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Constructing nearly Frobenius algebras

Dalia Artenstein’ Ana Gonzélez'and Marcelo Lanzilotta*

Abstract

In the first part we study nearly Frobenius algebras. The concept of nearly Frobe-
nius algebras is a generalization of the concept of Frobenius algebras. Nearly Frobenius
algebras do not have traces, nor they are self-dual. We prove that the known con-
structions: direct sums, tensor, quotient of nearly Frobenius algebras admit natural
nearly Frobenius structures.

In the second part we study algebras associated to some families of quivers and the
nearly Frobenius structures that they admit. As a main theorem, we prove that an
indecomposable algebra associated to a bound quiver (Q,I) with no monomial rela-

_)
tions admits a non trivial nearly Frobenius structure if and only if the quiver is A,
and I = 0. We also present an algorithm that determines the number of independent
nearly Frobenius structures for Gentle algebras without oriented cycles.

Introduction

A Frobenius algebra over a field k is a (non-necessarily commutative) associative al-
gebra A, together with a non-degenerate trace ¢ : A — k. In other words we have that
(a,b) = ¢(ab) is a non-degenerate bilinear form. They have been studied since the 1930’s,
specially in representation theory, for their very nice duality properties. In recent times
the surprising connection found to topological quantum field theories has made them sub-
ject of renewed interest.

An important example for us, of Frobenius algebra, is the Poincaré algebra associated to
every compact closed manifold M, A = H*(M). In this case we can define the trace as
e(w) =] m W, for w € H*(M). It is a classical result that Poincaré duality is equivalent
to the assertion that this trace is non-degenerate. In topology this fact manifests in many
ways, for instance in the existence of an intersection product in homology that becomes
a coproduct in cohomology. The coproduct A is the composition of the Poincaré duality

isomorphism D : H,(M) E*>H*(l\/l) with the dual map for the ordinary cup product
u: H* (M) @ H*(M) — H*(M). Note that if we consider the case of a non-compact mani-

fold M, its cohomology algebra is no longer a Frobenius algebra, but we may ask ourselves
what structure remains. In this way we arrive at the following definition.
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A nearly Frobenius algebra A is an algebra together with a coassociative coproduct A :
A — A ® A such that A is an A-bimodule morphism. To the best of our knowledge this
notion was first isolated by R. Cohen and V. Godin, see [CG04]. A good reference for this
topic is the book [GLSU13].

The other objects studied in this work are the quivers and the associated algebras.
It is a known result that to each finite dimensional basic algebra over an algebraically
closed field k corresponds a graphical structure, called a quiver, and that, conversely,
to each quiver corresponds an associative k-algebra, which has an identity and is finite
dimensional under some conditions. Similarly, using the quiver associated to an algebra
A, it will be possible to visualice a (finitely generated) A-module as a family of (finite
dimensional) k-vector spaces connected by linear maps (see [ASS06]). The idea of such
a graphical representation seems to go back to the late forties but it became widespread
in the early seventies, mainly due to Gabriel [Gab72], |[Gab73]. In an explicit form, the
notions of quiver and linear representation of quiver were introduced by Gabriel in [Gab72].
It was the starting point of the modern representation theory of associative algebras.

In section 1 we present known concepts required in the rest of the work. We dedicate
section 2 to develop the concept of nearly Frobenius algebras. Studying nearly Frobenius
structures over an algebra we prove that this family defines a k-vector space. This result
permit us to define the Frobenius dimension of an algebra as the dimension of this vector
space. Moreover, in this section we determine the Frobenius dimension of particular
algebras as the matrix algebra, the group algebra and the truncated polynomial algebra.
All these cases verify that Frobdim(A) < dimy (A) In section 3 we show that known
constructions, as opposite algebra, direct sum, tensor product and quotient of nearly
Frobenius algebras admit natural nearly Frobenius structures. The last section is divided
in three parts. In the first part we prove that an indecomposable algebra associated to
a bound quiver (Q, I) with no monomial relations admits a non trivial nearly Frobenius

structure if and only if the quiver is A, and I = 0. Moreover, in this case the Frobenius
dimension is one. In the second part we deal with gentle algebras. If the quiver associated
to a gentle algebra A has no oriented cycles we show that the Frobenius dimension of A is
finite and we determine this number by an algorithm. In the last part we exhibit a family
of algebras A = {AC}C given by bound quivers for which Frobdim(Ac) > dimy (AC).

1 Preliminaries

Definition 1.1. A quiver Q = (QO,Q1,s,t) is a quadruple consisting of two sets: Qg
(whose elements are called points, or vertices) and Qq (whose elements are called arrows),
and two maps s,t: Q1 — Qo which associate to each arrow o € Qg its source s(x) € Qo
and its target t(a) € Qq, respectively.

An arrow o € Qp of source a = s(x) and target b = t(«) is usually denoted by
x:a—b. A quiver Q = (Qo, Q1,s,t) is usually denoted briefly by Q = (Qo, Q1) or even
simply by Q. Thus, a quiver is nothing but an oriented graph without any restriction on
the number of arrows between two points, to the existence of loops or oriented cycles.
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Definition 1.2. Let Q = (Qo, Q1,s,t) be a quiver and a,b € Qp. A path of length 1 > 1
with source a and target b (or, more briefly, from a to b) is a sequence

((1|O(1, Kyonny oqu),

where o € Qp for all 1 < k <1, s(oy) = a, t(o) = s(ogy1) for each T < k < 1, and
t(ow) =b. Such a path is denoted briefly by aj; ... a.

Definition 1.3. Let Q be a quiver. The path algebra kQ is the k-algebra whose underlying
k-vector space has as its basis the set of all paths (aloq, 0y oqlb) of length 1 > 0in Q

and such that the product of two basis vectors (aloq, Xy eeey oqlb) and (c|[51, [ Bkld)
of kQ is defined by

((1|(X1, K2y e v ey o‘l|b) (C|[51, Bay.-ey ﬁk|d) = 6bc((1|oq> N RN S AT Bk|d))

where 6y, denotes the Kronecker delta. In other words, the product of two paths o ...
and f1...Px is equal to zero if t(oq) % s([:’n) and is equal to the composed path
oK. Py Py if t(oq) = 3(61). The product of basis elements is then extended to
arbitrary elements of kQ by distributivity.

Assume, that Q is a quiver and k is a field. Let kQ be the associated path algebra.
Denote by Rq the two-sided ideal in kQ generated by all paths of length 1, i.e. all arrows.
This ideal is known as the arrow ideal.

It is easy to see, that for any m > 1 we have that R} is a two-sided ideal generated by all
paths of length m. Note, that we have the following chain of ideals:
RGO2R DRG D -

Definition 1.4. A two-sided ideal I in kQ is said to be admissible if there exists m > 2
such that
R C T CRG.

Definition 1.5. Let k be a field, and Q a quiver. We call a finite dimensional k-algebra

A gentle if it is Morita equivalent to an algebra T where Q is a quiver and I C kQ an

admissible ideal subject to the following conditions:

(1) e at each vertex of Q at most 2 arrows start,

e at each vertex of Q at most 2 arrows finish;

(2) e for each arrow 3 € Qg there is at most one arrow y € Q; with By a path not
contained in I,

e for each arrow 3 € Q; there is at most one arrow « € Q7 with «f3 a path not
contained in I;

(3) the ideal I is generated by paths of length 2;

(4) e for each arrow B € Q; there is at most one arrow vy’ € Q; with By’ a path
contained in I,

e for each arrow B € Q; there is at most one arrow o’ € Q; with «’f a path
contained in I.
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2 Nearly Frobenius algebras

The concept of nearly Frobenius algebras is a generalization of the concept of Frobenius
algebras. Nearly Frobenius algebras do not have traces, nor they are self-dual.

Definition 2.1. A k-algebra A is a nearly-Frobenius algebra if there exists a linear map
A:A — A® A such that

1. A is coassociative

A 2 ~A®A
Al lA@m
A®A oA ARARA
2. A is a morphism of A-bimodule
A®A m A ARA—T A

o R "

1®m

Remark 2.2. Any nearly Frobenius coproduct in a k-algebra is determined by the evalua-
tion in the unit of the algebra structure, that is if A is a k-algebra and A: A -5 A® A is
a k-linear map such that

Alx)=(x®@1)A(1) =A(1)(1®x)
for all x € A.

Theorem 2.3. Let A be a fixed k-algebra and € the set of nearly Frobenius coproducts of
A making it into a nearly Frobenius algebra. Then € is a k-vector space.

Proof. To prove that € is a k-vector space we prove that € is a subspace of V = {A :
A — AR®A linear transformation}, which is a k-vector space. We consider the linear map
A=oA+PA: A= ARA, with o, 3 € k where A1, A; € €. First we prove that this
map is an A-bimodule morphism, i.e. (m ® ]) (1 ® A) =Aom= (] ® m) (A ® 1)

Mmel)(1ed) = (mel)(1e (A + BA))
ax(me1)(1@A)+p(Mme1)(1®A4;)
= aAm+ pA;m = Am.

To prove the coassociativity of A: (A ® 1)A = (] ® A)A, we fix a basis, as k-vector space,
of A, B ={ei}lic1 and we note, by the Remark that

Alex) = (e @ 1)A(1) = A1) (1 @ e). (1)
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If we represent eiej = ) | a]-fj ex, A(1) = Zi,j bije; ® ej and Ay(1) = Zi,j cije; ® ej, then
the equation by Ay and A; is expressed as:

: :
D bjae®e =) budje e,

il ij,l

. )
Z Cijay €1 ® €5 = cua{kel & €5,
ijl ij,l

therefore

Z bijay; = Z bual,, (2)
i i

D ciai =) cudl. (3)
i i

Using the definition of A, the coassociativity condition is equivalent to
(Ar@)A = (1@ A1)A2) + (A1 @1)A— (1@ Ay)Ay) =0. (4)

We will prove that (A] ® 1)A2 — (1 ®A2)A1 =0= (Az ® 1)A1 — (1 ®A1)A2. To prove
that the map (A1 ® 1)A2 — (1 ® AZ)A1 is zero is enough to observe that the evaluation in
1 is zero:

(A] & 1)A2(x) — (1 ®A2)A] (X) = (A] & ])Az(])(] ®X) — (1 ®A2)A1(1)(] ®X)
= (M@ 1)A1) = (T®A)A (1) (T@x) =0.

And the last equation holds from

(A] ® 1)A2(1) = Z CﬁA] (e;) ® e = Z (Z Cijbk1(151> em ® e X e;

LJ jhlhm \ ik

and

(1®A2)A1(1) = Zbijei®Az(ej):Z Zbijckla?]z ei®Xen e

) LLm \ jk

1
= 5 (5 ey ) en e
j,Lm i,k

=) (Z ¢y (; bmkflh)) em e @ ¢

hhm \ i

= > (Z Cij (Z bkla’;;)) em ®e ®ej using (2), and (3).
jLm \ i k
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Definition 2.4. The Frobenius space associated to an algebra A is the vector space of all
the possible coproducts A that make it into a nearly Frobenius algebra (€ from Theorem
. Its dimension over k is called the Frobenius dimension of A, that is,

Frobdim(A) = dimy (€).
Example 2.1. Every Frobenius algebra is also a nearly Frobenius algebra.

It is known that the truncated polynomial algebra is a Frobenius algebra, in the next
example we prove that this algebra admits nearly Frobenius structures that do not come
from Frobenius structures.

Example 2.2. Let A be the truncated polynomial algebra in one variable kix]/x™. We
will determine all nearly Frobenius structures on A, even more we will determine a basis
of the Frobenius space & of A.

We consider the canonical basis B = {1,X, ... ,X“} of A. Then the general expression
of a k-linear map A: A — A ® A in the value 1 is

n
1) = Z aijx! @ .
i,j=1
This map is an A-bimodule morphism if
ARF) = (@)A1 =AM (Tex"), Yke(o,...,nk. (5)

The equation (@ when k=1 is

n

Z Xt ¥ = Zax@xj“

L,j=1 ij,=1
This happens if agg—1 =0,j=1,...,m;ai-10=0,1=1,...,n and aj_1 = aj_1;. Then
n
)= Z Qkn Z X' ®@x
k=0 i+Hj=n+k

We denote ay = ayxn. Applying the Remark we need to prove that A(x*) = (xk &
1)A(]) = A(])(] ® xk) to conclude that A is an A-bimodule morphism.

I
hE
=
M
xr—'
®
x\_a
o
®
xq—‘
SN—
I
M=
=
M
xq-l
®
x\_n
s

A (1@

k=0 i+j=n+k k=0 i+Hj=n+k
n n
— i m| _ T+l m
ax X ®x = ax X TTRX
k=0 i+m=n+k+1 k=0 r+m=n+k
n
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Finally, we need to check that this map is coassociative: Let x* € A with 1> 0.

(A1) (AKYH) = (A®1) Zak Z xt @ % :iak Z A(x') @

i+Hj=n+k+l k=0 i+j=ntk+l
= Z axQm E Z X' @x* ¥
k,m=0 i+Hj=n+k+lr+s=n+m+i
= Z Qxam Z X xR X
k,m=0 T+s+H=2n+m-+k+1
n
(1ea)(AKY)) = (1e4) Zak Z x' @ X :Zak Z X' ®A(X)
k=0 i+Hj=n+k+1 k=0 i+Hj=ntk+l
n
= Z Qy E Z x'x ®x*
k,m=0 i+H=n+k+lr+s=n+m+j
= Z Qxam Z X xR X
k,m=0 r+s+Hj=2n4+m+k+1

Then the pair (A, A) 1s a nearly Frobenius algebra. In particular we have that the coproduct
A is a linear combination of the coproducts Ay defined by

Ak(xl): Z x'@x, forkel0,...,n}

iHj=n4k+1

n
that is A = ZakAk where ax € k for all k € {1,...,n}. It is clear that the set of

k=0
coproducts Ay is a linearly independent set. Then

C={A:ASARAkE(],...,n}}

s a basis of €, and Frobdim(A) =n + 1(= dimg(A)).

Note that Ay is the Frobenius coproduct of A where the trace map € : A — k is given
by s(xi) = Oin and it is the only coproduct that admits a completion to Frobenius algebra
structure. This is because if we have a counit map € : A — k then it satisfies the counit

axiom: m(e ® 1)(Ak(xi)) =x, Vi=0,1,...,n. But

m(e®1)(Ac(x')) = Z e()x!
jHl=n+k+i
with 1 >1 so m(e ® 1)(Ax(x')) #x" fork € {1,...,n}.
Example 2.3. Let A be the algebra CHX, X~ H of formal Laurent series. Consider the
coproducts given by:
Z x* @ xh.

K+l=i+
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These coproducts define nearly Frobenius structures that do not come from a Frobenius
structure and Frobdim(A) = oco.

Example 2.4. Let be A the matriz algebra Muxn(k). We consider the canonical basis of
A, B = {Ell : l,] = ],...,TL}.

As in the example we can prove that Muxn (k) admits nxn independent coproducts,
these are Akl(Eij) = Eix ® By, and a general coproduct in A is

n
A(Ey) = Z aAi (Eg).
K=

Then C = {Akl k,lell,... ,n}} is a basis of & and Frobdim(A) = n?.
The coproduct in the identity matriz is

n n n

A=) AEs)=) ) auEu®Eun
i=1 i=1 k=1
In the particular case that ayy =0 if k # 1 and ax = 1, for all k € {1,...,n} we recover

the Frobenius coproduct
n
A(l) = ) Ex®Ey,
ik=1
where the trace map € : Muxn(k) = k is e(A) = tr(A).

Example 2.5. Let G be a cyclic finite group. The group algebra kG is a nearly Frobenius
algebra. A basis of kG is {g’.L 1= 1,...,n} where |G| = n.

Using the bimodule condition of the coproduct we can prove that a basis of the Frobenius
space 1s

C={A:kG—-kG®kG:k€2...,n}

k—1 n
where Ax(1) = Z g@g-t+ Z g' ® "™\, Then we have that
i=1 i—k

Frobdim(A) =n—1<dim(A) =n.

The general expression of any nearly Frobenius coproduct is

n k—1 n
A(1) = Z ar (Z gh@ gty Z g ® gn+ki>
k=2 i=1 i=k
In the particular case that a; =0, forie€{2,...,n—1} and a, =1 we have
n
Al)=) gag™t
k=1

the Frobenius coproduct of the group algebra A where the counit is s(gi) = 8ni-
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To complete the construction of the category of nearly Frobenius algebras we need to
define the morphisms of them.

Definition 2.5. Let (A,AA) and (B,AB) be nearly Frobenius algebras. We say that
f: A — B is a morphism of nearly Frobenius algebras if it is a morphism of algebras and
the next diagram commutes

A2 ARA .
fl if@f
B— —~BxB

3 Constructing nearly Frobenius structures

In this section we show that known constructions, as opposite algebra, direct sum,
tensor product and quotient of nearly Frobenius algebras admit natural nearly Frobenius
structures. A basic but important remark in this section is the following. If A and B are
isomorphic k-algebras, such that B is a nearly Frobenius algebra, we can provide to A
with a nearly Frobenius structure, where the coproduct is defined as

Axla) = (Vb @) Ap(p(a)),

with @ : A — B and Y : B — A morphisms of k-algebras such that \p o @ = Ida and
@ o 1]) = Idg

Theorem 3.1. 1. An algebra A is nearly Frobenius if and only if A°P is a nearly
Frobenius algebra.

2. Let Aq,...,An be nearly Frobenius k-algebras then A = A1 @ --- & Ay is a nearly
Frobenius k-algebra.

3. If A and B are nearly Frobenius k-algebras, then A Qk B also is.

Proof. 1. We define the coproduct A°P : A’ — A% ® A°P as To A, where A is the
coproduct in A and T is the twist, that is T(a ® b) = b ® a. It is clear that AP is

coassociative because A is coassociative. We need to check that A°P is morphism of
A°P-bimodule.

A (axb) = A%P(ba) = 1(A(ba)) = Z a®bay = Z w®a1xb = (10%) (A°P(a)®b)

A% (axb) = A®(ba) = T(A(ba)) = ) ba®by = Y axby®b; = (x@1) (avA (b))

2. Let Aj,...,A, be nearly Frobenius algebras with A;..., A, are the associated co-
n

products. We consider the canonical injections qi : Ay — @Ai. By the universal

i=1
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property of the direct sum in Vecty, there exists a unique morphism A in Vecty such
that the diagram

n
A i P A
i=1
A; A
n n
Aj & A]' 48; (@ Ai) &® (@ Al)
i=1 i=1

commutes.

The coassociativity is a consequence of the commutativity of the cube

A1

ARARA ARA
4i®qi®g; q4i®qi
10A Aol
AL @A ® A4 - A ® A4 A
A B
1®A; ARA A
A ® Ay i Aq

To prove the Frobenius identities, first we note that the diagram

A Pi Ai
=0

n
commutes, where p; : @ Ai — A; is the canonical projection. This implies that the

i=1
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next cube commutes.

A®A L A
Pi®Pi
Pi
A ®A; i A A
ART
Ay
A1 ARA®A o A®A
Tem;
AL ® AL ® Ay = A ® A;

Then (A, A) is a nearly Frobenius algebra.

3. We can define the coproduct A:A® B — (A ® B) ® (A ® B) as
A=(1®t®1)o (A ®A;), whereTis the twist.

Using that A7 and A; are the coproducts of A and B respectively we conclude that
(A ® B, A) is a nearly Frobenius algebra.
O

Corollary 3.2. Let G be a finite group. If char(k) does not divide the order of G, then
kG is a nearly Frobenius algebra.

Proof. Applying Maschke’s theorem we have that kG is semisimple, then it is a direct sum
of simple algebras My, xn, (k). Therefore, by the Theorem we conclude that kG is a
nearly Frobenius algebra. O

Corollary 3.3. If G is a finite abelian group. Then kG is a nearly Frobenius algebra.

Proof. If G is a finite abelian group, then, by the fundamental theorem of finite abelian
groups, G = G1 @ - - - ® Gy, where G; is a finite cyclic group for i € {1,...,p}. Therefore,
the group algebra kG of G is isomorphic, as a k-algebra, to kGy ® ... ® kGp. Finally,
applying the Example and the Theorem we conclude that kG is a nearly Frobenius
algebra. O

Definition 3.4. Let (A,A) be a nearly Frobenius algebra. A linear subspace | in A is
called a nearly Frobenius ideal if

(a) J is an ideal of A and
(b) A(J) CJ®A+A®].

Note that, if A is a bialgebra, i.e. we have a trace map ¢ : A — k, the additional
condition ¢(J) = 0 implies that ] is a bi-ideal of A.



12. D. ARTENSTEIN, A. GONZALEZ, M. LANZILOTTA

Example 3.1. Go back to FExample . We observe that the ideal | = <x> is a nearly
Frobenius ideal if we consider the coproduct Ay. Because

M) = Y Xed=xex "+ ex" + - +x"ex? e]JR]CTRA+A®].
iH=n+2

Proposition 3.5. Let (A,A) be a nearly Frobenius algebra, | a nearly Frobenius ideal.
Then A/] admits a unique nearly Frobenius structure such that p : A — A/] is a nearly
Frobenius morphism.

Proof. Since (p @ p)A(]) C (p ® p) (] RQA+AR® ]) = 0, by the universal property of the
quotient vector space it follows that there exists a unique morphism of vector spaces

A:A/] = A/JRA/]

for which the diagram

A A/
1=
A e A/]®@A/]
is commutative. This map is defined by A(a Z a; ® a; wherea = p(a) and A(a Z ar ® az,
1.e.A=(‘p®p)oAﬁ. B
The fact that (A ® 1)A( ) = (1 ® A)A =) @ ® a; ® a3 follows immediately from

the commutativity of the diagram.
The last step is to prove that the coproduct is a bimodule morphism:

A/T@A/] A/] A/T@A/] A/]

o R E

AT@AN @A/ ~==A/JRAS]  A/J@A/]@A/]—=A/] @ A/]

Am(@a®b) = A(p(ab)) = (p ®p)A(ab) (pop)(1em)(A®1)(a®b))
= (P@P)(Zm@azb) = ZCT‘®@
Gom (Y wemed) = > aewud

Example 3.2. Consider the linear quiver

o p

L]
v

A4

we

and the associated path algebra

A = (e ez, €30, B, xf)
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This algebra admits a unique nearly Frobenius coproduct:
Aler) = ap ® ey, A(el) =B @« A(e3) =e3 @ af,

A(O{) :(XB®(X) A(B) :[3@“[3) A(O(B) :OC[?)@O(B,

in particular Frobdim(A) = 1.
Now, let be ] = (). Note that ] is a nearly Frobenius ideal:

AlaB)=afRap e AR]+]®A.

Then, applying the Proposz'tz'on B=A/] = <a, €2, €3, &, E> admits a nearly Frobe-
nius structure defined by
A:B—B®B

Afer) =A(e) = A(x) = A(B) = 0 and Ae3) = B o .
Note that the algebra B is associated to the quiver

where the dashed line represents the relation «f3 = 0, admits three independent coproducts,
in fact Frobdim(B) = 3:

Observe that A coincides with A3.

Theorem 3.6. Let A, B and C nearly Frobenius algebras. Given two epimorphisms of
nearly Frobenius algebras fo : A — C and fg : B — C the pullback R of fo and fg

R={(a,b) € AxB:fa(a)="fs(b)}
is a nearly Frobenius algebra.
Proof. The pullback R is a subalgebra of A x B, then the product is defined by
(a,b) - (c,d) = (ac,bd)
for all (a,b), (c,d) € R. Note that (ac,bd) € R because
fa(ac) =fa(a)fa(c) = fg(b)fp(d) = fz(bd).

As A and B are nearly Frobenius algebras there exist Ay : A - A®A and Ag: B — B®B

coproducts. Then, we define
AR :R—-R®R
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as AR((a,b)) = Z(a1,b1) ® (az,bz), where AA((l) = Z a; ® a; and Ag (b) = Z b ® by.
First, we check that the map Ag is well defined, that is Ag ((a, b)) € R®R for (a,b) € R.
As the maps fa and fp are morphisms of nearly Frobenius algebras the next diagrams

commute

Ap Ap

A A®A B B®B s
A J{ \Lﬁ\@f}\ B l lfB ®fs
C C®C C C®C
c c

then (fa ® fa)Aa(a) = Ac(fala)) = Ac(fg(b)) = (fs @ fg)Ag(b). Using this we have
(fa®fa) (X a1 ® ay) (fg @ fg) (3_ b1 ® by)
Y fa(ar) @ fa(az) Y fg(b1) @ fz(b2)
(Zfalan) @ (X fala)) = (Zfs(b1)) ® (X fo(b2))-

Then ) fa(ar;) =) fg(b1) and }_fa(az) =) fg(bz) and

fa (Z a1) — fg (Z b1> and  fa (Z az) — fg (Z bz)

44

therefore

AR((a,b)) = Z(a1,b1) & Z(az,bz) € R®R.

1. Coassociativity of Ag: (AR ® 1)AR((a,b)) = (1 ® AR)AR((a,b)).

(A ® 1)Ag((a,b)) = Y Ag(ar,br) ® (az,b2)
> > (an,bin) @ (aiz, biz) ® (az,b2)
> (a1,b1) ® Ag(az,by)
= > > (ai,b1) @ (az,bx) @ (ax,bn).

(1@ Ar)Ax((a, b))

As the coproducts Ay and Ap are coassociatives the expressions )_ Z(an,bn) ®
(Cl]z,b]z) X (az,bz) and ZZ(G],b]) ® (a21,b21) ® (azz,bzz) coincide, then the
coproduct Ay is coassociative.

2. Ag is a morphism of bimodules if

R®R m R R®R m R

A@]i lAR 1®AR\L lAR

R®R®R Tom R®R R®R®R . R®R

commute. We will prove that the first diagram commutes, the other case is analo-
gous.
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We knows that Ax and Ag are bimodule morphisms, then

Y w@ac=) (ac) ®(ac), (6)
for all a,c € A, and

D bi@bd=) (bd); @ (bd), (7)
for all b,d € B.
Let (a,b), (c, d) € R, then

Ag(ac,bd

) = Y ((ac)h, (bd)r) ® ((ac)z, (bd)z)
(AR @ ]> ((Cl,b) ® (C) d))
)

> (a1, b1) @ (az,b2) ® (¢, d)

4

(1Tem)(Ar®1)((a,b) @ (c,d) > (a1,b1) ® (azc,byd)

Using @ and we have that Z((ach,(bdh) ® ((ac)z, (bd)z) = Z(a1,b1) ®
(azc,bzd). Then the first diagram commutes.

O

Example 3.3. Let be the quivers Qa, Qg and Qc illustrated in the next picture,

. (04 \? B ve e
Qu’ 1 3 QB: 01 = >é B >3 ! >°4
...... 6
5

as before the dashed lines represent the relations ad = 0 and afpy = 0. The pullback
algebra R = A x¢c B where fa : A — C and fg : B — C are the natural projections, by
the previous theorem, admits a nearly Frobenius structure. In the next step we develop the
associated coproduct.

First, we describe the nearly Frobenius structures of the algebras A, B and C.

The path algebra C admits only one independent coproduct, this is

Ale) = af®e, Ala) = ap @« Ale) = B®«,
AB) = B®ap, Ales) = es@ap, A(ap) = «p® «p.

The path algebra B admits three independent coproducts, these are

Aler) = axp® ey, Ala) = axp®«,
Alez) = ap@a+bpy®er+chy®a, Ales) = bes® By,
Ale3s) = ae3@af+by®p+cy® ap, Aly) = by® By,
A(B) = apR@ap+bRy®@pB+chpy®aB, AlaB) = aaf ® af,
A(By) = bRy ®PBy.
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The path algebra A admits only one independent coproduct, this is
Ale1) = ap®e, Alx) = ap@a, Aley) = B, AB) = BB,
Ales) = e3@ap, A(5) = 0, Ales) = 0, A(xB) = of @ af.
The pullback algebra R is defined by the next diagram

Then
R=((en,e1), (e2 €2), (e3,3), (), (B B), (B, xB), (€5,0), (8,0), (0, €4), (0,7), (0, BY))

<€1, €2, €3, KX, B» (XB) €5, 6) €4,7, BY>>

that is the path algebra associated to the pushout quiver Qa HQC Qs.
Finally, the coproduct of R, by the last identification, is

Ale)) = af®e, Ala) = afp@a Alez) = Boa, AB) = B®ap,
A(eg) = e3® «f, A(’Y) = 0, A(€4) = 0, A(é) = 0,
Ales) = 0, A(aB) = ap@aB, A(By) = O.
Using the Lemma 2.1.2 of [Lév04] we have that R is the path algebra of the pushout
quiver Qr = Qa ]—[Qc Qg. This quiver is represented in the next picture.

Quie—t Tyo B, ¥ |
Ry

Ule

The algebra associated to the pushout quiver Qa HQC Qg is generated by

{eh €2, €3, €4, €5, &, B)Y) 6) “B) BY}

This algebra admits two independent nearly Frobenius coproducts, these are

Aler) = axp®ey Ald) = axp®«
Alez) = ap@a+bpy®« AB) = B®aP+bRy®ap
Ale3s) = ae3®@af +by® ap Aly) = 0
Ales) = 0 A(B) = 0
Ales) = 0 AlaB) = aaP ® ap
A(By) =0

Note that if b = 0 we have the coproduct detected by the pullback structure defined in
the Theorem and developed in the previous example.
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4 Quivers and nearly Frobenius algebras

This section is divided in three parts. In the first part we prove that an indecomposable
algebra associated to a bound quiver (Q, I) with no monomial relations admits a non trivial

nearly Frobenius structure if and only if the quiver is Ay and I = 0. Moreover, in this
case the Frobenius dimension is one. In the second part we deal with gentle algebras.
If the quiver associated to a gentle algebra A has no oriented cycles we show that the
Frobenius dimension of A is finite and we determine this number by an algorithm. In the
last part we exhibit a family of algebras A = {AC} c given by bound quivers for which
Frobdim(Ac) > dimg (Ac).

4.1 Path algebras

Lemma 4.1. If Q = A_T>U that is, Q is the following quiver

oM o, Oy o}
L]

1

v
A4

N e

the path algebra A =KkQ,
kQ = (e, ez,...,en, ...05:i=1,...,m,i<j<ny,

admits only one independent nearly Frobenius structure, where the coproduct is defined as
follows

A(€1) = ®]...0n—1 ® e,
Alen) = en®@ ... 1;
Ale;) = aj...om1®@og...xi1, i=2,...,n—1,
A(dg...0) = ..o 1®@og...05 1<i<j<n—1.
Proof. If we have a coproduct A the next condition is required
Ale)) =A(e) (Toe) = (ei®1)Ae), Vi=T1,...,m. (8)
This implies that the coproduct in the vertexes e; and e, is
n—1
Aler) = aler®@ey +Zagoq q®er, a €k
i=1
1n—]
Alen) = afen®en+ Z alen ® & ...o0q 1, al €k.

i=1
As A(O(] . O(n_]) = A(€1) (0(1 . (Xn_1) = (O(] . O(n_1)A(€n) we have that
al =a'=0vi=0,...,n—2.
Then the coproduct in these vertexes is

A(€1) = axj...p—1 Q@ eq,
Alen) = aen®aj...om 1.
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Using the equation the coproduct in the vertex e;, 1 =2,...,mn—11is

i—1 n—1 i—1 n—1
Aey) = a})ei®ei+z ajei®o ... ocH—i—Z aje ... 0(j®ei+Z Z Q0 - - KB - . O
=1 =1 =1 k=i

The coproduct in the path «;...x;_1 is given by
A(OL] cen oqq) = A(e1) (] (oo ST oci,1) = (OC] e ® 1)A(ei),

then
A((X] ...oqq) = AX]...0n 1 ® K] .e. K]
i—1
= a})oq...oqq ®ei+Za}oq...oq_1 @0 ... i
j=1
ne

1
+ Za}oq...oci,wq...ocj@ei
)

=

1
1 n—1
+ a}k“]---“i-]ai...ock®ocj...oq_1
j=1
therefore af = aj =0, ¥j = 1,..n—1, @ =0, ¥j = 2,..n— T,k = 1,...n— 2,
aj, ; =aand A(e;) = aci...an_1 ® &1 ... 0. Also, this determine the coproduct on
paths o ... :

o~
Il

1

A(...04) = a0 ... 001 ® &F ... 0.

To conclude the construction we need to check that A is coassociative.

(Ao DA(e)) = (A®T)(axi...om 1 @o...0)
= azoq...ocnq®oq...ocn,1®oq...oq,1,
ToA)A(e) = (1@A)(axi...on 1 @o... 1)
= azoci...ocnq®oc1...ocn4®oq...oq,1.
(AR NA(eti...05) = (A1) (ai...qn 1 @ x7...04)
= @ U @ O] ® A . O
T@AA(e...05) = (A1) (ai...qn 1@ ... 04)
= azoq...ocnq @Ko X1 @K ... O
Then, a basis of the Frobenius space has only one coproduct and Frobdim(A) = 1. ]
kQ

Lemma 4.2. Let A = T be a finite dimensional algebra. If o, € Q1 with s(oc) =

s(u) =p (t(«) = t(n) = p) such that no monomial relation ends (starts) on « or f.
Then A(ep) = A(oc) = A(u) =0 for all nearly Frobenius structure A.

Proof. We prove the first case, the other is analogous. The situation is the following

o],
e
p\
o .q,
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with p,qs and q2 € Qo, &, 1 € Q1 s(a) = s(p) = p, t(x) = q; and t(n) = q,. Since
A(ep) = (ep ® 1)A(ep) = A(ep) (1 ® ep) the elementary tensors appearing in A(ep) must
have the first coordinate starting in e, and the second coordinate ending in ey, this means:

Z aijo @ By

where s(x;) = p and t(B;) = p.
In the same way we have that:

Aleq,) =) byvi®3;

Al) =) byayi®8 =) ajo ® Bje,

then ay; = o« and 85 = Pjx (some oy could be zero but Bjx # 0 Vj since there is no
relation ending on «). Therefore

Alep) = ) ayoryi @ By,
On the other hand we have that
Aleq,) = )_cymi @ &,
with s(ni) = q2, t(&) = q2. Then
Alw) =) cypmi®E =) aijoq @ Bjp.
So we conclude that A(ep) = Y agum; @ ;.

Comparing A(ep) =) ajun; ® B; and A(ep) =) ajjoy; ® By we deduce that A(ep) =0
and therefore A(oc) = A(u) =0. 0

k
Theorem 4.3. Let A = —Q be a finite dimensional indecomposable algebra such that there

are no monomial relations. If A admits a non trivial nearly Frobenius structure then 1 =0

andQ:A_:L.

Proof. If there exist p, q1,q2 € Qo and &, 1t € Qq such that s(x) = s(u) =p, t(x) = qs
and t(u) = (2, that is
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applying the Lema we have that A(ep) = A(oc) = A(u) = 0. Moreover, using that
there exist no monomial relations, arguing in the same way that in Lemma [4.2| we conclude
that A(eq,) = A(eq,) =0.

Since A is a finite dimensional indecomposable algebra Q is finite and connected. Given
a point T of the quiver there is a walk w = p ~ p; ~ -+ ~ ps ~ v from p to r, where
~ means that there is an arrow p; — pj or p; — pi. Then, since A(ep) = 0 and there
exist non monomial relations, we can reproduce again the arguments and prove that
A(em) =...= A(eps) = A(er) = 0. Therefore A(er) = 0 for any point of Qp. Then the
coproduct A is trivial. ]

Corollary 4.4. Let A be the path algebra associated to Q, a finite conﬂzcted quiver. Then
A admits a non trivial nearly Frobenius structure if and only if Q = Ay.

Proof. If Q = K)n, by the Lemma there exists a unique non trivial nearly Frobenius
structure on A.

Suppose now that A is the path algebra associated to Q with a non trivial nearly
Frobenius structure, then, by the Theorem we have that Q = Fn ]

4.2 Gentle algebras

Lemma 4.5. The algebra associated to the quiver

o o T
Q:. 1 2 Ol . Bu v . Bn ve

1 § 2 ’3 m 0 m+1 m+n

with the relation amP1 =0, admits mn+ 2 independent nearly Frobenius structures, these
are

A(€1) = axj...xm ey, A(em+1) bp2...Pn ® B,

Alei)) = axi...om @ o ... %1, Alemsi) = bBis1...Pn®PBr...By,

A(em) = am ® &7 ...0m—1, A(em+n) = bemin ®@B1...Pn,
A(oq ..OC]) = a&i...0m @ K] ... 0, A(ﬁl j) = b[.’)i...ﬁn@)f)]...ﬁj,

A(eo) :aeo®oq...ocm+b[31...Bn®eo—|—ZZcﬁB1...Bj®oq...ocm,
i1 j=1

where a,b,cy; €k, i=1,...,m andj =1,...,n. Therefore Frobdim (@) =mn+ 2.
Proof. Using that the coproduct satisfies

Ale) = (ei@1)A(e) = A(ei) (1@ ey)
we conclude that, on the vertex e; for i =1,...,m, the coproduct is

m i m i
A(ei) = aiei®ei+z a{o(i...O(j®€i+Z a}ei®ocj...oq—FZZa}koq...ocj®ock...oq.
=i =1 =i k=1
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and
m .
A(e1) =aje1 ® ey —i—Za]]O(] cee O X er.
j=1

Similarly, we have that the coproduct on the vertex ej i, fori=1,...,nis

n i n i
A(eeri) = biem+i®em+i+z b)iﬁi oo Bj®em+i+z b}em+i®[3j cee BH‘Z Z b}kﬁi <o Bj®[3k ce

j=i j=1 j=i k=1
and N
A(em+n) = bnemin ® emin + Z b]nem—&-n ® Bj oo P
=1

In the vertex ey the situation is different.

m n n m
A(eo) = C0€o®€o+Z Ck€o®06k ces O(m—i—Z ij)] ... Bj@eo—l—z Z Cjkfn e Pr®0k .. O
k=l j=1 =1 k=1

If we consider the path «; ... «n the coproduct A(oq ocm) is
Ale))(T®@ar...otm) = (x1...am @ 1)A(e).

Then a; = aj] =0forallj=1,...m—1and co =c* =0 for all k = 2,...m. The only
coefficient not zero is ¢! = a.
Therefore
Aler) = axy...om ® ey,

n n om
A(eo) :a€0®0(]...O(m—i-ZCjB]...Bj@eo—i-ZZCjkB]...Bk®0(k...0(m.
=1 =1 k=1

On the other hand, if we consider the path f...pBn

A(Br-.-Bn) = A(eo) (1@ B1-..Br) = (B1-..Bn ® 1)A(emin),

then b, = bJT‘ =0forallj=2,...nand ¢;j =0 for all j = 1,...n—1. The only coefficient
not zero is ¢, = by.
Consequently
A(em+n) =bf1...Bn @ emin,

n m
A(eo) :aeo®oq...ocm+b[31...Bn@eo—i-ZchkB]...Bj®ock...ocm.
=1 k=1

To complete the prove we consider the internal paths o7 ... o1, B1... B¢, & ... 05 and

Bi...Bj.
To the first family of paths we have that

Al ...oiiq) =Ale) (1@ xr...oi01) = (... 061 ® 1) A(ey),

By
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 =0forallj=1i,....,m—1k=2,...,1, ai:a]:a}:Oforallj:L...,mand

i
i

8
a = aj,;. Accordingly

then a

Ale)) =aaq...am @0 ... 1, foralli=2,...,m.
In a very similar way we have that
Alemsi) =bBis1...pn®PBr...By, Vi=T1,...,n—1.
An immediate consequence of these results is
A(i...0) =aci...am®@o... and A(Bi...B;5) =bBi...Pn @ PB1...R5.

The coassociativity of the coproduct in the vertices e;, ei;;m and in the arrows ;... o,
Bi...R; is analogous to the example In the vertex ey is a simple calculus. ]

Lemma 4.6. The algebra associated to the quiver

Q . o 2%} Om Om+1 Om+n
: >e

: P > » >

v

m+n

w e
3
N
3
X

A

L]
m+n+1

with the relation Broxmi1 =0, admits only one nearly Frobenius structure, this is

A(e1) = &f...0men D ey, A(O(]) = &]...0nn & Ky,
A(ei) = ... Ongn ® X7 ... KT, A((Xi) = ®i...0m4n @ K1 ... K,
A(em+n) = emin @ K] ... Kmin, A(O‘m+n) = Om4n @ X1 ... Cmtn,

A(em_H—H_i) =0 and A(Bl) =0 V"L:],...,T.
Therefore Frobdim(A) = 1.

Proof. In the extreme vertices the coproduct has the general expression

m-+n
A(e1) = aqe®e+ Z (110(1 L0 ® e,
i=1
m+n
Alemin) = bnemin ® emyn + Z bl'emin ® i ... min.

i=1

The coproduct in the path o1 ... min is

Ao ...otmin) =Ae1) (1@ aq ... otmin) = (1. &min ® 1) Aemin),
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then

m+n
1
are; ® &1...0%m4n + E QO] . 04 @ X evs Xngn = Bn&X7 oo Cmgn @ €man

i=1
m+n

+ Z b?oq co e mgn @ &4 v Kgngn .
i=1

Consequently az :b]T1 =0, foralli=1,....m+n—1, foral j=2,...,m+n and
al . =b"
m+n 1
and
Ale1) = axq...otmin @ e,

Alemin) = Gemin ® &7 ... Xmnin.

Repeating the procedure of the previous lemma we can prove that
Ale)) = ati...0mn @0 ... &1, Yi=...,m+mn.
In the vertex ey the situation is different

Aler) = A(eo)(T®en) = (eo®1)A(eo)

n

m
= coeo®eo+ZCjocm+1 e Ong ®eo+cheo®ch...o¢m
j=1 j=1

CikXm41 -+ Om4j @ K wvo Ky

+
™-
™M=

~
Il

1 1

nor
djeO®Bj---Br+ZZdjk(xm+1---O(m+j®f3j---[3r-

1 =1 k=1

)

+
M -

—.

By the other hand

.
A(em+n+1) =bemini1 ® emynt1 + Z bif1...Bi ® eminti-

i=1

Now, consider the path (37...[3;, then the coproduct is described by

A(B] Br) :A(€m+n+1)(1 ® B ﬁr) = (B] P ® 1)A(€o),

then
T m )
bem+n+1®B1---ﬁr+zbif’1---ﬁi®ﬁ1---Br: ZCJ[SL..Br@OCk...O(m
i1 =1

+Zdj[31...[3r®[3j...[3r,
—1
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therefore b = co = ¢ = 0, for all j = 1,...,m, dj=by =0 forallj=2,...,7 i=
1,...,7—1 and b, = d;. Using this we conclude that

A(em+n+1) = bPB1...Br ®emin+1y
n
A(eg) = bey® By -..Br+chocm+1 ce Oy @ €
j=1
n m ) n T
+ chjk‘xm—&-] ---O(m-s—j®O(k---‘xm+ZZdjkOCm+1---(Xm+j®[3k...[3r.
=1 k=1 j=1 k=1

The next step is to consider the path o1 ... dmyin, for this path the coproduct is deter-
mined by

A(®mat - Omin) = (X1 - Cmgn @ 1)A(emgn) = Q&mat -+« Xingn @ &7 .« Cngn.

By the other hand, this coproduct is determined by
n

A(O(mH ... (Xm+n) = A(eo) (] & Xt - - - “m+n) = Z Cim+1 .+ Xmtj @ Xmt1 -« Kmn
=1

nom
+ZZCikO(m+1 coe Ot @ Ko K

=1 k=1
Comparing the expressions we have ¢; = 0, for all j = 1,...,n, ¢jx = 0, for all j =
T,...,n—1,1=2,...,m and a = c,1. Consequently

n T
A(eo) = A0m4] -« Amin Q@) ... +beg @ P ... BT+ZZ djkomi1 e s Xy @ P v Pre
=1 k=1

Finally, we consider the path « ... xm, as before, we have two way to define the coproduct
in this path

Al ...om) = Ale))(T®x1...0m) = Q&7 ... Xmgn @ 07 ... Gy
= (x1...am®1)A(e0) = axy... Gmin @ &7 ... 0n
n

T
+ bO(]...O(m®f>1...Br-f-ZZdjkoq...Ocm+j®[3k...f5r,
=1 Y1

then b = djx = 0 for all j, k.
As b = 0 we have that A(em+n+1) = 0, this implies that A(em+n+i) =0foralli=1,...,r
and A(ep) = AGm1 -+ . Xngn @ &7 ... G-

It is a simple calculation to prove that A is coassociative. O

The next result is the symmetrical case to Lemma [4.6
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Lemma 4.7. The algebra associated to the quiver
0: % ,e o e OLm' ;.0 O+ o Gmm,
1 2 3 m ) m+1 m+n
- N
m+n+1"’“~.‘..
Br
*m+n+r

with the relation amP1 =0, admits only one nearly Frobenius structure, this is

A(e1) = o...0n4n ® eq, A(oq) =
A(ei) = ieeoOman @ X7 ... X1, A(oq)
A(em+n) = emin @ AT ... Nmin, A((Xm—s—n)

X1 ... Omin ® o1,
“i...“m+n®0(]...0(i,
Xm4n & X7 ... Kmgn,

A(em+n+i) =0 and A(Bi) =0 foralli=1,...,m7.
Accordingly Frobdim(A) = 1.

Lemma 4.8. The algebra associated to the quiver

oy

.
v

e mintr+s+l1

A

Br+s

m+n+r+s

Br+1

Um+1 N

o
m+n

>
m+1

emtn+r

m+n+2
A

B

L]
m+n+l

m+n
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with relations Promir = 0 and oamPry1 = 0,admits two independent nearly Frobenius
structures and a general coproduct is determined by

Ale1) = aqq...omin @ e, Alar) = aoq...0min ® &1,
Aler) = aci...om®@og... 04 1, Aly) = aot...0n @ &1 ... &
A(em+n) = aemin @ X7 ...min, (“m+n) = Qxm4n @ X7 ... min,
A(em+n+1) = bpr...Rrsm® e, A(Bl) = bB1...Pres ® P,y
A(em-i-n-i-i) = bPRi...Pris @ Pr... P, (Bl) = bRi...Pris @ P1... Py,
A(em+n+r+s+1) = bemintrist1 ® Br... Pris, (Br—&-s) = bPris @ P1.-. Prts,

A(€0) = A0mi1 -+ Xngn @ X1 oo G + DByt oo Pros @ Bro.. Py
where a,b € k. In this case Frobdim(A) = 2.

Proof. First, note that, we can expressed the coproduct in the vertices as

m+n
Ale)) = a'e; ® e + Z A ... 05 ® e,

i=1
m+n

Alemin) = b emin ® emgn + Z biemin ® & ... Xmin.

i=1

Applying the coproduct in the path «; ... &min we can prove that

A(€1) = adj...%nin X eq,
A(em+n) = 0emin @ X7 ... Xm4n.
By symmetry we have that
A(em+n+1) = bB1...Br+s @ mintt,
A(em+n+r+s+1) = bemintrist1 @ [51 e Br+s-

Reproducing the calculus of Lemma we can prove that

A(ei) = a%j...Xmin @ X7 ... X1,
A(€m+n+i) = aPi...Bris @ Pr... Pia.

In the vertex ey the situation is more complicated.

m T
A(eo) = b0€o®eo+Zbieo®0(1...Ocm+ZCjeo®[3j...[3r
i =1
S

b oyt .. i @ €0 + Z IBrr.. . Bryj® e
1 =1
S T
bij0<m+1---0€m+i®Oéj---OCerZZCijBrH---Br+i®[3]'---f3r
F——
S m

bijocm_H...Ocm+1®Bj...Br-FZZCijBH_]...ﬁr+i®06j...ocm

i=1 j=1

+
M-

1

+
M
M-

H
Il

=
-
Il

=

+
M
-

H
Il

LR
-
Il

=
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If we determine the coproduct in the paths &1 ...y and 31... 03, we conclude that

A(eo) = A7 «- s Cman @ &1 o v e X+ OPBri1 v Pros @ Br .. Pre

The coproduct in the arrows is determined by the value in the vertices.
The coassociativity is an easy exercise. [

Now, if we consider a gentle algebra A associated to Q, a finite connected quiver
without oriented cycles, we can produce an algorithm that permit us to determine the
number independent nearly Frobenius structures that the algebra A admits. Next we
develop the algorithm.

As Q is finite we can suppose that #Qo = n and #Q; = m. The quiver Q is triangular,
because it has not cycles. In particular, there exist a partial order < of {1,2, .. .,n} and
the arrows such that

{ i<j if i~j (i#], iprecede toj)
ixgj if i=jori<j

and

axp if a=Pfora=<p

{oc-<f3 it t(a) < (),

Let F = {sources of Q}. Note that the sources of the quiver Q are the minimal
elements with the order <. In addition, any vertex of the quiver Q is a source or one of
the following

Vo . « ,,_B ye . Vi, & ) B, ;
i ! i

V2 . oy N B o ; V3 . o N B >e :

% ............. \32\‘

""" ‘51
B oy i o

V . \.l 2 N V e — e ; V6 e—Heo
4 o > ! 5

1

Qo=FUVUViUV,UV3UV,UV;U V.

This decomposition permit us to define the type of a vertex as:

type(i) :=j if i€V} j=0,...,6.
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With the previous order we can define vectors associated to the vertexes and associated
to the arrows, these are y = (y1,...,yn) € Z"™ and x = (x1,...,xm) € Z™. In the next
paragraph we describe the process of construction.

Step 0: Let f € F and gr,(f) = 1, that is there exists a unique 3 € Q, with S(B) =f,
we define yr = 1 and xg = 1.
If f € F and gr,(f) = 2, that is there exist 31,2 € Q1, with 5(61) = S(Bz) = f, we define
yr =0 and xp, =xp, =0.
We introduce a counter d € N starting in 0.

Step 1: Let U= Qo —J and i € U minimal.

o If type(i) = 0 we define yi = x4, X = yi and the new set is U := U —{i}.

o If type(i) = 1 we define y; = L)L) +2 +xa — 1, Xg = Yi, where 1(i) =
max{long(w) : w path ,s(w) = i} and L(i) = max{long(w) : w path ,t(w) = i}
and U:=U—{i}.

o If type(i) = 2 we define y; = x«,, xg = yi and U := U — {i},

di=xq, —1+d.

o If type(i) = 3 we define yi = xq, X, =0, xp, =%« and U :=U —{i}.
o If type(i) =4 we define yi = yj, +Yj,, Xg, = Xa;, Xp; = Xa, and U = U —{i}.

o If type(i) = 5 we define y; = 0 and d = d + Xa, + Xa, — 8(t1) — 8(2), where
8:Q1 — Z is defined by 6(a) =0 if xo = 0 and d(ax) =1 if xo > 1.

o If type(i) = 6 we define y; = xo and d = d + x4.

We repeat this process recursiveness over the set U, and finally the number d is the total
of nearly Frobenius structures that the algebra admits.

Corollary 4.9. Let A be a gentle algebra associated to Q, a finite connected quiver without
oriented cycles. Then, A has finite Frobenius dimension

We apply the previous algorithm in the next two examples.

Example 4.1. The gentle algebra A associated to the quiver
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with relations xooxg = 0, agox; =0, ooy =0 and gz = 0, has Frobdim(A) = 0, that is
the only nearly Frobenius structure that this algebra admits is the trivial (A =0).

Applying the algorithm we have the next situation

and the counter d is zero. Then, in this example, we have only the trivial nearly Frobenius
coproduct.

Example 4.2. If we consider the algebra A associated to the quiver

with relations xiop = 0, opoz =0, azog = 0 and g5 = 0. It is possible to determine
all the nearly Frobenius structures, they are

Aler) = aqjoq Qe

Alx) = a1 ®

Ale) = aqre2® g+ a0 ® o) + Az ® o + A4 Xe X0 @ & + A500 Ko g ® &7,
A = 0 on the other cases

In this case Frobdim(A) =5. We determine, applying the algorithm, that the counter d is
five and we conclude that Frobdim(A) = 5. In the next diagram we represent the vectors
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given in the algorithm associated to the vertex and arrows

90 9
0
ey " ;.0i,l6 0,0 X,
1 1 ¢ 6 6 o 0 o0
6 6
6

then d = 5.

4.3 Comparing dimensions

In this subsection we determine the Frobenius dimension of algebras associated to
cyclic quivers. Using this result we exhibit a family of algebras with Frobenius dimension
great that it’s dimension over k.

Let C(ni,ny,...,Ny) the quiver

1 1
o n o +
S N u_On 0+l
(112 . (X,%
2 ¢ o N1+2
2
ol o2
14 \" -
m -
(lnm Ot%
n,+... +nm’ !
. :

kC
where m,ny,ny, ...,y € N*and Ac = - with
C

IC :<ocpllm,cx}’ o‘ilioc%+1) 1: 1)---,m—]>.

Theorem 4.10. Frobdim(A) = m+ Y 7, ninisy, with Nmy = ny.
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Proof. We will determine the coproduct in the vertices of the algebra A using the formula

Ale) = B(es) (19 &) = (e 1)A(e).
e Ifi=1 then

Mm n

Aler) = a1e1®e1+Za‘1‘e1®ockm...oc}{1m+Za]oc}...oc]®e1
k=1 =1
n Mn

+ ZZa}ka}...a]]@ockm...oﬁm.
=1 k=1
o Iftheindexisni+---+ni+1,i=1,...,m—1 then
ny

_ X i i i
Alentoini+1) = Gilnroinit] ® Enppocinet] + D Ak ool ® o ... o,

k=1
Ti+1 Mit1 Ny

+ ZaJ ot 1“@enﬁ +nl+1—|—ZZa]koq+]... hL]®ock...

j=1 k=1

e If k=2,...n4 then

k-1
_ i
A(em+...ni,1+k) = ken1+ M4k © €eng4ni 1+k+Zb1 enyt..mi_ 1+k®0¢1---06k_1
1=1
ny ny k—

+ Zblchxlk 0(]®en1+ ny ]J,-k"_ZZb]l(Xk OC}@OC%...O(]EA.

=k j=k 1=1

, for this the coproduct satisfies

1

Now, we consider the maximal path oqL oc}1
x

A((X% ce oqll) = A(em +~~nif1+1) (] ® “% ce 1111) = (0(% ce 041-1 ® ])A(eer...mH) (9)

By substitution in (9) we get:

) i i i i i i i
Ai—1€n 4y 41 @ K] oo O+ Z QA 7. O @ X e Xy

i
QL+ O @ eny eyt 1 Z QO . Oy @ O O
k=1
then ai = ai1 =0, af =0V k=2...,n,a;=0Vj=1..n—1and

Therefore

_ i i i1 i+
Alen ognit1) = giem:..+ni+1 @G0y + Qi) ot ®en gt
i4+1 i

i+1 1+1 i
+ ZZaJkocl ®o¢k e
j=1 k=1
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If we study the particular paths 0&1 e oc]i<_1 we can determine the relation between
the coproduct values in the vertices en,4..4n, ;+1 and en,r.qon; +k-

The coproduct in oc% e oci_1 satisfies

A(OC% e (Xi_]) = A(en]+...+ni7]+] ) (1®O€i e OC}Q_]) = (0(1]' e OC%{_] ®1 )A(en] +..A+ni71+k)

then _ , . .
Qo .. O, ® 0 . Xy

k—1
i i i § ik i i i i
KXy oo Kgq & €ni+..mni_1+k + bl [0 ST 0 C ® e X
=1

ng n; k-1
i i § § ik i i i i
+E bk](x,]...(x)‘®en1+_“ni+k+ bjl“]---“j(g’“l---“kf]
j=k j=k l=1

If we compare the expressions we conclude that b,i = bE = b%k =0Vijl, b;{‘ =0
Vi=k,...,ny—1,1=2,...,k—1 and b}lki] =q
Consequently

A(enying 11k) = Qi ... 04 ® & ... 0.

The coassociativity is satisfied by a simple calculus. Then, Counting the indepen-
dent coefficients we determine that A admits m + Y ", niniyj independent nearly-
Frobenius structures.

O
Corollary 4.11. Ifny =ny =--- =Ny = t, with t > 3, then Frobdim(A) > dimy(A).

Proof. In this case the dimension of A, as vector space, is

m(t? + 3t
dimy (A) = 7( )
2
and Frobdim(A) = m(] +t2). If we compare these expressions we conclude that Frobdim(A) >
dimg (A) if t > 2. O
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