arXiv:2312.14699v2 [math.RT] 23 May 2024

THE HOCHSCHILD COHOMOLOGY RING OF MONOMIAL
ALGEBRAS

DALIA ARTENSTEIN, JANINA C. LETZ, AMREI OSWALD, AND ANDREA SOLOTAR

ABSTRACT. We give an explicit description of a diagonal map on the Bardzell
resolution for any monomial algebra, and we use this diagonal map to describe
the cup product on Hochschild cohomology. Then, we prove that the cup prod-
uct is zero in positive degrees for triangular monomial algebras. Our proof uses
the graded-commutativity of the cup product on Hochschild cohomology and
does not rely on explicit computation of the Hochschild cohomology modules.
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1. INTRODUCTION

Given a field k and an associative k-algebra A, the Hochschild cohomology of A
with coefficients in the A-bimodule A is the graded vector space

HH*(A) = @D Extlyg a0n (4, A) .
>0
The Hochschild cohomology of an associative algebra has a rich structure, which
provides several derived invariants that are useful when studying the representations
of the given algebra. The cup product, —: HH*(A) ® HH*(A) — HH"(A), gives
HH*(A) the structure of a graded-commutative k-algebra, as has been proved in
several different ways. The proof of Murray Gerstenhaber [Ger(3] gave rise to the
definition of the Gerstenhaber bracket. Both the cup product and the Gerstenhaber
bracket were originally defined in terms of the bar resolution, which is usually very
inefficient for explicit computations of the Hochschild cohomology. It has been
known for a long time that the Hochschild cohomology can be computed by any
resolution of A as an A-bimodule; see [C1256, Chapter IX, §6]. However, that the
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cup product and Gerstenhaber bracket can be computed using any resolution are
more recent results; see [ | and | , | respectively. In fact, the cup
product coincides with the Yoneda product.

It is possible to avoid using the bar resolution for the computation of the cup
product and use any resolution P—perhaps minimal-—whenever it is equipped with
a diagonal map A: P — P ®4 P; see for example [ ]. We use this strategy to
compute the cup product for triangular monomial algebras and prove the following
theorem.

Theorem A (Theorem 6.5). Consider a finite triangular monomial algebra, A.
The cup product on HH*(A) is zero in positive degrees.

There are many classes of algebras for which the cup product is zero in positive
degrees. In | , Lemma 3.1], Claude Cibils showed this for a finite dimensional
path algebra A = k@/I with radical square zero and a finite quiver @ that is not a
crown. In loc. cit. cycles are called crowns. As described in | ], there exist self-
injective algebras which have nonzero cup product in positive degrees. Moreover,
in [ ], Edward Green and @yvind Solberg construct many algebras that are
not self-injective for which the cup product is nonzero in positive degrees. Next,
Juan Carlos Bustamante | | proved that the cup product is zero in positive
degrees for triangular quadratic string algebras and conjectured that this holds for
any triangular monomial algebra as in Theorem A. In | , Theorem 5.3], Marfa
Julia Redondo and Lucrecia Roman verified this conjecture for triangular string
algebras.

For the description of the Hochschild cohomology, we use the Bardzell resolution
introduced in [ ]. This is a minimal resolution of A as an A-bimodule, hence
it is much more efficient than the bar resolution. We give an explicit description
of a diagonal map on the Bardzell resolution for any monomial algebra in The-
orem 4.3. We then use this diagonal map and the fact that the cup product is
graded-commutative to prove Theorem A in Section 5. Our proof does not rely on
an explicit computation of the Hochschild cohomology modules.
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2. AMBIGUITIES

Let k be a field and A = kQ/I a finite dimensional monomial algebra. We
denote by B a basis of paths of A; such a basis is unique since A is monomial. In
particular, a path is zero in A if and only if it is not contained in B.

Notation 2.1. A finite quiver Q = (Qo, @1, s,t) consists of
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(1) a finite set of vertices Qo,

(2) a finite set of arrows @1,

(3) a source map s: Q1 — Qo, and

(4) a target map t: Q1 — Q.
A path p is a sequence of arrows «, ...a; where t(a;) = s(a;+1). Graphically the
path can be depicted as

aq Qa2 Qn
L] L] N o,

We set s(p) := s(a1) the source of p and t(p) := t(«,) the target of p. We say the
length of the path p = «ay,...a; is n. We identify a path of length zero with its
vertex. We write gp for the concatenation of the paths p and ¢ if ¢(p) = s(q).

Let p and ¢ be paths such that p = bga. We say ¢ is a divisor of p. In general
the position of g in p, that is the paths a and b, need not be unique. We write ¢ < p
to mean that ¢ is a divisor of p and the position of ¢ in p is fixed. In this situation
we set

pre,(q) :==a and suf,(q) =0
for the prefix and suffix of q in p, respectively. We drop the subscript when it is
clear from the context. If b = 1, we say ¢ is a suffizx of p, and if a = 1, we say ¢
is a prefix of p. If ¢ is a divisor/suffix/prefix of p and p # ¢, we say ¢ is a proper
divisor/suffix /prefix, and we write ¢ < p.

Definition 2.2. Let n > —1 be an integer. A path in @ is a left n-ambiguity if it
decomposes as p = u_j ... u, such that
(1) u—1 € Qo, uo € Q1, u; € B, and
(2) for any 0 <4 < n —1 we have u;u;+1 € I and any proper suffix of w;u; 41
does not lie in I.

In practice, we drop the trivial path u_; and write ug ..., for the decomposition
of a left ambiguity.

Dually, a path p is a right n-ambiguity if it decomposes as p = v, ...v_1 such
that the above properties hold when we replace suffix by prefix.

Left ambiguities are called right n-chains in | , Section 3]. Our use of the
term ambiguity follows [ , Definition 3.1] and alludes to the fact that left and
right ambiguities are equivalent; see [ , Lemma 3.1] and also [ , Lemma 1].
Hence we will simply say n-ambiguity instead of left or right n-ambiguity. More-
over, given an m-ambiguity p and decompositions as left and right ambiguities
P=uUg...Up = Uy ...V, respectively, we have

(2.3) Vi L Up—iUp—it1 and u; < Vp_j41Vn—;

for any 1 <7 <n.

We denote the set of n-ambiguities by I',,. This set is denoted by AP(n+ 1) in
[ | and by AP, 41 in | , .

For small n, we have the following descriptions of the sets of ambiguities I';,.

(1) The (—1)-ambiguities are precisely the trivial paths of length zero, that is
'y = Qo.

(2) The 0-ambiguities are precisely the arrows, that is T'o = Q1.

(3) The l-ambiguities are the minimal generating set of paths of I.

For quadratic algebras the ambiguities have particularly nice decompositions:
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Example 2.4. Let A = kQ/I be a finite dimensional quadratic monomial algebra.
Then I is generated by paths of length 2. For any left ambiguity p = ug ... u, each
u; is an arrow in @ and w;u;1 lies in the minimal generating set of I. In particular,
setting v; := u,—; yields a decomposition of p as a right ambiguity. Moreover, for
any 0 < i < n —1 the path u;u;4+; is a 1-ambiguity.

The latter property needs not hold when I is generated by paths of length more
than 2. In this case, u;u;+1 can have a proper prefiz that lies in I.

Example 2.5. We consider the quiver

o

Q= “l % with I = (yBa,ady).

—
[ 3 [

Then, a|dy|Ba is a left 2-ambiguity. The notation indicates that ug = a, u3 = dv
and ug = fa. In this left 2-ambiguity, we have ujus = §ypa > vBa € I.

The following Lemma utilizes that ;41 is chosen minimally so that w;u; ;1 lies
in I. Tt will be used repeatedly in the sequel.

Lemma 2.6. Let m > n be integers and let
P=UQ. .Uy UG .U, =q

be decompositions as left m- and n-ambiguities, respectively. We assume £ < m is
maximal such that ug...uy, > q. Then

Ugy; > u;  when i even

(2.7) for 0<i<nm.

ups; < ui  when i odd

In particular, this yields m > 1+ n and
(1) if n is even, then ug...Upyn > q and g ... Uprn—1 2 q-
(2) if nis odd, then weyq ... uppn < q.
Moreover, if n is odd and q a suffiz of ug...um, then ¢ =ug... Upqy.
An analogous statement holds for right ambiguities.

Proof. We show (2.7) by induction on . By assumption the claim holds for i = 0.
We assume ugy; > uj. Since no proper suffix of wgyjueyiq1 lies in I and wjuj,, € I,
we have ugq i1 < uj, ;. A similar argument yields weyi11 > uj; when ugy; < uj.

Now let n be odd and ¢ a suffix of ug ... u,,. We show that, in this case, we have
Ug... Ui = Uy ...u, when 7 is odd in the induction above. For i = —1 there is
nothing to show. We assume it holds for 7. Then wj, uj, o and w1y i2 have
the same source, so one is the suffix of the other. Since both lie in I and neither has
a proper suffix in I, they are equal. Taking ¢ = n yields the desired statement. [

Corollary 2.8. Let p be an n-ambiguity.
(1) No proper divisor of p is an n-ambiguity.
(2) The decompositions of p as a left and right ambiguity are unique. O

Let p be a left n-ambiguity with decomposition p = ug. .. u,. The suffix
(m)p =UQ ... Uy

is, with this decomposition, a left m-ambiguity for every —1 < m < mn.



THE HOCHSCHILD COHOMOLOGY RING OF MONOMIAL ALGEBRAS 5

Analogously, if p is a right n-ambiguity with decomposition p = v, ... vy we set

p(m) = U ... 00 .

By (2.3), any n-ambiguity p has a decomposition
(2.9) p = ppp

for i +j =n —1 and some b € B with b < ujy; and b < v;y1. In general the
remainder b in (2.9) need not be trivial, as seen in the following example.

Example 2.10. In Example 2.5, the 3-ambiguity p = yBadySa has the decompo-
sitions as left and right ambiguity

v|Ba|dy|Ba and  yB|ad|yBla,

respectively. Then, we have Vp = yBa and p") = v, and the remainder is b = o
In this example, for any n-ambiguity and ¢ 4+ j = n — 1, the remainder is a path of
length 1.

3. BARDZELL’S RESOLUTION

Let A = kQ/I be a monomial algebra and T',, the set of n-ambiguities. We set
E =kQy 2 kI'_; and A° := A ®; A°P. In this section we describe a minimal
resolution of A over A¢ due to Bardzell | ] that uses n-ambiguities as a basis
in homological degree n+ 1. Since this resolution was first introduced, the notation
has evolved and many arguments in the original paper can be made more concrete.
In the sequel, we make use of some of these technical results. For this reason and
the convenience of the reader, we will give many of the details.

We start with a description of the (n—1)-ambiguities contained in an n-ambiguity.
This depends on the parity of n.

Notation 3.1. Let p be an n-ambiguity, i.e. p € I';,. We define

Sub(p) :={q€Tn_1|q¢<p}.

For every ¢ € Sub(p) we have p = suf(q)gpre(q). Clearly suf(q),pre(q) ¢ I. By
Corollary 2.8, we have two distinct elements

{("’1)p,p(”’l)} C Sub(p).

We will see that the description of Sub(p) depends on the parity of n. But first
we need a technical Lemma.

Lemma 3.2. Let n be an odd integer and q1 # g2 be n-ambiguities with qya = bgs.
Ifa ¢ I and b ¢ I, then there exist (n+ 1)-ambiguities py and pa such that p1,pa <

qia = bgs and Mp, = ¢ and p§"” = gs.
Proof. We assume a ¢ I and b ¢ I. Let

I
n

qQ=ug...up, and g :ué...u
be decompositions as left n-ambiguities. This setup is illustrated in Fig. 1.

Since b ¢ I and ¢1 # g¢2, we have u; > u(. By Lemma 2.6, u, > u,_;, and so,
Una > ul,_qul,. We can choose u,41 < a minimally such that w,iu, € I. Since
a ¢ I, we have upy1 ¢ I and p1 :=ug ... un11 < g1a a (n + 1)-ambiguity.

The (n + 1)-ambiguity py exists by the same argument for decompositions of
right ambiguities. O
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a Un U1 Uo,
[ ] [ ] [ ] - e —————> 0 —> ©
’ / ’
Unp Un—1 U b
[} [} [} e e — &6 — @0

FI1GURE 1. Graphical depiction of the setup of Lemma 3.2.

Now we show | , Lemma 3.3].

Lemma 3.3. Let n be an even integer and p an n-ambiguity. Then
Sub(p) = {""Vp,p" D} .

Proof. Let g € Sub(p) with ¢ # (»~Vp. We can write
(" Dpa =bg < p.
Then a < pre(""~Yp) ¢ I and b < suf(p®~1)) ¢ I. So, we can apply Lemma 3.2 to
obtain an n-ambiguity p with p < bg < p. Hence, p = p and ¢ = p("~1. ([
The following Lemma recovers | , Lemma 4.7].

Lemma 3.4. Let n be an even integer and p a path in Q. We consider the ordered
set

{eelnlg<p}={qr,....an}
where p = bjqia; and a; < a;41 for any 1 <i < N —1. Then (”71)qi = qgizl) for
all1<i< N-—-1.

Proof. If "=V < i1 or qgj_fl) < ¢; the claim holds by Lemma 3.3. On the other

hand, if Vg £ ¢;41 and qg;l) £ q;, then we have
b((" V) = (qfifl))a with a,b ¢ T .
By Lemma 3.2 there exists an n-ambiguity ¢ < b(("~"¢;). By assumption, we have

g = @q; or ¢ = ¢;+1. This is a contradiction. O

In Lemma 3.2, we utilized that, under certain conditions, we can extend an n-
ambiguity to an (n + 1)-ambiguity. For such an extension to exist, it is crucial that
one can choose u, 1 ¢ I. The following example illustrates that this is not always
possible.

Example 3.5. We consider the quiver

¢
T

1 T> 2
% ﬂ with T = (B¢, ¢y, ala, al) .
3

Then, we have 2- and 4-ambiguities

¢ = ¢lac]er < elCalClad]y = p,
respectively. If r < (v such that ar € I, then » = (y € I. Hence, g cannot be
extended by a prefix to a 3-ambiguity.

We can now describe the Bardzell resolution.
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Theorem 3.6. Let k be a field and A a monomial algebra over k. The complez,

Bzl(A)py1 = 0 an <1
Apkl, ®g A ifn> -1

with differential

> suf(g)@q@pre(q)  if n odd
g€Sub(p)

suf(p("_l)) ®p(n_1) ®1
“1® ("—1)p ® pre(("_l)p)

for p e Ty, is a resolution of A over A® with quasi-isomorphism

ba ifpeTl_y andt(a) =p = s(b)

0 else.

(3.7 dpi(1®@p®1):=

if n even

e: Bzl(A) —» A, b®p®a'—>{

We need a few more technical results for the proof. First, we describe some
constraints on the position of a smaller ambiguity in a bigger one.

Lemma 3.8. Letn be an integer and i+j =n—1. We assume p is an n-ambiguity
with a decomposition p = bga such that q is an i-ambiguity.

(1) If i is odd, then a =1 if and only if Dp < b.

(2) If i is even, then a < pre(™=Yp) if and only if Dp < b.
The analogous statements for p) hold as well:

(1) Ifi is odd, then b =1 if and only if p¥) < a.

(2) If i is even, then b < suf(p(»= V) if and only if p¥) < a.

Proof. We decompose p and ¢ as left ambiguities p = ug...u, and ¢ = uj...u},
and let £ be maximal such that us...u, > q.

Let i be odd. The maximality of ¢ implies that uj < wg. Therefore, by
Lemma 2.6, we have ugy; < uj. Hence,

a=1 = l+i=n <= Ujq1...Up > ¢ = (j)pgb.
Let i be even. Then pre((”*l)p) = uy,. By Lemma 2.6 we have ugy; > uf. Hence,
agpre(("_l)p)(E)f—i—i:n(:)ujﬂ...unzq(:)(j)pgb. O

Lemma 3.9. Let m < n be integers and p an n-ambiguity. We assume pa = bqa
with q an m-ambiguity and m even. Then, b & I if and only if ¢ < ™+tVp. In
particular, ¢ < p.

An analogous statement holds for l;p = bga and p™*Y.

Proof. Let p = ug...u, and ¢ = uy...u,, be decompositions as left ambiguities.
We assume b ¢ I. Then, b < wouy. In particular, this means u{ < uouy. If
ul = ug, then ¢ = Mp < My If o) < wy, then by Lemma 2.6 we have
g <up... Umyr < ™FYpsince m is even.

The converse is clear from the definition of ("+1p. O

Proof of Theorem 3.6. In the definition of the differential, we use implicitly that
for n even an n-ambiguity contains exactly two (n— 1)-ambiguities; see Lemma 3.3.
First, we show that (Bzl(A),d) is a complex, that is that d* = 0.

Step 3.10. We show that, for n odd, we have d*(1 ® p® 1) = 0 when p € T,,.
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Using the definition of d in (3.7), we can write
P(lepel) = Z (suf(q) suf(¢"=?) @ ¢"~? @ pre(q)
g€Sub(p)
—suf(q) @ g @ pre(" D) pre(q)) -
We order Sub(p) = {""Yp = q1,...,qv = p™ Y} as in Lemma 3.4. Then
("_2)qi = qi+1("_2). Thus we obtain

Plepe1l)
=suf(p"" ") suf(p" ") @ p" " @1 - 1® " Dp @ pre(™?p) pre("Vp)
= O 5
since suf(p™ 1) suf (p("~2)) € I and analogously for the second term.

Step 3.11. We show that, for n even, we have d?(1®@p® 1) = 0 when p € T',,.

We can write
Plepel) = Z suf (p" =) suf (q) ® ¢ ® pre(q)
geSub(p(n—1)
- > suf(q)®q®pre(g)pre("Vp).

geSub((n=1p)

For ¢ € Sub(p(®~Y) N Sub((®~Yp), the terms in the first and the second summand
coincide and thus cancel. If ¢ € Sub(p™~1)\ Sub(»~Yp), then ¢ £ *~Vp, and by
Lemma 3.9, we have suf(p("~1))suf(¢q) € I. Analogously, the prefix of the second
summand lies in T when ¢ € Sub(("~Yp) \ Sub(p(»~1).

Thus, we have shown that (Bzl(A),d) is a complex. It remains to show that ¢ is
a quasi-isomorphism. We use the argument from | , Theorem 1].

Step 3.12. The map ¢ has an inverse up to homotopy as a map of right A-complexes.
We consider the inclusion as right A-complexes
t: A—Bzl(4), a—1Qt(a)®a

and the homotopy of right A-complexes

o: Bzl(A) = Bzl(A), bep@le > e®q®c

bp=eqc
g€l 11
when p € I',. By | , Theorem 1] one has
do +od =id +te

as maps of right A-complexes.
Hence ¢ is a homotopy equivalence as a map of right A-complexes and thus, a
quasi-isomorphism; the latter does not depend on the linearity. (I
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4. DIAGONAL MAP

The canonical resolution of A as an A°-module is the bar resolution Bar(A); see
[ | and also | , Section IX.6]. Since both, Bardzell’s resolution and the bar
resolution, are complexes of free A°-modules, there exist homotopy equivalences

(4.1) G: Bar(A) — Bzl(A) : F.

These comparison morphisms were studied in | ]. Tt is well known that the
bar resolution is equipped with a diagonal map

Ap,: Bar(A) — Bar(A4) ®4 Bar(4),

see | , §2.3]. Hence, the comparison morphisms (4.1) induce a diagonal map
on Bardzell’s resolution. That is, a diagonal map Ap, is defined such that the top
of the following diagram commutes.

Bar(A) Apar Bar(A) ® 4 Bar(A)

V’ G®G

S Bz1(A) ® 4 Brl(A)

Ae——— A@a A
Redondo and Roman described the induced diagonal map for quadratic string al-
gebras; see | ]

Alternatively, a diagonal map can be defined as a lift of the canonical isomor-
phism given by the multiplication p: A ®4 A — A on A; see | , §2.3]. By the
Comparison Theorem | , Proposition 1.3.1], the lift is unique up to homotopy.
Hence, a lift A coincides with Ag, up to homotopy. In the following, we construct

a map A and show this map is a lift of the isomorphism p~*.

Theorem 4.3. The A®-linear homogeneous map A: Bzl(A) — Bzl(4) ® 4 Bzl(A),
given by

(4.4) Anp(lepel)= Y Y copebea®a

i+j=n—1 p=cg2bq1a
,j2—1 q1€l;,q2€l;

for any p € Ty, is, up to homotopy, the map induced from the diagonal map on the
bar resolution.

Note that, implicitly, we are identifying

(ARpkl'; ®p A) @4 (AQpkli®@p A) 2 AQpkl'; ®p AQpkl'; ®p A.

Before proving Theorem 4.3, we show how, depending on the parity of ¢ and 7,
the decompositions in (4.4) can be simplified.
Lemma 4.5. Letn be an integer and i+j =n—1. We assume p is an n-ambiguity
with

p = cqabgia forqr €y and gz €T;.

If i is odd, then a = 1, and if j is odd, then ¢ = 1. In particular, if i and j are odd,

then (2.9) is the unique decomposition of p into an i- and j-ambiguity.

Proof. This follows from Lemma 3.8. O
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Lemma 4.6. Let n > i, 5 be integers and p an n-ambiguity with
p = cg2bqra for g1 €Ty, q2 €T
Then, i +j <n-—1.

Proof. We take decompositions as left ambiguities p = ug ... un, ¢1 = uy ... u}, and
pick ¢ maximal such that g1 < wug...u,. Then g2 < ug...ug, and hence j < £.

We use Lemma 2.6. If i is even, then g1 L ug...upy;—1 and hence £+i < n. Ifq
is odd, then g1 > ugy1 ... u¢s; and hence £ + i < n. Combining the inequalities we
obtain j +1i < j+ ¢ <n, and thus, i+ j <n — 1. O

Proof of Theorem 4.3. As discussed at the beginning of this section, it is enough
to show that A is a chain map and a lift of the isomorphism g~ ': A = A®4 A. Tt
is straightforward to see that A is a lift of u~! since u(e ® €)A = ¢ holds.

It remains to show that A is a chain map. Since the differential on Bzl(A) ®4
BzI(A) is id ®d + d ® id, we need to show that Ad = (id ®d + d ® id)A.

In the cases when i or j are equal to —1, there is nothing to show. So, we assume
that 4,7 > 0 for the remainder of the proof. We break the proof into two cases, one
for n even and one for n odd.

Case 1. Let n be even and p € T',,. The first summand of (id ®d + d ® id)A yields
(ided)(A(l®p®1))
@7) = Y Y coepobsul(@)od? wa

k+4=n—2 p=cqzbqia
kodd g2€Ty,q1€lk11

(4.7b) - ¥ Yo c0pabePg pre(Pa)a

k+0=n—2 p=cqabqia
kodd ¢o€ly,q1€l k11

(4.7¢) - Z Z Z c® q2 @ bsuf(r) ® r ® pre(r)a.

k+f=n—2 p=cq2bgia reSub(q1)
k even ¢2€Tl,q1€l k41

The Koszul sign rule when applying (id ®d) yields (—1)¢*! for each summand. The
second summand of the differential yields

(deid)(A(l®p®1))
(4.8a) = Z Z Z csuf(r) @ r@pre(rNb@ ¢ ®a

k+f€=n—2 p=cqabqia  reSub(gsz)
k even go€ly41,q1€l

(4.8b) + > Yo esuf@)ed ebeaea

k+l=n—2 p=cqabqia
kodd g2€Tlyi1,1 €T

(4.8¢) - Z Z c@ g @pre(Vgpbea®a.

k+l=n—2 p=cq2bqia
kodd g2€l41,q1€l

By Lemma 4.5, we have ¢ = 1 in (4.7a, 4.7b & 4.8a) and a = 1 in (4.7¢c, 4.8b &
4.8¢).

Step 4.9. Combine (4.7a & 4.7Db).
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We fix k+ ¢ =n — 2 with k and £ odd. Let r be the path p = @pr. Then, we
order the set of all (k + 1)-ambiguities contained in r,

{F el |7 <r}={r,...,7n},

as in Lemma 3.4. By construction, we have 7; = p(**1. Note that in (4.7a & 4.7b),
we have go = Up, and ¢; takes on precisely the values rq,...,ry. By Lemma 3.4,
we have that (F)r; = rg_lf_)l for any 1 < ¢ < N —1, and therefore, the two sums cancel

except for the terms with r§k> and My
Claim. By = ((n—l)p)(k)'
an . .
° ° . .
®)
° °
° . . ~ .
Pre((n71)p) ((n—l)p)(k) 0
° ° . ~ )
pre(("~1p) ((n—l)p)(k) ;

FIGURE 2. Graphical depiction of the decompositions of the path
7, defined by p = Dpr in Step 4.9. The two possible configurations

are in the third and fourth line. It is shown that the only configu-

ration that occurs has *)ry = (("*1)p)(k).

Since k and ¢ are odd, there is a unique decomposition of *~Yp into a k- and a
{-ambiguity. That is,

(=1 = (O (21 “©

for some l~7; see Lemma 4.5. Note that we must have (("’1)p)(k) < r. If the
claim is false, then ®ry £ (»=Dp Tt is straightforward to check that we can

apply Lemma 3.2 to ®ry and (("’1)p)(k). There are two configurations of these
paths in r as depicted in Fig. 2. So, there exists a (k + 1)-ambiguity 7 < r with
(OF ((”*1)1))(@ or ¥ < B(("’l)p)(k). The first is a contradiction to the fact that
ry is the maximal element in the set of (k + 1)-ambiguities contained in r, and the
second a contradiction to Lemma 4.5. Hence, the claim has been shown.

Using the above, we can rewrite (4.7a & 4.7b) as

(k)
> (1 @Wpb@p® @1 -10Opb @ ((”*”p) ® pre(<"1>p)> ,
kJrkZ::izde

where by and b2 depend on k£ and ¢ and are chosen appropriately.

Step 4.10. Combine (4.7a, 4.7b, 4.8b & 4.8¢).
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The same argument as in Step 4.9 simplifies (4.8b & 4.8¢). Combining the terms
(4.7a, 4.7b, 4.8b & 4.8¢) yields

%)
> (suf(p(”l)) ® (p(”*l)) @b @p® ®1
(4.11) e odd

(k)
—loYpebe ((”*%) ® pre(<"1>p)> :

where b and b’ depend on k and ¢, and are chosen appropriately.
Step 4.12. Combine (4.7¢ & 4.8a).

We fix k+ £ = n — 2 with k and ¢ even. Given p = cqbp* ) with ¢, € T'y and
r € Sub(p®**t 1), we have g < “*Yp by Lemma 4.6. By Lemma 3.8 we obtain

pre(r) < pre((”fl)p) = (”1)1) < cgobsuf(r).

This means, any summand of (4.7c) for which pre(r) < pre((®~Yp) holds appears
as a summand of (4.8a). Thus, (4.7c & 4.8a) together give

Z Z suf(p("_l))c®qQ®b®ql ®a

k+l=n—2 (" U—cngqla
k even q2€Fz g1 €l

> Y coeoboa@apre(™Vp).

Rt b=n—2 (=D p=corbgia
g€, qu €l

Combining (4.11 & 4.13), we obtain
dAl®p®1))

> Y. sufp" e pebog®a

k+l=n—2 p("fl):cngqla
q2€l',q1 €T

- > Y, coeoboqgeapre™Vp)

k+0=n—2 ("71)pch2bq1a
q2€T¢,q1 €T

=Adl®p®l)).

(4.13)

Case 2. Let n be an odd integer and p an n-ambiguity. Then, the first summand
of the differential on Bzl(A) ® Bzl(A) yields

(ided)(Al®pe1))

(414a) =- Y Y copebsui@)eqd”

k+f=n—2 p=cqabqia
kodd ¢2€ly,q1 €Tk

(4.14b) + ) c®pebe Mg @pre(Mq)a
k+0=n—2 p=cq2bqra
k odd q2€Ty, Q1€Fk+1

(4.14c) + Z Z Z c® qa ®bsuf(r) ® r Q pre(r)a

k+l=n—2 =cqz2bqia  reSub(qr)
k even q2€F@ q1€0 K41
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The Koszul sign rule when applying (id ®d) yields (—1)¢*! for each summand. The
second summand of the differential yields

deid)(A(l®p®1))
(4.15a) = Z Z csuf(qée)) ®q§e> RbR®q®a

k+l=n—2 p=cq2bqra
k even g2€lpy1,q1€T

(4.15b) -y Y coVpope(Pphoaea

k+l=n—2 p=cq2bqia
k even ¢o€lpy1,q1€T

(4.15¢) + Z Z Z csuf(r) @ r@pre(r)b@ g ®a.

k+f=n—2 p=cq2bqia reSub(qsz)
kodd ga€ly41,q1€T

By Lemma 4.5 we have a = 1 and ¢ =1 in (4.14¢ & 4.15¢).
Step 4.16. Combine (4.14a & 4.14Db).

We fix K+ ¢ = n — 2 with k£ odd and ¢ even. For a decomposition p = cqar
where go € T’y such that r contains a (k + 1)-ambiguity, we order the set of all
(k + 1)-ambiguities contained in r,

{relim|r<r}={r,...,r~v}

as in Lemma 3.4. By construction, we have r; = p*+1). So, we can rewrite (4.14a
& 4.14Db) as

1 Y > (c®q2®b1®(k)r1\;®a1—c®qQ®b2®p(k)®1),
k+l=n—2  DP=cqarT
kodd ga€ly,rep®+h
where b1, a1 and by depend on gs.

Claim. There exists a unique ¢ € Sub(p) with gab1(Fry) < q.

Consider the decompositions as right ambiguities

P=Vn...v0, q=uv,...vy and Fry=104... 0.

If vivg < ap, then using Lemma 4.6 twice yields kK + ¢+ 2 < n — 1. This is a
contradiction. Hence, vivg < a1 and 99 < wv;. Since k is odd, we have v >
vgp+1 by Lemma 2.6. Hence, there exists Ux4+1 < vgyo such that Ogi1...90 is an
(k + 1)-ambiguity. By the choice of rn we have v} < 041 < vgt2. So, applying
Lemma 2.6 inductively, we can extend 0g...0;4+1 to a k + £ — 1 = n — l-ambiguity
that satisfies the desired conditions. Since k is odd, the (n — 1)-ambiguity ¢ is
unique by Lemma 4.5.

Claim. For any g € Sub(p) with ¢ # p(®~1, there exists a decomposition p = cgor
with ¢ € Ty and r > p*+1 such that gb(®ry) < q.

Set gz = Vg and write p = cqor. By assumption suf(q) < suf(p®~1)). Hence
by Lemma 3.8 we have p*T1) < r. By the previous claim there exists an (n—1)-
ambiguity ¢’ satisfying the desired conditions, and by construction, g = ¢’.

Step 4.18. Combine (4.14a, 4.14b & 4.15¢).
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Comparing (4.15¢) with the second summand of (4.17), we see that the summand
suf (r)@r@pre(r)b@p*) @1 appears in (4.17) if and only if pre(r)bp(®) > p(k+1) By
Lemma 3.8, this is equivalent to suf(r) < suf(p(®~1). Hence, the terms cancel, and
the remaining terms of (4.15¢) are precisely those terms where suf(r) > suf(p™~1).
The first summand of (4.17) yields the terms for any other ¢ € Sub(p) by the above
claims. Thus, we can write (4.14a, 4.14b & 4.15¢) as

Z Z Z suf(q)c® g2 ®b® 1 ® apre(q) .

g€Sub(p) k+£=n—2 g=cq2bqia
kodd g2€T¢,q1€ly

Analogously, we can simplify (4.14¢, 4.15a & 4.15b), and obtain
dA1®pR1)=Ad1ep®1l)). O

5. THE cUP PRODUCT OF HOCHSCHILD COHOMOLOGY

Since Bzl(A) is a free resolution of A over A®, we can use it to give an explicit
description of Hochschild cohomology HH*(A) := Ext’.(A4, A). Using the Hom-

tensor adjunction we obtain
Hom 4. (Bzl,+1(A), A) = Hom 4. (A®g k'), ® A, A) = Hompg. (kI',,, A) =: kI, || B,

and we denote the complex with modules kT, |8 with the induced differential by
kT'||B. A basis of kI',,|| B is given by the maps
b ifg=p

for g € I'y,
0 else

(Pllb)(q) = {

where p € T, and b € B such that s(p) = s(b) and t(p) = t(b). The notation
—||— indicates that the paths p and b are parallel, starting and ending at the same
vertex.

We give an explicit description of the differential. We need to treat the even and
odd case separately.

Case 1. Let n be an even integer and p||b € kI';,_1||B. For an n-ambiguity g, the
differential is given by

(5.1)

0 ifpLq

I (pl)a) = PO (s (@) = 4 7 E PP

cb if cp = g and p not a suffix of ¢

—ba if pa = g and p not a prefix of ¢ .

Case 2. Let n be an odd integer and pl||b € kI',,_1||B. For an n-ambiguity ¢, the
differential is given by

0 if pLq

_ ) N
B Zcibai if ¢;pa; = q and a; # a; for i # 7.
i=1

(5.2) 9" (pllb)(q)

The diagonal map on Bzl(A4) given in Theorem 4.3 induces a chain map

—: Hom 4.(BzIl(A4), A) x Hom 4.(Bzl(A), A) — Hom 4.(Bzl(A), 4),
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which induces the cup product on Hochschild cohomology; see the discussion before
Theorem 4.3. The cup product is given by the formula

(5.3) (pallbz = pallbr)() = D ebachia
g=ep2cpra
for any (i + j — 1)-ambiguity ¢ where p; b1 € kI'; and ps||bs € kT';.

By the discussion at the beginning of Section 4, preceding Theorem 4.3, this cup
product coincides with the classical cup product coming from the bar resolution up
to homotopy. Hence, we can use (5.1 & 5.2) to compute Hochschild cohomology
and (5.3) to describe the algebra structure on the Hochschild cohomology. We
utilize the formulas to describe the Hochschild cohomology algebra in the following
examples.

Example 5.4. Let A = kQ/I be a finite dimensional quadratic monomial algebra.
Then, any n-ambiguity is of length (n+1), and in the formula for the diagonal map
(4.4), there is at most one summand for every i+ j = n — 1 given by p = ¢g2¢1. On
kT'||B this yields the formula

pap1l|bebr  if pap1 € Tiqj—1 and baby € B

by — by =
P2||2 p1H1 {0 clse

for any p1|b1 € kI'; and p2||b2 € kT';. This is the same cup product that Redondo
and Roman obtain using the comparison maps; see | , 4.2].

Example 5.5. We consider the same quiver with relations as in Example 3.5:
¢

>~

15— 32

A ﬂ with T = (B¢, ¢y, ala, Cal).
3

The monomial algebra A = kQ/I is a string algebra, but not gentle. By direct
calculation one obtains

HH(A) = (1|1 + 22+ 3[|3, 1]|¢e, 2] )
HH*™ 1 (A) = ((a¢)*™alla, (Ca)*™¢[I¢, (a)* ™ a7, )
HH2(4) = ((a¢)*"alla + (Ca)* ™ ¢|I¢, (o)™ alvB)
HH*™ 3 (A) = (B(¢)* ™ ¢v|13, (Ca)*™ 2| Car)
HH*™(A) = (B(¢a)* ™ (y1I3, (a€)* 3|, (¢)* ™| ¢er)

for m > 0. The element 1|1 + 2||2 + 3||3 is the unit of HH*(A). We describe,
up to commutativity, all nonzero multiplications in positive degrees. We set w :=
((aC)*™ oo+ (Ca)*™+1¢|¢) € HH*™2(A). Then we obtain

(aQ)* alla — w = (ag)* ™2 ag
(Ca)*¢|I¢ — w = (Ca)*“T™H2 | ¢a
(aQ)* M afla+ (Ca)* T — w = (a)* ™V ||a¢ + (Ca)* ™| ¢a.

In particular, we see that the algebra HH*(A) is not finitely generated as a k-
algebra. However, the algebra HH*(A)/N, where N is the ideal of nilpotent ele-
ments, is finitely generated; cf. | ]
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Example 5.6. Let m,n be positive integers such that char(k) does not divide m.
We consider the quiver

. with T =({z;  Tizm-1|1<i<n}).

et Lo

The Hochschild cohomology of the associated monomial algebra A was described
in [ |, and its algebra structure in | ]. The latter defined a product on
kT 4||B and showed that, on cohomology, it coincides with the cup product. In the
following, we will see, that our product on kI'4||B, as described in (5.3), does not
coincide with the product used in | ]. However, on cohomology, the products
are the same.

The (2¢ — 1)-ambiguities of A are precisely the paths of length ¢m, and the 2¢-
ambiguities the paths of length ¢m + 1. For convenience, we will denote by |p| the
length of the path p.

Let pr S F1,1||B and p/Hb/ S Fj,1||B. Then

pllb — p'||b' = pp'||bb’ if i or j even.

If i and j are odd, then |p| + |p/| = m# —m+ 2 and every (i + j — 1)-ambiguity
is of length m% Hence,
pllb— p'||[t) =0 ifiand j odd and |b] > 0 or [b'| > 0.

In the remaining case, when |[b| = |b'| = 0, the cup product can have multiple terms.

In comparison, the product on kI'4||B given in | ] is

"Ilob" it pp’ € Ty 1
b= lp = pp ” i+j
b= {0 o

That is, the cases where the products need not coincide are for ¢ and j odd and
[b] = [b'] = 0.
By | , Lemma 6, Proposition §],

c—1
ker(9**) = D K201 Q;
j=1
where Q; the set of all paths of length j in Q. In particular, elements p||b € I';_1||B
for ¢ odd and |b| = 0 do not appear as nonzero summands in a cocycle. Hence, our
product — and the product = of | | coincide on the cocycles and therefore
on cohomology.

6. HocHSCHILD COHOMOLOGY OF TRIANGULAR MONOMIAL ALGEBRAS

A quiver algebra with relations is triangular if the underlying quiver has no
oriented cycles. For a triangular monomial algebra A, the differentials (5.1 & 5.2)
on the complex kI'||B can be simplified. When n is odd, the case ¢p = pa = ¢
cannot occur. When n is even, the decomposition cpa = ¢ is unique, and hence,
there is exactly one summand whenever p < q. These simplifications give us some
control over a generating set of the cocycles given by the irreducible cocycles.
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Definition 6.1. We fix a cocycle
k

(6.2) v = ai(pillbs) € kT || B

i=1
of degree n + 1 with «o; # 0 for 1 < i < k and p;||b; pairwise distinct. We say x
is irreducible if for each sequence 1 < i; < ... < iy < k with £ < k and non-zero
elements ; € k for 1 < j < £ one has

Y/
o> 8w, llbs,) | #0.
j=1

The irreducible elements form a generating set of the cocycles in kI',, || B.

Lemma 6.3. Given a triangular monomial algebra A = kQ/I with basis B and
an irreducible cocycle x = 31 oy (pil|bi) € KUy ||B with a; € k for n > 0, there
exist nontrivial paths p and b with p; = ¢;pa; and b; = c;ba; for a;,c; € B for all
1<i<k.

Before we prove the Lemma, we make an observation for general monomial al-
gebras on overlapping elements of I',, || B for n > 0. Let 0(pl||b)(q) = d(p'||')(¢) # 0
for p||b, p’||b" € T, ||B and an (n + 1)-ambiguity ¢. We choose ¢ = cpa = ¢’p’a’ such
that cba = 'b'a’. Without loss of generality, we may assume a < a’. Then, there
exist nontrivial paths § < p,p’ and b < b, b’ such that

p=¢p, p =pa, b=:c and V =ba

for some @ < a’ and ¢ < ¢. This is depicted in Fig. 3. Loosely speaking, this means
that b differs from p at most along the ‘intersection’ of p and p'.

Jb\
\b’/—>

FIGURE 3. Graphical representation of the arrangement of the
paths when 9(p||b)(¢) = O(P'||b")(¢) # 0 as described in (5.2). All
the parallel arrows lie on the same path, same for the bend arrows.

—a-

C

/

a s

Proof of Lemma 6.3. For n = 0 it is enough to show that any irreducible cocycle
has at most one non-zero summand. Suppose 9(p||b)(q) = I(P'||b')(q¢) # 0 with
p # p'. Since A is triangular, b = p, b’ = p’ and I(p||p)(q) = O(P'||p')(q) = ¢ =0
as @ € I'y is a relation in A. This is a contradiction. Hence any irreducible cocycle
has at most one non-zero summand and the claim is satisfied.

Suppose n > 1 and k£ > 1. Given a sequence g, ..., % of positive integers < k
and n-ambiguities ¢, ..., g/ such that:

a(pij ”bly)(%) = Cjbij a; = C;'+1bij+1a;'+1 = 8(pij+1 ||bij+1)(Qj) 7£ 0
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for all 1 < j < ¢, we will prove by induction on ¢ that there exist nontrivial paths
pand b with p;, = @;pé; and b;, = a;b¢; with a;,¢; € B for all 1 < j < £.

For ¢ = 1 this holds by the previous discussion. Suppose the claim holds for ¢,
and we want to prove it for £ + 1. Then

a(pieHbie)(QZ) = cyCobagar = 02+1bie+1az+1 #0

and q = ceCpagar = ¢y, 1Pi,, 0y, Hence, there exists a path p’ such that
p = c¢p'a and p;,,, = ¢ P'ay , with a,¢,¢,,,,a,,, € B. The latter holds since
o€y, Qpag, ¢y 1,y € B. One can think of " as the intersection of p and p;,,,. We
let b’ be the path parallel to ¢ inside b. Since A is triangular, the path b’ is unique.
It remains to set @ := a@;a and ¢ := ¢;¢ for 1 < j < £. These elements together
with 7 and b satisfy the desired conditions.

Since z is irreducible, there exists a sequence from p1||b1 to pi||br passing through
every p;||b; with ¢ = 2,--- |k — 1 satisfying the conditions above. This finishes the
proof. O

Lemma 6.4. Let A =kQ/I be a triangular monomial algebra and x € kI'y,—1]|B,
y € kI',,_1||B irreducible cocycles with n,m > 0. If & — y # 0, then y — = = 0.

Proof. We take p and p’ for  and y as in Lemma 6.3. Since z — y # 0, there
exists ¢ € T'am—1 such that ¢ = epcp’a. Let us suppose that y — x # 0. Then,
there exists ¢’ € T'y1m—1 such that ¢ = €’p'c’pa. Hence, pep/c’ is an oriented cycle
in (. This is a contradiction since A is a triangular monomial algebra. ]

Theorem 6.5. Consider a triangular monomial algebra, A = kQ/I, with a basis
of paths B. Then, the cup product on HH*(A) is zero in positive degrees.

Proof. Tt is enough to show that the equivalence class of a cup product of irreducible
cocycles is zero. Let © € kI',,_1||B and y € kI';,—1||B be irreducible cocycles. By
Lemma 6.4, we have z — y = 0 or y — x = 0. Since — is graded-commutative on
HH"""(A), we conclude that =7 is zero in HH” 1" (A). O

Finally, we give an example to demonstrate that there are nontrivial examples
of Lemma 6.4. That is, there exist irreducible cocycles x and y with x — y # 0
although z—=7 = 0.

Example 6.6. We consider the quiver

B Y
o o
Q= o ° ° ° ° .
(¢35} Q2 as Qq as

with I = (asau, asas, asas, asaq). It is straightforward to check that
x = aqasl|yas + asaylasy and  y = asaql||far + asas||ass
are irreducible cocycles. Then

Y — T = agazagan ||yasfar + asasasas||asyasf = 0(asasas||yasB) #0.
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