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ABSTRACT. We develop a monotone, two-scale discretization for a class of
integrodifferential operators of order 2s, s € (0,1). We apply it to develop
numerical schemes, and convergence rates, for linear and obstacle problems
governed by such operators. As applications of the monotonicity, we provide
error estimates for free boundaries and a convergent numerical scheme for a
concave fully nonlinear, nonlocal, problem.

1. INTRODUCTION

In recent times, nonlocal models have gained a lot of popularity in the pure and
applied sciences. The reason behind this boom is manifold. From the point of view
of applications, it is claimed that they are able to encode a wider range of phenom-
ena when compared to their local counterparts. In this regard, for instance, one can
refer to the creation of peridynamics [65] [66], nonlocal diffusion reaction equations
[70], fractional Cahn-Hilliard models [4, [3], fractional porous media equations [31],
the fractional Schrédinger equation [68], fractional viscoelasticity [26], fractional
Monge-Ampere [I8] and many more. The interested reader can refer to the many
existing overviews [12], 48] [32] for further references and insight.

In our opinion, nonlocal models started to gain the attention of the mathematical
community after the seminal work [20], where the authors showed that the so-called
fractional Laplacian (in the whole space) can be realized as a degenerate elliptic
operator in one more dimension. With this, many of the techniques that were used
to analyze local problems could now be applied to nonlocal ones. Later, purely
nonlocal techniques for many problems were also introduced; see, for instance,
[19], [45].

Regarding the numerical treatment of nonlocal problems, some early attempts
could be found in [41] [42] 43, B34] [33]. However, references [56}, 14} 13} [I] deserve
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special attention. In [50] the extension technique of [20] was exploited to develop a
numerical method, and its analysis, for the so-called spectral fractional Laplacian.
References [14] [13] for the spectral and integral fractional Laplacian, respectively,
develop a nonconforming approximation on the basis of an integral representation, a
quadrature formula, and spatial discretization. Finally, closer to our discussion here
is [I] where the integral fractional Laplacian is considered. On the basis of weighted
Hélder regularity results developed in [61], the authors of this work provide weighted
Sobolev regularity, and construct a direct discretization over graded meshes that,
in two dimensions, is optimal with respect to degrees of freedom.

The error estimates of [ [I5] are in the energy and L?(Q)-norms. Pointwise
error estimates for the integral fractional Laplacian were obtained in [39], where a
monotone two-scale method for this operator was developed. The error estimates in
this work were based on weighted Holder regularity and the construction of suitable
barriers.

Two-scale methods, such as those developed in [58, 46, 52, 54] and [39, 40]
naturally inherit a discrete maximum principle from the continuous operator. This
is in general not true for finite element approximations. For instance, the finite
element approximation of the classical Laplacian possesses a discrete maximum
principle only under certain geometric constraints on the mesh [29, Section III.20].
We remark that for nonlocal operators, the lack of monotonicity for the finite
element approximation is not expected to be fixed by only a geometric constraint
as for its local counterpart, especially when s = 0, where the stiffness matrix
approaches a standard mass matrix.

This brings us then to the main goals of the present work. We will consider an
integrodifferential operator of order 2s, s € (0,1),

1) £ofulle) = v | wie) —wly), ( Ty ) dy,

o | —ylt2 T\ |z -yl

where the so-called kernel n : S~ — R is assumed to verify several properties
that will be specified below. Operators of this form have been extensively studied
in probability and finance, as they represent the generator of a 2s—stable Lévy
processes, see e.g., [30, [7]. The simplest, and most important, example is the
aforementioned integral fractional Laplacian (—A)®, which is defined by

B 45sT(s + d/2)
@) =C(d,s) = AT (1 = 5) > 0.

In [39], the authors propose a monotone discretization for the fractional Laplacian
based on the splitting of the integral in the definition of the operator into a singular
and a tail parts; the former is approximated by a scaled finite-difference Laplacian.
This, in essence, amounts to truncating the kernel in a neighborhood of the origin.
Inspired by that work, for a broader class of operators with kernel nn € C(A, A)
(cf. Definition , we develop a monotone, two-scale method for the discretization
of the operator and show its consistency under weighted Holder regularity as-
sumptions. Instead of truncation, we propose to regularize the kernel in near
the origin. From an analysis perspective, this means that we are using a zero-order
operator for the approximation of the singular part of the integral. Our motivation
is to obtain approximations of that are robust in the limit s T 1, which may
require wide stencils.
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As applications of the proposed scheme, we then consider three applications of
increasing difficulty. First we obtain pointwise rates of convergence for a linear
problem where the operator is of the form . Next, we consider an obstacle
problem for and obtain pointwise rates of convergence. These pointwise rates
of convergence, in turn, allow us to provide error estimates for free boundaries.
Finally, we develop a numerical scheme for a class of concave fully nonlinear inte-
grodifferential operators of order 2s. Rates of convergence for problems of this type,
however, are at this stage beyond our reach. We need to point out that the rates
of convergence are obtained under realistic regularity assumptions. Namely, up to
the boundary C*® regularity, and interior C” regularity, with 3 € (2s,4). In the
linear case, the interior regularity is solely dictated by the regularity of the forcing
function, whereas the obstacle problem exhibits a reduced regularity of g < 1 + s.

Our presentation is organized as follows. Notation and the functional framework
we shall operate in is presented in Section [2l There we also introduce the class of
integrodifferential operators we shall be interested in, and their most elementary
properties. The two-scale discretization of our operators is introduced in Section [3]
We describe the action of each one of the scales, namely regularization and dis-
cretization, and study the consistency of approximations. The first application
of our two-scale discretization is the content of Section [4] where we study a linear
problem and provide pointwise rates of convergence for its numerical scheme. These
rates of convergence are obtained under realistic regularity assumptions. Next, in
Section [5] we study an obstacle problem. We propose and analyze a pointwise
convergent scheme. The rates are, once again, obtained under realistic regularity
assumptions. We then continue, in Sections and with the study of the
approximation of free boundaries. We provide a rate of convergence for discrete
boundaries, both in the presence of regular and singular points. As a final appli-
cation of our scheme, Section [f] studies a concave fully nonlinear integrodifferential
equation. We propose a convergent scheme, albeit without explicit rates of conver-
gence. Finally, Appendix[A] provides some intuition, justification, and consequences
for our design choices behind the regularization scale.

2. NOTATION AND PRELIMINARIES

Let us introduce some notation and terminology that will be used throughout
our discussion. For A, B € R the relation A < B means that, for a nonessential
constant ¢, we have A < c¢B. The value of this constant may change in every
occurrence. A 2 B means B < A. If A < B < A we abbreviate this by saying
A =~ B. The Landau symbols, big-O and little-o, respectively, are O and o.

For r > 0 and = € R? we denote by B,.(z) the (open) Euclidean ball of radius r
centered at x. We set B, = B,.(0). The unit sphere in R? is S~ = 9B, .

Throughout our discussion Q C R%, with d € N, is a bounded Lipschitz domain
which we assume satisfies an exterior ball condition. We denote its boundary by
00 and its complement by Q¢ =R?\ Q.

For x € Q we define §(x) = dist(x,dQ) and if x,y € Q, then we set §(z,y) =

min{d(z),6(y)}-

2.1. Function spaces and their norms. We will adhere to standard notation for
the Lebesgue spaces, and their norms, when they are defined either over the whole
space or some domain. Since we are concerned with pointwise estimates, we must
work with functions that are at least continuous. The space of functions w : @ — R
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that are continuous is denoted by C(€2). We recall that this space endowed with
the norm

[wlle @y = sup Jw(z)l,
e

is a Banach space. We also need spaces of continuously differentiable functions.
For k € N we set

CFQ)={w: Q=R | DweC(),|8 <k}.

We also set C°(Q2) = C(Q). The norm on these spaces is
lwller o) = ‘Sl‘lp I DPwllea-

To provide a more refined characterization of smoothness, for & € Ny, and a € (0, 1]
we define the Holder spaces via

Ch*(Q) = {w e C*Q) | [DPw]coa(gy < oo, 18] =k},
where
w(z) —w(y
leoe@ = sup M
z,yeQizFty |z =yl

The norm in the Holder spaces is

fulen ey = ma { ol ey, max(D*ulcn o}

These spaces are complete.

We set C*0(Q) = C*(Q). In addition, whenever k € Ny and « € (0,1] with
k+ o ¢ Ny, we may denote C*+(Q) = Ck (). Finally, for k € Ny and o € (0,1]
we will say that w € C**(Q) if wy € C**(U) for all U € Q. A further refinement
of these spaces will be detailed when needed.

We will also deal with fractional Sobolev spaces. For r € (0,1) we set

H"(RY) = {w € L*(R) | |Jw|grrray < o0},
with

Hw”?LIT(Rd) = ||U’||2L2 (R) [w]?LIT(RdV

d r w(y)®
2
()5 ey = //Rded |x7 Tl —y|ote dz dy,

for which it is a Hilbert space.
We also set, again for r € (0, 1),

H'(Q) = {we L*(Q) | @ e H'(RY)},

where by w we denote the extension by zero onto 2¢. Owing to the fractional
Poincaré inequality,

|wllz2) S [W]ar®ay, Yw € H"(9),

the seminorm []yr(gay is actually an equivalent norm in HT(€) which makes it

Hilbert. The dual of H"(Q) is denoted by H~"(f), and the duality pairing will
be (-,-). In what follows, if confusion does not arise, we shall suppress the explicit
mention of zero extensions.
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2.2. The integrodifferential operator. We shall consider integrodifferential op-
erators of the form . Regarding the kernel, we encode its assumptions in the
following definition.

Definition 1 (class C(A, A)). Let A, A € (0,00) with A < A. We will say that the
kernel 7 : ST~! — R belongs to the class C(\, A) if it is:

1. Symmetric, i.e., n(6) = n(—0) for all § € S~1.

2. Elliptic, i.e., we have

0<A<nO) <A, ae 0ecSL

Owing to these assumptions, if n € C(A,A), a fractional integration by parts
shows that B
[wﬁ{s(Rd) ~ (Lylw],w), Yw e H*(R),
with equivalence constants that depend on 7 only through the constants A and A.
In other words, for every n € C(A, A) the expression

2 lw(x) — w(y)|? (w—y>
wl|; s = pat/ dy dx,
et = 1 ()

is an equivalent Hilbertian norm on H* ().
Owing to the positivity of the kernel, the operator satisfies a comparison
principle.

Proposition 2 (comparison). Let K: R? — R be a positive function. Define the
operator Lg via
Lxlul(@) =vp. | (wle) - () K~ y)dy.
R

Let w: R* — R be such that, in the weak sense, Lx[w] > 0 almost everywhere in
Q and w >0 in Q°. Then, w >0 in Q.

Proof. See [60, Proposition 4.1]. O

As a final piece of preliminary notation we must introduce a set of parameters,
relations between them, and a space of functions with a prescribed behavior away
from the boundary. We let 8 € R, and assume it satisfies

(2) B8 > 2s, B, 8 — 2s ¢ No.
Given such § we define
(3) S7(Q) = {w e PN C™(Q) | [wlles(wea | s@zpp S P77}

The usefulness of this function class shall become clear once we perform the error
analysis. Indeed, as we shall show (cf. Lemma below), solutions of problems
involving the operator £, typically belong to such class.

3. TWO-SCALE DISCRETIZATION

We now begin the discretization of our integrodifferential operator . Besides
consistency, a fundamental necessity, we wish to preserve its comparison property
detailed in Proposition [2]

These two requirements stand at odds of each other. For instance, when deal-
ing with (local) elliptic second order differential operators and their finite element
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discretization, very stringent mesh requirements must be imposed to retain a com-
parison principle, see [29, Section I11.20] and [49, Section 3.5]. If; on the contrary,
we discretize via finite differences, it is known that wide stencils must be employed,
see [49] Section 3.2]. To fulfill these two conditions then, we will employ a two-scale
discretization.

Two-scale discretizations have become a popular choice to develop schemes that
preserve the comparison principle for (local) elliptic second order differential op-
erators. As an example, the reader is referred to [58| 146, 52| [54]. Regarding the
two-scale discretization of nonlocal problems we mention [39, [40], where the authors
proposed a two-scale discretization for the fractional Laplacian.

3.1. The regularization scale. The first step in the approximation of is reg-
ularization. The idea is that, for some € > 0, we split the integral that defines
the operator in two parts: R\ B, and B.. The integral in the small ball B, is
then regularized by introducing a non singular kernel with suitable approximation
properties.

We begin by observing that, since the kernel n is symmetric, we have

@ Lfule) =3 [ o)~ e 9) = e+ ) () KD do
where K(r) = —z. Let now € > 0. We define

Laclul) = 3 [ @ule) =~ wle )~ ol )0 (L) Kl an

where the radial, nonsingular kernel K. is defined as

1
I r>e
d+2s” =&
(5) Ke(r)=4"
cdves T y(r? =) +u(rd—&%), r<e

We point out that (5) gives

lrlg Ko(e) =972, ltif(r)l ;
The constants v and v are chosen so that K. € C'*(]0,0)) and
Lylg) = Lyelal, Vg €Po.
The smoothness requirement implies that
2ve + 3ve? = —(d + 2s)e 471

On the other hand, by the symmetry of n we will have exactness provided that

€ ’1“2 €
=17, _ 2 d—1
/ s rid dr—/ Ko (r)r¢™ " dr.
0 0

In short, the parameters v and v have the values

4
_ (A+d)(d+2s)B+d+ 23)57(172572 <0,
4(1 —s)

L, G+d)(d+2s)(2+d+ 23)€_d_25_3 o
6(1—s)
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The following result studies the interior consistency of this regularization. By
interior we mean that we consider points z € Q, such that B.(z) C Q, i.e., all the
points where the regularization of the kernel takes place are contained in €.

Theorem 3 (interior consistency). Let 2 be a bounded Lipschitz domain that sat-
isfies the exterior ball condition. Assume that 8 € (2s,4] and n € C(A\,A). Let
w € SP(), where this class is defined in . Letag > 1, e >0, and x € Q be such
that §(x) > ape. Then, it holds that

|Lylw] () = Ly [w](2)] S 776(x)> 7.
The implicit constant depends on d, s, ag, 5, A, and A.

Proof. We need to estimate

Ly [w](z) = Ly c[w](z)] =

— 2w(z) —w(r —y) —w(z + P - K. dy| <
5|/ )=o) —wtar iy () (e = o) ay
} 1 d—1
/0 lwlles s, nr” | aras = Kelr)| v dr
¢ _ 1
5/0 (¥a) =) rd+2s — Ko (r)| PP dr,

where, in the last step, we used the interior Holder estimate that is assumed of w.
Because 6(z) > age,

IR

1

B+d—1 <
prd+2s r dr ~

- K.(r)

c 1
()" /0 pBHd—1 (TMS + /cg(r)) dr $eP~%6(z)*F. O

As it can be seen from the proof of Theorem |3 the interior consistency of our
regularization depends on how close we are to the boundary. In particular, we need
to have B.(z) € Q. For this reason, given ¢ > 0 we let € : Q@ — (0, 00) be sufficiently
smooth and satisfy

o(x
g(xz) < min {(2),5} , Ve
With this function at hand, we then define
['nye[w}(x) = ﬁn,s(z)[w}(x)'

In order to properly leverage the boundary regularity of solutions, the choice of €
is made more precise below; depending on the problem under consideration.

Owing to the positivity of K., the comparison principle from Proposition [2| holds
for L, . Thus, pointwise consistency estimates for this operator can be achieved

by combining a comparison principle with a suitable barrier function. We thus
construct a barrier.

Lemma 4 (barrier). Let 2 be a bounded, Lipschitz domain. Define
b(z) = xalz), Ve
Then,
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Proof. Since, by construction, we have e(x) < §(x) for all x € Q we may write

- 1
L‘be:/ 1-b <H>ic” z— dz)\/ S S—. 1)
uB []() ]Rd( (y))n ‘$*y| ()(' y|) Y o |£C*y|d+28 Y
Since

1
—2s <
5(1.) ~ AC |x _ y|d+25 dy7
with a hidden constant that depends on d, s, and 2, the result follows. ([
We are now in position to estimate the consistency of our regularized operator.

Theorem 5 (counsistency). In the setting of Theorem@ assume, in addition, that
w, w. € SP(Q) verify
Lylw] = Ly e[we]  in Q, w=w.=0, inQ°
Then we have
lw — wel|[Loo () S max{e®, ef=2sy,
Proof. Let z € Q. Since e(x) < 30(z), arguing as in the proof of Theoremvve get
Lyelw —wel(w) = Ly e[w)(z) — Lylw)(z) S l[wlles (s, @)e@)’ >
S (@) — e(@)*Pe(@)’ 72 S 22775(x)* Pe(a)’?
S 0(a)>Pe(x)’ 25 (x) 7.
If 3s — B > 0 continue the estimate as
Loelw —we(x) S eP726(a) 7> S P72L, [b](2),

where we used the barrier function of Lemma[d] If, on the other hand, 3s — 3 <0
we use that
E(Z‘) B—3s
(5(@')35_[38(33)5_25 = ((5(1’)) E(J?)S S €S.

Gathering both cases we conclude that, for every x € 2, we have
Lyelw —w.](z) S max{e’™>*,e°}L, o [b] ().

An application of the comparison principle for the operator £, . allows us to con-
clude. (|

3.2. The discretization scale. We assume that {2 is a convex polytope and let
J = {T'} be a conforming and shape regular simplicial triangulation of 2. The
elements T' € .7 are assumed to be closed. We set, for T' € 7, hy = diam(T"). We
denote by 4% the set of vertices of 7. The interior and boundary vertices are,
respectively,

N = N7 NQ,  NL=N7N0Q.

For each interior vertex z € A% we define its patch to be
w. = J{TeT|zeT}.

By h, we denote the radius of the ball of maximal radius, centered at z, that can
be inscribed in w,. Over such a triangulation we define the following spaces of
functions

Vo = {wy EC(Q) ’ Wa|T elPy, VT € y},
VY = {wy €C(Q) | W 7|00 :0},
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Notice that any function wz € V% can be trivially extended to Q¢ by zero. When
this causes no confusion, we shall not make a distinction between a function and
its extension.

It is a general fact that solutions to problems involving integrodifferential oper-
ators, like (1]}, exhibit an algebraically singular behavior near the boundary, inde-
pendently of the smoothness of the problem data. The problems that we shall be
interested in are no exception; see the regularity results of Sections [I.1] and [f] To
compensate this we will consider a mesh that is graded towards the boundary as it
was studied in [I]. We consider a mesh size h > 0 and parameter 4 > 1. Our mesh
T is assumed to satisfy

h*, TNo+# 0,
(6) hr ~ p=l

hdist(T,00) # TN =0.

As shown in [I7, Remark 4.14] we have that

d

pA=du >_ -

) ,u_d_lv
. d

(7) dimV% ~ ¢ h=4logh|, p= PR
d

h~d _—

) m< a7

Finally, we observe that, under the condition @, we have
(8) h, ~ hé(2)' Y1 Vze N

At this point we impose that, at least, %hz < &(z). We shall later refine this
choice; see Definition (12| and [20] for the linear and obstacle problems, respectively.

3.2.1. Consistency of interpolation. Let Ij, : C(2) — V7 be the Lagrange interpo-
lation operator. For z € 4 we wish to estimate the consistency error

Elw, 2] = Ly e[Inw](2) = Ly[w](2),

provided the function w possesses suitable, but realistic, smoothness. We begin by
rewriting this error as

Elw, 2] = (L e[w](2) = Ly[w](2)) + Ly,e[Inw — w](2).

The first term entails the regularization error, and it was estimated in Theorem [3]
Our immediate goal shall be to estimate the second term.

Lemma 6 (refined interpolation estimate). Let 8 > 0 satisfy (2)), 8 = min{B3,2},
and w € SP(Q). Furthermore, assume the mesh 7 satisfies (6). Then, for all
T € .J, we have

hP dist(T, Q)*~P/# T non =0,
lw — Inwlle(r) £ 9,

h#s TNoQ # 0.
Consequently, we have the global interpolation estimate

(9) lw — Iyw| poe () S max{h#*, 7},
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Proof. It w e C*(T) for some « € (0,2], we have
|w = Ihw| L7y S wllea )by

Now, if TN 9Q = () the definition of the class S?(Q), given in (3], and the mesh
grading imply that

[w = Tnwl| poe () S dist(T, dQ)*FhP dist(T, 9Q)PH=1/1 < 1P dist(T, Q)*~F/w.
If, on the contrary, T N 0N # (), we estimate

|w = Ihw|pe(r) S wllcos ()b S A

Estimate @D follows from a closer inspection of the case T'N 92 = 0. If s > B/u

then there is nothing to prove, so we assume s < 3/u. Let z € A% be a vertex of T'.

By shape regularity and (8)), we have hy ~ h, ~ hé(2)' 71/, and dist(T, 0Q) = §(z).
Therefore, we can write

B—ps
3 3 h
[w = Inwl|poe 7y S WRIT196(2)* Pl m s (= S . O
5(2)
We can now estimate the remaining consistency term.

Proposition 7 (consistency of interpolation). Let the function € : Q — R be such
that $h, < e(z) < 16(2) for all z € N%. In the setting of Lemmala we have, for
all z € N,

(10) Ly ellhw —w](2)| S hP3(2)* P/ te(2) 72 + max{h#®, hP}5(z) 2.

Proof. Let z € A%. We observe that Iyw(z) = w(z) and that I,w =w =0 on Q°.
Therefore, we have

Loeltyw—ul(z) = [

Q

(w(y) — Tww))) Kesy (17 — vl (‘y) ay

|z —yl
We define

(11) 07 = J{T e 7 | Tnoa 0},
and partition the integration domain into
i=1
where
Dy = 9% N Bs(z)2(2)",
Dy = (2\ Q%) N Bz 2(2)",
D3 = Bj(.)/2(2),
and estimate each term separately.

Estimate on D;: Since every point y € D; belongs to a boundary-touching element,
we use the first part of Lemma [6] to write

z2—y 1
w(y) = Tnw(y))) Kego (|12 — d ghw/ <
[ ) =t e 2= o (=2 ) o] g0 [

1
h“s/ L dy S RMs(2) %
BJ(Z)/Q(Z)C ‘Z - y|d+25
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Estimate on Ds: Notice now that every element y € Dy belongs to a non-boundary-
touching element. We can then invoke the other case in the first part of Lemma [6]
to estimate

z—y 5 [ Oy
[, W) =t Kz =i (=24 Yoo < 07 [ 20y

Now, if s — é > 0 we simply estimate

h? / ) dy < h? S dy < hP6(z) 72
D2 |Z - y‘d+25 o BJ(Z)/Q(Z)C ‘Z - y|d+28 ~

If, instead, s — g < 0 then

ha/ 3(y)* dy<hﬁhu(s—5/u)/
D ~ D

dy < h“sé(z)_Qs.
o |z —yl*s

o |2 =yt
Estimate on Djs: Observe that §(y) > §(z) — |z —y| and, if y € D3, we also have that
16(2) < 6(y) < 26(z). Now, since z € A% we have that §(z) > h*. Consequently,
if y € T N D3 for some T such that TN oQ = 0,

hr S ho(y)' =" < ha(z) ',

We, once again, invoke the estimates of Lemma [6] to obtain

-y
/ o () = T Ky = =

WP6(z) A/ / Kooyl — ) dy <
D3n(2\Q2)

) e
z e(z) z

KPS (2)*~Flrg(z)=2.

<

~

On the other hand, if D3 N Q% # () it means that dist(Bs(z)/2(2),08) < h*, and
therefore 6(z) = dist(z,0Q) < 0(2)/2 + h*, namely §(z) ~ h* = h,. Therefore, it
must be €(z) ~ §(z). In such a case, on D3 N Q?, we have

L
[ ) = B Kz = (22 ) 4| <
D5NQ2 |Z 7J|
s / Kooz — 9) dy <
Dgﬁﬂa

o [ [ (== v dy) <
ht® / ——dr +/ Ken(|z—y))dy | <
oz T Ben) )

e ()72 ar hHS§(2) 2.

Gathering all the obtained estimates leads to the claim. [
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4. THE LINEAR PROBLEM

Having studied a consistent and monotone discretization of the operator L,,, de-
fined in , we proceed to use this discretization to propose and analyze numerical
methods for problems of increasing complexity. The first one shall be a linear one.

We consider the following problem: Let s € (0,1) and n € C(\, A) for some
A A > 0. Given f € H%(Q), find u € ﬁS(Q) such that

(12) Lyu] = f, in Q.
Notice that, by virtue of the definition of the solution space, we are implicitly
providing the exterior condition v = 0 on Q°¢. Owing to the fact that || - ||, is

an equivalent norm on H*((2), existence and uniqueness of a weak solution follows
immediately. In addition, since 7 is positive, a nonlocal maximum principle holds;
see Proposition [2}

4.1. Regularity. The regularity properties of u, solution of 7 are of utmost
relevance for its numerical approximation. In contrast to local elliptic operators, it
is well known that solutions to possess limited regularity near the boundary,
regardless of the smoothness of 2 and f; see [69, [38],[16]. The following is an optimal
regularity result.

Lemma 8 (optimal Holder regularity). Let s € (0,1) and let Q C R? be a bounded

Lipschitz domain that satisfies the exterior ball condition. Let f € L>(Q) and
u € H*(Q) be the (weak) solution to (12)). Then u € C**(Q). Moreover, we have

[ullco. @) < Cllf I (),
where the implicit constant depends only on d,$) and s.

Proof. See [63, Proposition 4.5]. O

The previous regularity is optimal, as exemplified by existing explicit solutions
to the fractional Laplace problem over a ball (cf. [37]). The reason for this limited
regularity gain lies in the fact that there is an algebraic boundary singularity present
in the solution, which can be characterized via

u(x) = dist(z, 00Q)°,
as x approaches 0f). Higher order regularity estimates can be obtained if one takes
into account such boundary behavior. In [62] such results were obtained for the

fractional Laplacian over weighted Holder spaces, where the weights are given by
powers of the distance to the boundary.

Definition 9 (weighted Holder space). Let o > —1 and 8 = k+ v > 0 with
k € No,v € (0,1]. For w € C*(£) define the seminorm

|Dkw(33) — Dkw(y)|>

z,yeQ:xFy IZ’ - y‘fy

[l o= sup <5<x, y)**
and the norm
k sup (6(x)”|v(z)[), o =0,
||w||g's)) = Z sup (5(x)l+o|wa(ac)|) + \w|§3‘722 + {wEQ
=1 7€0 HUHCO‘—”(Q), o <0.
The methods used in [61] can be adapted to operators of the form (1)) to obtain
the following weighted Holder regularity.
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Lemma 10 (weighted Holder estimates). Let Q2 be a bounded domain that satisfies
the exterior ball condition, and let § > 0 satisfy . Moreover, we have

S S Nullcos@ay + 115 55 0

where the implicit constant only dependsLet f € CP~25(Q) be such that ||f||(5822379 <

oo. If, for k € N, B > k, then we additionally assume that n € C*(S¥=1). In this
setting, the solution of satisfies u € C#(Q). ond, Q, \, A and s.

Proof. The result can be obtained by using the same procedure as in [61, Proposi-
tion 1.4] for n = 1. For completeness, we repeat the main parts of the argument.

Let 2o € Qand R = % for some K € N. We define 4(z) = u(zo+ Rx) —u(zo)
and, following [61l Proposition 1.4], it is possible to show that
(13) llcos(py) < CR[ulcos (Bp(wo))
I+ 1 D700 |2 ey < CR[ulcons ga).-
In addition, if 8 <1,

|£n[ﬂ](x) — cn [ﬂ] ()] — R2stP |£n[u]($) - ﬁn [u](y)\

sup sup
z,y€B1 |$ - ylﬁ z,y€BRr(z0)) Ix - y‘B

We also observe that, since the coefficient 7 is independent of x, for any k € Ny
Dkﬁn [@](z) = Rkﬁn [DFu)(z).

We use this in the case § > 1 to assert that, for any 8 > 0 that satisfies ,

(14) Lol on sy S B2 Lo lulllos (Brimey < RENLa[lISh.

The estimates so far do not use the regularity of the coefficient 1, but only
its boundedness and translation invariance. Now we can repeat the proof [61]
Corollary 2.4] using the additional regularity on 7 together with the estimates

@[ to got
lillos (s, S N+ 120 gy + Nillos-2em,) + I1Lafdllcs-2s1)
S B (oo + 171§ 000) + I@llos-2e(5,),

where we assumed that K > 2 to bound the term | £, [i]||cs-2:(p,) appropriately.
We repeat that the regularity of the coefficient 7 is only used in order to be able to
stress the arguments used in the proof of [61, Corollary 2.4].

Now, for § — 2s < s, the claim follows from estimate . Indeed, using that, if
y € Br(zo), we have

1D a0 (8, 2) = REID ull Lov (81 (20)):

and §(z,y)/|x — y| < K if x and y are far away from each other.

If, instead, we have that § — 2s > s, we repeat the argument in for
]| s-2:(B,y in total m times until 3 — 2sm < s. Choosing K large enough,
but finite (depending on s), finishes the proof. O

As a consequence of Lemmas [§]and [I0], we have the following regularity estimate
away from the boundary.
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Lemma 11 (interior Holder estimate). Let Q be a bounded Lipschitz domain that
satisfies the exterior ball condition and let f, 5, and n satisfy the same assumptions
as in Lemma[Il For every p > 0 we have

ullcs ((reas@)zpp S P°7,
for a constant only on Hf”(gszzs@a 1l (), s, and Q.
Proof. Repeat the proof of [39, Corollary 2.5]. O

In short, the previous results show that wu, the solution of , satisfies u € S#(Q)
and ||u|\(ﬁ}§) < 0o0.
4.2. Pointwise error estimates. We have reached the point where we can pro-

pose a numerical scheme for (12)) and provide an error analysis for it. To begin, we
need to make a precise choice of the regularization scale €.

Definition 12 (e for the linear problem). Let the vertex z € 4%. We set
1
e(z) = 5/1325(2)1/2.

At this point we make some comments regarding the choice in Definition

First, notice that close to the boundary we have
e(z) ® h, = 46(2),
which ensures that Be(;)(z) C 2. On the other hand, in the interior of the domain
we have §(z) =~ 1, so that
e(z) =~ hl/2.

This scaling bears resemblance to the scalings used in two-scale methods for (local)
linear second order elliptic problems; see; [49] 50} 64} [46], 58, 53 [54].

We now describe the scheme. For € given according to Definition [I2} our scheme
seeks for uj, € Vf)g such that

(16) Loelunl(z) = £(z), Vz e Nb.

We comment that, since this is a finite dimensional problem, existence and unique-
ness of a solution are implied immediately by the following discrete comparison
principle for the operator £, .

Proposition 13 (discrete comparison principle). Let € be such that, for every
z € N, we have g(z) > %hz. Assume that vy, wy, € Vf)g are such that

(17) Lyelvn)(2) = Lyelwn](2), Vze€ N5
Then, '
vp(2) > wp(z) Vz € Ny

Proof. The proof follows by a simple argument. Suppose the inequality is strict,
and that the function vy, — wy, attains a (non-positive) minimum at an interior node
z € N4. Then, we have

on(2) —wn(2) < vn(y) —wa(y) = vn(2) —on(y) < wn(z) —waly) VyeR?

and, consequently,
Ly.elon](2) < Ly e[wn](2).
This shows that, in case of strict inequality in , it must be that vy, > wy in Q.
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Assume next that the inequality is not strict. Consider the discrete barrier
function by, = Ij,b, where b = xq and I;, denotes the Lagrange interpolant. We have
Ly ebr](z) > 0 for all z € A%, Therefore, for € > 0, we have the strict inequality

Ly elvn +ebp](2) > Ly c[wn](z) Vz € N,
from which it follows that vy, (z) + €bp(2) > wy(z) for all z € A% Letting € — 0,
we obtain the desired result. O

We now proceed with the error analysis of our scheme. Using the choice of &
given by Definition we begin by making the results from Proposition [7] more
precise.

Proposition 14 (consistency of interpolation for the linear problem). Let the regu-

larization scale € verify Deﬁnition B satisfy , B =min{B,2}, and w € S*(9).
We have

Ly e[Tnw — w](2)] S max{h*, hP~*}8(2)"% Vze i
Proof. Let z € A% By , it suffices to show that
hP6(2)* P/re(2)"2 < max{h*, hP~*}5(2) "%,

We consider the set Q7 given by .

If z € Q9 then 6(2) ~ h, ~ h*. Combining this with e(z) = %hi/26(z)1/2 ~
0(z), we obtain . )

hP8(2)5 P he(2) 725 ~ hHo5(2) 2.
In contrast, if z ¢ Q2 then z € T for some T with T N 9dQ = () and therefore
h. = hr ~ hé(2)'~'/# and e(z) = %hi/2§(z)1/2 If s > (3 — s)/u, then we have
hP8(z2)*~Pre(2) 72 a P78 (2)* = =9/ 5(2) 72 < WP=35(2) 7%,

Otherwise, we write h & h.d(z)~'T/# and

_ _ _ _ B—s—ps
RP8(2)5 P e(2)72 m~ RO 736(2)TFF256(2) 72 & B1® (;g;) 5(2)72%.

Because h, < §(z) and 8 — s — us > 0, the second term in the right hand side is
uniformly bounded above. O

It remains then to obtain error estimates. This is the content of the following
result.

Theorem 15 (error estimate). Let 2 be a convex polytope, s € (0,1), B < 4 is
such that ([2) holds. Define B = min{3,2}. Let f € C®~25(Q)NL>(Q) be such that
||f||(;225,9 < 0o. Assume that n € C(\,A) and that if, for some k € N, 8 > k, then
n € CH(S¥1). Let u € SP(Q) solve (12)) and uy, € VY solve ([16). If T satisfies
@ and € is chosen as in Definition |12, we have

[ — up || oo () S max{h#s, RO~ hP/25,

Proof. We consider u —uj, = (u— Inu) + (Iyu — up). By (9)), to prove the claim, it
suffices to estimate the second term. We do so by estimating the consistency
1Ll —un)(2)] < |Lye[lnu — ul(2)] + [Lnelu —un](z)] = T+L,

for z € JV}, and then applying the discrete comparison principle from Proposi-

tion [I[3]
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Proposition [T4] yields
1 < max{h**, hP=°}8(2) "% ~ max{h"*, K ~*}L, . [b](2),
where we recall that b is the barrier function introduced in Lemma[d] Additionally,

the choice of e, identity , and Theorem |3| with ag = 2, yield

L= |Lye[u)(2) = Lylu)(2)] S e(2)°7*6(2)*7

~ W27 5(2) T L, B (2).

Thus, if s — % > 0 we are done. In case s < %, we write instead h ~
h.6(z)Y/#=1 and obtain

1< hP255(2)" 0 Ly e [B](2)

~ hushf/Q—us—s(;(z)(1/u—1)(B/2—us—5)5(z)8

_ B/2-=s
H

Loe [b](2)

~ hHs (;(Lz))mws L, [b](2).

This concludes the proof. [

Remark 16 (complexity estimate). Let us try to interpret the estimates of The-
orem in terms of degrees of freedom. To shorten the notation we set, only for
this discussion, N = dimVog. Furthermore, we will assume that the right hand
side f is as smooth as possible, i.e., we let 8§ = 4 and satisfying . This regularity
assumption implies that 3/2 = 3 = 2.

First, if d = 2, we can choose p = 2 so that, according to (7)), N ~ h=2|loghl.
As a consequence,

lu —un|lLe@) S max{N‘s| log N|*, N~1+5/2| logN|1_s/2} .

Therefore, with respect to the number of degrees of freedom, and up to logarithmic
factors, we obtain convergence with order s for s < 2/3 and with order 1 — s/2
for s > 2/3. Additionally we observe that, for s > 2/3, one does not need to
take p = 2 in two dimensions, and that the maximal convergence rate is attained
whenever pus =2 — s ie., yp = 2;‘9; any extra mesh refinement does not reflect in
an improvement of convergence rates, although it affects the conditioning of the
resulting system.

On the other hand, for d = 3 we must choose y = % if we wish to maintain a

near optimal number of degrees of freedom, i.e., N ~ h~3|log h|. Thus,

lu — un| Lo () S max {N_S/2| log N|/2, N=2/3+s/3] logN|2/3_s/3} .

Again, we observe that, if —s/2 < —2/3 4+ s/3, namely if s > 4/5, the maximal

convergence order s/2 is attained for meshes graded with p = 23;8

Remark 17 (relationship between € and f). Deﬁnitionis suitable for sufficiently
smooth right hand sides, namely, it formally delivers optimal convergence rates in
case f € CP~25(Q) N L*(Q) be such that ||f||(;l2SQ < oo with § > 4. We recall
that, since we are using a second difference formula, the interior consistency of the
regularized operator cannot exploit any regularity beyond §*(€), cf. Theorem
Let us briefly comment on what one can obtain when f satisfies the assumptions
above but with 5 € (2s,4) and satisfying .
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We let e(2) = 2h26(2)'~* with a € [0,1], that clearly satisfies 1h, < e(2) <

%5(z) By doing the same calculations as in Proposition we obtain
1Ly e[Tnw — w](2)| < max{h**, RP~22}6(2) "2 Vz € Ni.
Arguing then as in the proof of Theorem [I5] we obtain the error estimate
[ — p|| Lo () S max{his, =208 pelF=2y

Now, if 8 € (2,4), we have 3 = 2 and

2
2 —2as = a(f —2s) :>04:E.
2
Therefore, choosing (z) = $h? (5(2’)17% yields the error estimate

= unl| o o) S max{h*, h2~F }.
In contrast, if 8 € (2s,2), we observe 5 = 3 and we get that
B—2as=a(f—-2s) = a=1.
In this low regularity case, setting €(z) = 3h. gives rise to
lw = un | oo () S max{h#®, RO~}

The latter will be of interest in the approximation of the obstacle problem in the
next section, and justifies Definition [20] below.

5. THE OBSTACLE PROBLEM

As the next application of our two-scale discretization, we will consider the
following nonlinear problem. In the setting of Section @] we assume that, in addition,
we have 9 : 2 — R that satisfies ¢ < 0 on 9f2. We seek for u € H*(2) that satisfies

(18) min {L,[u] — f,u—v} =0, ae Q.

While existence and uniqueness of a weak solution is classical, the regularity of
such solution is more delicate. Following [I7] we introduce the classes

Fo() = C3724(Q), U= {y€C(Q) :Pjpn <0} NC>'(Q),

where € > 0 is sufficiently small, so that 1 — 2s + ¢ ¢ N.
For future use we define the contact and non-contact sets as follows:

Q= {eeQlu@)=v@)}, O ={rc|ul)> ).

In order to obtain rates of convergence, we must understand the regularity of
the solution. This can be achieved by combining the arguments in [I7], [19], and
the regularity of the linear problem presented in Section f.I] Namely, one first
proves the result for a problem in the whole space R%, and then use a localization
argument; see [I7] for details in the case n = 1.

Proposition 18 (regularity). Assume that f € Fs and ¢ € U. Then, u € fNIS(Q),
the solution of satisfies u € C**(2) and

1L, [u]|$, o < .
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Remark 19 (pointwise evaluation). Notice that, since ) < 0 on 912, the solution to
solves the linear problem £, [u] = f in a neighborhood of the boundary. By the
interior regularity of the previous result we additionally have £, [u] € C%17%(Q). As
a consequence, we have that £,[u] € C%17%(Q)), meaning that pointwise evaluation
of the operator is meaningful.

5.1. Pointwise error estimates. Let us now provide a numerical scheme for the
obstacle problem and pointwise error estimates for it. We seek for u; € Vog
such that

(19) min { Ly efun)(z) = f(2), un(2) = ¥(2)} =0, Vz € A
For this problem, we shall make a different choice of € than for the linear problem.
The reason behind this is that even if the data is sufficiently smooth, the solution

to the obstacle problem possesses a limited interior regularity, compare Lemma
with Proposition see also the discussion of the case 8 € (2s,2) in Remark

Definition 20 (choice of € for the obstacle problem). Let z € A42. We set
1
= —h,.
€)=

Existence and uniqueness of uy follow from the fact that we are in finite dimen-
sions and the comparison principle for £, .. Of interest here is the derivation of
pointwise error estimates. The technique that we will use is rather classical and
can be traced back to [B [51], see also [55]. We begin by introducing the notions of
sub- and supersolutions to the obstacle problem.

Definition 21 (sub- and supersolution). We say that UZ € Vz is a supersolution
to if u,‘f > 0in Q° and, for all z € JV}, we have

up (2) 29(2),  Lyeluf)(z) = f(2).
On the other hand, we say that u; € V. is a subsolution to (19) if u, <0 in Q¢
and, for every z € A%, if uy (2) > 9(z), then
Lyelu,](z) < f(2).

The comparison principle of the operator £, ¢ gives a comparison for sub- and
supersolutions.

Lemma 22 (discrete comparison). Let u:, u, € Vg be super- and subsolutions to
, and up, € Vog be the solution to . Then, for every z € Vo we have

uy, () < un(z) < uf (2).

Proof. We consider each inequality separately. Let u; be a subsolution and consider
the set of nodes

Co={zeM7 | u,(2) >9(2)}.
Now, if z € C_, we have
Lneluy](2) < f(2) < Ly elun](2).
If, on the other hand z ¢ C_, then
uy, (2) <(z) <un(z).
In summary, the function wy, = u; — un € Vo verifies
‘Cnﬁi[wh](z) S 07 S C—7 wh(z) g 0, z ¢ C—'
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A discrete comparison principle then implies that wy, < 0.
Let now u,f be a supersolution. Consider now the discrete contact set

Cr={zeAM7 |un(z) =¥(2)},
and observe that, if z € Cy,
un(2) = ¥(2) < uy (2).
On the other hand, if z ¢ C; we have

Loe[uf)(z) = f(2) = Layelun](2).

In conclusion, the function wj, = uZ —up, € Vo satisfies

Lnelwp] >0, z¢C4, wp(z) >0, ze€C4.
Once again, a discrete comparison principle yields that wy > 0. ([l

Next we need to present a suitable discrete proxy for u. Namely, we consider
Rpu € VY to be such that, for every z € A%,

(20) Ly e[Rnu](2) = Ly[u](2).

Recall that, as detailed in Remark the right hand side is meaningful. The
approximation power of Rpu is the content of the following result.

Corollary 23 (projection error). Let u be the solution of and Rpu be defined
mn . If the reqularization scale € is chosen according to Deﬁnition then we
have

(21) lu — Rpul|po () S e(h) = max{h**, hl_s}7
with an implicit constant that is independent of h.

Proof. We begin by recalling that, as indicated by Proposition we must set
B=1+s.
Observe that, owing to ([20)),

I=|Lyelu— Rpull = |Lyelu] = Ly[u]] S e(2)'70(2) 7",
where, in the last step, we used Theorem [3]
Using the the current choice of € we then continue this estimate as
1

1\ 1=s os=1
1< (h§(z)1_u> 5(2) = h1o8(2) 7255 (2)" T < RITE(2) 2,

provided that s + %1 > 0.
If, on the other hand, we have s+ % < 0 we use that §(z) 2 h, 2 h* to obtain
that

s—1 s—1
h1_55(2)8+7 5 hl—shﬂ(s-‘rT) o~ hus’

so that, in all cases,
I < max{h** h1=5}5(2)7%.
The remaining of the proof follows exactly as the one of Theorem [I5] (I

With this proxy of the solution at hand we are ready to obtain error estimates.
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Theorem 24 (error estimates). In the setting of Proposition let u solve (18)
and up, € Vf)g solve . If T satisfies @ and € is chosen as in Deﬁnitz’on we
have that

[u—unlz=@) = e(h) < e(h),
where the quantity e(h) is defined in .
Proof. We will construct suitable super- and subsolutions to the discrete obstacle
problem and apply the comparison principle of Lemma to conclude. Notice
that, owing to 7 there is a sufficiently large C' > 0 for which

u— Ce(h) < Rpu < u+ Ce(h).

Supersolution: Let u,f = Rpu+ Cie(h) € Vg, where the constant C; > 0 is to be
chosen, and notice that uz > 0 in Q°. Moreover, for z € 47, with the barrier
function b = xq and Lemma [4]
Lyeluf](z) = Lae[Rpul(2) + Cre(h) Ly e[b)(2) > Ly[u)(2) > f(2).
In addition, if C; > C, we have, for any z € A4,
uy (2) 2 u(z) + (C1 = O)e(h) = 9(2) + (C1 = C)e(h) > ¥(2).

We have then shown that uz is a supersolution for the obstacle problem. This
implies, via Lemma [22] that for every x € 2 we have

un(z) < uy (2) < u(z) + (C + Cr)e(h),

so that
up(x) —u(x) S e(h).
Subsolution: We now define u,, = Rpu—Cse(h) € V7 where Cy > 0 is to be chosen.

Notice that u; < 0in ¢, We will show that it is a subsolution. To see this, let
z € A% and assume that uj (z) > 1(z). Then,

¥(z) <y, (2) S ulz) = (Co = Cle(h) <u(z),
provided Co > C. The fact that this inequality is strict shows that
Lyeluy)(2) = Ln.e[Rrul(z) — Cae(h)Lye[b](2) < Lylu](z) = f(2),

so that indeed this is a subsolution. We invoke once again Lemma [22| to obtain
that

uw(x) — (C+ Cr)e(h) < uy (x) <up(z), Voel,

as we needed to show. O

Remark 25 (optimality and complexity). We comment that the rate of conver-
gence of Theorem as expressed by the quantity e(h) is optimal for our proof
technique. To see this, we recall that near the boundary the solution to the obsta-
cle problem behaves like that of the linear problem, i.e., u(z) ~ d(z)°, so that the
rate of interpolation is at best h*°. On the other hand, the interior regularity of
the solution is, at best, C1*. Since our operator L, is of order 2s, and our proof
technique is based on comparison principles, the rate in the interior can be at best
hits=25 = B1-5 a5 we have obtained.
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Finally, with the notation and conventions of Remark [I6] let us present the
following complexity estimate

max {N’S|logN|S,N(5’1)/2|10gN|(1’S)/2}, d=2,
<

lu = unllp (@) S
max {N_S/Z\ log N|*/2, N(s=1)/3| 1ogN|(1_s)/3} , d=3.

5.2. Regularity of free boundaries. Of particular importance in applications is
the so-called free boundary, which is the boundary of the contact set
I =00°NQ.

In this section we are concerned with the regularity of this set.

5.2.1. Regular points. We begin with the regularity of the free boundary near regu-
lar points which, roughly speaking, are those at which the function v — 1) grows at
a rate 1+ s. Define d(z) = dist(z, 2°) to be the distance from x € Q to the contact
set. The following result is proved in [19, Theorem 1.1].

Theorem 26 (regular points I). Let o € (0,min{s,1 —s}). Let ¢y € ¥ and zg €T
be a reqular point. Then, there exist positive constants a(xg) and r(xo) such that
u(x) — (@) = alwo)d(x)' ™ + o(|z — ao| )
for all x € By(z)(20) N QF. Moreover, the set of points satisfying this property is
an open set of T and is locally a CY7 graph for all v € (0,s). Finally,

u e cts (Br(m)(xo))

Remark 27 (singular points). The points of I' that are not regular are called
singular. According to [19, Theorem 1.1], these points satisfy

u(z) — (@) = o(|z — ao| ).
Singular points do in fact occur and are characterized in [6] for the case n = 1.

Remark 28 (C'" smoothness). Consider an interface I', a point zo € I' with
normal vector v, and x = xg + rov for a sufficiently small rq > 0. If the interface
I was C2, then the closest point to « in I is zo. However, if I' is of class C''"Y with
v < 1 (as in the conclusion of Theorem [26[ ), then this is not the case anymore and
the distance d(z,T") may be realized at a point different than xo.

The following variant of Theorem [26, which avoids the use of the distance func-
tion d is stated in [36, Theorem 4.4.1].

Theorem 29 (regular points II). Let o € (0, min{s,1 — s}), 6 > max{0,2s — 1},
2,0

and v € (0,s). Let the obstacle 1 € C°(R?). Let wg € T be a free boundary point.
Then, there is 7o > 0 such that, for all x € By, (zo), we have:

(i) either
(22) u(@) — () = ag ((x — 20) - )™ + O(|z — wo['T*17),

for some ag > 0, v € S* 1, and v > 0,
(i) or
u(@) = P(z) = O(Jz — zo| 7).

Moreover, the set of points satisfying (regular points) is an open set of T', and
it is locally a CY manifold.
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The following result is presented in [36, Corollary 4.5.3] without proof. Since
this estimate will be useful in our constructions we present a proof.

Lemma 30 (Holder continuity). Let zo € T' be a regular point, namely, one that
satisfies , In the setting of Theorem the vector and scalar

| _[b2)

b(z) = lim V(u(z) — (), a(z) 1+s

Tz d(;r,')s
are of class C°7 in B, (zo) NT.

Proof. Let z1,22 € T'N B,,(x) be two arbitrary free boundary points which we
assume to be regular points and so to satisfy Theorem 29] Since the set of regular
points is open in I', this may require further restricting rq > 0.

Denote v = u — #. It is possible to show that [36 Proposition 4.4.15]

—Vv

PE S Co,

€01 (Bry (20))

whence
1 1
v -
a@r " @y
Since T' is C*7 within B, (o) we let v1,v5 € S4-1 be the unit normals to I' at
21, T pointing towards QF. Let x — x1, y — 22 and use the fact that

ww\ Scle—yP,  Vo.ye Bulao).

. 1 . 1
Jim Mvv(l’) = b(z1), ylinzlg va(y) = b(z2),

to deduce that
[b(21) — b(z2)| < colz1 — z2[7,
whence b € C%7(B,,(z9) NT). Since a(x;) = ﬁ|b(xl)|, we infer that
la(z1) — a(z2)| < [b(21)] — [b(z2)]| < [b(z1) — b(22)] < colz1 — 22|

This is the desired estimate for a. O

To exploit the previous result we make the following convenient, but realistic,
regularity assumption on I'.

Assumption 31 (regular points). The free boundary I' consists only of regular
points, namely those that satisfy Theorem [26] or ([22).

Next we discuss the fundamental nondegeneracy properties (NDP). Given € > 0
we let G(T, ¢) denote a strip of thickness € around the free boundary T", namely,

ST e) ={z € Q| d(z)=dist(z,T) < &}, &1 (le) =6(T,e)NOQT.

The following result is known as an NDP in distance. It prescribes a pointwise
behavior of u — v (growth with rate at least 1+ s) if one is close to a regular point
of the free boundary T

Corollary 32 (NDP in distance). Let K € Q and set T = T'NK. If Assumption
is valid, then there exists constants a,eg > 0 such that

u(z) —Y(x) > ad(z)'+s, Vo € 67(T,&).

Proof. We proceed in several steps.
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1. Since, by Assumption every point zo € T is regular we have that a(zg) =

[b(zo)]
TTs
that

> 0, and @ and b are of class C%7 in view of Lemma [30, We then deduce

1
a = — min a(xg) > 0,
zoel

because T is compact.
2. Let v=u—1, g € T', and 79 > 0 be such that

1
HdSV’U S Co = C(Jﬁo)

CO (Bry (w0))
Given z € B, /2(x0) we let z1 € T'NB,, () be a point at minimal distance, i.e.,
d(z) =z —z1| = (x — z1) - V1.
Then, for y close to x1, we have
1 1
—Vu(z) — —
FERACRE

whence, upon computing the limit as y — 1, we get

Vv(y)‘ < Colz —y|”,

This implies that
1
m&llv(m) >b; vy — Co|17 — x1|7 — |b1| — Co|:l: — x1|7 > (1 + S)a,

provided rJCy < (14 s)a, upon restricting rq if necessary. Therefore, we deduce
the nondegeneracy property for the normal derivative

o, v(x) > (14 s)ad(z)® = (14 s)a((x —z1) - v1)] .

3. Let x(t) = tz + (1 — t)z1 denote any point in the segment joining x1 and z,
t € [0,1]. Then z; € I' is again a point in I" at a minimal distance to z(t). The
previous point implies then that

do(z(t
WD) _ oy vfa )l — 1] > (1 + s)at*la — '
or
1
do(z(t
o(a(®) = oa(V) = o@(0) = [ LD > afe -,
0
for all x € B, /2(xo). This is the desired local nondegeneracy property.

4. We cover I with balls B, j2(g) for every xy € [. Since T is compact, there is

a finite subcovering
M

I c |J B, 2(@m).

m=1
Finally, let €9 > 0 be the distance from T to the complement of U%le,.m/Q (Tm)-

Then every z € &1(T, &) belongs to a ball B, /2(®m) for which the previous
step applies.

This concludes the proof. [
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Remark 33 (NDP). Observe that Corollary [32| implies the following weaker form
of nondegeneracy: For all zp € T and r € (0, &0] we have

(23) sup  (u(x) —Y(x)) > artts.
z€Br(x0)

This inequality is also valid for all g < r < diam(2) because

5—07’ > 6701"

r — diam(Q2) ’

which yields with the constant a replaced by

1+s
~ €0
“=a <diam(Q)> '

We now make an explicit assumption about the boundary behavior of u — ),
which is not only useful for the subsequent argument, but it also has been used in
deriving regularity via a localization argument; see Proposition

Eo =

Assumption 34 (boundary behavior). The obstacle is strictly negative on 052,
i.e., there is ¢y > 0 for which

Y(x) < —cop <0, Vaed.
The assumption above, by continuity, assumes that the free boundary I" is uni-
formly away from the boundary of the domain 0f2, and thus the problem is linear
in a neighborhood of 9; see [I7] for details in the case n = 1. In addition, this

implies that the NDP in distance of Corollary |32 holds for all z € &* (T, &).
Let now € € (0,g0]. We define a e-neighborhood of the free boundary I’

NI,e)={z et |0<ulx)— ) <},
Corollary 35 (comparing N(I',¢) and &(T',¢)). If Assumptions [31] and [3]] hold,
then there is 1 € (0, 9], with 9 > 0 defined in Corollary such that
1
pI¢ <F,a1+ss> Cc 6(T,e), Ve € (0,¢e1].

Proof. Consider the compact set w between &1 (T, gg) and 92, namely,
w=0\(61(T,e) NNO).

Set again v = u — 9. In view of Assumption [34] and the fact that v € C%*(Q), we
deduce

v > ¢g, on Of), v > azsé+S on &1 (T, g9) NQT,
and that there is a constant ¢; > 0 such that
v(x) > e, Yz € w.

Let &1 € (0,£0] be given by asi™ = ¢;. The definition of &(I',¢) in conjunction
with the NDP in distance of Corollary [32| guarantee that for all € € (0, 4]

v(z) > as't®, Vo € &(T,e)°NnOt.
1
Therefore, for all z € M(T, al+se) we have
1\
0<v(z) < <a 1ts s) = ae'™®,

whence x € &(T', ¢) as asserted. This concludes the proof. O
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FiGUrE 1. Examples of singular free boundary points where the
function u — v has strict quadratic growth. We expect quadratic
growth in the direction of the red arrows. The case on the right
is more degenerate than the case on the left, and worse for the
approximation of the free boundary T' (depicted in blue). In both
cases we have that dimker A = 1. A discrete free boundary I' #,
which is at a distance O(5(h)'/?) is depicted in dashed brown.

We comment that the inclusion asserted in the previous Corollary is the typical
assumption that is made for the error estimates in distance for the classical obstacle
problem. See, for instance, [55, Section 2(d)].

5.2.2. Singular points. We now examine nondegeneracy for singular points. We
base our discussion on [6], which requires that Theorem [26| holds. We recall that a
singular point zg € I' corresponds to

[b(xo)|

a(xg) = 1T s =0

The characterization of singular points given in [6] hinges on the following struc-
tural assumption.

Assumption 36 (singular points). There is ¢g > 0 and v > 0 such that ¢ €
C37(Q), f+AY < —cg <0in{z € Q| ¢Y(z) >0} and ) # {z € Q| ¥(x) > 0} € Q.

For the rest of the discussion regarding singular points we restrict our attention
to the fractional Laplacian, i.e., n = 1. The following result is proved in [6, Lemma
3.2].

Lemma 37 (general growth). If Assumption holds, then there are constants
a,rg > 0 such that, for all g € T

sup  (u(x) —(x)) > ar?, Vr € (0,79).
z€B,(x0)

Notice that this is similar to but with exponent 2 instead of 1 + s.
Consider now the following class of homogeneous polynomials of degree two:

Pf = {m(e) = goTAs | A € RO\ (O}, AT= A, 0(A) € [1o0)}.

The following result, which can be found in [6, Proposition 7.2], is crucial to char-
acterize singular points but does not play an important role in our discussion.
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Proposition 38 (growth at singular points). If Assumption |30 holds, then there
is a modulus of continuity w : RT — RT such that for any xg € I singular, we have

u(z) — (x) = pi°(x — 20) + w(|z — 20])|2 — 20|,
for some p3° € PJ.

Remark 39 (growth at singular points). In the setting of Proposition it is
important to notice that, if dimker A = k, with k € {0,...,d — 1}, then u — ¢
exhibits strict quadratic growth in the directions orthogonal to ker A. Since there
is at least one such direction, we conclude that Proposition [38] implies Lemma [37]

The first example of this scenario is when dimker A = 0. This corresponds to
an isolated contact point xg, with the function u — ¢ growing quadratically in all
directions emanating from z.

As a second example we consider the situations given in Figure Although
the geometry is quite distinct, in both cases we have dimker A = 1. We expect
quadratic growth in the directions of the red arrows. The case on the right is more
degenerate than the case on the left, and worse for the approximation of the free
boundary I'. This will be discussed further below.

5.3. Error estimates for free boundaries. Let us now put the pointwise error
estimates of the previous sections to use and, on the basis of the discussions of
Section [5.2] obtain approximation properties for the free boundary I'. To start
we mention that there is ¢, = Iy € Vo (the Lagrange interpolant) such that
Yp(z) = ¥(z) for all z € A% and, more importantly,

(24) 1Y — nll L) = a(h),

for some function ¢ : Rt — R with (k) | 0 as h } 0. Typically, and this shall be
the case if ¢ € U,

a(h) S [lwzee@)h?.
Notice that , and its analysis, remain unchanged if we replace ¥ by ¥y,

The next step is to define the discrete free boundary I'y,. To do so, instead of
looking at the zero level set of u, — ¥, we consider the level set at height

d(h) = ¢(h) +a(h),

where ¢ was defined in Theorem see also (21). Thus we define the discrete
noncontact and contact sets, respectively, to be

O ={z € Q| up(x) —¢u() >6(h)}, Q% ={zeQ|un(x)—yn(z) <5(h)}.
The free boundary is then,
Ly =005 N0 =00%NaQ.

We intend to prove that, in a sense, I' and I"# are close. This will be quantified
by means of the Hausdorff distance.

Definition 40 (Hausdorff distance). Let A, B C R%. Their Hausdorff distance is

dy (A, B) = max {maxdist(x, B),meagdist(y,A)} .
y

r€EA

The error estimate for free boundaries reads as follows.
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Theorem 41 (free boundary approximation). Let I' satisfy Assumptions and
and let a > 0 be given in C’omllary and . Then, there is hg > 0 such
that

(DT ) < (25@))1“, Vh € (0, ho.

Proof. We proceed in three steps.
1. We first show that Q0 C Q%. To achieve this consider z € Q, so that u(z) =
¥(x). Thus, using and we have
un () = ¥n(x) = (un(z) — u(®)) + (Y(2) — Yn(x)) < e(h) + o(h) = 6(h).

In other words, z € QY.
2. Next we show that

ryce|r, (i&(h)) o
Let then z € ' and zo € I' be the closest point to it, i.e.,
| — zo| = d(x) = dist(x, T).
From the previous step we know that z € QF. Since
wn(®) — n(z) = 6(h),
and, in view of Theorem u(z) — up(x) < €(h) we realize that
w(@) — () < (u(x) —un(x)) + (un(x) = Ya(@)) + (Pn(r) - P(2))
<e(h) +d(h) +o(h) =25(h).
Let now hg > 0 be sufficiently small so that §(hg) < %E}Jrs, where €1 > 0 is
given in Corollary This implies
x € ‘ﬁ(I‘,aﬁsl) Cc 6(Ter).
Therefore, Corollary [32] yields
u(x) — (x) > adist(z, T)1*

whence,
adist(z, T)1s < 26(h),
i.e.,
1
2 T+s
dist(z,T) < ((5(h)> )

a

as desired.

3. We show that

2 T+s

Indeed, let 2y € ' and assume, for the sake of contradiction, that

R =dist(z,T7) > (zé(h)) e
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Notice that the first step of the proof yields that if Br(zo) C Q%, then
un(y) = ¢¥ny) < 6(h),  Vy € Br(zo).
We now recall which is a consequence of Corollary for all r < diam(f2)

sup  (u(y) —¥(y)) > ar'™s.
yE€B,(x0)

In other words, by compactness and continuity, there is y € Br(zo) such that

u(y) —¥(y) = aR'.
On the other hand,

un(y) = ¥n(y) = (un(y) —uly)) + (u(y) =) + () — ¥u(y))
> —¢(h) +aR'™ — a(h) > —¢(h) +25(h) — o(h) > 6(h),
which is a contradiction. This proves the assertion and concludes the proof. [

Remark 42 (stability). We observe that the nondegeneracy constant a > 0, defined
in Corollary [32] acts as a stability parameter in the estimate of Theorem

Remark 43 (localized estimate). Let K &€ 2 be a compact so that I' N K is made
only of regular points. We thus allow I' to have singular points in I' N K¢. Since
the set of regular points is relatively open in T, we realize that Corollary [32]is valid
in K, ie.,

u(z) — () > agd(z)'**, Vo e &T(T,e)NK,
for some constant ax > 0 that, in particular, depends on the compact K. We can
thus repeat the proof of Theorem [A1] locally to deduce

dg(CNK,TzNK) < <a26(h)> s , Vh € (0, ho].
K

Theorem |41] and Remark [43| assume that, at least locally, there are no singular
free boundary points. Let us conclude the discussion by presenting some results
about the general case, namely when I' contains singular points. An inspection of
the proof of Theorem [{1] shows that the second step cannot be carried out, but the
first and third one remain valid. In fact, the first step hinges on the definition of
I'# and the last step relies on the growth condition which, in principle, could
be replaced by the general growth condition provided in Lemma This brings
about the following result.

Theorem 44 (error estimates for singular points). If Assumption holds and
n =1, then for every x € I' we have that z € Q% and

2 2
(25) dist(z,T'7) < (5(h)) .

a
Remark 45 (a posteriori error estimation). Estimate establishes an error of I'
relative to I' . This is the spirit of an a posteriori error estimate. We refer to [57]
for similar estimates for the classical obstacle problem for the Laplace operator.

Remark 46 (regularity). Estimate requires no regularity of the free boundary
I" beyond the nondegeneracy property of Lemma[37, which relies on Assumption [36]
The free boundary regularity stated in Propositionis not needed to assert . It
is then natural to wonder how the quadratic growth in certain directions established
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in Proposition [38] can be exploited for free boundary approximation. For instance,
one may use the approximations that are depicted in Figure

In the left panel of Figure [1| the discrete free boundary is uniformly close to I'
and a global estimate of the form

dist(z,T) < 6(h)Y/?, Veel's

is expected.
On the other hand, the right panel of Figure [1| shows that points of '+ may be
far away from I' and, thus, the estimate above cannot be obtained.

To conclude the discussion of approximation of free boundaries at singular points
we mention that the scenarios depicted in Figure [I] also illustrate the relevance of
the localized error estimates alluded to in Remark [43]

6. A CONCAVE, FULLY NONLINEAR, NONLOCAL, PROBLEM

As a final application of our two-scale discretization, we shall consider a nonlocal
Hamilton Jacobi Bellman equation. Let s € (0,1), and n; € C(A, A) (i € {1,2}) for
some A\, A. Given f € C(Q2) we must find u : R? — R such that

(26) min {L,, [u], Ly, [ul} = f, inQ, u=0, inQ°

Equations of this form have gathered a lot of attention in recent times. We
refer the reader to, for instance, [21], 23] [44] for details regarding the existence,
uniqueness, and regularity of solutions. Regarding numerics, in the case Q = R,
see [8, B9l 25| 10, @, 27, 28]. To our knowledge, however, no reference addresses
the numerical approximation in the case of a bounded domain, as in . Our
goal here will be to provide then the first convergent method for such problem. To
achieve this we will get inspiration from [47, [35, 2 [T1], and relate this problem to
a sequence of obstacle problems.

6.1. Existence and uniqueness. Since it will be useful for our numerical pur-
poses, we begin by discussing the existence of solutions. Below, by +— we mean the
remainder of integer division.

Theorem 47 (existence and uniqueness). Assume that f € C(Q) and that L,,
have a common supersolution, i.e., there is U € C*(R%) for which

LU >f inQ, U>0, inQ°.
Then, problem has a unique solution. Moreover, this solution can be obtained
as the uniform limit of the following sequence: ug € H*(Q) solves

[’771 [uo] = f, in Q.

Fork €N, leti=k-+2+1. The function u € H*(Q) solves
(27) min {L,, [ux] — fyur —ur—1} =0, in Q.
Proof. We split the proof in several steps.
Convergence: Notice that the sequence {uy }ren,, as solutions of an obstacle problem

with common right hand side, lie uniformly in C?*(Q). Moreover, by construction,
the sequence is nondecreasing, i.e., ux > ux_1 and bounded above. Indeed, since

L, Ul > f=LyJu) inQ, U—up>0, inQ°
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we must have, by comparison, that U > ug. Assume next that, for some k € N,
we have ui_1 < U. Let z € Q. We either have ug(x) = up_1(x) < U(z) or
ug(z) > uk—1(x). However, at such points we must have

Ly, [ur](z) = f(x) < Ly, [U)(2).
Therefore, if we denote Q) = {x € Q | ug(x) > ujp_1(z)} we see that
L [U—wug) >0, inQf, U—u, >0, in(Q))"
Consequently, by comparison, we must have that uy < U in Q;: By Dini’s theorem

then, there is u € C(Q) such that ux = u.
Solution: The uniform convergence also implies that, for ¢ € {1, 2},

Ly [ul > f, in Q.
On the other hand, if we show that for every k € Ny
(28) min { Ly, [ug], Ly, [ur]} < f, in Q,
we may pass to the limit and obtain that
Ly u] = f, Lyl = f, min{Ly, [u], Ly,[u]} < f,

and thus v must be a solution.

Proof of : We argue by induction. By the way the iterative scheme is initialized,
holds for £k = 0. Assume now that the inequality holds for some k£ € N.
Consider the noncoincidence set

zn € QF = {2 € Q| ups1(x) > uk(a)}.
By the complementarity conditions we must have, for some ¢ € {1,2}, that
Lot () = F(@n).
If, on the other hand, we consider the coincidence set
r. €W ={zcQ|upi(r) =up(z)}NQ,

we see that u 1(7.) = ug(z.) and upy1(y) > ug(y) for all y € R, By the inductive
hypothesis, there is ig € {1, 2} for which

Lo [ukl(ze) < flze),
then

1 Te —
Lmo [ug11](wc) = v.p. (upt1(Te) — ur+1(y)) Iz — y|d+2s77 < Y ) dy

‘xc - y|

/
1 Te—Y
= V.D. c) — d
V.p /]Rd ('U/k:<$ ) Uk+1(y)) xy|d+2577<xcy|> Yy
1 Te—Y
Sv.p/ ug(ze) — ur(y 77( >dy
o 00— W) e oy
= Ly, [ur](zc) < f(e),
as claimed.
Uniqueness: Follows by comparison. ([l

Remark 48 (obstacle). Notice that the iterative scheme presented in Theorem
requires, at every step the solution of an obstacle problem like the one described in
Section [l
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Remark 49 (supersolution). Theorem relies on the existence of a common
supersolution for the operators. A possible common supersolution is

A
U(x) = 5|m|2 + B.

The constant B can be chosen so that U > 0 in ¢, whereas we can choose A,
depending only on d, s, A, A, and —|| f| 1= (), to obtain a supersolution.

Remark 50 (rate of convergence). It is not known to us whether a rate of conver-
gence for the iteration of Theorem [47] can be established.

6.2. A convergent scheme. As a final application of our constructions we present
a scheme for problem . Inspired by the proof of Theorem [47| we consider the
following iterative scheme: wup o € Voy is such that

Ly, elunol(z) = f(z), Vze N5
For k € N, let i = k + 2+ 1. The function Up,k € VOg solves
(29) min{L,, c[unr|(z) — f(2),unr(z) —upr-1(2)} =0, Vze </V§

We immediately observe that, for every k, has a unique solution. We would
now like to obtain convergence of uy, i to u, the solution to . In order to achieve
this, we introduce, for k € N, the function uy j € Voy that is the solution of

(30)  min{Lyclinel(z) = F(2).na(z) = wes(2)} = 0, ¥z € A,
Notice that @y, is nothing but an approximation to the function uy, from the scheme

of Theorem As such we expect that uy, ; — uj with a given rate. We quantify
this by introducing the following assumption.

Assumption 51 (approximation). There is a continuous function ¢ : RT — RT
such that o(h) | 0 as h | 0 for which

sup [[ur, — tn k|| =) < o(h),
keNy

where {uy }ren, are defined in Theorem and {Up,  been, in (30).

Remark 52 (smoothness and compatibility). While we would like to assert that

the rate o(h) of Assumption [51|is that given by Theorem [24] we are unable to prove

this. The reason is that the error estimates of this Theorem hinge on the regularity
of Proposition which need the obstacle to belong to the class ¥. This means
that, for every k € N, we must be able to assert that:

1. uy € C%1(Q2). While we are not able to verify this directly, we comment that this
smoothness assumption is taken from [I7], which in turn follows the arguments
of [24] [67]. This may not be sharp.

2. ugjpq < 0. However, we have uggq = 0.

Clearly
¢(h) < a(h),
where ¢(h) was defined in Theorem see also . Let us now show convergence.

Theorem 53 (convergence). In the setting of Theorem and under Assump-
tion let u solve , and {un i} keng, n>0 be the solutions to . Assume that,
as k1T oo and h | 0, we have that

ko(h) — 0.
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Then, up 1 = u.

Proof. As mentioned above, the family {Upx}ren, C V%, defined in (30)), is an
approximation of the obstacle problem defined in .
Consider now the difference up  — up ;. We claim that

(31) N — vwnllze @) < lwnk—1 — Inug—1|Le(0)-

Indeed, if we define wy, = up x + [[unx—1 — Inur—1||L>~ () we see that
wp, > Upk =0, in Q°
Moreover, for z € '/@7
wp(2) > U k(2) + upp—1(2) — Inuk—1(2) > up k—1(2)

and L,, c[wn](z) > f(2). In other words, the function wy, is a supersolution to the
obstacle problem . Lemma then implies that uy ; < wp, ie.,

Unk — Unk < ||unk—1 — Intup—1||L()-

A similar argument shows the lower bound.
Using Assumption [51| we now iterate to obtain

lur — un il o) < llux — Unkll Lo ) + [[Unk — un .kl L= ()
<o(h) + lunk—1 — Inug—1|lL=(a)
< o(h) + lug—1 — Ihuk—1llpe=() + lunk—1 — up—1l L~ @)
< 20(h) + |lun k-1 — ur—1llL=()
< (k+1)o(h) + luno — wollL=() < (k+2)o(h),

where, in the last step, we used that uy ¢ is an approximation to the solution of the
linear problem.
The triangle inequality, and the assumption on k£ and h, yield the result. O

APPENDIX A. APPROXIMATION OF INTEGRODIFFERENTIAL OPERATORS OF
ORDER 25 BY SECOND ORDER DIFFERENTIAL OPERATORS

To gain some intuition about what properties of the operator we would like to
preserve after regularization; and, in addition, to highlight the differences between
the case of constant n (i.e., a fractional Laplacian) and a variable one, here we
inspect the approximation of the integrodifferential operator

Lol - [ Metn =2l tula ), (),

|y|d+25 m

by considering its action on a quadratic, i.e., w € P5. This may help in justifying
our choice, showing the stark difference between our approach and that of [39] [40],
as well as providing some intuition into existing works that operate in a reverse
way. For instance, [22] 58] [64] approximate (local) second order elliptic differential
operators by integral operators like Z.. We emphasize, however, that to obtain
consistent, monotone, finite-difference schemes for arbitrary (local) second order
elliptic operators, one requires the use of wide stencils [49].
We begin by observing that, for w € P,

w(z +y) — 2w(x) + wlz —y) = D*w(z) : y @y,
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where D?w(x) is the Hessian of w at x, ® is the outer product, and : is the Frobenius
inner product. This means that

1 y
Liwl@) = [ D) :y®y—rmn () dy

: B. ly[@F2s 7\ Jy]

2 1 Y 2
= D*w(z) :/ y®yWn <|y|> dy = A : D w(x),
where
1 Y dxd
A= y®yn(>dy€RX, AT =A.
B. y4+2s 7\ Jyl

Consider now the particular case of n = 1. The change of variables y = ez with
z € By shows that
1 62(1—5)wd

A — 2(1—5)/ dz = I
T e TR T ad s

where I is the identity matrix, and wy = [S¢~!|. Therefore,

32(1_S)wd

Z.[w](x) = m

Aw(z), Yw € Ps.

Assume now that the coefficient 7 is not constant, but even, i.e., n(z) = n(—=z).
Notice that this assumption is included in the class C(A, A) of Definition I} The
change of variables y = £z implies that

1 z
A= 2<1*S>/ ——n (= )dz.
= e\ ) ¢

We see that A is symmetric positive definite. Let us use polar coordinates to obtain
that

1 2
_ 2(1-s T d-1
A= >/Sd_19®9n(9)/0 T drdo

£2(1-5) g2(1—s)
o /SH 0&00(0) Q0 = s Ao
where, since 7 is even, A is diagonal but anisotropic. In this case
£2(1—s) £2(1-s)
(32) Z.[w](z) = mAO : D*w(z) = mv-(AOVw(x)), Yw € Ps.

Let us, finally, consider the general case of a coefficient of the form 7(x, ﬁ) In
this case
Ao=Ao(e) = [ 8 0n(z.0)a0,
Sdfl

and

62(175) )
(33) T wl(x) = ——Ao(x) : D w(x), Yw € Ps.

2(1-y9)
Remark 54 (anisotropy). As we have already mentioned, it is not easy to construct
approximations of second order anisotropic operators, like those in and ,
that are monotone. In particular, requires wide stencils.
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Let us mention now what are the implications of the previous considerations
for the approximation of the operator £,, introduced in . First, owing to the
symmetry of the coefficient 7, which is part of Definition |1, we have (4]), with
K(r) = r=4=2s. Next, if we assume that w € Py, we have

1

Loulte) =5 [ )= uta-t) - wie =) () K ay

A0

where the smooth kernel K. was introduced in , and

Is[w](x):/B w(x+y)—2w(x)+w(w—y)n<y) dy.

|y|d+2s lyl

€

Using we then conclude that, if w € Py,

cfulie) =3 [ Cula) =t ) =tz = )n () £ ay
2(1—s)

In summary, by regularizing our operator, we have replaced it by a (local) sec-
ond order differential operator in divergence form, with a small coefficient, and an
operator of order zero. The monotonicity properties can then be driven by the zero
order operator without imposing any mesh restrictions.

Finally, expression motivates the consistency for quadratics. The symmetry
of the kernel transforms the difference inside the integral into a second difference.
A quadratic is the highest order polynomial for which a second difference gives
exactly the value of the (directional) derivative. Notice that the approach from
[39, 40], that merely truncates the kernel, does not preserve this property.
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