FINITE ELEMENT DISCRETIZATIONS OF NONLOCAL MINIMAL GRAPHS:
CONVERGENCE
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ABSTRACT. In this paper, we propose and analyze a finite element discretization for the compu-
tation of fractional minimal graphs of order s € (0,1/2) on a bounded domain Q. Such a Plateau
problem of order s can be reinterpreted as a Dirichlet problem for a nonlocal, nonlinear, degen-
erate operator of order s + 1/2. We prove that our numerical scheme converges in W27 () for
all » < s, where WES(Q) is closely related to the natural energy space. Moreover, we introduce
a geometric notion of error that, for any pair of H! functions, in the limit s — 1/2 recovers a
weighted L2-discrepancy between the normal vectors to their graphs. We derive error bounds with
respect to this novel geometric quantity as well. In spite of performing approximations with con-
tinuous, piecewise linear, Lagrangian finite elements, the so-called stickiness phenomenon becomes
apparent in the numerical experiments we present.

1. INTRODUCTION

Several complex phenomena, such as those involving surface tension, can be interpreted in terms
of perimeters. In general, perimeters provide a good local description of these intrinsically nonlocal
phenomena. The study of fractional minimal surfaces, which can be interpreted as a non-infinitesimal
version of classical minimal surfaces, began with the seminal works by Imbert [40] and Caffarelli,
Roquejoffre and Savin [19].

As a motivation for the notion of fractional minimal sets let us show how it arises in the study
of a nonlocal version of the Ginzburg-Landau energy, extending a well-known result for classical
minimal sets [44, 45]. Let Q2 C R? be a bounded set with Lipschitz boundary, e > 0 and define the

energy
£2

Te|u; ] = 5 |Vu( ) da + QVV(u(a:)) dx,

where W(t) = $(1 — %)% is a double—well potential. Then, for every sequence {u.} of minimizers
of the rescaled functional F.[u;Q] = e~} J.[u; Q] with uniformly bounded energies there exists a
subsequence {u,, } such that

Ue, = XE — XEe In Ll(Q),
where E is a set with minimal perimeter in . Analogously, given s € (0, 1), consider the energy

T2 ;9] = //Qﬂ = y|n(+2)|2 d:z:dy+/QW(u(:c)) dz,

where Qo = (R? x R?) \ (Q¢ x ), and rescale it as

e 2 T8 u; Q] if s €(0,1/2);
Filu; Q) =< e t|loge| T8 u; Q] if s =1/2;
e T8 u; Q) if s € (1/2,1).
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Note that the first term in the definition of J° involves the H*(R?)-norm of u, except that the
interactions over Q° x ¢ are removed; for a minimization problem in €2, these are indeed fixed. As
proved in [47], for every sequence {u.} of minimizers of F? with uniformly bounded energies there
exists a subsequence {u,, } such that

Ue, —> XE — XEe inLl(Q) as e, — 0T,

If s € [1/2,1), then E has minimal classical perimeter in §2, whereas if s € (0,1/2), then E minimizes
the nonlocal s-perimeter functional given by Definition A.1.

Other applications of nonlocal perimeter functionals include motions of fronts by nonlocal mean
curvature [21, 22, 23] and nonlocal free boundary problems [20, 30, 34]. We also refer the reader to
[16, Chapter 6] and [25] for nice introductory expositions to the topic.

The goal of this work is to design and analyze finite element schemes in order to compute fractional
minimal sets over cylinders  x R? in R4+, provided the external data is a subgraph. In such a case,
minimal sets turn out to be subgraphs in the interior of the domain €2 as well, and the minimization
problem for minimal sets can be equivalently stated as a minimization problem for a functional
acting on functions u: R? — R, given by

1 (2559 e

where Qg = (R? x R?)\ (Q° x Q°), Q¢ = R?\ Q is the complement of 2 in R? and F, : R — R is
a suitable convex nonnegative functlon. This is the s-fractional version of the classical graph area

functional
W] = / VIFVu@)P da
Q

among suitable functions u : @ — R satisfying the Dirichlet condition u = g on 9. A crucial
difference between the two problems is that the Dirichlet condition for I[u] must be imposed in Q°,
namely

u=g¢ in Q°.
We propose a discrete counterpart of Is[u] based on piecewise linear Lagrange finite elements on
shape-regular meshes, and prove a few properties of the discrete solution uy, including convergence
in W2 (Q) for any 0 < 7 < s as the meshsize h tends to 0. We point out that u € W35(Q) is the
minimal regularity needed to guarantee that I5[u] is finite. We also derive error estimates for a novel
geometric quantity related to the concept of fractional normal.
A minimizer of I;[u] satisfies the variational equation

Iw—y\

for all functions v € W2(Q) such that v = 0 in Q°. Hereafter, G4(p) := p~'F!(p) has the property
that G4(p) — 0 as |p| — oo, which makes the equation for u both nonlinear and degenerate. This

extends to 0 < s < 1 the equation
Vu(z) - Vo(z)
a1+ |Vu(x)?

for minimal graphs. Moreover, this extends the quadratic case Fy(p) = Csp?, which leads to the
equation for the integral fractional Laplacian (—A)Hl/2 of order s +1/2 < 1,

((— A)SH/QU vy = 2C; // )) (v(ac) — U(y)) dxdy =0

|d+25+1

(1.3) -0

Our nonlinear solver hinges on the linear solver for (—A)‘ w of [1]. In fact, we develop a discrete
gradient flow and a Newton method, which are further discussed in [12] along with several numerical
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experiments that illustrate and explore the boundary behavior of u. In this paper we present simple
numerical experiments.

Let us briefly review the literature on finite element discretizations of (—A)® on bounded domains
Q in R%. We refer to [1, 2, 4, 10, 28] for homogeneous Dirichlet conditions g = 0 in Q¢ as well as
details on convergence of the schemes and their implementation. On the other hand, methods have
been proposed to deal with arbitrary nonhomogeneous Dirichlet conditions g # 0 in Q€, either based
on weak imposition of the datum by using Lagrange multipliers [3] or on the approximation of the
Dirichlet problem by Robin exterior value problems [6]. We refer to the survey [9] for additional
discussion, comparison of methods, and references. Moreover, the fractional obstacle problem for
(—A)® has been studied in [11, 13, 17], where regularity estimates and convergence rates are derived.

This paper seems to be the first to treat numerically fractional minimal graphs. We now outline
its contents and organization. Section 2 deals directly with the functional I, thereby avoiding a
lengthly discussion of fractional perimeters, which is included in Appendix A. Section 2 studies
some properties of Iy and introduces the variational formulation (1.2). The discrete formulation
and the necessary tools for its analysis, such as localization of fractional order seminorms, quasi-
interpolation operators and interpolation estimates are described in Section 3. In Section 4 we show
that our discrete energy is consistent. This leads to convergence of discrete solutions uy to s-minimal
graphs in W (Q2) for every 0 < r < s as the largest element size h tends to 0 without any additional
regularity of u beyond u € W2%(Q).

A more intrinsic error measure than the Sobolev norm in W7 (Q2) exploits the geometric structure

of I;. For the classical case s = 1, set U(a) = (g(_a;) with Q(a) = /1 + |a]? and consider the

geometric error between two functions u,v:  — R

e(u,v) = (/ﬂ #(Vu) ~ (V) D ZQ(vuh)da:>%.

This quantity e(u,v) gives a weighted L?-estimate of the discrepancy between the unit normals to
the graphs of u and v [37]. Section 5 deals with a novel nonlocal geometric quantity es(u,v) that
mimics e(u,v). We first derive an upper bound for e;(u, uy), where w is the s-minimal graph and wy,
is its discrete counterpart, without regularity of u as well as error estimates under realistic regularity
assumptions on u. We next prove that the nonlocal quantity es(u,v) recovers its local counterpart
e(u,v) as s — & . In doing so, we also prove convergence of the forms (1.2) to (1.3) as s — 3 .

Section 6 presents experiments that illustrate the performance of the proposed numerical methods
and the behavior of s-minimal graphs. We conclude with some technical material in appendices. We
collect definitions of and results for fractional perimeters in Appendix A and exploit them to derive
the energy I, in Appendix B.

2. FORMULATION OF THE PROBLEM

As a motivation for the formulation of the problem we are concerned with in this work, we first
visit the classical minimal graph problem. Let © C R? be an open set with sufficiently smooth
boundary, and let g: 9Q — R? be given. Then, the Plateau problem consists in finding u: Q — R?
that minimizes the graph surface area functional

(2.1) I[u] :/Q\/l—i— |Vu(z)|? dz

among a suitable class of functions satisfying u = g on 9€Q2. For simplicity, let us assume that such
a class is a subset of H(f2). By taking first variation of I, it follows that the minimizer u satisfies

Vul@) - Vol@) yo o v e HI(Q).

o Vit Nu@PE

(2.2)
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The integral on the left above can be understood as a weighted form, where the weight depends
on the solution . Identity (2.2) is the starting point for classical approaches to discretize the graph
Plateau problem [24, 41, 46].

We now fix s € (0,1/2) and consider the s-perimeter operator Ps given by Definition A.1. Like for
the classical minimal surface problem, one may study the nonlocal minimal surface problem under
the restriction of the domain being a cylinder. A difference between the problem we consider in
this paper and its classical counterpart is that here imposition of Dirichlet data on the boundary
of the domain becomes meaningless and thus we require that the exterior data can be written as
a subgraph with respect to a fixed direction. Concretely, from now on we consider ' = Q x R

with Q C R? bounded. We assume that the exterior datum is the subgraph of some given function
g:RI\Q =R,

(2.3) Ey = {(2/,2q41): zas1 < g(2'), 2’ € R*\ Q} .

Remark 2.1 (assumptions on data). Many of the results we describe in this paper are not optimal,
in the sense that the assumptions can be weakened. In particular, this applies to the domain Q and
the Dirichlet datum g. About the latter, most of the theory can be carried out by assuming g to
be locally bounded and with some growth condition at infinity. However, in view of the proposed
numerical method, we consider this exterior data function to be uniformly bounded and with bounded
support. More precisely, unless otherwise stated, from now on we assume that

Q is a bounded Lipschitz domain;
2.4
(24) g € L= (RY) with compact support.

We leave all the technical discussion about the well-posedness of the nonlocal minimal graph
problem to Appendix A, but here we only mention two important features to take into account.
The first one is that, in this setting, the notion of s-minimal set becomes meaningless, as every set
E that coincides with Ey in ' satisfies Ps(F, ') = oo; the correct notion to consider is the one of
locally s-minimal set. The second important feature is the existence of a locally s-minimal set in
Q' that coincides with the exterior datum (2.3), and that actually corresponds to the subgraph of a
function v in €2, that is,

(2.5) EnQ ={(a',z411): zap1 < u(z'), 2’ € Q}.

Remark 2.2 (solving the graph nonlocal Plateau problem). Appendiz A explains that, in order
to to find the locally s-minimal graph in €V, it suffices to take M large enough, consider Qy; =
O x [-M, M|, and then seek a function u in the class

{u:R* 5 R ullpe() < M, u=g in Q°}
such that the set E := {(2',xq41) : Tar1 < u(z')} satisfies
Py(E, Q) < Py(F, Q)
for every set F that coincides with E outside .

2.1. An energy functional. According to (A.3), the s-minimal sets we aim to approximate in this
work are subgraphs. When restricting the fractional perimeter functional Ps(-,€2ys) to subgraphs of
functions that coincide with some given g in ¢, it is convenient to work with an operator acting on
the function u rather than on the set E. More precisely, consider the set Qo = (R? x R?)\ (Q° x Q)
and the function F: R — R,

P p—r
(2.6) Fy(p) 12/0 (1+T2)(d+1+25)/2dr'

In order to study the Plateau problem for nonlocal minimal graphs, we introduce the energy

o e ()
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This functional is the nonlocal analogue of (2.1). Indeed, there exists a direct relation between the
operator I, and the s-perimeter. As pointed out in Remark 2.2, in order to find nonlocal minimal
graphs on it suffices to find minimizers of the fractional s-perimeter Ps(E, Q) for M sufficiently
large. The next proposition shows that, in the graph setting, if M is large enough then the s-
perimeter Ps(E,€)s) can be written as the sum of a term depending only on « plus a term that
is independent of u, albeit it blows up as M — oco. For completeness, we include a proof of this
proposition in Appendix B; we refer also to [43, Proposition 4.2.8].

Proposition 2.3 (relation between P and I). Let Q C R? be a bounded Lipschitz domain, g €
L>(Q°), M > ||gllze= ey, & = QxR and Qpr = Q x [-M, M]. Then, for every set I of the type
of (A.3) with ||u| =) < M, it holds that

P(E, Q) = Is[u] + C(M, d, 5,2, g),
where I[u] is given according to (2.7).

An immediate consequence of this decomposition is that, if M > ||g|[ (o), then the minimizer
u is independent of the truncation parameter M. Even though in the limit M — oo the fractional
perimeter is trivially equal to infinity, the function u we compute has the ‘good credentials’ to be
regarded as a fractional minimal surface in the cylinder €’. We recall that there cannot exist an
s-minimal set on Q' that coincides with the subgraph of a bounded function in '¢.

Remark 2.4 (growth of exterior data). The functional Is may not be well-defined for functions that
coincide with g on Q¢ unless g does not grow too fast at infinity. Nevertheless we point out that, as
described in (2.4), in this work we assume that g is bounded and with bounded support in RY.

Our next goal is to define the correct space in which to look for minimizers of the energy functional
I;. We start with an auxiliary result.

Lemma 2.5 (energy bounds). Let Q C R? be bounded. Then, there exist constants Cy(d,$,s),
Co(d, s) and C3(d, s) such that, for every function v: R? — R it holds that

(2.8) W)l
<C'//Q |.T* |d+25dd

Proof. From definition (2.6), it follows immediately that F,(0) = 0 and that

P 1
(o) —
Fi(p) = /0 T r2)(d+1+28)/2 dr, Vp>0.

Thus, if we set the constant C3 = dr, we deduce that

Iy Gy
Fs(p)§03p Vp > 0.

This implies the second inequality in (2.8).
On the other hand, the first estimate in (2.8), with constant Cy = [, = ‘;lﬂ‘i% T < 0o because

Q c R? is bounded, is a consequence of the bound

(2.9) p<1+C2F;(p) Vp=>0.
It is obvious that such a bound holds for 0 < p < 1, whereas if p > 1, we have F!(p) > F.(1) and
therefore, F5(p) > F.(1)(p — 1). The desired inequality follows with constant Cy = 1/F(1). O

Taking into account the lemma we have just proved, we introduce the natural spaces in which to
look for nonlocal minimal graphs.
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Definition 2.6 (space V9). Given g: Q¢ — R, we consider
VI={v:R SR : U|Q e W2(Q), v=gin Q°, |v]ys < oo},
equipped with the norm

[llva = [|vll L2 (@) + [v]va,

._ v(z) = v(y)|
|U|V9 = -/‘/QQ dedy

In the specific case where g is the zero function, we denote the resulting space V9 by V°. The set
V9 can also be understood as that of functions in W2*(£2) with ‘boundary value’ g. Indeed, we point
out that in Definition 2.6 we do not require g to be a function in W2%(Q¢) (in particular, g may
not decay at infinity). The seminorm | - |ys does not take into account interactions over Q° x Q°,
because these are fixed for the applications we consider.

As stated in the next Proposition, given a Dirichlet datum g, the space V9 is the natural domain
of the energy I.

where

Proposition 2.7 (energy domain). Let s € (0,1/2) and Q,g be given according to (2.4). Let
v: RY = R be such that v =g in Q°. Then, v € V9 if and only if I ,[v] < co.

Proof. The claim follows easily from Lemma 2.5. Let v be a function that coincides with g in Q°.
Then, if v € V9, the second estimate in (2.8) gives I5[v] < oo, because |v]ys < 00.

Reciprocally, if I;[v] < oo, the first inequality in (2.8) implies that \v|Q|les(Q) <oo. Fix R>0
such that 2 C Bp/o; because of (2.9) and the Lipschitz continuity of Fy, integrating over Qx (Br\Q),

we obtain
Ivllzr ) // ( <|u( )| )) dzdy
< 1+ F,
R?s Qx(Br\Q) |z -y |z — y|Ht2s—t
1+ g(y)|
————dzdy.
//S)X BR\Q |‘r_ |d+25

The last integral in the right hand side above is finite because ||g||z~ < co. Therefore, v € L*(Q).
To deduce that |v]ys < oo, we split the integral, use the triangle inequality, integrate in polar
coordinates and apply Hardy s inequality [39 Theorem 1.4.4.4] to derive

[vlye < |v|glwes +2// ddy+2// —2—dxdy
‘Q W) QxQe |$— |d+25 QxQe |~T— |d+2s

lv(z)|
< s 7d o (e < s o (Qc)-
N |U‘Q|Wf () +/Q dist(z, 99)2s z+ gl (©°) < HU’QHWE @ * lgllz (£2)

This proves that v € V¢ and concludes the proof. O

Taking into account Proposition 2.3 and Proposition 2.7, we obtain a characterization of nonlocal
minimal graphs (see also [43, Theorem 4.1.11]).

Corollary 2.8 (relation between minimization problems). Let s € (0,1/2) and €, g satisfy (2.4).
Given a function u: RY — R that coincides with g in Q°, consider the set E given by (A.3). Then,
E is locally s-minimal in Q' = Q X R if and only if u minimizes the energy Is in the space V9.

The functional I is strictly convex, because the weight F appearing in its definition (cf. (2.6))
is strictly convex as well. Therefore, we straightforwardly deduce the next result.

Corollary 2.9 (uniqueness). Under the same hypothesis as in Corollary 2.8, there exists a unique
locally s-minimal set.
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We conclude this section with a result about the regularity of the minimizers of Is. In spite of
being prone to be discontinuous across the boundary, minimal graphs are smooth in the interior
of the domain. The following theorem is stated in [18, Theorem 1.1], where an estimate for the
gradient of the minimal function is derived. Once such an estimate is obtained, the claim follows by
the arguments from [8] and [38].

Theorem 2.10 (interior smoothness of nonlocal minimal graphs). Assume E C R9*! is an s-
mianimal surface in Q' = Q x R, given by the subgraph of a measurable function u that is bounded in
an open set A D Q. Then, u € C>(Q).

2.2. Weak formulation. In order to define the proper variational setting to study the nonlocal
minimal graph problem, we introduce the function G5: R — R,

p
(2.10) Gulp) = / (14 72)~@FL429/20, — ().
0

We recall that s € (0,1/2). Clearly, G, is an odd and uniformly bounded function:

o) B . T d+2s ﬁ
(2.11) |Gs(p)‘ <K ;:/O (1—‘1-7“2) (d+1+2*)/2d7“ = 2F<C‘l2+12)+25)

The constant K has already appeared in the proof of Lemma 2.5, under the label C3(d, s). The last

equality above follows from the substitution ¢ = (1 +r2)~! and the basic relation between the beta
C(@)'(y)

(z+y) *

Given a function u € V9, we take the bilinear form a,: V9 x V0 — R,

.12) i [[ G, (He) =) (o)~ s = vt

|z =yl |z — y|drites

where G, (p) = fol(l + p2r2)~(@d+1429)/2 4 and hence it satisfies pG(p) = G4 (p).
To obtain a weak formulation of our problem, we compute the first variation of (2.7), that yields

§I[u](v) = ay(u,v) for all v e V.

and gamma functions, B(z,y) =

Thus, we seek a function u € V9 such that
(2.13) au(u,v) =0 forall v € VO,

Another approach —at least formal- to derive problem (2.13) is to write it as the weak form of
a suitable Euler-Lagrange equation. More precisely, assuming that the set F is the subgraph of a
function w, this can be written as the following nonlocal and nonlinear equation [8]

u(z) — u(y)> 1
2.14 H,[E](z) = P.V./ G, ( dy = 0,
— B =0T ) e
in a viscosity sense, for every = € Q. With some abuse of notation, we let H[u] represent H,[E]
when F is the subgraph of u. Therefore, u solves the Dirichlet problem

Hlu](z) =0 z €,
(2.15) { ulz) = g(x) xR\ Q.

In this regard, the weak formulation of (2.15) is set by multiplying it by a test function, integrating
and taking advantage of the fact that G is an odd function. This corresponds to (2.13).

We finally point out that (2.13) can be interpreted as a fractional diffusion problem of order
s+ 1/2 with weights depending on the solution u and fixed nonhomogeneous boundary data; this is
in agreement with the local case (2.2). Like for the classical minimal graph problem, the nonlinearity
degenerates wherever the Lipschitz modulus of continuity of u blows up. We expect this to be the
case as dist(x,dQ) — 0, as this has been shown to be the generic behavior in one-dimensional
problems [33].
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3. NUMERICAL METHOD

This section introduces the framework for the discrete nonlocal minimal graph problems under
consideration. We set the notation regarding discrete spaces and analyze their approximation prop-
erties by resorting to a quasi-interpolation operator of Clément type. We include a brief discussion
on the solution of the resulting nonlinear discrete problems.

3.1. Finite element discretization. As discussed in Remark 2.1, in this work we assume that g
is a function with bounded support. Concretely, we assume that

(3.1) supp(g) C A for some bounded set A.

Approximations for unboundedly supported data are discussed in a forthcoming paper by the authors
[12]. Without loss of generality, we may assume that A = Br(0) is a ball of radius R centered at
the origin.

We consider a family {7,}r>0 of conforming and simplicial meshes of A, that we additionally
require to exactly mesh 2. Moreover, we assume this family to be shape-regular, namely:

hr
0 = sup max — < 09,
h>0 TETh 1%

where hy = diam(7) and pr is the diameter of the largest ball contained in T. As usual, the
subindex h denotes the mesh size, h = maxre7, hr. The set of vertices of 7, will be denoted by N5,
and ; will denote the standard piecewise linear Lagrangian basis function associated to the node
x; € Np,. In this work we assume that the elements are closed sets. Thus, the star or first ring of an
element T € 7Ty, is given by

Sr={T" e Th: TnT #0}.
We also introduce the star or second ring of Sk,
St = {1 € Th: Sp T # 0},

and the star of the node x; € A}, S; = supp(y;). We split the mesh nodes into two disjoint sets,
consisting of either vertices in € and in €,

Ni = {xi: x; € Q}, Ny ={x;: %, € Q°}.

We emphasize that, because € is an open set, nodes on 92 belong to Nf.
The discrete spaces we consider consist of continuous piecewise linear functions in A. Indeed, we
set

Vi = {v € C(A) v\T e PLVT € 771}
For this work, we make use of certain Clément-type interpolation operators on V;. To account for
boundary data, given an integrable function g: A\ Q — R, we define
Vi ={veV,: vjpa=1I5g}.

Here, IIj denotes the exterior Clément interpolation operator in 2¢, defined as

hg = Z (1L 9)(xi) i,

XiGNﬁ

where II}7g is the L?-projection of 9|Smﬂc onto P1(S; N Q°). Thus, IIfg(x;) coincides with the
standard Clément interpolation of ¢ on x; for all nodes x; such that S; C R¢ \ Q. On the other hand,
for nodes on the boundary of 2, II§ only averages over the elements in \S; that lie in Q°. Although
I1{ g only takes into account values of g in €2¢, the support of IIf g is not contained in 2¢, because
; attains nonzero values in Q for x; € 9.
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Using the same convention as before, in case g is the zero function, we write the corresponding
space as V9. Also, we define the interior Clément interpolation operator I15: L!(Q) — V9,

o= ) (o)) i,

X; EN,‘:
where IT} v is the L2-projection of U|Q onto Py (5;).

Remark 3.1 (discrete functions are continuous). Even though nonlocal minimal surfaces can develop
discontinuities across €Y —recall the sticky behavior commented in Remark A.3— the discrete spaces
we consider consist of continuous functions. This does not preclude the convergence of the numerical
scheme we propose in ‘trace blind’ fractional Sobolev spaces. Furthermore, the strong imposition of
the Dirichlet data simplifies both the method and its analysis. The use of discrete spaces that capture
discontinuities across the boundary of the domain is subject of ongoing work by the authors.

With the notation introduced above, the discrete counterpart of (2.13) reads: find uj, € VY such
that

(3.2) oy, (un,vp) =0 for all v, € VY.

Due to our assumption (2.4) on the datum g, it follows immediately that up, is a solution of (3.2)
if and only if w;, minimizes the strictly convex energy I,[us] over the discrete space V. This leads
to the existence and uniqueness of solutions to the discrete problem (3.2).

3.2. Localization. An obvious difficulty when trying to prove interpolation estimates in fractional
Sobolev spaces is that their seminorms are non-additive with respect to disjoint domain partitions.
Here we state a localization result, proved by Faermann [35, 36] in the case p = 2. For brevity, since
the proof for p # 2 follows by the same arguments as in those references, we omit it.

Proposition 3.2 (localization of fractional-order seminorms). Let s € (0,1), p € [1,00), and £ be
a bounded Lipschitz domain. Let Ty, denote a mesh as above. Then, for any v € W;(Q) there holds

1/p
(x) —v(y)|P 2Pwy_1
3.3 lwaoy < | 30 // @) = )T de + - ]
(33) oz rireg? JTx(5309) |x—y|d+‘qp (@) sphy’ ET

Above, wq—1 denotes the measure of the (d — 1)-dimensional unit sphere.

This localization of fractional-order seminorms is instrumental for our error analysis. It implies
that, in order to prove approximability estimates in W (), it suffices to produce local estimates in
patches of the form T x S} and scaled local LP(T) estimates for every T € Tj,.

3.3. Interpolation operator. Here we define a quasi-interpolation operator that plays an impor-
tant role in the analysis of the discrete scheme proposed in this paper. Such an operator combines
the two Clément-type interpolation operators introduced in the previous subsection. More precisely,
we set Zp,: LY (R?) — V7,
(3.4) Ty =11, (v],) + Mfg.

Using standard arguments for Clément interpolation, we obtain local approximation estimates in
the interior of 2.
Proposition 3.3 (local interpolation error). Let s € (0,1), p>1, s <t < 2. Then, for all T € Ty,
it holds

[v = Zpvllze(ry S R J0lwecsy):

-7 (v —T P
[ R AT SR
TxSkh |z — yl|dtep per

and

10
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From Corollary 2.8 and Theorem 2.10 we know that, under suitable assumptions, minimal graphs
are WZ*-functions that are locally smooth in 2. These conditions are sufficient to prove the conver-
gence of the interpolation operator Zy.

Proposition 3.4 (interpolation error). Let s € (0,1), and p > 1 be such that sp < 1. Assume that
Q and g satisfy (2.4) and (3.1). Then, for all v: R — R satisfying U|Q € W3 () and v = g in Q°,

_ _ P
// (Znv —v)(@) = (Zwv — V) (y)| dedy — 0 as h — 0.
Qo

|z — y| e

Proof. In first place, we split

(Znv —v)(x) — (Zpv — v)(y)] // |Zhv(x) — v(@)” )P
dxdy dxdy
//stzc |z — y|d+sp axoe T — |d+5p
II5 g
[t
axQe |9C — yldtsp

Given z € Q, we have [,. Wdy < d(z,080) 7P, and since Zv — v € W;(2), we invoke the
Hardy inequality [39, Theorem 1.4.4.4] to deduce that

(Znv —v)(@)|” [(Znv — v)(2)[”
dzdy < —dzNZU V|% s on-
//stzb EE G o dz,00)r 2 HW”(Q)

Since g is uniformly bounded, we first claim that 1If g — g a.e. in Q¢ as h — 0. Indeed, for every
y €T C Q°, we express II ( ) as a linear combination of IIf g(x;), where {x;} are the vertices of
T, and deduce that

) = [ i@t

for some function ¢} satisfying [q, o3 (2z)de =1 and|| ¢} [| Lo (s2) < C(d, o)h~%. Since Si C Ban(y),
T
for every Lebesgue point y of g we have

/ 2)(9(x) — g(u))de

1

S 1B V)
By the Lebesgue differentiation theorem, almost every y € Q€ is a Lebesgue point of g, and therefore

|(TT5.9)(y) — g(y)| =

< g2l oesty /B o) gyl
2h

lg(z) — g(y)|dz — 0 as h — 0.

(3.5) 59— g ae. in Q°ash — 0.
In addition, it follows from HLpZHLw(S )y < C(d, 0)h™ that [|[TII§ g|| oo (ra) S [19]l L (2¢), and hence

5 g 19117 (e
// | d+s dd<// Lﬁs)<oo
QxQe \35— | P axqe |T — yldTsp

Applying the Lebesgue Dominated convergence theorem, we obtain

H p
// | d+E)|ddy—>Oash—>0.
axQe |ﬂf—y\ P

Therefore, we have shown that

(Tww = v)(@) = (T = ) ()"
dzdy S T — vl[3y. o) + 0(1),
//ngc |z — y|dtsp I ”WP(Q) (1)

and thus we just need to bound the interpolation error in Wy (€2).
We write Zpv —v = (HZ (v| ) ) + 115 g, and split

2o~ ol 135 (elg) — ol + 05y
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Using the localization estimate (3.3), we bound HH ng (@) by

j,9(x) — 15 g(y)[”
Blms &[] ] WP
H th Z { Tx(SLNQ) |z — y|d+sp e

T: TCQ
2Pwg_q .
+ (1400 5t ) sl o |

Recalling [|[TIf,g|| o gy S 119l oo (@¢) and using an inverse inequality, we have

d — d
D DR [ R Y VP TID DI
TCQ: SLNQe#) TCQ: SENQe£D

for h small enough. The sum in the right hand side above can be straightforwardly estimated by
DR D D LD DI
TCQ: SENQe£) TCQ: TNQEA#D TCQ: TNQCAD
< hlfsp del(aQ)’

where H?~! is the (d — 1)-dimensional Hausdorff measure. This establishes that ||H ng (@) —0

as h — 0.

It only remains to show that HHZ (v|Q) — — 0 as h — 0. For simplicity, we write II;v

P

UHW;(Q)

instead of II7 (v’Q) Since ITjv is a continuous linear operator from W (2) to W5 (Q2) with
||H;)LU||W;(Q) S C(d7 s,p,0, Q)H’UHW;(Q)a

it suffices to prove the convergence for v € C*(Q). We use the localization estimate (3.3) for

HHZU — vH;,;(Q) and write

P v —v)(z) — (v —v p
e S I e e

_ 1
T TCa Tx(S3NN)

2Pwg—q o
+ <1 +C(0) PR > v = vl T,y
o Ir(v) + > Ir(v).
T: S%CQ TCQ: S2NQe#D

On the one hand, we point out that, because

U T| =~ h,

TCQ: SZNQe#£D
and v € W;3(Q2), we have
Z Ir(v) < C(d,s,p,0) Z H’UH;;V;(S%OQ) — 0, as h — 0.
TCQ: S2NQe#D TCQ: S2NQe#£D
On the other hand, over the elements 7 such that S% C Q, Proposition 3.3 gives
S BSOS bl Sl
T: S%Cﬁ T: S%C(NZ
for every v smooth in €. This finishes the proof. ]

If, under the same conditions as in Proposition 3.4, we add the hypothesis that v is smoother
than W7 (€2), then it is possible to derive interpolation rates.
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Proposition 3.5 (interpolation rate). Assume that v € W;(A) for some t € (s,2]. Then,

|(Zno — v)(x) = (Znv —v)(y)[” s
//Q | dady S Bl .

T — ‘d-l—sp

Proof. We split Qg into the sets
Qo c (AxA)u((@°\4) x) U (2x (@\4)).

The estimate in A x A is standard and follows along the lines of the estimates for | Z,v — v|w: (@) in

Proposition 3.4. The estimate in (2¢\ A) x € reduces to |[|Z,v — v||» (o) because dist(Q2°\ A, Q) >0
and v is zero in Q°\ A. O

3.4. Numerical schemes. We briefly include some details about the implementation and solution
of the discrete problem (3.2). In first place we point out that we can compute a,, (up,v,) for any
given up, € VY, v, € V9 by following the implementation techniques from [1, 2]. Further details on
the quadrature rules employed and the treatment of the discrete form a,, (up,v) can be found in
[12].

In order to solve the nonlinear discrete problem we resort to two different approaches: a semi-
implicit H*-gradient flow and a damped Newton algorithm. For the former, we consider a € [0,1)
(with the convention that H°(Q) = L?(f)), fix a step size 7 > 0 and, given an initial guess u?, we
solve the following equation in every step,

1
(3.6) ;(uZH —uf , Vh)He() = —a k(uﬁﬂ s Uh)s Yy, € V.

For the damped Newton method, we take the first variation of a,,, (up,vp), %u}h’vh)(wh), which

is well-defined for all uj, € VY, vy, wp, € V%. We point out that the analogue of this variation at the
continuous level is not well-defined. The resulting step is obtained by solving for wZ the equation

_ k 0
Suk h) — _auﬁ (Uh7'Uh), Yoy, € Vh
h

and performing a line search to determine the step size. We refer the reader to [12] for full details
on these algorithms and further discussion on their performance.

4. CONVERGENCE

In this section, we prove the convergence of the discrete solution u, without assumptions on
the regularity of the nonlocal minimal graphs. We first prove that the discrete approximations are
uniformly bounded with respect to the L°°(€2) norm.

Lemma 4.1 (uniform boundedness of ||up||z~(q)). Let s € (0,1/2) and 2 and g satisfy (2.4) and
(3.1). Let up, be the solution to (3.2). Then,

inf g(y) :=m < up(x) < sup g(y) := M, Vo € Q.
yeNe yeQe

Proof. Consider the following truncation of up,

up (), if m <wup(x) <M,
up(z) =< m, if up,(z) < m,
M, if up(z) > M.

It suffices to prove uj = uy for our purpose. Clearly, for a.e. x,y it holds that |uy(z) — Up(y)| <
|up,(z) — up(y)|. Taking into account the definition (2.7) and the fact that Fy is increasing in [0, c0),
this implies I[wp] < Is[up]. Since u, € VY, this leads to @, = uy and thus finishes the proof. a
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Next, we show that the discretization proposed in Section 3.1 is energy-consistent. Due to our
assumption that g € C.(Q°), we know from Proposition 2.7 that the energy minimizing function

€ W324(2), while Theorem 2.10 guarantees that for any region Qe ue Wft(ﬁ) for every t € R.
These two properties are sufficient to guarantee the consistency of the discrete energy.

Theorem 4.2 (energy consistency). Let s € (0,1/2), and assume that Q and g satisfy (2.4) and
(3.1). Let u and up be, respectively, the solutions to (2.13) and (3.2). Then,

lim I = I [ul.
hl—>mo sun] s[u]

Proof. Let Zj, be defined according to (3.4). Since Zpu € VY, it follows that I [Z,u] > Is[up] and

hence 0 < L[un] = L[u] < I[Znu] — L[]

= [, (7 (=) - () e

Because Fj is Lipschitz continuous, we deduce

0 L] - // @ = 0)@) = G =)

|$ _ |d+25

and using Proposition 3.4 we conclude that limy_,o Is[up] = Is[u]. O

Finally, we prove the convergence of the finite element approximations to the nonlocal minimal
graph as the maximum element size h — 0.

Theorem 4.3 (convergence). Under the same hypothesis as in Theorem 4.2, it holds that
’llii% [u—un||wer @) =0 Vrelo,s).

Proof. Due to our assumptions on g, we apply Theorem 4.2 to deduce that the finite element
discretization is energy-consistent. Thus, the family {Is[up]}r>o is uniformly bounded.
Similarly to the first formula in (2.8), we obtain

[un|w2s @y < C1 + Cals[un),

and because of Lemma 4.1, it follows that [lup|[yz: (o) is uniformly bounded.

This fact, combined with the compactness of the embedding W2*(Q2) C L'(Q2), allows us to
extract a subsequence {uy,, }, which converges to some @ in L!(Q2). According to (3.5) in the proof
of Proposition 3.4, {up, } converges to g a.e. in Q°; then, extending @ as g onto Q°, we have by
Fatou’s Lemma that

I[u] < linrgicgfls[uhn] = I[u].

As a consequence, Is[u] is finite and, by Proposition 2.7, it follows that & € V9. Because ¥ minimizes
the energy I, it is a solution of (3.2), and by uniqueness it must be @ = u. Since any subsequence
of {u} has a subsequence converging to u in L'(), it follows immediately that u;, converges to u
in L(Q) as h — 0.

Finally, the convergence in the W2"(£2)-norm for € (0, s) is obtained by interpolation between
the spaces L'(Q) and W£5(Q). O

5. A GEOMETRIC NOTION OF ERROR

In this section, we introduce a geometric notion of error and prove the convergence of the discrete
approximations proposed in Section 3.1 according to it. The error estimate for this novel quantity
mimics the estimates in the classical Plateau problem for the error

eQ(u,uh):/Q ]D(Vu)—ﬁ(wh)f Q(w)g@(wh) dr.

= v(Vu) = (Vup) ) - (V(u—up),0)dz,
Q

(5.1)
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where Q(a) = \/1+ |a|?, V(a) = (Q(a) Since, in this context, 7(Vu) is the normal unit vector on

the graph of u, e(u,u;) represents a weighted L2-error for the normal vectors of the corresponding
graphs given by u and wuj, where the weight is the average of the area elements of the graphs of u and
up. An estimate for e(u, up) was derived by Fierro and Veeser [37] in the framework of a posteriori
error estimation for prescribed mean curvature equations. Geometric notions of errors like e(u, up)
have also been considered in the setting of mean curvature flows [26, 27] and surface diffusion [7].

For the nonlocal minimal surface problem, let u and wu be the solutions to (2.13) and (3.2),
respectively. We introduce the quantity

du—u, (2,9) i
(5.2) es(u, up) Cds// z,y)) — Gs (duh,(%y)))%d dy )
QQ |z — y|d-1+2s
where G, is given by (2.10), the constant Cy, = 1;33, with a4 denoting the volume of the d-

dimensional unit ball and, for any function v, d,(x,y) is defined as

(5.3) dy(z,y) = W

The term in parenthesis in (5.2) is non-negative because G is non-decreasing on R. We include the

constant Cy s in the definition of es in order to have asymptotic compatibility in the limit s — %7
(cf. Theorem 5.12 below).

Section 5.1 derives an estimate for e, (u,up) that does not rely on regularity assumptions. Al-
though the proof of such an error estimate is simple, providing an interpretation of the quantity e
is not a straightforward task. Thus, in Section 5.2 we study the behavior of e; and related quantities
in the limit s — 1~

5.1. Error estimate. In this section we derive an upper bound for the geometric discrepancy
es(u, up ) between the continuous and discrete minimizers u and wy, without additional assumptions
on the regularity of u. More precisely, the next theorem states that es(u,u,) can be bounded in
terms of the approximability of u by the discrete spaces V{ in terms of the V9-seminorm.

Theorem 5.1 (geometric error). Let s € (0,1/2) and let Q and g satisfy (2.4) and (3.1). Let u and
up, be the solutions to (2.13) and (3.2) respectively. Then, it holds that

es(u,up) < 1nf \/ZC'dé |u — vplva

_ o 1/2
= inf <2C’d~SK// (u = vn)(2) 5162 vn) ()] da:dy) ,
’Uhevz ' Qa |x - y| s

where K is the constant from (2.11).

(5.4)

Proof. The proof follows by ‘Galerkin orthogonality’. Indeed, let v, € V{ and use uj, — vp, as test
function in (2.13) and (3.2) to obtain

JI| (Gl = G o) 20220 gy

The identity above immediately implies that

et m) = Cus [ /Q i) = G o () ) 2L 00D

/ / 7)o (2:)) ) (|Z’ z)dedﬁ’;(i’ Y dedy.

Estimate (5.4) follows immediately from the bound |G| < K (cf. (2.11)). O

(5.5)

In case the fractional minimal graph possesses additional regularity, a convergence rate follows
straightforwardly by applying Proposition 3.5.
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Corollary 5.2 (convergence rate). Let the same conditions as in Theorem 5.1 be valid and further
assume that u € W{(A) for some t € (2s,2], where A is given by (3.1). Then,

sy 1/2
65(U,Uh) 5 ht/2 ‘u|vélt(/\)

Remark 5.3 (BV regularity). Although minimal graphs are expected to be discontinuous across the
boundary, they are smooth in the interior of Q0 and, naturally, possess the same regularity as the
datum g over Q°. Therefore, in general, we expect that uw € BV (A) whence the error estimate

ea(t,un) S W2l -

5.2. Asymptotic behavior. Our goal in this section is to show that, for « and v smooth enough,

es(u,v) converges to the geometric notion of error e(u,v) defined in (5.1) in the limit s — 2. To
this aim, we first introduce a nonlocal normal vector.

Definition 5.4 (nonlocal normal vector). Let s € (0,1/2) and E C R? be an open, bounded,
measurable set. The nonlocal inward normal vector of order s at a point x € OF is defined as

Ci1s . / xXe() — xe-(y)
5.6 Jz B) = b XEWY) ZXBY) () dy,
(5.6) vs(z; E) 5 A e & — gl (y—z)dy

where Cy_1,s = % as in (5.2), except that d is replaced by d — 1.

(o3

Remark 5.5 (dimensions). We point out that, definition (5.2) aims to measure the normal vector
discrepancies over graphs in R4 whereas Definition 5.4 deals with the normal vector to a subset
of R%. This is why in (5.6) we use the constant Cyq_1 5 instead of Cy .

Notice that, by symmetry,

y—x
YT 4S(y) =0 VYR > 0.
/833(1') | — y|dt+2s )

Consequently, because yge = 1 — xg, if E C Bgr(x) for some R > 0, then

(as) = St [ XEW R0y ay

2 o —
XE(y)
=Ca-1,s / = (y — x) dy.
Br(z) [T — yldt2s

The following lemma justifies that the nonlocal normal vector defined in (5.6) is indeed an ex-
tension of the classical notion of normal vector. The scaling factor in the definition of v, yields the
convergence to the normal derivative as s — %_.

Lemma 5.6 (asymptotic behavior of v;). Let E be a bounded set in R4, = be a point on OF, the
surface OF be locally C1Y for some v > 0 and v(z) be the inward normal vector to OE at x. Then,
the following holds:

(5.7) lim vs(z; E) = v(x).

-
s— 3

Proof. Without loss of generality, we assume x = 0. Let E = {y : y-v(z) > 0} and for simplicity
we write B, = B,(z). Then, since OF is locally C17, there exists some ro > 0 such that

(5.8) \ | Xoapti) ast)| s vt
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for any r € (0, 9], where A denotes the symmetric difference between sets. Fix R > ry large enough
so that E C Br(x). Then, we can write vy(x; E) as

x5(y)
vs(x; B) = Cy_ S/ d
(z; E) = Cy-1, o Tyl VW

XE(Z/) XE(Z/)
=Ca-1,s / ydy+/ ydy | .
( Br\Br, |y|d+2s By |y|d+2s

For the first integral in the right hand side, since the surface area of the (d — 1)-dimensional unit
ball equals dag, we have

(5.9)

XEe(y
y dS(y)
/BR\BT ‘y|d+25 d+25
1 d R —2s
< dr s 7 dS = day r dr
T0 0B, rd+2s T0
dag 1-2 1-2
=— (R 7% — ).
1— 23( ro )
Therefore, in the limit s — 3, we obtain
(510) Cdfl,s / XEd(yQ) ydy < 224 dayg (Rl 23_,',,(1)725) 0.
Br\Br, |y|d+2s og—1

We now deal with the second term in the right hand side in (5.9). Without loss of generality, we
additionally assume v(x) = e;. If we replace E by the set E defined above, that coincides with the
half-space {y: y1 > 0}, it follows by symmetry that all components but the first one in the integral
vanish. The first component can be calculated explicitly by writing it as an iterated integral along
the (d — 1)—dimensional slices II; = {y; = t} and integrating in polar coordinates on these:

dy—/ dt/
/ | |d+2s v IN{|z|2<r2—t2} (t2+|z| )
ro—tz
dt ———dS
/ / /B(d—2) (t2—|—7’2)d+225 (2)

7‘O—t2 d 2
= —]. de 1/ dt/ T dyzs dr.
(t2+r2) 2

The iterated integral above can be calculated with elementary manipulations (Fubini’s theorem,

change of variables t — w = (5)2 and explicit computation of integrals) to give

TO t2 d 2 ré 2s
dt —dr =
/ / (2 +1r2)3 T a-)a-2s)

and therefore, as s — 3

)

X5 () 7"(1)_28 1-2s
Cd—Ls/ y1dy=Cq_1s (d—1)ag1————F= =T — 1.
B, ly*T2* @-1 (d—1)(1—2s) ©

This shows that

(5.11) lim / QXL(?J) y1 dy = v(zx).
B

| |d+2s
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Using (5.8), the difference between the integrals over E and E can be bounded as

/ xe) — x5)
B

Ci 1, [ y dy

T0
< Cd—l,s/ dr/ XpagW) r™42 rdS(y)
0 OB,

o
+1-2
P s

To
< C,_ V2B =, . —9
~ dl,s/o T T d1,57+1_287

where the right hand side above tends to 0 because C(d—1,s) = 1=2¢ and v > 0 is fixed. Combining

Qd—1

this estimate with (5.9), (5.10) and (5.11), we finally get
lim vy(x; E) = v(z),
sﬁ%f
thereby finishing the proof. O

Remark 5.7 (localization). From the preceding proof, it follows that only the part of the integral

near x remains in the limit when s — %7, Thus, for any neighborhood N of x, we could similarly
prove

lim
s%%f 2

Ca-1,s Xe() = xee(y) g
/Nm R @) dy = v()

without the assumption of the boundedness of E.

We now go to the graph setting and consider
E= {($7$d+1) twqr1 Su(z), € Rd} C R*H,

where u € L*°(R?). For such a set E it is clear that our definition (5.6) is not adequate: the limit
of the integral therein does not exist. However, the only issue in such a definition is that the last
component of the nonlocal normal vector in R tends to —oo, and thus it can be solved in a simple
way. Indeed, we introduce the projection operator P that maps

R 57 = (2,2441) — P(T) =2 € RL

Then we could actually define the normal vector for this type of unbounded set F as the projection
P (vs(x; E)).

More precisely, given T = (x, u(x)), we define the projection of nonlocal normal vector, v (z; E) =
P (vs(z; E)), as

Cd,s

: Xe(Y) =X (Y) 5
Rhm/ L E g PO D A
—00 Br(%) T Yy

where x = P(Z) and y = P(y). To show that this limit exists, consider the sets

Bf (@) = {y= (y,yar1) ER [ =T < R, yas1 > u(x)},
By (%) == Bgr(Z) \ B ().

Since both Bj; (Z) and Bj, (¥) are half balls, by symmetric cancellation, we have

1 1
-/B;(z) |T — g|d+i+es B () 7 — gatites

in the principal value sense. Therefore, using that yg = 1 — xge, we can express

Br(%)

7 — yla+ites
-z - / -z -
= 2/ =~ = dy -2 ﬁdy.

Bi@ne [T — gttt Br@)\E [T — glititee

(5.12) 7,(3 E) =
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The two integrands above have enough decay at infinity because we are assuming u € L>(R?). Thus,
as R — oo, we may replace By (Z) by the half space H™ (Z) := {(y,ya+1) € R¥ : yay1 < u(z)}.
Thus, the vector defined in (5.12) can be written as

. (y—=z) - (y—z) -
vs(T; E) = Cd,s/ 7 dy — Cq s — dy
( B\H-(7) [T =y H-@\B [T =y

u(y) —x
= Cd,s/ dy/ (y ) dt1+2s dyd-‘rl'
B Ju@) (lo = yP 4 (Yarr —u(2))?) 2

Making the substitution ¢ = ydﬁf_;jl@), recalling the definitions of G, and d,, (cf. (2.10) and (5.3),

respectively), and noticing that du'(x, y) = —du(y,x), we conclude that

u(y) —u(z)
~ i~ [z —y] 1
Vs(‘T;E) = Cd,s/ (y - ZL’) dy/ dti+t2s dt
R 0 |x—y\d+23 (1+t2) 2

G (du(2,y))
[z =gtz (@ v)dy.

= Cd,s

Re [T —
As we mentioned above, U (T; E') can be regarded as the projection of vs(z; E') under P. Therefore,

following similar steps as in Lemma 5.6 and Remark 5.7, it is possible to prove the following result.

Lemma 5.8 (asymptotics of ). Let E = {(z,2441) : Tay1 < u(z),z € R4}, where u € L= (R?)

and u is locally C*7 around a point x for some v > 0. Then, the following asymptotic behavior
holds

Gs (du(z,y))

lim 74(7; E) = lim Cg, o) d
s=5 ( ) s—17 4 Rd |Jj _y|d+2s ( y) Yy
(5.13)
V)
1+ [Vu(@)]?’
where T = (z,u(x)). In addition, we also have
G (du(a, o
(5.14) fm Oy, [ GG (g, Vule)
o N, eyl 1+ |Vu(z)|?

for any neighborhood N of x.

Our next lemma deals with the interaction between the nonlocal normal vector to the graph of
u: R?* - R and a function v: R — R. For that purpose, we redefine a,, so as to include the proper
scaling factor for s — %_. Indeed, given u € V9, we set a,: VI x VO — R to be

9w [ G (He) =200 (o) W) 0le) = o),

|z =yl | — yl| o1t

Lemma 5.9 (asymptotics of a,, with Holder regularity). Let u,v € CY7(A) for some v > 0 and a
bounded set A containing Q C RY. Then, it holds that
lim ay(u,v) = wdm,
s 1™ o 1+ |Vu(z)[?
where a,,(u,v) is the form defined in (5.15).

Remark 5.10 (heuristic interpretation of Lemma 5.9). Suppose v was a linear function. Then, for
all z,y we have v(z) —v(y) = (x —y) - Vo(x), and thus we can write

) (-3) - Vo)
ay(u,v) = Cy s / o, G (du(z,y)) o — |t dzdy,
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while
@) Vole) = o [ FEED 0y ay) - Vot

Therefore, taking into account the asymptotic behavior in (5.14), Lemma 5.9 would follow upon
integration of the identity above over Q. However, for an arbitrary (nonlinear) v, we can only
interpret a,(u,v) as a certain interaction between the nonlocal normal vector Vs and the ‘nonlocal

gradient’ d,,. Nevertheless, in the limit s — %_, only the interaction for x,y close remains, and the
asserted result follows because any C' function is locally linear.

Proof of Lemma 5.9. We first split the domain of integration using symmetry:

dy(,y)
ay (U, v) = Cg s // G (dy(z,y)) - dzdy
(u:0) ! QxQ () |z — y|d—1t2s

dy(x,y)
+ 2C s// Gs (dy(z, 7dxd
d, Ox 0 ( ( y)) | y|d 1+2s Y-

Consider the first integral in (5.16). For a fixed z € 2, we expand v(y) = v(z) + Vu(x) - (x —y) +
O(Jz — y|**7) and exploit the fact that |G| is uniformly bounded (cf. (2.11)) to obtain

dy(,y)
/G | Yl T iy W

v(x) - (z— o — |1t
o= Gs(d“(””v” e Y

(5.16)

T — 1
= (6t gt 90+ 0 | s

Let us define D = sup, ¢, [# —y|. Then, it is clear that Q@ € A € Bp(x) and integrating in polar
coordinates we get

1 1—2s [P
Cy / dy < / r=25 gy
,8 o ‘I o y|d+23717'y Qg 0

1-2s 1
—D’y+1—28 0 Z .
S F1-25)ag =0, ass—g
Identity (5.14) guarantees that
Vu(z) - Vo(z)
ths/G d)-vaU:,
Breeh ( | \d“s Y (=) 1+ [Vu(z)[?
so that it follows from (5.17) that
hm Cds/ G dv(‘%;laiyl) : dy = Vu(a:) 'V’U(x)7
i \ —yldTiree 14 [Vu(z)[?

for every z € Q. Since for all z €  we have

do(z, y) 1
‘Cd,s/QGs (du(%y))mdy < Ca,s |U|CO’1(Q)/91:—y|d—1+28dy

D
<d(1- 25)/ r~%dr = dD*"%,
0
we can apply the Lebesgue Dominated Convergence Theorem to deduce that

(5.18) lim Cys G (dy(z,y)) du( ) dedy = Vu(z) - Vo(z)

— = T
s—1- axa T o yldo iR a1+ |Vu(x)?

It remains to prove that the last term in (5.16) converges to 0 as s — %_. This is a consequence
of the Dominated Convergence Theorem as well. For x € 2, we write 0(z) = dist(z, Q). We first
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use that |G| is uniformly bounded, according to (2.11), and integrate in polar coordinates to obtain,
for every z € €,

dy(z,y) P

Cas Gs (dy(z,y)) ————=dy| < (1 -2 o 25 0.
s [ G ldulo) 2N t] S =29 blou [ o2 e

To prove that the integrands are uniformly bounded, we invoke again the uniform boundedness
of G5 and split the integral with respect to y into two parts:

Cas [ Gulduler.v) @y g (1_2)/%%(%@/)@

|z — y[d—1+2s — y|d-T+2s

d(@,y) / do(2,y)
1 a 25 / ———dy + B Ak ——
( {y: ly—=|<1} @ — yld- 4 {y: ly—z|>1} | — y|d=1+2s
_ leoay / 200 ooty
Tt LT dy
</{y y—ol<1} [T — Y| {y: ly—al>1} |2 — Y|P3

o 1-2
< (1-2¢) (/ _QSdr—i—/ P2 ldr> =1+ i
0 1 2s

Consequently, we have proved that

(1—2s)

dy
lim Ca,s // (z,y)) %dwdy =0.
517 axqe |z —yl s
This, together with (5.16) and (5.18), finishes the proof. O

Actually, the regularity assumptions in Lemma 5.9 can be weakened by a density argument.
To this aim, we recall the following stability result proved in [14, Theorem 1]: given f € Wp1 (),
1 <p<ooandpéec L'(R?) such that p > 0,

|f(x) = fy)IP »
(5.19) //QXQ Wﬂ(ﬂf —y) dzdy < CHf”WZ}(Q)HpHLl(Rd)'
The constant C depends only on p and 2. We next state and prove a modified version of Lemma 5.9.

Lemma 5.11 (asymptotics of a, with Sobolev regularity). Let u,v € H(A), for some bounded set
A containing 2. Then, it holds that

lim au(u,v) = [ L) Vo)

= x
s—17 1+ [Vu(z)|?

Proof. First we point out that the double integral in the definition of a, is stable in the H!'-norm.
More specifically, for uy,us, vy, vo € H}(A), we have
|au1(ulvvl) Ay U2,1}2)| < |au1 (Ul,Ul) aul(ul,v2)+au1(u1,v2) _auz(u%’UQ)‘

// |y (2, Y)| |duy —0, (2, 9)| + [duy —uy (7, Y)] |do, (2, Y)] dzdy.
R xRd |z — y|d—t+2s

As before, set D = sup, ,c |# — y|. Using the Cauchy-Schwarz inequality and choosing

(z) = [~ 4172 | < D
PREI= o, lz| > D

n (5.19), we obtain that
|G‘U1 (ulv ’U1) = Quy (u27 02)|

S (1= 25) (Jua g mey v — val g ey + Jun — 2| g ey [va| i mey) 1ol e
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For the function p we have chosen, it holds that
ol ey = 2242~
PlLte:) = 779
Thus, we obtain the following stability result for the form a:
(5.20) \aul (ul, 1)1) — Oy, (UQ, v2)| S C <|U1‘H1(Rd)|1}1 - U2|H1(R‘1) + |u1 - U2|H1(Rd)|U2|H1(Rd)) s

where the constant C' is independent of s € (0, %) and the functions involved.

A standard argument now allows us to conclude the proof. Given u,v € Hg(A), consider sequences
{un},{vn} € C°(A) such that u, — u and v, — v in H'(R?). Due to Lemma 5.9, we have, for
every n,

lim @y, (U, ) YV, (x) - Vo (z)

= X.
s—>% Q / 1+ |Vun(x)|2

Applying (5.20), the claim follows. O

We are finally in position to show the asymptotic behavior of the notion of error ey introduced
at the beginning of this section (cf. (5.2)). Notice that, with the rescaling (5.15),

ei(u,v) = au(ua u) - au(uvv) - av(”U, u) + av(vvv)a

while for its local counterpart (5.1),
Vu(z) - Vu(zr)  Vu(z) -Vou(z) Vo(z)- Vulz) Vo(z)- Vo(z)

o VIFIVu@P T+ Vu@P I+ Ve@P I+ V@)
Applying Lemma 5.11 term by term in the expansions above, we conclude that effectively, es recovers
e in the limit.

e?(u,v) =

Theorem 5.12 (asymptotics of e;). Let u,v € HE(A), for some bounded set A containing Q2. Then,
we have
lim e4(u,v) = e(u,v).
s—>%7

6. NUMERICAL EXPERIMENTS

This section presents some numerical results that illustrate the properties of the algorithms dis-
cussed in Section 3.4. As an example, we consider Q = B; \ B, /2, where B, denotes an open ball
with radius r centered at the origin. For the Dirichlet data, we simply let ¢ = 0 in R% \ B; and
g=0.41in Fl/g. Our computations are performed on an Intel Xeon E5-2630 v2 CPU (2.6 GHz), 16
GB RAM using MATLAB R2016b. More numerical experiments will be presented in an upcoming
paper by the authors [12].

Remark 6.1 (classical minimal graph in a symmetric annulus). We consider the classical graph
Plateau problem in the same domain as our example above, with g =0 on By and g =~ on 0By 3.
When v > ~* := %111(2 +/3) ~ 0.66, the minimal surface consists of two parts. The first part is
given by the graph of function u(x,y) = ~* — %cosh_l(Q 22 +y?) and the second part is given by
{(z,y,2) : v < 2 < v, (x,y) € 0By)2}. In this situation, a stickiness phenomenon occurs and u is
discontinuous across By /,. Notice with our choice of Dirichlet data v = 0.4 < ~*, stickiness should
not be observed for the classical minimal graph.

We first compute the solution u; of nonlinear system (3.2) using the L2-gradient flow mentioned
in Section 3.4. For s = 0.25 and mesh size h = 274, we choose the initial solution u) = 0 and
time step 7 = 1. The computed discrete solution uy is plotted in Figure 1. By symmetry we know
the continuous solution u should be radially symmetric, and we almost recover this property on the
discrete level except in the region very close to 0B;/; where the norm of Vuy is big. It is also seen
that 0 < up < 0.4 computationally, which is a consequence of Lemma 4.1. To justify convergence
of the L%-gradient flow, we consider the hat functions {¢;}¥ ; forming a basis of V9 where N is the
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degrees of freedom. Consider residual vector {r;}}¥., where r; := Qe (u¥, ), we plot the Euclidean
norm ||r||;z along the iteration for different time step 7 in Figure 2 (left). In the picture, the line
for 7 = 1 and 7 = 10 almost coincide and we get faster convergence (fewer iterations) for larger
time step 7. For every choice of time step, we observe the linear convergence for the gradient flow
iteration computationally. We have also tried different choices of initial solution uj, and always
end up observing the similar linear convergence behavior. We also plot the energy I [ufl] along the
iterations in Figure 2 (right); this shows that the energy I [u’,ﬂ monotonically decreases along the
gradient flow iterations independently of the step size 7 > 0. This energy decay property will be
proved in the upcoming paper [12].

Up,
r 4.0e-01
103
—02
-0
i 0.0e+00

FIGURE 1. Plot of u; computed by L?-gradient flow for s = 0.25 and h = 27%.

—7 =10

—7 =1

—71=1le—1]
—7 = le—2|]
—7 = le — 3|

Norm of residue |r|

10 20 30 40 50 0 2 4 6 8 10 12 14

Number of Iterations Number of lterations

FIGURE 2. Gradient flow for s = 0.25 for different choices of 7. Left: norm of residual
vector r in the iterative process. Right: energy of I [uﬁ] in the iterative process.

The solution wy, of nonlinear system (3.2) can also be solved using the damped Newton method
mentioned in Section 3.4. We choose initial solution u% = 0 and the plots of uy, for several different
s € (0,1/2) are shown in Figure 3. The computed discrete solution for s = 0.25 is almost the same
as the one computed by gradient flow in Figure 1. However, the damped Newton method is more
efficient than the gradient flow since we only need 4 iterations and 243 seconds compared with 26
iterations and 800 seconds when using the gradient flow with 7 = 1.

As shown in the Figure 3, the graph of uy, near 9B /; is steeper, and the norm of Vuy, larger for
smaller s, while it becomes smoother, and the norm of Vuy, smaller as s increases. This seems to
suggest a stickiness phenomenon (see Remark A.3) (stickiness) for small s in this example. We also
notice that on the other part of boundary 0By, the stickiness seems to be small or vanish (i.e. the
gap of u on both sides of 9 is small or zero), which is kind of expected since there is no stickiness
on 0B for the classical case Remark 6.1.
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[
il »
[,

FIGURE 3. Plot of wu;, computed by damped Newton method for s =
0.05,0.15,0.25,0.35, 0.45 (from left to right) and h = 27%.

Due to the Gamma-convergence result of fractional perimeter in [5, Theorem 3], s—nonlocal
minimal graph u converges to the classical minimal graph v* in L(Q) as s — %_. Since we know
the analytical solution of classical minimal graph u* in our example, to verify our computation, we
could compare the discrete nonlocal minimal graph uj, for s = 0.499999 ~ % with u*. Figure 4 shows
that at least ||uj, —u*|| converges for L' norm to a small number, which indicates the convergence of
up as h — 0, and a second order convergence rate. Although we could not prove this theoretically,
this second order convergence might be due to the fact that s is too close to 0.5, and the nonlocal
graph is almost the same as the classical one. In fact, this O(h?) convergence rate has been proved
for the classical minimal graph problems in L' norm under proper assumptions for dimension d = 2
in [41, Theorem 2].

O flun — u*||Lie
—least square of error o

l[un — ]|

FIGURE 4. Plot of |lup — u*||p1(q) for different mesh size h, where uy, is the discrete
solution for s = 0.499999 and ™ is the exact solution of classical minimal graph. Least
square regression suggests a convergence rate 1.96, which is close to O(h2).

APPENDIX A. FRACTIONAL PERIMETER AND MINIMAL SETS

The concept of fractional perimeter, that leads to fractional minimal sets, was introduced in [19]
and has been further developed in [15, 16, 29, 31, 32, 33, 42, 43]. Since this justifies the choice of
functional I [u] in (1.1), we review this rather technical development with emphasis on fractional
graphs.

A.1. Fractional perimeters and minimal sets. Here we present the definitions of fractional
perimeter and fractional minimal sets and discuss their properties.
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Definition A.1 (s-perimeter). Given a domain Q' C R and s € (0,1/2), the s-perimeter of a
set E C R in Q' is defined as

(A1) P(E, Q) :=L(ENQ ,E°)+ Ly(E\ Y, Q\ E),
where B¢ := R\ E and for any sets A, B C Rt the interaction between them is defined as

dxdy
s(4, B) //AxB |z — y|dtir2s

Formally, definition (A.1) coincides with

1
PUE,SY) = 5 (Ixslwze oty — Dxslwze o) )

)‘p 1/p
‘“W::<[Lﬂfx—|Hded@

is the standard Gagliardo-Aronszajn-Slobodeckij seminorm.

where

It is known that, as s — %_, the scaled s-perimeter Ps(FE, Q") converges to the classical perimeter,
see [16, Theorem 6.0.5] and references therein. Indeed, for all R > 0 and all sets F with finite
perimeter in the ball Bg,

1
lim <2 — s) Py(E,B,) = cat1P(E, B;),

-
s—1

for almost every r € (0, R), where cg41 is a renormalizing constant and P(E, ') is defined as

P(E,Q) :=sup {/ div o dz: ¢ € CHY, R, || < 1} .
B

On the other hand, the behavior of P, as s — 0 is investigated in [29], where it is shown that if
P, (E,Q) < oo for some so € (0,1/2), and the limit

. 1
Oé(E) = llj}l%) 2s /Eme Wdy

exists, then
lin% 25|0B1|Ps(E, Q) = (|0B1| — a(E)) |[EN QY|+ a(E) |\ E|.
S—r

In particular, if F' is a bounded set and P, (E, ') < oo for some sq, then a(E) = 0 and lim;_,¢ 2sPs(F, Q') =

|[ENSY|. Therefore, the scaled limit of Ps(E, ') is the measure of E within ' provided E is bounded.

We are now in position to define s-minimal sets in ', which are sets that minimize the s-fractional
perimeter among those that coincide with them outside €. It is noteworthy that this definition does
not only involve the behavior of sets in €’ but rather in the whole space R4+,

Definition A.2 (s-minimal set). A set E is s-minimal in a open set Q' C R if P(E, Q') is
finite and P,(E,Y) < P,(F,Q) among all measurable sets F C R4t such that F\ Q' = E\ Q.
The boundary OF of a s-minimal set E is then called a s-minimal surface in Q.

Given an open set Q' and a fixed set Ej, the Dirichlet or Plateau problem for nonlocal minimal
surfaces aims to find a s-minimal set E such that E\ Q' = Ey\ €. For a bounded Lipschitz domain
Y the existence of solutions to the Plateau problem is established in [19].

Remark A.3 (stickiness). A striking difference between monlocal minimal surface problems and
their local counterparts is the emergence of stickiness phenomena [32]: the boundary datum may not
be attained continuously. Stickiness is indeed the typical behavior of nonlocal minimal surfaces over
bounded domains ). Reference [15] proves that when s is small and the Dirichlet data occupies, in
a suitable sense, less than half the space at infinity, either s-minimal sets are empty in ' or they
satisfy a density condition. The latter entails the existence of a 6 = §(s) > 0 such that for every
x € QO satisfying Bs(x) € ', it holds that |E N Bs(x)| > 0. The recent work [33] shows that, in the
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1d graph setting, there is no intermediate behavior: minimizers either develop jump discontinuities
or have a Holder continuous first derivative across 0SY.

A.2. Fractional minimal graphs. Since we are concerned with graphs, the set Q' = Q x R is
a cylinder and E \ € is a subgraph. Lombardini points out in [42, Remark 1.14] that, in this
case, the definition of minimal set as a minimizer of the fractional perimeter is meaningless because
Py (E, ) = oo for every set E. This issue can be understood by decomposing the fractional perimeter

P,(E,Q) = PX(E, Q)+ PN (E, ),
with .
PHE,Q)=L(ENQ,E°NQ) = 7\XE|W2S(Q),

PNEE, Q) =L (EnQ EC\Q’)+L(E\Q’ O\ E)

s (@) - x5)]
// e |m— garires M,

and realizing that PNL(E, Q') is trivially infinite independently of E. This problem can be avoided
by, instead of s-minimal sets, seeking for locally s-minimal sets.

Definition A.4 (locally s-minimal set). A set E is locally s-minimal in Q' if it is s-minimal in
every bounded open subset compactly supported in €.

For bounded sets with Lipschitz boundary, the notions of s-minimality and local s-minimality
coincide [42]. However, as also shown in [42], the Plateau problem (in terms of locally s-minimal
sets) admits solutions even when the domain is unbounded.

Proposition A.5 (existence of locally s-minimal sets). Let ' C RI*! be an open set and let
Ey C R Then, there exists a set E C R locally s-minimal in Q', such that E\ Q' = Ey \ .

We now consider the minimal graph problem: we assume ' = Q x R is a cylinder with Q C R¢
being a Lipschitz domain, and the Dirichlet datum to be the subgraph of some function g that
is bounded and compactly supported (cf. (2.3) and (2.4)). In this setting, Dipierro, Savin and
Valdinoci [31] proved that for every locally s-minimal set in Q' there exists My > 0 such that

(A.2) QA x (—00,—My) € ENQ C Qx (—o0, My).

As pointed out in [43, Proposition 2.5.3], a consequence of this estimate is that a set E is locally
s-minimal in @ = Q x R if and only if it is s-minimal in Qp; = Q x (=M, M) for every M > M.

Additionally, once the a priori bound (A.2) on the vertical variation of locally s-minimal sets is
known, it can be shown that minimal sets need to be subgraphs, that is,

(A.3) EnQ ={(@,z441): Tap1 < u(a’), 2’ € Q}

for some function u (cf. [43, Theorem 4.1.10]). We refer to such a set E as a nonlocal minimal graph
in . Thus, as expressed in Remark 2.2, the Plateau problem for nonlocal minimal graphs consists
in finding a function u : R — R, with the constraint « = ¢ in Q°, such that the resulting set E is a
locally s-minimal set.

APPENDIX B. DERIVATION OF THE ENERCY (1.1) FOR GRAPHS: PROOF OF PROPOSITION 2.3

In this appendix, we establish the relation between the fractional s-perimeter Ps(E, Q') of the
subgraph of a certain function u given by (A.3) and the energy functional I;[u] defined in (1.1).
This will also prove Proposition 2.3.

We recall our basic assumptions (2.4): © C R? is a bounded Lipschitz domain and g € L>(Q°).
Given M > 0 sufficiently large depending on s,d, 2, g, we let Qp; = Q x [-M, M]. We note that,
according to (A.2) and (A.3), the problem of nonlocal minimal graphs in £ reduces to finding a
function u in the class

{u: RS R: Jull L) £ M, u=gin Q°}
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such that the set E := {(2',7451) € R 25,1 < u(a’)} satisfies
Py(E, Q) < Ps(F, Q)

for every set F' that coincides with F outside ;. Our goal is to prove Proposition 2.3, namely to
show that

Ps(E,Qur) = Ls[u] + C(M, d, 5,9, g),
where I, is given (1.1) and (2.7) and reads

—u(y) 1
dzdy.
//QQ ( |z -y ) @ — ylates—1 Y

This identity will follow by elementary arguments, inspired in Lombardini [42]; further details
can be found in [43, Chapter 4]. Definition (A.1) yields

(Bl) PS(E,QM)ZLS(EQQJM,EC)+LS(E\QM,ECQQM).

For the first term I on the right hand side above, we write I = I; + I where

u(x) 00 dr
1= Ls(EﬂQM,EC>=// dxdy/ dt/ :
QxRd -M u(y) ((t _ r)2 4 |ac _ y|2)(d+1+23)/2

u(z)—u(y) 0o dr
I = // dmdy/ dt/ 7
QxQ —M—u(y) ¢ (7’2 + ‘I o y|2)(d+1+23)/2

u(z)—u(y) 0o dr
I = // d:vdy/ dt/ |
Qx Qe —M—u(y) —t (T‘2 + |l’ o y|2)(d+1+25)/2

Recalling that Q' = Q x R, the second term I7 in (B.1) can be split as
II .= LS(E \ Qur, E€N QM) =11+ 11,

and

where

(B.2) II = Ly(ENQ)\ Qur, ECNQyy), 11 = L (E\ Y, E°N Q).

Applying Fubini’s Theorem and the change of variables (r,t) = (-7 — t,—7 — M), we obtain

MM dF
15 :// dxdy/ dt/ —
axQ oo u(y) ((t — )2+ |z — y|2)(d+1+2s)/2

// —u(y)—M oo dT

= dzdy / dt .
QxQ oM _t (7“2 + ‘x _ y|2)(d+1+25)/2
Therefore, we have

u(z)—u(y) 00 dr
I+II:// da:d/ dt/
' ' QxQ Y oM ¢ (r2+‘x_y‘2)(d+1+2s)/2

u(@) —u(y)

dxdy Te—vyl . S dr
axo [T —y|7 142 [ aar _¢ (r2 4 1)(d+1+29)/27

[z—y]

and using the symmetry in (z,y) of the integral over Q x 2, we arrive at
—u(y)

u(x)
dxdy [z =yl o dr
B h = ] I“S(/m # |, e

[z —yl

w(y) —u(z)

o=yl it > dr
+/—2M [t (T2+1>(d+1+25)/2 :

lz—yl
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Next, the splitting

w(w) —u(y)

Wd e dr
/_2M t/t (r? +1)(d+1+2$)/2

[z —y]

w(y)—u(z)

Te—yl i@t o dr
/,W / (r2+1) d+1+2s)/ _/0 /t (r2 + 1)(d+1+25)/2

o=yl
gives
B = o dr
—2m dt / 211) (d+1+2s~)/2 2m dt /4 (r2 4 1)(d+1425)/2
u(\ya)c:ZI(w) t dr
=2 /,ZM / (r2 +1) d+1+2s)/2 / dt /_t (r2 4 1)(d+1425)/2°

[z—yl

Thus, collecting the estimates above and recalhng definition (2.6), we deduce

—u(y) 1
stz |»T—Z/| |z — yld-1+2s

C = // dxdy/ /
1 . o d+1+25)/2

is a finite number that only depends on M, d, s, Q. The finiteness of C} is due to the boundedness
of © and the bound

2M

|z— y\
/ / (r2 + 1) d+1+2s)/2

< dt _ e rdr
~Jo . (r2 4 1)(d+1+2s)/2 =)y (2t nErE2 < 0.

Applying the change of variables (¢,7) = (=7 + u(y),7 — t), the term I, = Ly(E\ Q, E° N Q)
from (B.2) can be expressed as

u(x) oM dF
IIgz// dzdy/ dt/ — -
QexQ oo u(y) ((t _ f)Q + ‘33 _ ylg)(d+1+2( )/2
u(y) M dF
= dwdy/ dt/ —
//QXQC oo u(z) ((t _ F)Q + ‘CU o y|2)(d+1+28)/2

// u(y)—u(zx) 00 dr
= dzdy/ dt/ .
axQe —M+u(y) —t (2 |z — y|?)dr12e)/2

We next combine I and I to obtain

where

uw(x)—u(y)

dxdy ERF i dr
Io + 11 //ngc |a:—y\d 1735 </Mu(y) dt[t (r2 + 1)(@+1+25)/2

z—y|
u(y)—u(zx) 0o

El di dr
+/,M+u<y> /_t (r2 4 1)(d+1+25)/2

[o—yl

u(z)—u(y)

= _dedy (T dr
-~ JJaxae [z —yld-1H2s SMou() (P2 1)@riT2e)2

u(y)—u(z)
el 0 dr oM )

dt
e @ D@ Ty
z—y
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where K = fooo (r? + 1)~ (@+1428)/2 4 Therefore, recalling once again (2.6), we deduce

drdy u(z) — u(y)
N (o
? : Qxqe |7 — y[d-1T2s |z — vy

‘R<mw>‘ﬂ<ﬂfﬁv>+@’

with Co = 2MK [[,, o |z — y|~@T2)dady < oo, because 2 is bounded Lipschitz. Additionally,
note that because g € L>(Q2°), we have

[ (- (2 o () o

Since Ps(E,Qp) =1 + I+ 11 + IIQ, collecting the estimates above yields

— 1
(B, Q // ( “(y)> dedy + C(M,d, 5,9, g).
= o A ( !

This finishes the proof of Proposition 2.3, and shows that the function u, whose subgraph solves the
nonlocal Plateau problem in ', minimizes the energy (2.7).
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