentre

Figure C.1 shows Z (top), V∗z (middle) and V∗ϕ (bottom) as a func-
tion of the radius, with the black lines corresponding to the same
means and uncertainties shown in Fig. 3. The black dots are the
RRL stars with photometric metallicity and the empty dots are
those with metallicity assigned. Because RRLs trace substruc-
tures such as the Sagittarius (Sgr, Ramos et al. 2022) and Mono-
ceros (Ramos et al. 2021) streams, we checked whether these
were contaminating our disc sample in the anticentre direction.
The red curve shows Sagittarius track above the Galactic plane
(solid curve) and below the plane (dashed curve). Our cut in V∗ϕ
to select disc RRL removes most of Sagittarius for R > 10 kpc
and the cuts in |Z| < 3 kpc and 9.5 < R/kpc < 17 guarantee
its absence in our final disc sample. Also we checked that none
of the Sagittarius RRL from Ramos et al. (2022) match with our
disc sample. For Monoceros, we do not find any RRL from our
disc sample to trace the track reported by Ramos et al. (2021).

Appendix D: Pattern speed of the warp

The mean vertical velocity of the stars Vz and the mean vertical
height Z are related by (see eq. 20 Chequers & Widrow 2017)

Vz(R, ϕ, t) =
∂Z
∂t
+
∂Z
∂ϕ
Ω (D.1)

where we have ignored the contribution of the radial veloc-
ity by the same argument given in (Cabrera-Gadea et al. 2024).
The partial derivative with respect to time in Eq. D.1 contains
all the contribution to Vz only by the changes in the warp struc-
ture given by its time evolution (patterns speed and changes in
amplitudes of all modes). We will assume that the warp only ro-
tates and all of its modes have the same pattern speed ω, then
∂tZ = −ω∂ϕZ. Given the similarity in Z and Vz in phase with
that of the Cepheids shown in Fig. 2 seems reasonable to assume
that Ȧ = 0. We therefore can calculate ω as

ω = Ω − Vz

∂ϕZ
(D.2)

In order to evaluate ∂ϕZ we fit in each radial bin a m = 1
mode and calculate its derivative. We measure Ω as the mean V∗ϕ
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Fig. B.1. Gaia+ASAS+PS1 RRL catalogue completeness. Top: com-
pleteness in the Z vs R plane. Middle: Residuals in the Z vs R plane.
Bottom: Completeness as a function of R for Z > 0 (blue) and Z < 0
(red). The shaded regions correspond to 1σ uncertainties.

divided by the radius of the radial bin. Because we can apply
Eq. D.2 in each radial bin, we get the pattern speed as a function
of the radius.
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Skowron, D. M., Skowron, J., Mróz, P., et al. 2019, Science, 365, 478
Taylor, M. B. 2005, in Astronomical Society of the Pacific Conference Se-

ries, Vol. 347, Astronomical Data Analysis Software and Systems XIV, ed.
P. Shopbell, M. Britton, & R. Ebert, 29

Taylor, M. B. 2006, in Astronomical Society of the Pacific Conference Se-
ries, Vol. 351, Astronomical Data Analysis Software and Systems XV, ed.
C. Gabriel, C. Arviset, D. Ponz, & S. Enrique, 666
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Caṕıtulo 4

Conclusiones

En este trabajo caracterizamos en detalle la estructura y cinemática del alabeo de la Vı́a Láctea trazado
por Cefeidas Clásicas y descubrimos que las RR Lyrae son trazadoras del alabeo. Para la muestra de Cefeidas
Clásicas utilizamos el catálogo de Skowron et al. (2019b) y la muestra de RR Lyrae es un compendio de
catálogos de Gaia DR3 Specific Objects Study (Clementini et al., 2023), ASAS-SN-II (Jayasinghe et al.,
2019) y PanSTARRS1 (Sesar et al., 2017). Las distancias para las Cefeidas Clásicas son las reportadas
por Skowron et al. (2019b) mientras que las distancias de las RR Lyrae las calculamos v́ıa una relación
metalicidad-magnitud absoluta Garofalo et al. (2022) usando metalicidades adoptadas de Li et al. (2023b).
Ambos catálogos fueron complementados con movimientos propios de Gaia DR3 (Gaia Collaboration et al.,
2020).

En la caracterización del alabeo con Cefeidas Clásicas de nuestro primer art́ıculo (Cabrera-Gadea et al.,
2024b) obtuvimos la descomposición de Fourier de la estructura y cinemática más general hasta la fecha.
Al no imponer ninguna dependencia radial de los modos pudimos determinar que el alabeo de las Cefeidas
Clásicas es más complejo de lo explorado anteriormente, donde el modo m “ 2 esta presente en Z y con
mayor importancia en Vz. La presencia del modo m “ 2 en Vz pone en cuestión al modelo tilted rings para
la descripción del alabeo, tanto en la VL a partir de cinemática, como en galaxias externas donde ya se han
observado modos m “ 2 (Tsukui et al., 2024).

Dada la libertad de las fases de los modos en función del radio, pudimos observar que la ĺınea de nodos
tiene una precesión en función del radio en la dirección de la rotación galáctica de 12.7˝/kpc y que, dado
su radio de inicio de « 11 kpc, cumple con lo esperado por la regla de Briggs (Briggs, 1990). Sin embargo,
también descubrimos que la ĺınea de máximo Vz tiene la misma precesión radial, pero está rezagada respecto
de la ĺınea de nodos por 25˝, como consecuencia de la presencia del modo m “ 2. Curiosamente, esto remarca
el carácter cinemático y no morfológico de la regla de Briggs, ya que esta regla se obtiene de asumir un modelo
tilted rings para las velocidades verticales, en el cual se presupone que la ĺınea de máximo Vz coincide con
la ĺınea de nodos. Dado que esto no se cumple en la VL (al menos con las Cefeidas) y es consecuencia del
modo m “ 2, es de esperar que lo que se asume como la ĺınea de nodos en galaxias externas se asemeje más
a la ĺınea de máximo Vz que a la propia ĺınea de nodos. Finalmente, el modo m “ 2 además de desviar la
ĺınea de máximo Vz también genera asimetŕıas azimutales, generando que los máximos del alabeo en Z y Vz

nunca estén diametralmente opuestos.
El hecho de que el modo m “ 2 sea más prominente en las velocidad que en las posiciones puede indicar

que el mecanismo que lo imprimió fue reciente y aún no dio tiempo para que su amplitud en Z crezca de
forma comparable al modo m “ 1 (Kathryn V. Johnston, comunicación privada). Esto favoreceŕıa a un
escenario de formación en que la interacción con la Nube Grande de Magallanes y Sagitario son la causa del
alabeo (Laporte et al., 2018; Bland-Hawthorn & Tepper-Garćıa, 2021; Stelea et al., 2024). Este escenario
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seŕıa consistente con otras ondas verticales asociadas al disco, como la espiral de fase (Bland-Hawthorn &
Tepper-Garćıa, 2021). Sin embargo, en este mecanismo hay incertidumbres en las órbitas y las masas de los
satélites que pueden cambiar considerablemente los resultados concretos en cuanto a los modos esperados en
la cinemática y estructura (Laporte et al., 2018; Stelea et al., 2024).

Otro aporte original de Cabrera-Gadea et al. (2024b) es el método desarrollado para obtener la evolución
temporal del alabeo. Esto nos permitió obtener, de forma independiente al trabajo de Dehnen et al. (2023),
los primeros resultados de la velocidad angular del alabeo en función del radio y también de su cambio en
amplitud. Además, nuestro formalismo es general para cualquier cantidad de modos, mientras que el método
de Dehnen et al. (2023) sólo funciona suponiendo el modelo tilted rings o m “ 1, modelo que no es suficiente
para describir el alabeo detalladamente.

En (Cabrera-Gadea et al., 2024a), nuestro segundo art́ıculo, demostramos por primera vez que las RR
Lyrae trazan el alabeo. Este resultado es de gran importancia para la comunidad ya que agrega una nueva
estándar de luminosidad representativa de la dinámica del disco estelar para estudiar el alabeo en detalle y
en un gran rango azimutal, como se ve en la Figura 2 de Cabrera-Gadea et al. (2024a).

El alabeo trazado en la dirección del anticentro por las Cefeidas y por las RR Lyrae presentan diferencias,
tanto en Z como en Vz. Curiosamente, las diferencias son más acentuadas en Vz que en Z, como se puede
ver en la Figura 3 de Cabrera-Gadea et al. (2024a). Estas diferencias debemos remarcar que son en el detalle
de cómo vaŕıa la tendencia según el radio, es decir, ambas poblaciones presentan un crecimiento hasta un
punto de inflexión de « 7 km s´1, sin embargo, la pendiente que existe entre el comienzo de Vz ą 0 y el
máximo es menor para las RR Lyrae que para las Cefeidas. Este patrón también se observa en las muestras
de población de edades intermedias y jóvenes en el trabajo Gaia Collaboration et al. (2021).

Dado que para las RR Lyrae no realizamos una descomposición de Fourier, no podemos aplicar el método
de (Cabrera-Gadea et al., 2024b) para obtener la velocidad angular de los modos. Sin embargo, desarrollamos
un método simplificado bajo el cual se puede estimar la velocidad angular para las RR Lyrae y descubrimos
que, al igual que las Cefeidas, trazan un alabeo con una velocidad angular prógrada y de amplitud similares
(las RR Lyrae « 13 ˘ 2 km s´1/kpc y 9.2 ˘ 3.2 km s´1/kpc las Cefeidas). Esta concordancia entre ambas
velocidades angulares no es necesariamente una sorpresa luego del primer art́ıculo, ya que, como se remarcó
en la discusión 5.2 de Cabrera-Gadea et al. (2024b), lo que importa para la velocidad angular son diferencias
relativas entre Z y Vz (ver Ecuación 14 de Cabrera-Gadea et al. (2024b)), por lo cual, los alabeo en Z y
Vz pueden ser muy distintos entre las Cefeidas y las RR Lyrae, pero mientras tengan los mismos Am{Vm y
φm ´ φV

m tendrán una similar velocidad de precesión ωm.
Nuestra estimación de la edad de las RR Lyrae, obtenida por medio de las relaciones de dispersión de

velocidad vertical y edad de población de disco tomadas de Das et al. (2024); Anders et al. (2023), indican
que las RR Lyrae trazadoras del alabeo tienen edades intermedias de „ 3 ´ 4 Gaños. Esto concuerda con
los resultados previos de Iorio & Belokurov (2021) para su muestra de RR Lyrae en el disco delgado. Ésta
es, pues, la primera detección del alabeo con estrellas pulsantes de edad intermedia, es decir, con dinámica
estelar, puesto que las Cefeidas Clásicas tienen una dinámica aún semejante a la del gas en que nacieron.

La imagen general del alabeo en base a la literatura y confirmada por nuestros trabajos, es que todas
las poblaciones estelares trazan un alabeo con la ĺınea de nodos en la región del anticentro, con un modo
m “ 1 dominando en Z. Dada esta similitud a primer orden de los alabeos de distintas poblaciones estelares,
y a la luz de nuestros resultados con las Cefeidas y las RR Lyrae que presentan diferencias leves en Z y
Vz, pareciera que la dependencia del alabeo con la edad de la población estelar existe pero es un término
de ”segundo orden”, dando una idea de porqué existen resultados contradictorios en la literatura respecto
a esta dependencia y reforzando la necesidad del uso de estándares de luminosidad con cobertura azimutal
extendida para estudiar el alabeo en detalle.

Dado el nivel de las diferencias entre los alabeos de población joven y de edad intermedia, consideramos
que hacer una descomposición de Fourier para el alabeo de las RR Lyrae, similar a la realizada para las
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Cefeidas, es necesario para revelar la mayor cantidad de detalles a comparar entre ambos. Futuros trabajos
observacionales con otras estrellas pulsantes de distancias precisas serán de utilidad para seguir explorando
el alabeo con el mayor de los detalles. Desde el lado teórico aún carecemos de un análisis profundo de cuáles
son las consecuencias de cada mecanismo respecto a el alabeo presente en cada población estelar. Futuros
trabajos en simulaciones y teoŕıa deben explorar la dependencia del alabeo con la edad de la población en
detalle para poder utilizar estas sutiles diferencias observadas para poder restringir los posibles oŕıgenes del
alabeo.
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las contribuciones realizadas en esta tesis respecto del trabajo presentado en la Iniciación a la Investigación.
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