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The most merciful thing in the world, I think,
isthe inability of the human mind

to correlate all its contents.

We live on a placid island of ignorance

in the midst of black seas of infinity,

and it was not meant that we should voyage far.
The sciences, each straining in its own direction,
have hitherto harmed us little; but some day
the piecing together of dissociated knowledge
will open us such terrifying vistas of reality,
and of our frightful position therein,

that we shall either go mad from the revelation
or flee from the deadly light,

sheltering us in the safety

and peace

of a new dark age.

H.P. Lovecraft
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Resumo

Estudamos a estrutura ressonante da regiao transnetuniana mediante métodos
analiticos e numeéricos. Para isso reformulamos a Teoria de Libragoes de Alta Ex-
centricidade de Ferraz—-Méllo (1988) e incluimos no tratamento analitico as per-
turbagoes ndo ressonantes dos outros planetas gigantes. Com esta base tedrica e
também mediante integracoes numéricas das equagdes exatas do movimento estu-
damos em detalhe a ressoniinciaexterna 2:3 com Netuno. O movimento de libragio
das particulas em ressoniinciacom Netuno e perturbadas pelos planetas do Sistema
Solar Exterior, apresenta uma complexidade maior do que a prevista pelas teorias
construidas com o modelo planar de trés corpos. Para poder estudar a evolugdo
do movimento ressonante nas integragcoes numeéricas, desenvolvemos um método de
analise temporal de freqiiéncias. Com esta técnica estudamos a estabilidade de
varias ressonancias de primeira e segunda ordem exteriores a Netuno e analisamos
as possiveis conseqliéncias na evolucdo da populagao de objetos transnetunianos.



Summary

We study the resonant structure of the transneptunian region by analytical and
numerical methods. In order to achieve this objective, we reformulate the High—
Eccentricity Libration Theory o Ferraz—Mello (1988) and include the non-resonant
perturbations of the other giant planets. With this theoretical base and with the
numerical integrations of the exact equations of motion, westudy in detail the exte-
rior 2:3 resonance with Neptune. Thelibration motion of particlesin resonance with
Neptune and perturbed by the planets of the Outer Solar System, is more complex
than that predicted by the theories based on the planar three-body problem. In
order to study the evolution of the resonant motion resulting from the numerical
integrations, we develop a time-frequency analysis method. Using this technic, we
study the stability of several first and second order exterior resonances with Nep-
tune and analyse the possible consequences in the evolution of the transneptunian
popul ation.
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Capitulo 1

Introducao.

O debate sobre a regido transnetuniana comeca quando Oort (1950) resolve (par-
cialmente) o problema da origem dos cometas, argumentando em favor da existencia
da nuvem. Mas, como a nuvem se originou? Oort propos que a nuvem poderia ser 0
resultado da dispersao de objetos originalmente localizados na regi&o do cinturdo de
asterdides. Pouco depois Kuiper (1951) em um pormenorizado trabalho relativo a
origem do Sistema Solar argumenta no sentido de que os cometas nao se formaram
na regido.dos asteréides mas na regiao dos planetas gigantes, e que foram gjetados
para a nuvem no processo de formagao do Sistema Solar Exterior. Nada impede que
essa populacéo primordial continue até regides além Netuno. Kuiper argumenta que
a populacao transnetuniana nao poderia agrupar-se para formar outros planetas
devido as baixas velocidades relativas que fazem o processo de acres¢ao ineficiente;
portanto essa populacao existiria até hoje. Pouco tempo antes, Edgeworth (1949)
tinha sugerido que na regi&o transnetuniana a nebulosa original deveria ter se con-
densado em pequenos corpose que, dada alentidao do processo de acres¢ao, hoje eles
deveriam existir em aglomerados que de quando em quando aparecem pelo Sistema
Solar interior na forma de cometas.

Na década dos anos 60 alguns autores como Whipple (1964) e Hamid et al.
(1968) intentaram estabelecer limites para a massa atual nessa regiéo baseados nas
perturbacoes que tal massa geraria em objetos do Sistema Solar. Na década dos
70 comega a ficar evidente que a familia de cometas de curto periodo tinha carac-
teristicas dinamicas que dificilmente podiam ser reproduzidas a partir de cometas
da nuvem de Oort capturados pelas perturbagoes planetérias. Fernandez (1980)
mostra que uma fonte localizada no cinturao de Kuiper seria muito mais eficiente
gque a nuvem de Oort na geracao de cometas de curto periodo. Nos anos seguintes
uma sucessao de trabalhos (especialmente Duncan et al., 1988 e Quinn et al., 1990)
aponta para o cinturao de Kuiper como fonte dos cometas de curto periodo. Desde
1984 existe evidencia observacional (Aumann et al., 1984) da existencia de discos de
poeira entorno de estrelas. Weissman (1984) sugeriu que esses discos estdo compos-
tos de cometas queformariam a nuvem de Oort primordial ainda sem se dispersarem
a valores maiores do semieixo e a valores aleatérios da inclinacao. O processo de
formacdo da nuvem a partir de um disco de planetesimais perturbado pelos planetas
gigantes, pela passagem de estrelas e pelo potencial galético, consolidou-se a partir
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de uma simulagao feita por Duncan et al. (1987).

E preciso dizer que existem autores que defendem a hipétese de que os cometas
de curto periodo provém da captura de cometas da nuvem e até de cometas in-
terestelares (Valtonen et al., 1992). Mas, quando comparamos as caracteristicas
dinamicas da populacéo de cometas de curto periodo com as que podem ser obtidas
mediante simulagdes de captura de cometas da nuvem para érbitas de curto periodo,
vemos que elas sdo muito diferentes. Nosso projeto comegou em 1992 exatamente
neste ponto. Apresentamos no Anexo IV um trabalho onde estudamos a evolugao
orbital de cometas provenientes da nuvem de Oort até se transformar em cometas
de curto periodo. Concluimos que sob determinadas hipéteses ¢ possivel reproduzir
alguma caracteristica dos cometas de curto periodo, mas ao analisar o conjunto
dos parametros tais como a distribui¢ao do parametro de Tisserand, da distancia
periélica, dainclinagido e 0 nimero da populacéo de cometas em estado estacionario,
resulta claro que a origem na nuvem de Oort nao € viave.

Os Centauros, objetos que cruzam as Orbitas de véarios planetas gigantes e
com propriedades fisicas que sugerem uma origem nédo asteroidal, sao considera-
dos 'mensageiros da regiao transnetuniana, e provavelmente futuros cometas de
curto periodo. O primeiro deles a ser descoberto foi Chiron (Kowal, 1989), e depois
de algumas tentativas fracassadas (Luu e Jewitt 1988, Levison e Duncan 1990), em
agosto de 1992, o primeiro objeto da regido transnetuniana, 1992QB,, foi descoberto
por Jewitt e Luu (1992). Na Fig. 1.1 vemos a populacéo atual, composta por cor-
pos de aproximadamente 200 kms de diametro. Observagoes recentes do telescopio
Hubble indicam a existencia de objetos de diametro 5— 10 kms que na regido entre
30 e 40 UA constituiriam uma populagio da ordem de 108 corpos (Cochran et al.
1995).

Ainda resta explicar o mecanismo de transferencia da a regido exterior para a
interior do Sistema Solar. Isto fez crescer o interesse pelo estudo da dinamica da
regido transnetuniana. Os primeiros resultados numeéricos foram apresentados por
Torbett (1989) e Torbett e Smoluchowski (1990). Mediante célculo de expoentes de
Lyapunov eles determinam que todas as particulas com distancia periélica menor
ou igua a 45 UA seguem uma evolugio cadtica. Mas, um expoente de Lyapunov
positivo somente ¢ uma medida da instabilidade local e ndo necessariamente im-
plica um comportamento cadtico em grande escala. Por isto, os seguintes estudos
(Gladman e Duncan 1990, Holman e Wisdom 1993) foram direcionados ao calculo
do tempo de vida até cruzar a 6rbita de Netuno. A intrincada estrutura de faixas
estdveis e instaveis na regiao transnetuniana ficou bem clara na figura de Levison
e Duncan (1993) que aqui reproduzimos na Fig. 1.2. Nesse trabalho foi sugerido,
pela primeira vez, que através dos anos essa estrutura poderia ter sido 'escul pida
pelas ressonancias de movimentos médios exteriores a Netuno de uma formasimilar
ao gue acontece no cinturdo de asterdides.

No Capitulo 2 veremos quais Sa0 as principais ressonancias no cinturao de Kuiper
e apresentamos as ferramentas tedricas que usaremos para estuda-las. No Capitulo
3 estudamos a ressonancia 2:3 no caso plano, dentro do esquema do problema de
tres corpos, e no Capitulo 4 faremos um estudo baseado em integragées numéricas
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do Sistema Solar Exterior. As outras ressonancias sdo anaisadas no Capitulo 5,
com especial énfase na estabilidade das mesmas.

Janeiro 1996

40 — . —

x (UA)

Figura 1.1: Populacdo de objetos transnetunianos descobertos até janeiro de 1996,
(Marsden, 1996).
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Figura 1.2 Diagrama de 'tempo de cruzamento' em fungdo do semieixo inicial. O
tempo de cruzamento € definido como o tempo necessario para que a particulacruce
a Orbita de Netuno. A excentricidadeinicial é 0.1, (Levison e Duncan, 1993).



Capitulo 2

Ressonancias NO cinturao de Kuiper.

21 Natureza e localizacao das ressonancias.

As regioes estaveis e instaveis da Fig. 1.2 podem ser associadas as ressonancias
corn Netuno. Uma delas corresponde & ressonancia 2:3 (a~ 39 UA) que é precisa-
mente onde se encontra o planeta duplo Plutao—Caronte. Plutdo tem uma distancia
periélica.de 29 UA, bem menor que o limite ~ 45 UA obtido por Torbett e Smolu-
chowski (1990) parao movimentoestavel. Porém, Plutéo evita as aproximagoes corn
Netuno devido a0 mecanismo que o liga A ressonancia. Plutdo e Caronte séo consid-
erados os objetos mais massivos da populacao atual de transnetunianos. Nao € im-
provavel que os objetos transnetunianos se encontrem evoluindo em regides estaveis
como as oferecidas por alguns movimentos ressonantes. Desde sua descoberta, o
movimento de Plutao foi estudado corn intensidade. Mas a estrutura completa da
ressonancia 2:3 somente comegou a ser analisada a partir de 1995, junto corn outras
ressonancias exteriores a Netuno (Morbidelli et al. 1995, Malhotra 1995a, Duncan
et al. 1995).

Em forma esquemética, podemos dizer que a estabilidade do movimento das
particulas em ressonancia depende de tres fatores: 1) estabilidade intrinseca do sis-
tema Sol-Netuno-particula, 2) estabilidade frente as perturbacoes dos outros plan-
etas gigantes, e 3) estabilidade frente a proximidade de outras ressonancias. Na
Fig. 2.1 apresentamos as posi¢oes das ressonancias de até ordem 20 corn Netuno
localizadas entre 25 e 65 UA. Se g é a ordem da ressonancia, o potencial ressonante
é proporcional a e?, quer dizer que quanto maior é a ordem, o potencial ressonante
é mais débil. Para de alguma forma levar em conta a ordem, cada ressonancia €
representada na figura corn uma linha de comprimento igual a 1/q. Quanto menor
o comprimento da linha, menor é a importancia da ressonancia. As ressonancias
interiores (a < 30 UA) estéo fortemente perturbadas pelos planetas Jupiter, Sat-
urno e Urano, o que faz supor que devem ser menos estaveis que as exteriores. No
esquema muito simplificado da Fig. 2.1, podemos supor que a proximidade entre as
ressonancias de baixa ordem entre 28 e 32 UA ¢é umaindica¢ao de que 0 movimento
ali deve ser cadtico (Wisdom, 1980), corn transi¢cées de uma para outra ressonancia.
Uma excecao seriam os hipotéticos Troianos de Netuno (ressonancia 1:1), pois se
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Figura 2.1: Localizacdo das ressoniincias de movimentos médios com Netuno no
cinturao de Kuiper. Observe-seque a ressoniincia de primeira ordem mais afastada
¢ al:2 localizadaem a ~ 48 UA.

encontram isolados de outras ressoniincias. Também fica claro que a partir de 34
UA temos varias ressoniincias de primeira, segunda e até terceira ordem gue estao
isoladas de outras ressoniinciasde baixa ordem, e entdo, segundo este ponto de vista
seriam estaveis. Obviamente, a dinamica de cada ressoniinciadira se elas sdo ou nao
estaveis.

As ressoniincias exteriores também despertaram o interesse a partir dos trabal-
hos de captura em ressoniincia pela agao de forgas dissipativas como os de Beaugé
e Ferraz—Mdllo (1993, 1994) e Beaugeé et al. (1994) e do trabalho de captura em
ressoniincia de Malhotra (1995b) por efeito da expanséo da 6rbita de Netuno no
processo de acresgao dos planetas gigantes (Fernandez e Ip, 1984, 1995). O processo
de captura ideado por Malhotra é tao eficiente que, se for verdadeiro, a maioria dos
objetos transnetunianos devem se encontrar em Orbitas com excentricidaderelativa-
mente alta nas ressoniincias 2:3, 3.5 e 1:2.

Outro mecanismo importante na regiao do cinturdao de Kuiper, as ressoniincias
seculares foram estudadas por Knezevi¢ et al. (1991), concluindo que elas néo
existem além das 42 UA exceto a ressoniincia de periélio vg associada a ressoniincia
1:2 de movimentos médios localizada em a ~ 48 UA (Fig. 2.2). A ressoniincia de
Kozai (oscilagbes de grande amplitude em e e i associadas a libragao ou circulagdo
dew), foram analisadas por Thomas e Morbidelli (1996) concluindo que, no cinturado
de Kuiper, elas somente afetam Orbitas de alta excentricidade e inclinagao.

2.2 Revisao da Teoria de libragoes.

O problema de tres corpos ressonante plano é o ponto de partida imprescindivel para
entender o comportamento bésico das particulas em ressoniincia. Porém, as teorias
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et al. (1991).
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existentes ddo uma solugao analitica muito simplificada do movimento ressonante.
Por exemplo, no plano (Ic, h) onde k = ecosa e h = esina, sendoao
angulo critico, as solugbes sempre sdo apresentadas como um termo constante (que
define o centro de libracao) mais duas componentes circulares. Uma é devida a
libracdo e a outra é o segundo modo for¢ado. Nas integragées numéricas é evidente
gue nem a libracdo nem o segundo modo forgado séo circunferencias. Procurando
uma solugdo analitica simples que descreva as caracteristicas do movimento em
forma mais completa, reformulamos a teoria de libracdes de alta excentricidade
(Ferraz—Me€llo 1988, Ferraz—Mé€llo e Sato 1989, Ferraz—Médllo et al. 1993). A nova
teoria, apresentada no Anexo I, também é baseada no desenvolvimento assimétrico
dafuncao perturbadora, mas as equagdes candnicas S&0 resolvidas deformadiferente.
Basi camente conseguimos uma melhor representagao do segundo modo forgado e da
libracdo que agora sdo oscilacdes quase-elipticas, obtemos as oscilagoes forqadas
no semieixo da particula ressonante e predizemos variagoes periédicas no periodo
instantaneo delibragdo. A teoriaé valida paraqualquer excentricidade mas limitada
as libracées de pequena amplitude. Na versao que apresentamos no Anexo I, a teoria
também esta limitada as librac6es entorno dos eixos & ou h.

No caso das ressonancias com Netuno resulta dificil pensar que é possivel de-
sprezar no tratamento analitico as perturbagdes dos outros planetas gigantes. Se-
guindo uma idéa desenvolvida por Ferraz—Mello e Brunini (comunicagdo pessoal),
implementamos um método paraainclusao do efeito nao ressonante de outros plane-
tas perturbadores no desenvolvimento assimétrico dafun¢do perturbadora. Osdetal-
hes do método encontram-se no Apéndice. As leis caracteristicas das ressonancias,
obtidas desta forma representam mais adequadamente o movimento ressonante, es-
pecialmente no cinturdao de Kuiper pela magnitude das perturbacoes dos outros
planetas gigantes.

A um estudo superficial de todas as ressonancias, preferimos um estudo em
profundidade de uma delas para poder chegar a conclusées melhor fundamentadas.
Aém disso, talvez algumas caracteristicas sgjam comuns a varias ressonancias.




Capitulo 3

Ressonancia 2:3. Modelos de tres
COr POS.

Sem duvida, esta é a ressonancia que desperta mais interesse pelo fato de conter 0
planeta duplo Plutao-Caronte, que é objeto de vérias polémicas em torno de sua
origem e natureza de movimento (Applegate et a. 1986, Olsson-Steel 1988, Suss-
man e Wisdom 1988, Milani et al. 1989, Wisdom e Holman 1991, Kinoshitae Nakai
1995, Malhotra 1993 e 1995b, Levison e Stern 1995). Uma primeira visao global da
ressonancia foi dada por Malhotra (1995a) no marco do problema circular restrito
de tres corpos. Estudos analiticos usando modelos mais completos foram feitos
por Morbidelli et al. (1995), entretanto exploragdes numéricas nas proximidades
da ressonancia foram feitas por Levison e Stern (1995) e Duncan et al. (1995).
Neste capitulo, consideraremos dois modelos dentro do esquema do problema de
trés corpos plano. Em primeiro lugar aplicaremos a teoria desenvolvida no Anexo I
incluindo os efeitos dos outros planetas gigantes como é explicado no Apéndice. Pos-
teriormente analisaremos a topologia da ressonancia mediante superficies de sec¢ao
obtidas através da integragao numérica das equagoes exatas do movimento do prob-
lema plano de trés corpos.

Consideremos 0 modelo plano Sol-Netuno-particula, sendo a érbita de Netuno
eliptica (ey = 0.01) e com seu periélio circulando uniformemente com velocidade
gn. Seguindo Ferraz-Melloet a. (1993), definimos as variavels angulares

o = =28+ 3)—wN (3.1)
g2 = A—- /\N

€ Seus momentos canénicamente conjugados. Depois de fazer uma média com re-
speito ao angulo sinddico o,, para efeito de eliminar termos de curto periodo, a
funcao Hamiltoniana resulta:

2
H= _f‘z% + S vRa(gy —nw) ~ B, (3.2)

sendo R a funcdo perturbadora média desenvolvida em torno do ponto (ko, ko) do
plano (k,h) e onde
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k = ecosa
h = esina (3.3)

O sistemaresultante possui dois graus de liberdade corn a energia (E = H) como
constante do movimento.

3.1 Libragoes de pequena amplitude.

Nesta secgao, consideraremos as Orbitas que apresentam libracao do angulo a, us-
ando a teoria de libragoes de alta excentricidade do Anexo I e incluindo as per-
turbagoes dos planetas exteriores como é explicado no Apéndice. Para efeito de
comparar os resultados desta secgao corn os do Capitulo 4, tomamos Netuno corn
periélio circulando corn velocidade gy = gs = 8.9288 X 10~° rads/dia e 0 semi-€ixo,
an, apartir de

k2(1 + myns + mn) 3

n¥

av = | (34)
sendo k ‘a constante de Gauss, m;,: a massa total dos planetas interiores, my a
massa de Netuno e ny 0 valor médio de ny(t), obtido das integragdes numéricas do
Capitulo 4. Da Eq.(3.4) obtemos an = 30.0583 UA.

A teoria brinda uma aproximagao simples do movimento de libracédo. No espago
(k,h,a), a solugdo é uma trajetoria cujos principais termos sdo uma componente
fixa (ko, ho, ao) (centro de libragdo) mais uma oscilacéo livre em torno de (kq, ko, ao)
chamada libragdo de amplitudes Ax, Ay, Aq, € UMaoscilagao forgada corn amplitudes
Zy, Zn, Z, devida a excentricidade da Orbita de Netuno (segundo modo for¢ado). Na
ressonanciaexterior 2:3, os centros de libracéo estéo localizados em hg = 0 (Beaugé,
1994), em conseqiiéncia a libra em torno de oo = 0° (kg > 0), ou em torno de
oo = 180° (ko < 0), e as trajetorias de pequena amplitude de libracao sao dadas por

k(t) = ko + Ay cos(t + é) + Z cos 01 (3.5)
h(t) = Apsin(t + é) + Z} sin oy (3.6)
a(t) = ao + A, cos(yt + é) + 7. cos 0. (3.7)

onde »; é a freqiiéncia de libracao e ¢ uma constante de integragio. Na teoria
assume-se 61 = cte # Q sendo vy a freqiiéncia de circulagdo de ;. E importante
notar que, como A a= a—wy = 01 — a, quando o apresenta pequena amplitude de
libragao, 0 periodo de circulagao de oy, Py, € igual ao periodo de circulagiao de A a.
Os resultados da aplicagdo da teoria ao problema em consideragao estdo resumidos
nas Figs. 3.1-3. Salientamos que esses resultados correspondem a libragoes corn
amplitudes proximas de zero.

A andlise do Hessiano de H, obtido depois de fazer a média corn respeito ao
angulo sinddico, mostra que as libragoes em torno de centros corn 0.017 < kq < 0.25
ndo SA0 estaveis. A analise é restrita a centros corn —0.5 < kg < 0.5 devido ao fato
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de que para € > {I.5 podern acontecer encontros proxirmnos com Urano. No plano
(k, h) as libragtes estaveis podern acontecer em Lorno de centros localizados no cixo
£ indicados com uma linha tracejada na Fig. 3.1a. As trajetérias que correspondem
as particulas em libragic nao podem cruzar a curva de colisdo ilustrada com uma
linka continua {a curva completa pode ser encontrada cm Beaugé e Ferraz—Mello.
1964). Existem familias de centros de libragao: duas dentro da regiao limitada pela
curva de colisao e outra féra, comn diferentes trajetarias relativas a posigao de Netuno
{ver Malhotra 1995a, Figs. 6e—{). Da Fig. 3.1a vemos que o movimento de libragio
féra da curva de colisao no problema completo deve ser muito instavel dado que as
trajetorias no plano (k, 2} sio proximas A curva de colisio.

A ler de estrutura (Fig. 3.1b) d4 a relagao entre &g e aa para as libragbes estivels.
Existern trés ramos nesta curva. Um é para valores negativos de k. Outro é
para valores de kp proximos de zero mas positivos. ¢ o outro € para os centros
localizados fara da curva de colisiac. Estes trés ramos correspondemn a trés diferentes
regimes dinamicos. Geralmente ¢ considerado o ramo negativo e, nesle caso, a lei
de estrutura mosira que a adogio dc um valor fixo a,.,, derivado de 2nuy — 3In =
0, como usualmente acontece (ver Malhotra, 1995a) e justificado se as pequenas
cxcentricidades nao sio consideradas. Para baixas excentricidades, o movimento do
peri¢lio torna-se rapido e o valor de gy para o qual & = § {centro de libragao), cresce
rapidamente.

Para libragoes de amplitude zero ilustramnos na Fig. 3.1c a minima distancia a
Netuno. Ali fica claro por que as libragies féra da curva de colisio sho instaveis
no problema completo: somente amplitudes de libragdo muito baixas escapam da
colisao com Netuno. O perfode de libracido ¢ ilustrado na Fig. 3.1d sendo que
os sinals indicam o sentido ne qual a trajetdona ¢ percorrida (negative € horirio e
positivo antihorario).

A razdo Ap/A, (Fig. 3.2a) da a forma das libracdes no plano (&, ). Por examplo,
quande Az/A; = 1, a libragdo € uma circunfleréncia {isto acontece somentc para
pequenas excentricidades). Para e > 0.05, as trajetorias de libracio no plano (&, A)
tornam-—se muito finas transformando—se em arcos de arcunferéncia. Isto significa
que a cxcentricidade tem vatiagdes muito pequenas durante o periodo de libragio.
A teoria tambémn da a razdo A,/A, entre a amplitude de libragdo de @ ¢ o (Fig.
3.2b}). Nas baixas excentricidades, a amplitude de libarcio é pequena. Por ouiro
lado. sdo grandes fora da curva de colisdo. IntegracGes numéricas mostram que,
para um dado centro de libragéo, a relacao A,/A, ¢ aproximadamente independente
da amplitude de libragio (veja também Fraoklin et al. 1993). Em consequéncia,
o3 valores A, /A, nos permitem estirnar os valores Ad nccessarios para romper a
libragio mediante uma colisio com Netuno (Ae = Footiens — Fo) o0 mediante a
chegada A separatriz (Ae ~ 180°). Estes valores Ag estabelecem os limites da
ressonancia e 540 mostrados mediante linhas tracejadas junte A lei de estrutura na
Fig. 3.1b. Nas baixas excentricidades, a amplitude de libragio de a € pequena,
entdo a regiio no espaco de fase das condigbes iniciais que levam a libragoes estavois
tambem o serd. A largura da regiac de libragio mostrada na Fig. 3.1b esta em bom
acordo com os resultados de Morbidelli et al. {1993) e Malhotra {1995a) e foram
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confirmadas pelas integragbes numeéricas do Capitulo 4.

O periodo de circulagio de o, (ou Aw) é dado na Fig. 3.2c. O periodo de
circulagdo (P;) de 0, tende ao periodo de libragéo (P) de o quando a excentricidade
tende para zero (Fig. 3.2d). Quando a relagdo P;/P é igual a um ndmero inteiro,
acontece uma ressondncia secular entre o e 0. Da Fig. 3.2c vemos que para drbitas
com centros de libragido ko < —0.40 temos g, — 0. O centro de corrotagdo (libragio
de o e o7 ambos com amplitude zero) acontece para kg = —0.48, e as libragoes de
o1 acontecem em torno de o7 = 0°. Em conseqiiéncia Aw = 0, — o oscila em torno
de 180°.

As amplitudes (Zx, Zy, Z,) do segundo modo forcado (Fig. 3.3a—c) sdo em geral
muito pequenas devido ao pequeno valor da excentricidade da érbita de Netuno.
Existe um comportamento especial nas baixas excentricidades pois Z ~ Zy, Ap ~
Ar e P, ~ P. Em conseqiiéncia, os dois movimentos, libracdo e segundo modo
forgado, sdo quase—circulares com periodos similares e resulta dificil distingui-los.
Para trajetérias com |ko| < 0.01 o angulo o sempre circula pois o segundo modo
forcado tem amplitude Z; maior do que |ko|. O segundo modo for¢ado também
produz pequenas variages no periodo de libracao instantdneo, as quais sdo estimadas
aproximadamente na Fig. 3.3d assumindo P/P; — 0 (ver Anexo I).

Dentro deste modelo, podemos fazer alguns comentarios a respeito da estabil-
idade. Os centros de libragdo que estudamos sdao pontos de equilibrio estavel, em
conseqiiéncia as oscilagoes em torno deles sdo estaveis. Quando uma pequena per-
turbacdo externa é introduzida, espera se que essas oscilagoes proximas ao centro de
libragio sejam as tltimas a serem destruidas. Os pequenos valores de A, /A, quando
e — 0 (Fig. 3.2b), por exemplo, significam que uma pequena perturbagéo éa leva
a uma grande 60, e isto pode ser suficiente para destruir a libragdo alcangando a
separatriz. Nesta circunstancia € produzida uma descontinuidade na evolugao dos
elementos orbitais da particula. Na realidade, quando a excentricidade do centro de
libragao é préxima a zero o termo ressonante (proporcional a e) se anula e a topolo-
gia caracteristica da ressonancia é destruida. Nas excentricidades muito baixas nao
existe separatriz, e alguns autores dizem que nao ha mais ressonancia. Isto é so-
mente um problema de denominagdo. De fato, a familia de oscilagbes em torno dos
centros de libracao ndo é afetada pela existéncia ou ndao da separatriz e as leis da
ressonancia e a teoria de libragdes de pequena amplitude sdo plenamente validas,
além de qualquer problema de denominagao.

Quando consideramos um modelo dinamico mais completo, as outras perturba-
¢oes de Netuno ou as de Jupiter, Saturno e Urano podem dominar sobre os da
ressonancia de movimentos médios nas baixas excentricidades. A particula serd
facilmente ejetada da ressonancia, ou capturada em movimentos mais complexos
como ressonancias secundarias ou ressonancias seculares. Da Fig. 3.2b podemos
dizer que a ressonancia é débil (ou superficial) para centros de libracdo que verificam
|ko| < 0.04. Quando |ko| > 0.04 dizemos que a ressonancia € forte (ou profunda),
pois neste caso a particula pode suportar maiores perturbacoes éa sem ser destruido
o movimento de libragio.

O efeito dos outros planetas gigantes incluido em R ndo é muito importante (Fig.
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A.4). Ele produz um pequeno deslocamento na lei de estrutura (0.0024 em unidades
de an) no sentido dos valores crescentes de a (Fig. 4.2a), e pequenas modificagoes
no periodo de circulagao de oy, na posicdo do centro de corrotagido e na amplitude
do segundo modo forcado. Estes efeitos, mesmo sendo pequenos, foram detectados
nas integragdes numéricas do Capitulo 4.

3.2 Dinamica da ressonancia.

Para entender a dinamica da ressonancia 2:3 sem restringirnos as pequenas libragoes
analisaremos o problema restrito eliptico e plano de trés corpos seguindo as mesmas
técnicas usadas por Michtchenko e Ferraz—Mello (1993) e Ferraz—Mello (1994). In-
tegramos numéricamente as equacoes exatas de movimento de particulas localizadas
na ressonancia tomando agora uma drbita eliptica e fixa para Netuno, com wy =0
e os mesmos valores de ey e ay da sec¢dao anterior. Calculamos a energia £ = H
usando a Eq. (3.2) onde agora R é a funcdo perturbadora de Netuno calculada
numéricamente. Mediante filtragem digital eliminamos da solucdo e de E os termos
de periodo menor que 1500 anos, obtendo elementos e energia médios e. Tomando
como condic¢des iniciais ¢ = 180° e Aw = 0° ou 180° e variando os valores iniciais
de a e e, construimos niveis de igual £, que em forma aproximada se ilustram na
Fig. 3.4. Cada nivel fornece uma série de condigbes iniciais de trajetorias com a
mesma energia média. Para trajetdrias com a mesma energia média, calculamos os
valores (e cos Aw,esin Aw) cada vez que ¢ = 180° com & < 0. Ao representa~los
graficamente surgem as superficies de seccao da Fig. 3.5. Como em Ferraz—Mello
(1994), obtivemos uma alta resolugao entre trajetérias do mesmo nivel de energia.
As integragdes compreenderam periodos da ordem de 107 anos.

As trajetérias com os maiores valores de E sao geradas por condig¢des iniciais em
torno do ponto localizado em e; = 0.47, Aw; = 180° e a; = 39.40 no lado esquerdo
da Fig. 3.4 (o maximo no lado direito tem uma energia menor). Em particular,
uma trajetoria gerada por condigdes iniciais correspondentes ao maximo E tera o e
Aw constante (centro de corrotagdo). O nivel E = —1.5034955 esta muito perto do
maximo. Algumas das secgbes correspondentes a este nivel sao mostradas na Fig.
3.5a. Como estamos perto do centro de corrotagao, a amplitude de libragiao de o é
proxima de zero e o angulo Aw libra em torno de 180°. Esta é a ressonancia secular
vs. A seguinte seccio, mostrada na Fig. 3.5b corresponde ao nivel de energia dado
pelas duas curvas mais internas a ambos os lados da Fig. 3.4. Neste caso, algumas
solugbes apresentam circulagdo de Aw (aquelas com valores iniciais Aw ~ 0°).
Para valores menores de E, o limite superior para a amplitude de libragao de o
cresce. O movimento ocupa maiores regioes do espaco de fase e solugdes com menor
excentricidade sdo permitidas. Para valores decrescentes de E, a regiao entre as
separatrizes diminui e as libragées do angulo Aw somente podem acontecer em uma
regido muito fina do plano de fase (Figs. 3.5e-f). Se a amplitude de libragio for
muito grande, podem acontecer encontros proximos com Netuno e a particula sai
da ressonancia.
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Paraasenergias mais baixas, as libragoes de Aw em torno de 180° tendem a desa-
parecer, mas surge uma estrutura interessante nas baixas excentricidades. Quando a
excentricidade do centro de libragao decresce, a bifurcagéo que gera a separatriz que
limita a regido de libragdo no plano (k, h) desaparece (Ferraz-Méello, 1985). Devido
A proximidade entre o centro de libracido e a origem, a solugao geralmente encerra
ambos os pontos e, neste caso, a circulara. A circulagao acontece corn ¢ < 0, mas
o iingulo o7 também circula corn ¢; < 0 e corn periodo similar ao de a (Fig. 3.2d).
O resultado é que AW = o7 — alibra em torno de 0° (curvas fechadas em torno da
cruz na Fig. 3.6). As trgjetérias da Fig. 3.6 mostram uma variagao Ae ~ 0.015
gue esta em acordo corn os valoresdo segundo modo forgado da Fig. 3.3. Dado que
Aw libra, temos mais uma vez a ressoniincia secular vg dentro da ressoniincia de
movimentos médios. A origem desta ressoniinciasecular é a ressoniincia secundaria
1:1 entreaeo,. Morbidelli et al. (1995) argumentam que parae — 0 a ressonancia
secular vg nao pode existir pois AW — —oo. Mas, isto é valido somente para li-
bragdes de amplitude nula, onde o(t) = 180°, e dai Aw = 6, — —oo. E, como
vimos, um pequeno afastamento do centro de libragao é suficiente para produzir
uma circulagao de a corn ¢ ~ ¢, dando origem a ressoniinciasecular vg. Este € um
ponto importante pois, como serd visto mais adiante, esta ressoniinciasecular inter-
age com a ressoniinciasecular v1g produzindo um dos mais importantes mecanismos
de instabilidade na ressoniincia 2:3.

Temos-nos referido aos centros de libragéo localizados no ramo negativo da le
de estrutura, mas um mecanismo similar gera a ressonancia vs N0 ramo positivo.

Em todas as superficies de sec¢do, as trajetdrias mostram—se muito regulares,
inclusive perto das separatrizes. Néo existe o menor indicio de difusao. A regido
cadtica que geralmente aparece perto da separatriz, aqui nao é detectada. O espaco
defaseanalisado, incluindo a ressoniinciasecular vs, € regular. Calculamoso maximo
expoente de Lyapunov para algumas trajetorias das Figs. 3.5 e 3.6. Para obter
convergenciano computo do expoente precisamosintegrar as equacoes de movimento
por periodos maiores que 10® anos. Achamos valores compreendidos entre 1076 e
107 anos™!. Mas em escalas de tempo de 10® anos nio foi detectada nenhuma
difusdo nas trajetérias das superficies de secgao.

3.3 Influencia de outros perturbadores.

Aqui analisamos brevemente o efeito de incluir diferentes perturbadores na inte-
gracao numérica das equagdes de movimento do problema de quatro corpos. Anal-
isamos separadamente os efeitos de Urano, Saturno e Juapiter nas particulas que
apresentam libragdes do iingulo critico no modelo restrito Sol-Netuno-particula.
Mostramos na Fig. 3.7, os efeitos de Urano, Saturno e Japiter em uma particula
corn energia inicial E = —1.503500 e excentricidade inicial e ~ 0.25 (Fig. 3.7a).
Agora que incluimos os efeitos de outros planetas, seguimos 0 mesmo procedimento
descrito anteriormente mas as superficies de secgao resultantes ja nao sdo mapas
de Poincaré pois existem outros graus de liberdade envolvidos. Porém, podemos
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fazer projecoes das secgoes a = 180° sobre o plano (ecos Aw,esin Aw). Nos quatro
casos da Fig. 3.7 o periodo de libragao e a amplitude manteve-se aproximadamente
a mesma, mas aparecem oscilagoes for¢cadas na excentricidade. No caso em que se
incluem os efeitos de Jupiter, a excentricidade apresenta oscilagées de largo periodo
e grande amplitude (0.10 < e < 0.28). Estas oscilagdes forgadas ndo modificam as
libragdes de a, mas perturbam substancialmente a evolugao de Aw e e. A dindmica
do problema restrito é fortemente afetada pelo Jupiter. A Fig. 3.8 corresponde a
uma 6rbita mais excéntrica que inicialmente apresentava umalibragao de Aw a qual
acaba sendo destruida pela influencia do Jupiter.

A importancia dos efeitos dos planetas gigantes naressonancia 2:3 nos motivou a
explorar um modelo mais préximo do caso real, o que fazemos no capitulo seguinte.
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Figura3.1: a)Curva decolisao. Em linhatracejada se indicam os centros de libragao
estdveis no plano (k,h). b)Lei de estrutura em linha continua e limites para as
libragdes em linhas tracejadas. Semi-eixo em unidades de an. c)Distancia minima
a Netuno para particulas com amplitude de libragdo zero (unidade= ay). d)Perfodo
de libragio de ¢ em anos. Sinal — indica sentido horério e * anti-horério.
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Figura 3.3: a,b,c)Amplitudes para 0 segundo modo forcado em k£, h e a. Os picos
em e ~ 0 foram confirmados nas integragées numéricas. d)Estimacio da variagdo no
periodo instantdneo de libragao devido as oscilagdes forcadas assumindo P/P; — O.
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Figura 3.4: Curvas de nivel para a energia, E, em funcao das condigoes iniciais.
O pico mais alto esta dentro da pequena curva fechada no lado esquerdo da figura
e corresponde ao centro de corrotagio. A escala de cinzas indica os valores de

(Et1.5) x 10°.
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Figura 3.6; Ressoniincia secular vg dentro da ressoniincia de movimentos médios,
devida & ressoniinciasecundaria P; /P — 1 para pequenas excentricidades. O iingulo
Aw oscila em torno de 0°. As superficies foram construidas como na Fig. 3.5.
Trajetérias por 30 milhées de anos (a) e por 77 milhées de anos (b). O centro
de libragao destas trajetérias se encontra em k, ~ O no ramo negativo da lei de
estrutura, e ap ~ 1.3192.
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Figura 3.7: Projegdes no plano (ecosAw, esin Aw) de uma sec¢do de uma solugao
com periélio circulando sem outros perturbadores que Netuno (a), com Netuno e
Urano (b), com Netuno e Saturno (c) e com Netuno e Jupiter (d). Trajetérias por
25 milhdes de anos.
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pelas perturbagdes de Jupiter.



Capitulo 4

Ressonancia 2:3. Modelo de N cor pos,

4.1 Procedimento numérico.

Para completar o estudo da dinamica desta ressonancia, executamos integragoes
numéricas do Sistema Solar Exterior incluindo Jupiter, Saturno, Urano e Netuno.
incluimos as massas de Mercurio, Venus, Terra e Marte na do Sol. Tomamos as
condigoes iniciais de Choen et al. (1973) e usamos o plano invariavel do Sistema
Solar como referencia. Seguimos os elementos heliocéntricos dos planetas e particul as
usando o integrador RA15 (Everhart, 1985) corn parametro de precisao, L = 10.
Integramos centenas de particulas por periodos de vérios 107 anos, corn valores
iniciaisw = 90°, M = 0° ei = 0°. Levando em conta que a longitude média inicial
de Netuno foi de A ~ 176°, o valor inicia do angulo critico resulta & ~ 180°. O
semi—eixo maior original foi escolhido no intervalo 39.1— 40.4 UA e a excentricidade
inicial entre0 e 0.5.

O estudo do problema em consideracdo mediante integragoes numéricas apre-
senta, como a mais sé&ria dificuldade, o grande nimero de variaveis envolvidas e
a impossibilidade de um estudo metédico completo. Usamos o conhecimento da
dinamica do problema de trés corpos para superar algumas dessas dificuldades.
Seguindo Milani et al. (1989), estudamos a evolugido dos angulos a, Aw, 2w e
AR = R — Qy e também os elementos i, €, a, k e h. O primeiro angulo esté asso-
ciado corn a ressonancia de movimentos médios corn Netuno. O segundo é o rela
cionado ao movimento do periélio € a ressonancia secular vg que produz oscilacoes
na excentricidade. O terceiro esta relacionado a ressonancia de Kozai, que produz
oscilagoes nainclinagdo. O Ultimo esta relacionado corn a ressoniincia secular vqg, a
qual também produz oscilagoes ha inclinacao.

Obtemos os espectros dos elementos orbitais e angulos criticos usando o método
apresentado no Anexo II. Este método é especialmente preciso naregiao do espectro
correspondente as baixas freqlencias, tanto para a determinagao das freqlencias
como das amplitudes. Na Tabela 4.1 apresentamos os intervalos de variagao das
amplitudes A, e A, dos componentes harmoénicos mais importantes achados em a e
e. Os termos de curto periodo, originados por combinagoes lineais das freqiiencias
orbitais dos corpos envolvidos, sao devidos principalmente a Jipiter (com a excegao

24
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Termo Periodo (anos) A, A,
curto periodo 10! - 102 0.0083- 0.0087 0.010 - 0.017
libragao 104 0.0000 - 0.0120 0.000 - 0.012

segundo modo forgado 105 — 108 0.0030 - 0.0090 10-¢

Tabela 4.1: Amplitudes méximas das linhas mais importantes nos espectros de e e
a. Asmesmas freqiéncias também existem em a, mas, devido a razoes geomeétricas
simples, elas sa0 dependentes da e. A unidade de A, é ay.

das excentricidades muito grandes, onde as perturbagées de Urano predominam).
Suas amplitudes sao proporcionais a excentricidade da particulae sao independentes
da amplitude de libracdo. Corroborando os resultados do capitulo anterior, vemos
gue os termos forgados apresentam uma amplitude muito pequena. Eles dependem
de e e também observou-se uma pequena dependencia corn a amplitude da libracéo.

4.2 Libracgoes.

A regido na qual as libragdes sobrevivem em escalas de tempo de 107 anos esta
definida aproximadamente pelas condigdes iniciais39.35 < a< 40.05 UA, 0<e<
0.37 e também esta restrita a regiao de Aa < 150°. A méaxima excentricidade
permitida é relativamente pequena se comparada corn os resultados do capitulo
anterior. Os limites em Aa sao consistentes corn os de Duncan et a. (1995) e
Malhotra (1995a). Na Fig. 4.1 mostramos a amplitude de libracao em a, a e e,
e o periodo de libracdo, em fungao dos valoresiniciais da excentricidade e semi—
eixo. As amplitudes mostradas na figura foram obtidas das linhas correspondentes
no espectro como foi mencionado. As &reas em cinza correspondem a ejegao em
menos de 107 anos. Os resultados que apresentamos nas Figs. 4.1-3 correspondem
atrajetorias corn centros de libragdo No ramo negativo da lel de estrutura. Também
procuramos solugoes onde a libraem torno de 0°, as quais sdo estaveis No problema
circular restrito. Encontramos uma evolugao estavel para0 < ky < 0.017 mas no
ramo apos a curva de coliséo (kg > 0.24) as libracdes sdo destruidas em tempos da
ordem de 10° anos.

Da andlise espectral de a, e e k obtivemos os centros de libracdo (ko, ag). Esses
valores sao colocados no gréfico na Fig. 4.2a junto corn o ramo negativo da lei de
estrutura da Fig. 3.1b. O acordo é muito bom e confirma o pequeno deslocamento
em a devido as perturbag¢oes médias dos outros planetas gigantes. Para o caso de
integracoes numéricas do Sistema Solar Exterior, Dvorak e Lohinger (1996) também
obtiveram um deslocamento (da ordem de 0.01 em unidades de ay) da regido de
movimento estavel, corn respeito a regiao obtida corn o modelo restrito de tres
Corpos.

Para as solugdes corn um mesmo centro de libracao encontramos as seguintes
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relagbes aproximadas:

Ao x Aa (4.1)
Ae x Aa (4.2)
v o (Aa) (4.3)

A relagao linear (4.1) é valida até para amplitudes de libragao da ordem de 120°.
Este resultado estd em bom acordo corn o valor A,/A, calculado para amplitude
de libragao zero na aproximagao semi-analitica e justifica o cllculo dos limites da
ressonancia feito no Capitulo 3. A relagio linear (4.2) esta também em bom acordo
cornarelagao dada pelateoriasemi-analitica. Vga-sequenaFig. 4.1c alibragao em
e tem amplitude muito pequena. Ja tinhamos deduzido isto a partir dos valores de
Ay /A, no capitulo anterior. A Fig. 4.1d mostra que o periodo de libragio depende
fortemente da amplitude da libragdo. A relacdo (4.3), valida parae> 0.04 , explica
a dispersao no grafico da lei dos periodos na Fig. 4.2b. Para e < 0.04, o periodo de
libragao cresce junto a Aa. Este efeito particular nas baixas excentricidades ja foi
detectado nas ressonancias interiores corn Jupiter por Michtchenko e Ferraz-Mello
(1993) e para esta ressonancia por Malhotra (1995a, Fig.6g). A Fig. 4.3 da o valor
meédio da inclinagao, relativa ao plano invaridvel. A inclinagdo maxima que alcanga
uma particula é aproximadamente o dobro desse valor.

Os resultados numéricos estao em bom acordo corn os resultados tedricos do
Capitulo 3. O método de incluir em R as perturbag¢des dos outros planetas gigantes
fornece resultados realistas e 0s pequenos €efeitos nas leis da ressonancia sao confir-
mados. Mas o efeito mais importante devido aos outros perturbadores nao é aquele
referido nas leis. O efeito mais importante é uma forte redugao na méxima excen-
tricidade permitida para as libracées estaveis € a desestabilizagdo do movimento
ressonante nas regiées do espago de fase onde a ressonancia é superficial (pequenas
excentricidades ou grande amplitude de libragéo). Estes pontos serdo discutidos nas
seguintes secgoes.

4.3 [Escape nas altas excentricidades.

O limite em e < 0.37 para as libragoes estaveis € imposto pelas perturbacoes de
Urano, que induz alibracao a crescer. Este fato esta claramente ilustrado na Fig.
4.4 onde mostramos o (t) e a(t) junto corn a intensidade das perturbagoes de Urano,
calculada como Py = cte. my/A? Todas as maiores variagdes €m a acontecem
guando Py é grande (os picos de curto periodo que aparecem a intervalos regulares
estao associados a conjungao corn Jupiter). O instante no qual a comega a circular
estd associado a um salto grande em a produzido por uma série de maximos em FPy.
A Fig. 4.5 mostra quatro particulas corn uma evolugao tipica em altaexcentricidade.
A amplitude de libragido cresce devido as perturbagbes de Urano e, surpreendente-
mente, em lugar de ser gjetada por um encontro proximo corn Netuno, a particula
sai brevemente daressonancia (circulagao de a e salto no semi-eixo) e é recapturada
temporariamente em uma libragao em torno de a = 0°, do outro lado da curva de
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colisdo. Esta captura temporaria é um fenémeno muito comum que unicamente
pode ser obtido corn integradores de alta precisao. Por exemplo, se usamos L = 9
na RA15, ndo é possivel obter a captura temporéria. Depois de algumas transi¢oes
entre circulagéo e os dois modos de libracéo, acontece um encontro proximo corn
Netuno e a particula é removida da ressonancia.

4.4 Movimentodo periélio e do nodo. Ressonancias Secu-
lar es.

O angulo AR ¢ 0 que apresentaa evolugao mais lenta. Elelibra (ressonanciasecular
11g) para pegquenas excentricidades (e < 0.05) e também para e > 0.28, acoplado
corn oscilagoes em i. Naregiao 0.05 < e < 0.30 alterna entre circulacéo e libracao,
ou circula corn tendencia a librar em casos de grande amplitude de libracéo de a,
como foi observado por Morbidelli et al. (1995). Observamos que as oscilagbes em
2 SA0 importantes somente para trajetorias corn centros de libracdo corn e < 0.08
localizados no ramo negativo da le de estrutura (Fig. 4.3).

O angulo 2w tem umaevolugdo muitoirregular. Para e < 0.15circulaem sentido
horéario e para e > 0.30 em sentido antihorario. Como foi previsto por Morbidelli et
al. (1995), parae~ 0.24, w libra em torno de 90°. Nas outras regides, alterna entre
libracéo e circulacdo. Quando w libra (ressonancia de Kozai) aparecem oscilacoes
forcadas de pequenaamplitude em eei, e a evolucao destes elementos esta acoplada.
Em muitos casos achamos um acoplamento entre o periodo de libragdo dew e o de
circulacdo de AR (Milani et al., 1989). Para as particulas librando na ressonancia
2:3 corn baixas inclinagdes, N@0 achamos nenhum incremento significativo em e, i
ou A a associado corn a ressonancia de Kozai. Concordamos corn Levison e Stern
(1995) em que a libracao de w néo parece ser uma condigdo fundamental para ter
evolugao estavel na ressonancia 2:3.

O periodo de circulacdo de Aw é sempre menor que 3 milhées de anos. Para
as pequenas amplitudes de libragao ele é bem reproduzido pela Fig. 3.2c, mas para
amplitudes altas obtivemos diferengas de ate 20%. Existe um acoplamento entre
variagbes de pequena amplitude em e e o periodo de circulacdo de Aw devido ao
segundo modo forgado. Nas integragdes numéricas do modelo de N corpos achamos
gue nao existe libracdo deste angulo em torno de 180° dentro da ressonancia pois,
como vimos no Capitul o 3, aexcentricidaderequerida é maior que 0.37, e aslibragoes
de a di sao instaveis.

Quando consideramos particulas librando em torno de a = 180° corn valores cada
vez menores de e, 0 angulo AW comega a librar em torno de 0° devido a0 mesmo
mecanismo explicado no capitulo anterior. Mas agora, no caso espacial, observamos
que AX libra e a inclinacao cresce. Quando consideramos vaores ainda menores
da excentricidade (conseguentemente, valores crescentes de ag nos limites do ramo
negativo da lel de estrutura na Fig. 3.1b), as libragées de Aw e AR se acoplam
produzindo a ressonancia secundaria vs + v1s que leva a altas inclinagoes e excent-
ricidades (Fig. 4.6). Sabemos que a particula estava inicialmente na ressonancia de
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movimentos médios pois 0 centro de libracdo estava localizado na lei de estrutura,
pelo menos no inicio da integragao. Para libragées em torno de a = 0° também ex-
istem libragées de Aw em torno de 0° e de A} em torno de 0°, mas nio acopladas,
e ndo Se observa nenhum incremento sistemético nem na < nem na e (Fig. 4.7).
Parece ser entao que 0 crescimento na excentricidade e inclinagao esté associado a
ressonancia secundariavg+vys. A superposicao dasressonancias seculares vg € vyg foi
achadapor KneZevié et al. (1991) e Duncan et al. (1995). A ressonancia secundaria
vs T 4 foi prevista por Morbidelli et al. (1995) (a Fig. 13 deles é muito parecida
corn nossa Fig. 4.6). Um comportamento analogo foi encontrado por Kinoshita e
Nakai (1995) em Plutao, onde esté presente a ressonancia vg + 3us.

4.5 Captura e escape.

Comegando corn diferentes valores iniciais (a, A), estudamos a evolugio de 6rbitas
corn excentricidade e inclinacio inicial zero. Nos primeiros instantes da evolugao
0s parametros das Orbitas oscilam em torno de valores que podem ser associados a
centros de libragado localizados a ambos ramos da lel de estrutura. Encontramos que
a evolucao futura da particula depende da posigéo (ko, ag) do centro de libragiao no
comeqo da integragdo. Trés diferentes evolugdes podem acontecer, dependendo do
valor inicial de ao (ver Fig. 3.1b):

i)ao > 1.330. Movimento dominado por vs T 145 levando a excentricidade e
inclinagao a valores altos em escalas de tempo de alguns milhées de anos (Fig. 4.6).
Em escalas de tempo de 100 milhdes de anos, depois de um encontro préximo corn
Netuno, a particula é ejetada da ressonancia.

i1)1.314 < ao < 1.330. Aqui esté presente a ressonancia v;s que leva a inclinagao
a crescer. Segue uma evolugéo cadtica corn transi¢des entre circulagao e libragao de
a (Fig. 4.8). A particula também ¢ ejetada em escalas de tempo de 100 milhdes de
anos. O segundo modo forcado é em parte responsavel pela evolugéo cadtica.

iii)ao < 1.310. Estes valores correspondem ao ramo positivo nale de estrutura.
A ressonancia vg pode estar presente mas o movimento é muito regular corn e e
¢ restritos a valores pequenos. Em escalas de tempo de 100 milhdes de anos nio
aparece nenhuma indicacdo de instabilidade (Fig. 4.7).

Em resumo, a evolugao das particulas corn excentricidade inicial zero esta forte-
menterelacionada cornale deestrutura. O ramo positivo e estavel e o ramo negativo
¢é instavel. E interessantefazer notar que em aproximadamente 50 drbitas cal culadas
para o estudo da regido de baixas excentricidades, nao achamos nenhuma particula
corn aq localizado no vazio da lei de estrutura determinado por 1.310 < ¢ < 1.314.
Varios autores acharam um drastico cambio na evolugéo das particulas corn e inicial
zero em a ~ 39.8 UA (Holman e Wisdom 1993, Morbidelli et al. 1995, Levison e
Stern 1995). Aqui mostramos que essa diferenga no comportamento esta relacionada
corn a propria estrutura da ressonancia nas baixas excentricidades.
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Um dos pontos mais importantes a resolver é achar mecanismos que levem &
ejecao da particula da ressoniincia, pois isso poderia explicar a migracao de objetos
primordiais para as regides internas do Sistema Solar, como algumas teorias sobre
a origem dos cometas sugerem. Exploramos aqui alguns possiveis mecanismos que
levam a ruptura das libragdes. Para analisar a estabilidade do movimento de li-
bragdo, seguimos a evolugéo temporal do espectro de a, usando 0 método do Anexo
I corn uma janela constante, T,,, € variando seu centro, . Observando a evolugao
temporal do pico correspondente a libracao no espectro podemos saber se 0 movi-
mento é estavel ou ndo. No caso de um movimento estével, a freqlencia (v;) e a
amplitude do pico oscilam corn freqliencias bem definidas devido a influencia das lin-
has tipo v; + Nvg, onde v é afreguiencia do segundo modo for¢ado. Geralmente sao
estas linhas as que aparecem mas também podem estar presentes perto de v; outras
linhas relacionadas corn as outras variavels angulares. Se 0 movimento é instéavel,
observa—se um incremento sistematico na amplitude de libracio, A(t), ou aparecem
componentes estranhas em v(t). A origem da instabilidade pode ser determinada
através daidentificagao das fregiiencias envolvidas na evolugéo temporal de A ou v;.

Usando uma janela corn T, = 0.5, e variando 7, podemos obter a evolugio tem-
poral dafreqliencia instantanea de libracéo, do centro instantaneo de libracéo (o) €
da amplitude instantanea de libracao. A Fig. 4.9 mostra o que acontece no caso de
um movimento estavel de uma particulalibrando em torno de ky = —0.196. O centro
instantaneo delibracdo (Fig. 4.9b) oscilaem torno de 180° devido ao segundo modo
forcado. Asoscilagdes de v(t) (em Fig. 4.9a) tem freqUencia vy e sao originadas nas
combinagoes das linhas v; + v; do espectro. Estas sao as variagées no periodo de li-
bragdo a que fizemos referenciano Capitulo 3. A magnitude das variagdes mostradas
na Fig. 4.9a sao menores que as que calculamos na Fig. 3.3d devido ao fato de que
estamos usando um intervalo de tempo T,, = 0.5 milhdes de anos na analise de
freqUencias e as curvas da Fig. 3.3d correspondem a periodos instantiineos (ou seja
T, — 0) eforam calculadas assumindo P/P, — 0. A evolugao temporal da ampli-
tude de libracdo (Fig. 4.9c) também est4 modulada pela freglencia de circulagao
de AR. Na Fig. 4.10 mostramos a evolugéo temporal do espectro de uma particula
corn pequena excentricidade cuja libracdo se torna instavel depois de 20 milhoes
de anos de evolugao estavel. A transicdo comeca corn a apari¢ao de duas linhas
crescentes (v £ vy) a ambos lados de v;. |sto mostra que o segundo modo forcado
também é responsavel pela desestabilizagdo de libragoes de pequena excentricidade.
E interessante notar que a evolugio inversatambém é possivel, como foi achado em
alguns casos. No exemplo de Fig. 4.8 a analise espectral também mostrou que as
transi¢Ges entrelibracéo e circulagao de o(t) estio relacionadas a interagio entre as
linhas v; e v; £ vy do espectro. Parece ser entdo que 0 segundo modo forgado (e nao
necesariamente a ressoniincia secular vs) junto a vys sio responsaveis pelas insta-
bilidades da regiao 1.314 < ao < 1.330 nas baixas excentricidades gue mencionamos
mais acima.

Nas altas excentricidades (mas sempre menores do que 0.37) podemos ter movi-
mento estavel para pequenas amplitudes de libracdo. Na Fig. 4.11 mostramos a
evolugao ao longo de 25 milhdes de anos das fregliencias v; e (v £ vy) de uma
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particula desse tipo. A freqliencia instantiinea de libragdo e 0 centro instantiineo de
libracao apresentam oscilagdes periddicas devido ao segundo modo for¢gado como €
de se esperar para um movimento ressonante estavel. A amplitude tem pequenas
oscilagdes de freqlencia 2v; e uma componente de longo periodo da ordem de 10
milhdes de anos. Para altas excentricidades e altas amplitudes de libracédo, a rup-
tura do movimento ressonante e inevitavel. Este processo € ilustrado na Fig. 4.12
para uma particula corn eg = 0.25. Duas linhas néo identificadas a ambos lados
de vy comegam a crescer e interagem corn a linha de libragao produzindo uma in-
terferencia construtiva que leva a valores de a suficientemente altos para produzir
um encontro corn Netuno e ter uma ejecao da ressoniincia no instante t = 15.25
milhdes de anos. Ainda no problema restrito circular de tres corpos, amplitude de
libracdo grande sempre significa evolugao cadtica (Malhora, 1995a). Achamos um
comportamento similar em nossas integragées numeéricas. No espectro de a, o0 com-
portamento cadtico comega a aparecer como um ruido nas baixas freqliencias (v < 2
em unidades de milhdes de anos™!) corn amplitude da ordem de 0.0004 (em unidades
de an), 0 qual é grande se comparado corn a amplitude do segundo modo forgado.
Na evolugao temporal da amplitude de libragao também é possivel identificar uma
componente cadtica que é tanto maior quanto maior é a amplitude de libracao. A
evolugao temporal da amplitude de libragao € um dos primeiros indicadores de que
0 movimento é instavel.

As perturbacoes de curto periodo podem ser uma fonte de instabilidade. A linha
de alta freqliencia mais importante no espectro de a (ver Tabela 4.1) é vy — vp
(diferenga entre as freqiiéncias orbitais de Jupiter e da particula) cuja amplitude é
sempre 0.007. Para maiores excentricidades, as outras linhas (v; — Nvp) comegam
a crescer e entdo a amplitude total também cresce. O mesmo acontece corn as
perturbagoes dos outros planetas gigantes e os termos de alta freqliencia na excen-
tricidade apresentam um comportamento analogo. As amplitudes destes termos de
alta freqgiiéncia em a e e sao grandes quando comparadas corn as amplitudes de
libracao. Mas cancelam em uma pequena escala de tempo. Em consequéncia, sua
contribuigdo ao movimento de libragao é desprezivel se a particula esta numa regiao
onde a ressoniincia é profunda, onde o movimento é dominado pelo termo resso-
nante do potencial perturbador de Netuno. Mas ¢ possivel que nas regides onde
a ressonancia é superficial (ou débil), os termos de alta fregliencia desestabilizem
as libragdes e produzam a ruptura das mesmas. A ressonancia 2:3 esta localizada
dentro de uma regido cadtica do Sistema Solar exterior (Duncan et al., 1995). Em
consequéncia a evolugao posterior das particulas ao deixar a ressoniincia é cadtica.

4.6 Conclusoes.

Os principais resultados da teoria de libragoes de alta excentricidade incluindo as
perturbacoes de Jupiter, Saturno e Urano sao reproduzidas nas integragdes numeéricas
do Sistema Solar Exterior. As superficies de secgao obtidas corn o modelo plano
eliptico de trés corpos mostram uma estrutura muito regular sem sinais de difuséo
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em escalas de tempo de 107 — 108 anos. Porém, no modelo de N corpos, aparece uma
drastica redugio no espago defase das condigdes iniciais que geram libragoes estaveis.
A maxima excentricidade permitida pelas perturbagdes de Urano é e ~ 0.37. Nas
baixas excentricidades a evolugao é fortemente relacionada aos ramos de libragao.
O ramo positivo é estavel e o negativo é instavel devido ao efeito do segundo modo
forgado e a superposicao e interagdo entre as ressonancias seculares vg e vys. Isto ex-
plica os diferentes comportamentos que Véarios autores acharam para particulas corn
a ~ 39.8 UA. Particulas corn centros de libragdo inicialmente localizados no ramo
negativo dale de estrutura podem ser temporariamente capturados em movimento
de libragao para a corn valoresde e e i similares aos de Plutdo, mas essas oOrbitas
nao SA0 estaveis. Parece ser necessario outro mecanismo para estabilizar as orbitas,
como sugeriram Levison e Stern (1995).

O semi-eixo e a excentricidade das particulas evoluindo na ressonancia apresen-
tam oscilagoes de alta freqiiéncia e grande amplitude devido fundamentalmente a
Jupiter. Este efeito ndo € importante se a particula esta localizada numa regiao
profunda daressonancia. Transigées entre libragées em torno do ramo negativo e 0
positivo nale de estrutura sao comuns para libragdes de alta excentricidade e ampli-
tude. Antesde acontecer um encontro préximo corn Netuno, a particula alterna seu
modo de libragao através de um delicado mecanismo que somente pode ser seguido
corn integragbes numeéricas de alta precisdo. Libragdes em torno de centros tais que
ko > 0.25, do outro lado da curva de colisdo, somente sdo possiveis por escalas de
tempo de 10° anos.

A andlise temporal de freqiiéncias mostrou-se muito Util para detectar e identi-
ficar instabilidades. Esta técnica mostrou por exemplo, que o segundo modo forgado
contribui as instabilidades das libragdes naregido 1.314 < a¢ < 1.330.

A ressonancia de Kozai parece nao ter muita importancia na evolugao das par-
ticulas localizadas dentro da ressonancia 2:3. Finalmente, podemos indicar tres
possiveis saidas por onde as particulas podem deixar a ressonancia: libragées de
grande amplitude, libragoes corn e ~ 0.37 e libracoes de baixa excentricidade em
torno de centros localizados no ramo negativo da lei de estrutura.
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020 0.25 030 035

Figura 4.1: Regioes de libracdo em fungao da excentricidade e semi-eixo iniciais.
a)Amplitude de libragdo de a em graus. b)Amplitude de libragdo de a em unidades
de an. c)Amplitude de libragio de e. d)Periodo de libragdo em anos.
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Figura 4.2. a)Lei de estrutura deduzida da analise espectral das integragoes
numéricas (pontos) e calculada com e sem o efeito dos outros planetas gigantes.
b)Lei dos periodos dada pela teoria (para amplitude de libragdo zero) e pela analise

espectral (pontos).
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Figura 4.3: Vaor médio da inclinagdo respeito do plano invariavel, em fungdo das
condicdes iniciais.
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Figura4.4: Libragoes de altaexcentricidade destruidas pelas perturbagées de Urano.
Mostramos a evolugao imediatamente anterior ao instanteem que a comega a Circu-
lar e 0 semi-eixo salta. Tempo em milhdes de anos. As oscilagdes regulares rapidas
de a sdo devidas as perturbagbes de Jupiter e tem amplitude um pouco menor que
as de Urano.
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Figura4.6: Ressonancia secundéria secular vg+v15. Ressonancia secular vg acoplada
com a ressonancia secular v1g. O centro de libragao desta particula estava original-
mente localizado no ramo negativo da lei de estrutura com ag ~ 1.334
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Figura 4.8: Evolugao cattica no ramo negativo de libragdes, naregiao 1.314 < qq <
1.330.
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Figura 4.9: Evolugao temporal da freqiéncia (a), centro (b) e amplitud (c) in-
stantaneos de libragao para o caso de un movimento estavel. Cada ponto nafigura
é caculado usando T, = 0.5 milhdes de anos. Observe-se a evolucao periodica em
v(t), oo(t) e A(t).
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Figura 4.10: Transigdo para 0 caos nas baixas excentricidades. Evolugdo temporal
do espectro naregiao dalinha delibragao para uma particula com e = 0.04 e grande
amplitude delibragao. A seqiiéncia mostra adestruicao daslibragdes. Cada espectro
¢ obtido usando T, = 2 milhées de anos. Aslinhas presentes sao v; — vy, v; e v + vs.
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Figura 4.11: Particula em evolugéo estavel com libragoes de pequena amplitude e
e~ 0.29. (a)Evolucio das freqiiéncias v; e v = v4. (b)Evolugao das amplitudes. Foi
usado T,, = 6 milhées de anos.
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Figura 4.12: Particula em evolugido instavel com libracoes de grande amplitude e
e ~ 0.25. (a)Evolugdo das tres freqiiéncias principais do espectro dea. (b)Evolugio
das amplitudes. A freqiiéncia de libracio é v;. A ejegdo daressonancia acontece em
t = 15.25 milhdes de anos. Usamos T, = 0.5 milhdes de anos.



Capitulo 5

Outras ressonancias.

Vimos que a ressoniincia 2:3 permite a existencia de particulas de excentricidade
até 0.37 evoluindo em forma estavel. As outras ressoniinciasda regiiio transnetuni-
ana também podem, em principio, ter regides de evolugado estavel ainda para altas
excentricidades. Nosso interesse é determinar os limites dessas regioes de libracées
estaveis pois, dada a caoticidade do cinturdo de Kuiper, essas regides podem ser as
mais populosas. Reciprocamente, interessa determinar se a estabilidade das orbitas
quase—circulares localizadas além das 45 UA é destruida por alguma ressoniincia.
Desta forma teriamos um mecanismo de geragao de érbitas excéntricas a partir de
movimentos circulares, o qual é importante para estudar a evolugao colisional da
regiiio.

Neste capitulo resumiremos as principais caracteristicas dasressonancias € procu-
raremos os limites das regides estaveis, mediante integragoes numéricas analogas as
feitas no Capitulo 4 e analisadas seguindo a metodologia descrita no Anexo II. Os
resultados e o significado do o ponto de vista cosmogonico sao apresentados e dis-
cutidos no Anexo III.

51 Aplicagao da teoria de libragoes.

Paraas ressoniinciasem destaquena Fig. 2.1 calculamos as leis respectivas em forma
andloga a feita para a ressoniincia 2:3 no Capitulo 3, introduzindo as perturbagoes
de Jupiter, Saturno e Urano. Como a teoria somente vale para centros de libracao
nos eixos k ou h, as leis correspondentes as libragoes assimétricas nas ressonancias
1.2 e 1:3 nao foram calculadas. Se definimos o angulo critico como

o= (p/q+1)Av—p/gr— @ (5.1)
é possivel demonstrar gque os centros de libragao (‘simétricos) verificam
0o =0° modulo

180°
7

Alguns desses centros serao estaveis e outros instaveis. Nas figuras somente apre-
sentamos os ramos de libracoes estaveis.

44
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Nas Figs. 5.1-7 apresentamos ale deestrutura, lel dos periodos, modos forgados
Zy e Zy, e periodo de circulagao de oy paratodas as ressoniincias. A lei dos periodos
pode ser comparada corn os resultados numéricos de Malhotra (1995a). Em todas as
ressoniincias, o ramo da direita dos graficos corresponde as libragoes estaveis en torno
de a = 0° localizados do lado defoéra da curva de colisédo. Portanto, como vimos no
caso da 2:3, essas libragoes sao facilmente destruidas por aproximagdes a Netuno,
mas também podem atuar como centro de libracido temporario para as particulas
librando nos outros ramos, como foi visto no Capitulo 4. Os limites maximos de
excentricidade nos gréficos correspondem a colisao corn Urano. As trajetorias das
particulas corn respeito ao sistema Sol-Netuno podem ser achadas em Malhotra
(1995a) (nGs apresentamos algumas nas Figs. 5.8-13) e as curvas de colisdo para
algumeas ressonancias em Beaugé e Ferraz—Mello (1994).

Observamos que somente as ressonincias de primeira ordem apresentam dois
ramos na lei de estrutura quando e ~ 0. Também observamos que quando e — 0
seveificaP/P, =1, A,/Ar—1 € Zn/Zy — 1. Isto parece ser exclusivo das
ressoniincias de primeira ordem. O movimento para centros de libracao corn e ~ 0
resulta ser a soma de dois movimentos quase-circulares de diferentes raios mas corn
periodos semelhantes. Nestas circunstiinciasé dificil distinguir entre o que é libracao
e 0 que é modo forgado. Esta ressonincia secundaria 1:1 entre a e o; produz, como
foi visto no caso da 2:3, uma libragdo de Aw (ressonéancia secular vg). Paraqueisto
acontega é preciso que a amplitude de libragdo nao sgja exatamente zero, portanto
ndo setrata de uma corrotagdo. As corrotagoes podem ser identificadas nos gréficos
de P, quando este tende para infinito.

Morbidelli et a. (1995) argumenta que nas ressoniincias de primeira ordem nao

pode existir a ressonancia secular vz nas baixas excentricidades pois Aw — —oo.
Isso é valido estritamente para amplitude de libragao zero e, como vimos no caso
da ressonancia 2:3, basta uma pequena amplitude de libragdo para produzir uma
libragdo de Aw. Aliés, o resultado de Morbidelli et al. é somente valido parao ramo
negativo das libragdes. Para o ramo positivo temos ao contrario AW — +o0. Esta
descontinuidade no movimento do periélio naverdade é originada da indeterminacéo
do periélio parae=0.

Outra caracteristica das ressoniincias de primeira ordem é que tanto o periodo de
libragdo de a como o periodo de circulagao de o; tendem para zero quando e — O,
engquanto que em todas as outras ressoniincias de ordem superior estudadas o periodo
de libracédo tende para infinito.

5.2 Exploragao numérica.

Fizemos integragdes numéricas do Sistema Solar Exterior andlogas as do Capitulo 4
por periodos de 10 até 100 milhdes de anos corn diversas condigbes iniciais para as
particulas. Todas as integragoes se referem as libragoes em torno de centros localiza-
dos dentro daregi&o limitada pela curva de coliséo. Por ser a regiao dinamicamente
mais ativa, estudamos o limite maximo de excentricidade para as ressonancias lo-
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calizadas até 50 UA. As ressoniincias 2.5 e 1:3 estao fora desta regiao. O resultado
destas integragoes € discutido no Anexo I1I, mas alguns casos merecem ser comen-
tados.

A diniimicada ressoniincia4:5, por exemplo, mostrou—se como a mais complexa.
Aslibragoes séo fortemente perturbadas pelaressoniinciade Kozai (libragido dew) ea
ressoniincia secular vy que excita a inclinacao até aproximadamente 15 graus (Fig.
5.8). Para obter libragoes estaveis é preciso limitar-se a excentricidades menores
do que 0.12. Nas outras ressoniincias, ao contrario, sempre foi possivel estabele-
cer claramente um limite maximo na excentricidade (Figs. 5.9-12). Os resultados
numéricos estao em bom acordo corn os resultados tedricos no que se refere as leis
das ressoniincias.

Ao procurar mecanismos de geragao de Orbitas excéntricas a partir de 6rbitas
quase-circulares (como acontece na 2:3) centramos a atengao nas ressoniincias 1:2
e 1:3 por duas razées. Em primeiro lugar elas estao afastadas da regiao ativa do
cinturao e portanto seriam uma possivel fonte de projétis que excitariam a pop-
ulagao além das 50 UA. Em segundo lugar, apresentam uma topologia complexa no
espaco (k, h) corn o surgimento de centros de libragao assimétricos em excentrici-
dades relativamente baixas (Beaugé, 1994). Para ter maior certeza nos resultados
todas estas integracoes foram feitas por periodos de 100 milhdes de anos partindo
sempre de 6rbitas quase-circularescorn inclinagdo inicial zero corn respeito ao plano
invariavel.

No caso da ressonancia 1:2 achamos um comportamento analogo ao da res-
soniincia 2:3 nas baixas excentricidades. O ramo negativo é instavel, e o ramo
positivo é estavel. A instabilidade acontece para centros de libra¢ao que verificam
1.596 < a9 < 1.590 (ver Fig. 5.3a), e leva a excentricidade a crescer até e ~ 0.15.
A ressoniincia secular vg esta presente em ambos os ramos de libragao, mas a res-
soniincia »s somente aparece na regidgo instavel do ramo negativo. Entdo, como
na 2:3, a presenga das duas ressoniincias seculares vg e v1g parece ser a causa da
instabilidade. Na Fig. 5.13 temos um exemplo. Sera esta uma propriedade que se
repete nas ressoniincias de primeira ordem? Pensamos que esta possibilidade merece
ser explorada no futuro. Tanto na 2:3 como na 1:2 a instabilidade esta associada
a 15, portanto nos modelos planos a instabilidade nao deveria surgir. Isto esta em
acordo corn o fato de que nas integragoes humeéricas no caso plano do Capitulo 3
nao foi achada nenhuma instabilidade nas baixas excentricidades.

A ressoniincia 1:3 nao apresentou instabilidade importante nas érbitas quase-
circulares. Asmaiores variagoes naexcentricidadesado daordemde 0.04. Aslibragoes
assimétricas aparecem para e > 0.12 mas esta regiao nao foi analisada. Concluimos
gue a ressoniincia 1:3 nao gera Orbitas instaveis a partir de movimentos quase-
circulares.

Para finalizar, fizemos algumas integragbes de particulas corn periélios g = 45
UA e q= 40 UA localizadas féra das ressonancias e dentro da regido caética,
determinada por Torbett e Smoluchowski (1990) mediante calculo de expoentes de
Lyapunov. Usando a metodologia do Anexo II, e com tempos de integracao dez
vezes superiores aos de Torbett e Smoluchowski, obtivemos os espectros resultando
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ser tipicos de movimentos quase—regulares para o caso de particulas corn g = 45 UA.
No caso das particulas corn g =40 UA alguns espectros sao notoriamente cadticos,
mas néo todos. Utilizando um procedimento diferente para o calculo de expoentes
de Lyapunov (neste caso integrando as equagdes variacionais), Roig (1996) achou
gque os expoentes correspondentes a ambos grupos de particulas nao apresentavam
convergencia para valores positivos, na mesma escala de tempo em que trabal haram
Torbett e Smoluchowski (integracdes feitas por 10 milhées de anos). Talvez seja
prematuro dizer que nossos resultados e os de Roig estdo em contradi¢do corn os de
Torbett e Smoluchowski, mas evidentemente existe uma diferen¢a, que é notdria nos
resultados correspondentes as particulas corn periélio de 45 UA (Fig. 5.14). Uma
possivel explicagao é que os resultados de Torbett e Smoluchowski estejam contami-
nados pois € sabido que os expoentes de Lyapunov séo muito sensiveis ao integrador
usado, ao passo de integracao, a0 método de calculo do expoente, as varidveis us-
adas, d separacdo inicial das particulas, etc. Nossos resultados, ao contrério, estéao
em bom acordo corn os de Duncan et al. (1995, Fig. 1), quem acharam que em
escalas de tempo de 10° anos as particulas corn q = 45 néo sdo gjetadas do Sistema
Solar, enquanto algumas corn q = 40 séo.
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Conclusoes.

Quando consideradas em conjunto, as caracteristicas da populagdo de cometas de
curto periodo eventualmente capturados a partir da nuvem de Oort ndo se corre-
spondem com as caracteristicas da populagiao conhecida, mesmo adotando os mais
variados modelos de captura. Véarios autores apontam para o cinturao de Kuiper
como fonte mais provavel.

Revisamos e ampliamos a teoria de libragoes de alta excentricidade, obtendo
uma melhor representacao do movimento ressonante plano. No desenvolvimento
assimétrico da fun¢ao perturbadorafoi introduzido o efeito nao ressonante de outros
planetas perturbadores. Nesta aproximacao os efeitos de Jupiter, Saturno e Urano
nas ressonancias exteriores a Netuno séo pequenos, mas verificados numericamente.
Os paradmetros que definem um movimento ressonante, dados pelo centro delibragiio,
periodo de libragéo, segundo modo forgado, etc., ficam praticamente inalterados
pelo efeito de outros perturbadores. Quando as perturbagoes dos outros planetas
sao suficientemente fortes, a libragdo, antes de ser significativamente alterada é
destruida.

As integragées numéricas das equagbes exatas de movimento de particulas em
movimento ressonante mostram o que ja fora previsto pela teoria de libragoes do
Anexo I: o movimento de libragdo ndo pode ser resumido a uma linha no espectro,
mas aum pacote delinhas. Parauma melhor compreensiiodo movimento delibragao
desenvolvemos um método de analise temporal de freqiiéncias, que se mostrou efi-
ciente no seguimento de libragdes tanto nos casos cadticos como nos quase-regul ares.

A ressonancia 2:3 no modelo de trés corpos plano mostrou—se regular. No caso
do modelo de N corpos espacial, o espago de fase correspondente a evolugdes quase—
regulares reduziu-se notoriamente, mas mesmo assim conservou uma regiéo de movi-
mento altamente estavel. O limite maximo permitido na excentricidade para as
libracoes estaveis é determinado pelas perturbagdes de Urano. As particulas pos-
suindo excentricidades menores também podem ser removidas da ressonancia desde
que a amplitude de libragao sgja suficientemente grande. Nestes casos observa se
um crescimento da amplitude de libragdo até acontecer um encontro com Netuno.
A captura temporaria entorno dos centros de libragao localizadosem a = 0° apés a
curva de coliséo, € um fenémeno comum mas dificil de obter numericamente se o in-
tegrador néo for suficientemente preciso. Tanto nesta ressonanciacomo na 1:2 existe
no ramo negativo das libragdes de baixa excentricidade um mecanismo de instabil-
idade associado as ressonancias seculares vg € vyg. O ramo positivo, no entanto, €
estavel. Para uma adequada compreensdo do movimento nas baixas excentricidades
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é necessario considerar 0 modelo espacial.

As ressonancias 3:4, 5:7, 35 e 1:2 também apresentaram regioes estaveis até
valores altos da excentricidade. Do o ponto de vista dindmico estas ressonancias
podem conter objetos evoluindo de forma estavel. De fato, no cinturao de Kuiper,
as Orbitas excéntricas mais estaveis sdo as que estdo em ressonancia. Podemos dizer
que nas ressonancias de primeira ordem estudadas podem existir particulas até com
g ~ 25.5 UA evoluindo de forma estavel. Nas de segunda ordem o limite é g ~ 28.5
UA. Os objetos transnetunianos presos nas ressonancias exteriores a Netuno sao
0s que estariam em melhores condigoes de suportar 0 bombardeio de planetesimais
gjetados da regiao de Urano e Netuno nas etapas iniciais de formacao do Sistema
Solar.
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Apéndice A

Efeito de um segundo perturbador nas
libracoes.

A.l Asles das libragoes.

As leis que caracterizam uma ressonancia podem ser obtidas através de diferentes
tratamentos analiticos. Elas foram e sao usadas como ponto de partida para o
estudo das ressonancias interiores corn Jupiter e, recentemente, no estudo das res-
sonancias exteriores a Netuno (Morbidelli et al., 1995). As teorias geralmente sao
construidas no marco do problema restrito de tres corpos e podemos preguntar—nos
0 gue acontece corn os efeitos nao ressonantes dos outros planetas nestas leis. Acaso
as perturbacoes de Marte sao suficientementeimportantes para produzir alteragoes
no movimento de libragdo dos aster6ides em ressonancia corn Jupiter? Pode Urano
produzir mudangas no movimento de libragao de particulas nas ressonancias exteri-
ores a Netuno?

V oltemos ao desenvol vimento da teoria de libragdes de pequena amplitude como
¢ apresentada em Ferraz—Mello (1988) e no Anexo 1. Consideremos o problema
restrito plano eliptico de trés corpos, encontrando-se a particula na ressonincia de
movimentos médios (p+ q) : p corn o planeta P;, onde q é a ordem da ressonancia e
p é o grau, sendo positivo para as interiores e negativo para as exteriores. O sistema
é definido pelo conjunto de variaveis canénicas (a, 0,02, J, J1, J2) onde as variaveis
angulares sao

o = (p/¢g+ DM ~-p/g) -
o1 (p/g+ D — p/g) — = (A.1)
o2 = A=X\)/qg=@Q

sendo A e ); as longitudes médias da particula e do planeta e a e w; as longitudes
respectivas dos periélios. Como em Ferraz-Melloet al. (1993), podemos tomar w,
como funcdo linear do tempo, corn dw, /dt = ¢g;. Paraeliminar um grau deliberdade
e os termos de curto periodo, fazemos uma média corn respeito a Q (Ferraz-Méllo,
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1988). A funcao Hamiltoniana médiafica

H = —2—’; + (p:q)\/ﬂ—a(gl —ny) - R, (A.2)

sendo g o quadrado da constante de Gauss, a 0 semi-eixo da particula e n; o

movimento médio do planeta. (Note—se que definimos H com o sinal trocado com

respeito a defini¢do do Anexo I). O primeiro termo de 31 é a parte Kepleriana, o

segundo vem da extensao do espaco defase e o ultimo, R, € a fungao perturbadora
média ,
pmy [F

R=t2 /0 FdQ (A.3)

onde
1 T cos S}

=X — 2
A 71

F

(A4)

sendo r e r; as distancias heliocéntricas da particula e do planeta, A; é a distancia
particula-planeta, Sy 0 angulo particula—Sol-planetae m; a massa do planeta. Em
Ferraz-Méllo e Sato (1989), F é escrita como F (k, h, a,01, Q) e prova-seque é uma
fungdo periédica de periodo 2r em Q devido & comensurabilidade de movimentos
médios. Esta periodicidade justifica a média feita na Eq.(A.3). Sao definidas as
varidveis nao singulares k e h como

k = ecosa
h = esina (A.5)

e é usado o desenvolvimento assimétrico para R. Trata—se de um desenvolvimento
em série de Taylor em torno de um ponto arbitrério (ko, ko, ao) €em torno dee; = O:

R - Ao + Al(k — k‘o) + Ag(h —_ ho)

+%[A3(k _ ko) + As(h — ho)?] T As(k — ko)(h — ho)
+ey cos o1[Ag T As(k — ko) T Aso(h — ho)]
+epsinoy[Ar T Ag(k — ko) + A1 (h — ho)]

1
—|—§el2[A12 + A1z cos 20 + Ay4sin2oy] + etc, (A.6)

(ver Ferraz-Mé€llo et al., 1993). Para o caso e; = 0, é possivel obter familias de
solugdes estaciondrias (os chamados centros de libragdo) no espaco (k, h,a), e, para
e1 genérico, solugdes analiticas aproximadas para as oscilagoes de pequena amplitude
em torno dos centros (Ferraz-Meéllo, 1988 e Anexo I). Estas solugbes seguem uma
sériede leis que dependem dos coeficientes A; e de algumas desuas derivadas parciais

2

24 @ Z4i. As expressdes analiticas para A; podem ser achadas em Ferraz-Mello e

Sato (1989) mas também podem ser calculadas numéricamente.
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A.2 Inclusao de um segundo planeta perturbador.

Consideremos um segundo planeta perturbador, P,, em érbita circular de semi-eixo
ay corn movimento médio, n,, Nao comensuravel corn a particula nem corn o planeta
principal. Somente consideraremos as perturbacdes de P, na particula. Em nosso
modelo aproximado nao consideraremos as perturbacées mutuas entre os planetas.
As equagles canodnicas SA0 as mesmas mas 0 Hamiltoniano tem um termo adicional
igual a —R' onde

R = pm, < F' > : (A.7)

sendo
1 r cOs S,

A, &
Podemos fazer um desenvolvimento de R’ do mesmo tipo que R, mas agora 0s
coeficientes A; corn i > 5 se anulam pois as perturbacées de P, sao independentes

de e; (e o novo planeta perturbador é suposto em orbita circular). Entéo temos a
expressao

FI

(A.8)

R = Ao+ Au(k = ko) + As(h — ho)
+é[A3(k — ko)? + Aa(h — ho)?] + As(k — ko)(h — ko). (A.9)

A funcdo F’ pode ser escritacomo F'(k, h,a, Q), mas ndo serd mais periddicaem Q.
Para calcular < F’ >g, teremos que usar a defini¢ao do valor médio para as fungoes
quase—periddicas (Bohr, 1933):

00

< F'>q= lim %/OT F'(Q)dQ. (A.10)

Permita-se-nos agora introduzir a variavel ' = A; — A; que esta relacionada corn
S, através de

52=4—/\2=(4—/\)+(QQ+Q,) (A1)
S1=(v—0) - (pQ - Q) (A.12)

onde 4 e v séo a longitude e anomalia verdadeiras da particula. ()’ estéa relacionada
corn Q através de:

Q' = /\1 —_ )\2 = (]_ —_ %)(p@ + 0'1) —_ nng + w1 — /\20. (A13)
1

onde 7; € o instante da passagem pelo periélio de P, e Ay € a longitude inicial
(emt = 0) de P,. Dagui em diante podemos seguir 0s mesmos passos que Ferraz—

Méllo e Sato (1989) para o cdlculo dos coeficientesde R’ substituindo S por S; e
trabalhando corn F'(k, h,a, @, Q). Pode-se provar que as formulas sdo periddicas



A. EFEITO DE UM SEGUNDO PERTURBADOR NAS LIBRACOES. 70

em Q e @’ e as mesmas regras de paridade continuam sendo vdlidas. Entio, se
A; = 0 no desenvolvimento assimétrico para o planeta principal, o mesmo vale para
0 desenvolvimento assimétrico de P;.

Se ndo existe intersecdo entre a oOrbita da particula e do planeta P,, entao
F'(k,h,a,Q, Q) nao divergee podemos provar que

]. 2m 21
< ! — / / / . .
P o= tim [ F(Q.QQ)Q = g [ a0 [T F(Q.Q)Q. (A14)
Para provar isto primeiro escrevemos F’ como uma série dupla de Fourier:

F'= %" COnyetNotMe) (A.15)
N.M

com N e M inteiros. Se introduzirmos esta expressao no lado direito da Eq (A.14),
sereduz a Cy. Por outro lado, da Eq.(A.13) temos Q' = @p(1 — nz/nl) o entdo

= E CNMeiQﬁeiMa (Alﬁ)
NM

onde g =N+ Mp(1 — ng2/nq). Introduzindo esta expressao no lado esquerdo da
Eq.(A.14) e tendo em conta que # nuncase anula exceto para N = M = 0, obtemos
novamente Co. Provada a igualdade, em lugar de calcular a integral infinita da
Eq.(A.10) podemos calcular a fungao perturbadora média através da integral dupla

R = [Taq [T Q.0 (A7)

Se a Orbita da particula cruza a 6rbita de P,, existirA um ponto onde F’ = oo,
0 teorema do valor médio para fun¢oes quase—periddicas ndo podera ser aplicado e
também nao podera ser feita aexpansao em serieduplade Fourier. Em consequéncia,
consideraremos perturbadores que nao cruzam a érbita da partlcula Os coeficientes
que aparecem nas leis sa0: A;, Az, As, Ay, As, 2 Ba , 33’1 , aa e —Q. Trata-se de
integrais duplas de derivadas parciais. Calculamosa integral duplacom aférmulade
Simpson e as derivadas parciai s também as determinamos numericamente cal culando
R' em 23 pontos do espaco (k,h,a) separados por Ak = Ah = Aa=10"* (Aaem
UA) e usando as formulas dadas em Abramowitz e Stegun (1972). No problema
de tres corpos, ale de estrutura é obtida por aproximagoes sucessivas aos valores
(ko, ho,a0). Em nosso problema, seguimos este processo sendo que em cada passo
da iteragao recalculamos os A; para o planeta principal e para P,. Uma vez que o
centro de libragéo (ko, ko, ao) € Obtido, todos os A; e suas derivadassao calculadas no
ponto (ko, ko, ao) para obter as outras leis. E facil ver que é possivel levar em conta
o efeito de varios planetas perturbadores simultaneamente. A seguir apresentamos
algumas aplicagoes.
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A.3 Ressonancia 3:1 corn Juapiter.

Nas ressonancias interiores de segunda, os centros de libragéo estaveis antes da curva
de colisdo estao no eixo h, e di verifica-se A; = As = Q Calculamos os coeficientes
A; esuas derivadas paraa Terra, Marte e Saturno e comparamos corn os coeficientes
devidos a Jupiter (Fig. A.l1). Somente aos efeitos da comparagio, 0s coeficientes
séo calculados em (0, kg, ag) onde ag é 0 semi-€eixo correspondente a ressonancia
exata (deduzido de 3n; — n = O). Os valores dos coeficientes correspondentes a
Terra, Marte e Saturno sao despreziveis quando comparados corn os coeficientes de-
vidos a JUpiter (pontos pretos). O efeito de Marte e a Terra é importante somente
quando existe um encontro proximo corn a particula, mas neste caso a nossa aprox-
imagao ndo representa adequadamente o fenémeno, pois acontece uma perturbacao
instantanea grande demais para poder ser modelada por qualquer procedimento de
média. Os perturbadores contribuem notoriamente a Ag, mas este coeficiente néo
aparece nas leis. Para calcular as leis, supomos a Jupiter em uma Orbita eliptica
corn periélio circulando uniformemente corn velocidade g; = 5.6308 x 10~8 rads/dia.
O efeito nas leis de libragao (Fig. A.2) é desprezivel. As linhas continuas na figura
correspondem ao problema de tres corpos e as tracejadas ao caso 'perturbado’. Nao
podemos esperar variagdes notdrias no movimento de libragiio, exceto se acontecer
um encontro proximo corn os planetas.

A.4 Ressonancia 2:3 corn Netuno.

Os centros de libragéo estaveis estao localizados no eixo k, e ali verifica-se A; =
As = Q Calculamos os coeficientes A; e suas derivadas para Urano, Saturno e
Jupiter, e comparamos corn os respectivos vaores de Netuno (Fig. A.3). Existem
importantes alteragdes em %ﬂ e %ﬂ com respeito aos valores correspondentes a
Netuno, mas o efeito nas leis (Fig. A.4) somente é apreciavel na lei de estrutura
(Fig. A.4a), em Z; (Fig. A.4e) e no periodo de circulagéo de o; (Fig. A.4h). Para
o célculo das leis adotamos para Netuno uma Orbita eliptica corn periélio circulando
uniformemente corn velocidade g; = 8.9288 X 10~° rads/dia. Estes pequenos efeitos
nas leis foram confirmados pelas integragdes numéricas do Capitulo 4.

A.5 Conclusoes.

Um deslocamento na lei de estrutura é o efeito mais evidente nos casos estudados
(Figs A.2a e A.4a). Os movimentos néo sao afetados no periodo de libragiio (Figs.
A.2b e A.4b) nem naforma dafigurade libragio (Figs. A.2c—d e A.4c-d). O periodo
de circulagio de o, é levemente modificado (Figs. A.2h e A.4h) e 0 mesmo podemos
dizer para as amplitudes das componentes do segundo modo forgado (Figs. A.2e-
g e A.de-g). Essas modificagdes séo fortes somente quando acontece um encontro
proximo corn algum dos planetas perturbadores, mas nesta circunstancia o método
de média nao é mais valido. Por exemplo, nas libragées em torno dos eixos k ou
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h, o coeficiente A5 é zero no problema médio. Este coeficiente aparece na féormula
do periodo de libragdo que por sua vez esta relacionado com a estabilidade da li-
bracido (Ferraz—Melloet al., 1993). No caso de acontecer um encontro proximo, se
calcularmos As usando a Eq. (A.I0) em lugar da Eq.(A.17), usando um intervalo
longo, mas finito, obteriamos As # 0, modificando o periodo de libracio e even-
tualmente fazendo o movimento instavel. Em conseqiiéncia, 0 método de média
fracassa em predizer libragoes estaveis até excentricidades muito grandes, onde as
perturbagoes de curto periodo, eliminadas pelo procedimento de média, sao sufi-
cientemente grandes para destruir as libragoes. Mas se 0 movimento for estavel, as
modificagoes previstas pelo método podem ser confirmadas, como de fato foi feito
no caso da ressoniinciaexterior 23 com Netuno nesta tese.

E preciso notar a pequena magnitude dos efeitos que obtivemos nos casos analisa-
dos. Podemos interpretar isto da seguinteforma: se a particula esta na ressoniincia,
os efeitos dos outros perturbadores no movimento delibragdo sao despreziveis exceto
guando as perturbagoes sdo suficientemente grandes para destruir as libragoes. E,
neste caso, nao havera libragoes.
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Figura A.l: Ressonancia 3:1 com Jupiter.
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Coeficientes do desenvolvimento as-

simétrico da funcdo perturbadora devidos a Jlpiter (pontos), Marte (linha con-
tinua), Terra (linha a tragos pequenos) e Saturno (linha a tragos longos) calculados
em (0, ko, ag), Sendo ag 0O valor para a ressonancia exata, e variando ho desde zero
atéa intersecgao das Orbitas da particula e perturbador. Os coeficientes A, e As sao
zero. Sub-indice a significad/da.
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Figura A.2: Ressonancia 3:1 com Jupiter. As leis sdo calculadas para valores de
he até a colisio com Marte. Linha tracejada: incluindo Jupiter, Marte, Terra e
Saturno. Linha continua: somente Jupiter. Nao ha modificagdes no periodo de
libragao (b) nem na geometriadas trajetorias de libragao (c—d). Existe um pequeno
deslocamento na lei de estrutura (a), no segundo modo forgado (e-g) € no periodo
de circulagao de oy (h).
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A. EFEITO DE UM SEGUNDQO PERTURBADOR NAS LIBRACOES. 77

0-001 _l' i T T LI | 1 rTj ¥ { I L L I_ _7 Lf T I’ T T T T i L] T L | 1 T l-‘
8 { 0.0004 |- =
0.0008 - - 4
e e e e e e e - - | .
- {4 0.0002 |- | -
0.0006 |- - - S
r 1 - ]
-1 1
0.0004 . 2 ]
- 1 -—0.0002 - »
00002f T~ T T 7T~ TT T - .
o 41 ~0.0004 (- —
o ‘-l H i i H i i J. I - | 1 )| J 1 | 1-1 L-I ) I} l d l 1 1 | i 1 1 1 J 1 lT
-05 0 0.5 -0.5 0 0.5
k, k,
0.001 L‘: T“ 1 T 1 1 I 1 b T I fT;T— —l ]l 1 'T7 11 1 A T 4 T l I‘II':rIJ
- : ] 0.0004 - t -j
0.0008 |- ; . X i
[ : - i
C i1 oo002 [ .
0.0006 |- : - - ;]
. [ P oL VLt
0.0004 |- 1 = N 'j‘
3 ] - 1
ok 1 -0.0004 |- -]
-1 | l J I N . | 1 j N A S | \_ 1 1 1? LJ [ | J Lol L1
-0.5 0 0.5 0.5
k,

Figura A.3: Ressonkncia 2:3 com Netuno. Coeficientes do desenvolvimento as-
simétrico da funcao perturbadora devidos a Netuno (pontos), Urano (linha con-
tinua), Jupiter (linha atragos pegquenos) e Saturno (linha atragos longos) calculados
em (ko,0,a0), sendo a¢ 0 valor para a ressonkncia exata, e variando ko desde zero
atéaintersecgao das Orbitas da particula e perturbador. Os coeficientes A, € As sao
zero. Sub-indice a significa @/da.
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Figura A.4: Ressonancia 2:3 com Netuno. As leis sdo calculadas para valores de
ko até a colisio com Urano. Linha tracejada: incluindo Jupiter, Saturno, Urano
e Netuno. Linha continua: somente Netuno. N&o ha modificagées no periodo de
libragao (b) nem na geometria das trgjetorias de libragao (c-d). Existe um notério
deslocamento nale de estrutura(a), uma alteragao no segundo modo forgado (e-g)
e no periodo de circulagao de oy (h).
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Abstract. Using the local asymmetncexpansion of the disturbing function for the planar elliptic
restncted three-body problem up to degree 1 in ey wedevelopasmall amplitudelibration theory. We
review thelawsthat characterizethe mean-motionresonancesof asteroidswith Jupiter and weobtain
other new laws. Specid attention is paid to thesecond forced mode whoseequations arereformulated
and new consegquencesof this componentarediscussed. An analytical expressionfor the trajectories
in the phase space is obtained. The predictions are compared with numerica experiments which
confirm the results.

Key words: Asteroids, librations. resonances.

1 Introduction

Analyticai studiesdone in the past have given a fair description of the principal
features of the motionof an asteroid whileinamean-motion resonance with Jupiter.
These approximated studies show that the solutions expressed in the complex
variable

k+ih=-eexp(ia) 1)

where e is the eccentricity and a the critical angle (See Equation (2)), for exam-
ple, have one fixed and two circular components with frequencies equal to the
libration frequency (v) and to the circulation frequency of thepenhdion (v1). The
fixed component gives thelibration center which is a stationary solution for the
circular case (ey = 0). The first circular component is a free oscillation around
thelibration center and the second is a forced mode due to the disturbingfunction
termsdependingon ey. Theclassica methodswere succeefully applied to asteroids
with small eccentncities but failed at higher eccentncities since they were based
on expansons of the disturbing functionaround e = O which have known con-
vergence problerns(Ferraz-Mdlo, 1994). An improvement was possible by using
local expansionsaround arbitrary vaiuesof theasteroid eccentncity (Ferraz-Mdllo,
1987a, 1988; Ferraz-Mello and Sato, 1989; Morbidelli and Giorgilli 1990a). Here,
we obtain the principal componentsof the time variation of theeements(k, h, a)
for the planar lliptic restncted three-body problem, by perturbing the solutionsfor
the circular case and using the formalism of Ferraz-Mello, Tsuchidaand Klafke
(1993) (heresfter FTK). The method does not use any expansions in the powers of
the asteroid eccentncity but usesan expansion around the libration center (kq, ho)-

Celestial Mechanics and Dynamicél Astronomy 62: 145-165.1995.
© 1995 Kluwer Academic Publishers. Printed inthe Netherlands.
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After writing the system of canonicai equations we neglect second order termsin
6k = k = kg, 6h = h — hg and e;. The results wereapplied to the resonances 3:1,
21 and 3:2. Nevertheless. the formulae are vaiid for any librations around centers
in the k- or h-axis.

2. Mean Motion Resonances

Let us consider the planar (i = O dlliptic (e; # O restricted_ﬁm = 0) three-body
problem, being the asteroid in the mean-motionresonance (p T q) : p with Jupiter.
We can work out the problem with the canonicai variables

o=(r+ 1)\ —-rA-w J=L- G

a'|=(r+l),\1—r/\—w1 J1=G+nA (2)
1

A
o2 = (A - A1)/q J2=(P+‘I)L+Pn—l

where r = p/q, A and A, are the mean longitudesof the asteroid and Jupiter, =
and @ are the longitudesof the perihelion of the asteroid and Jupiter, L, G and
H arethe Delaunay elementsof the asteroidai orbit, A isthe variablecanonicaily
conjugated to t and n, isthe mean motion of Jupiter. We average the disturbing
function over o, in order to eliminate the high-frequency oscillations and the
Harniltonian function becomes:

2
H=EI7—A+R 3)

where R is the averaged disturbing function expanded about an arbitrary point
(kO, hO)'

R = Ao+ Ay(k = ko) + Ag(h — ho)
+31A3(k = ko)? + A(h = ho)?] + As(k = ka)(h — ho)
+ey cos g1[Ag + Ag(k = ko) + Aro(h — ho)]
t+e1 sin 01[A7 + Ag(k — ko) + An1(h — ho)]
+%ef[Alz + Ay3 cos 20y + A4 sin 20¢] T ec, 4)

(see Ferraz-Mello, 1988 and FTK). We may note that not all seconddegree terms
were conserved in the actual solution of the equations. For instance, the termsin
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e% are not used. The Hamiltonian functionisH(J, J1, J2, U, o1) with J; = cte., so
we have a system with two degrees of freedom. After some approximations, it is
possibleto find another integra (Sessn 1981; Ferraz-Mdllo, 1987b), which makes
this system integrable, and a straightforward calculation solves the problem. It is
clear that thisapproach cannot giveriseto chaotic motion but it can helpto predict
and explain the origin of chaotic behavior (Henrard, 1988; Henrard and Lemaitre,
1986; Lemaitre and Henrard, 1988,1990).

3. Libration L aws

For ey = O there exist stationary solutions (libration centers) of the reasonant
averaged restricted three-body problem. The man parameters of the libration
centers were given by Ferraz-Médllo (1988) by means of two laws, the law d
structureand the law d periods, valid even for very high eccentricities. The effect
of e, wasfixed by athird law, the law d the secondforced rnode. Thisthird law
has its origin in a canonica transfonnation, first introduced in the study of this
problem by Sessin (1981), which isarotation in the space phase. It eliminatesthe
variableo) from thefirst-ordertermsof thedisturbing function,makingthe problem
integrablein thisapproximation. Theresulting motion hasthree componentsin the
plane (k, h). They are: one fixed component (the libration center or firstforced
rnode), one free oscillation (libration) and one forced circular oscillation (the
so-caled secondforced rnode). The libration centers are defined by the law d
structure which is a relation between the eccentricity and the semi-major axis of
the asteroid. The period of thefree oscillationisdone by the law d periods while
thethird law givestheamplitudeof the second force mode. However, the canonical
transformation involvesan approximation (Ferraz-Mello, 1988 Eq. (15)) that we
would liketo avoid.

We may deduce the law of periods and the law of structure from the circular
case (e1 = O because they are independent of the eccentricity of Jupiter and
this result is the same as this obtained in the high-eccentricity theory of Ferraz-
Mello (1988). In this paper, we obtain a new and more general expression for
the second forced mode by means of a perturbative method devel oped from the
equationsof FTK. We use the same set of variablesas FTK in order to make use
of some calculations done there. First, we consider the canonical transfonnation
(J,h,0,01) — (K, Jy, H,01) defined by:

K =+v2Jcos o H=+%2J snu. )
The system of canonical equationsbecomes:

dK _9H  dH _ 0H
dt  OH dt ~ 0K
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d.]] 8’H d(71 6H

dt 8o, dt 8%

or, in an explicit way, neglecting second order terms in 6k, 6k and e;:

di
— =-AH+ B
7 AH + BF},
dH
— =AK -B
7 AK F}
dd_{‘ = —e1As sn oy + e1Aq cos oy
doy _ , KF+HE
dt 4B12
where

2rL OR . 0B
A= (r+ Dm—rnt ==on = (KR + HR) 55

B [2h=Jd _ e
TV 2L T 2g
2
I
7l=-IT2-
J2
k=KB
h=HB

©

Q)

(8)

9

(10)

(11)

(12)

(13)

(14)

(15)
(16)

and Fj and F} are the derivativesof R with respect to k and h, respectively (see

FTK). We will also use the notation v, = doy /dt (noted as Sy in FTK),

3.1. LAW OF STRUCTURE

For e; = O, theforced stationary solutions I’ = cte, H = cteand J; = cte, called
libration centers,are obtained solvingiteratively Eqns.(7) and (8). Asaresult, each
resonance, has afamily of points(ko, ho, ap) called law d structure. For the most
important resonance they are plotted in Ferraz-Mello (1990) and Morbidelli and
Giorgilli (1990b), for example. Message (1966), looking for stationary solutions
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TABLETI

Libration centers with secondary reso-
nances. At first order resonances. when
vivi — 1, ko — Obut, in ko = O there
is nolibration center because ag isnot deter-
mined,

vivi  ho(3:1)  ko(2:1) ko(3:2)

112 0.0073 -0.0570 —0.0465
0.0145

0.0290 0.0836 0.0650

0.0433 0.1146 0.0888

0.0576 0.1393 0.1073

0.0717 0.1605 0.1230

A W N -

of the averaged restricted three-body problem near a2:1 resonance, found a sim-
ilar relationship between the eccentricity and the asteroid semi-mgjor axis vaiid
for small eccentricities. Searching for periodic orbits of the restricted three-body
problem near a resonance and by numericai integration of the exact equations of
motién, Colombo et al. (1968) found some curves relating osculating vaiues of
e and a which have trends similar to those given by this law; their curves varie
according to theepoch where the elements are caicul ated. In the averaged problem
the relation between a and e is unique.

3.2. LAW OF PERIODS AND STABILITY

The square of the proper frequency, v, of the small oscillationsabout the libration
center is given by the Hessian of Hamiltonian function for the circular case:

v? = hess(Ho) = 11533 — S "

where $11, S33 and S5 are %2—,11?, %z—ggl and %—*’ﬁ caiculated at the libration center
(see Ferraz-Mello, 1988, FTK). If »2 < O the equilibriurnsolutionis unstableand
if v2 > Qit is stable. For stable solutions, the libration period, in Julian years, is
obtained from P = &%= This isthe law d periods plotted for the resonances
31,2:1and 32 in Figures la-c.
Thelaw of structureand thelaw of periodswereextensivelytested by Michtchenko

(1993) for the resonances 2:1 and 3:2. For smail amplitude librations, the numer-
ical results of Michtchenko (1993) are in very good agreement with the high-

eccentricity libration theory.
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3.3. THE SECOND FORCED MODE

A second forced component of motion, due to Jupiter’s eccentricity, appears in all
numerical studiesand itsamplitudewasanaiyticaily deduced for smail eccentricity
asteroids by Message (1966) and Greenberg and Franklin (1975) and, for high
eccentricities, by Ferraz-Mello (1988). However, in the high-eccentricity libration
theory of Ferraz-Mdllo, in order to set an integrable approximation, some simpli-
fications were done which, in fact, limited the vaiidity range of histhird lav. We
follow here adifferent approach, vaiid for ail eccentricities, perturbingthe system
of equationsfor thecircular case (e; = O). Let Hg be the Hamiltonianfor the cir-
cular case. Theterms é R linear with respect to e are responsiblefor a perturbation
(6K,6H,6J,) about the libration center (Ko, Ho, J10). The variational equations
for Ir' and H are:

d6K _ OH *H, 0*H, 0*H, d6R
— _— 18
it =3 T amar K T 3 * 5ha5, 0N t 31 (18)
d6H _ OM _ 0™H, M, My d6R
@ = ~'or = "ok’ ~axker® “aken® "ok Y

‘The calculation of the second-order partial derivatives of Ho appearing in
these equations is cumbersome. However they are given in FTK. We may use
the equations given in Table I of that paper caiculated at the libration center and
e = 0. The second derivativesappear under the notation S;; where the subscripts
1to4 mean K, Ji, H, 0y, respectively. We can take é R directly from Eqgn. (4) but
it isnecessary to transformit to the variablesK, H . We prefer to giveit indirectly
from

oM 20
SR = / il (20)
then

936R _ [ oM

oF = ] 9H85, 1 T / Sudor @D

96R _ [ O°M

ok =] 9K90, " = / Stado (22)

where the upperscript’ means up to degree 1 in ;. The Equation for J; is taken
from Eqn. (9):

déJ, ,
- —e1Ag sin oy + €1 A7 cos oy. (23)
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A last, for o1, we have:

dO’]

o = ot

(24)
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where vyg is doy/dt caiculated at the libration center. If we assume v19 # 0 and
|[6v1| < |vi0| Wecan neglect vy (this point isdiscussedlater) and usethisequation
to change the independent variable; so the system of equation becomes:

déK

oo = SHOK + SHOH + S§osi + / §)ydoy (25)
déH .

Tﬁylo = —S?lélﬁ - 5?35}[ - 5?26-]] - /5114d01 (26)
déJ .

dall vip = —e1Ag Sin 0y + e1Aq cos oy 27

where all S;; are calculated a the libration center and the upperscripts ¢ and !
indicate, respectively, that we consider the terms up to degree O and 1 in €. The
last equation iseasily integrated:

6J1 = e1ds cos gy + ﬂ sin o; (28)
vi0 v0

and thisresult is replaced in the equationsfor & and H giving:

‘fi’l‘ vio = §%36K + SH6H T ccos oy T d sin oy 29)
d6H
o0 = —8Y6K - S%6H + g cos oy T hsin oy 30)

where ¢, d, g and h are known functions calculated at the libration center and
independent of al. From now on, we only consider the case of libration centers
located at theaxes k or h (that meansko - hg = Oand oo = N %) sincethelibration
centers in first and second-order resonances are aiways on these axes (except, at
least, for the 1:2 and 1:3 exterior resonances; Beaugé, 1994). On the other hand, in
these situationsthe coefficientsc, h and 5?3 vanish and the algebra is simplified.
For these casesthe system of Equationsis reduced to

46K ), = $%6H td sino 31)
do‘l
d
déHz/lo = -S806K + g cos oy (32)
gl
with

0
263] _2rLH 347 523,47} N 33)

d= _
{A“ [B + a aJ Jda V1o
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,ZBB] _ LK 94¢ S?2A6} "

=-~qA3|B+ K--—
8 {8[+‘0J © 02 o

(34)

wheare £ and 4 or H and 45 vanish, for h-axis or k-axis libration centers,
respectively. The system has the particular solution:

6K = a cos o) (35)
6H = 9n oy (36)
with
= ————(V2 — szo €7
dS?l + glU10
= (38)
(Vip = v?)

all expressionsbeing calculated & the libration center. When v2 ~ v thissolution
is no longer valid. For the resonances studied, this situation only happens in the
3:1 resonance when hq = 0.0145 and givesrise to the discontinuity in the second
forced mode shown in Fig. 2aat very small eccentricities for this resonance. At
resonances 21 and 3:2, the frequencies of libration and of the forced mode may
bezveryznear one of another but they are different enough so as to have always
(v* = vip) # 0.

The expressionsfor 6k and A are obtained after transforming the variablesand
variations in Eqns.(35) and (36) by means of:

6k = B6K + K6B (39)
6h = BéH + HéB (40)
oB 0B
= —¢ —48J
éB 37 J + EN 1 (41)
6J = KS§K + H6H. 42)
Thereresults
bk = Zj, cos o (43)
6h = Z;, 9N oy (44)
where
8B e1Ag OB
Zy=al|B 1’2—] K282 45
A a[+ 5| + KL 2 (45)
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dB e1A; OB
7 = 2 ] 147
h IB[B+H 6J H Vio 6J1

Again, all expressionsare calculated at the libration center. The forced component
of k has not thesame amplitudeastheforced componentof h. Thisoscillationmode
describesaquasi-€lliptical trajectory in theplane (k, h) which may degenerateinto
aline when one component is zero. Thisis a better modelling of those trajectories

(46)
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Fig. 3. Forced oscillation (Z,) ina (in unitsof ay), for the resonances 3:1 (points), 2:1 (dashed
line) and 3:2 (solid line).

than the previouscircular approximations. Figures 2a-c show the amplitudes of
these forced modes, as well as for the sake of comparison, those given by the old
approximation (Ferraz-Mello, 1988). The new approximation gives good results
even a small eccentricities. For example, Greenberg and Franklin (1975), for the
2:1 resonance, calculated a forced component of amplitude0.038 at k9 = —0.026
while we obtain, for thiscenter, Z; = 0.030 and Z;, = 0.032. For zero-amplitude
librations, the second forced component of the eccentricity wasdefined asa vector
of constant modulusrotatingaround thelibrationcenter (or first forced component)
inthespace (%, h), orasafixed constantcomponentin thespace(e cos @, e sin @).
Due to the fact that Z, # Zj, the modulus of this second component is no
more constant and the actual forced oscillation in the eccentricity cannot be well
represented by acircular modd. It is worth mentioningthat the amplitude of the
forced oscillationsin the eccentricity are better represented by | Z| for the first
order resonances and by |Z,| for second order resonances. The old model, for
ep > 0.1, coincideswith Z for first-order resonancesand with Zy for second-
order resonances. This means that the old model succeeded in calculating the
forced amplitudevariationsin the eccentricity for ep > 0.1 but failed in assuming
Zn = Zyi. It is important to stress that all theories using Sessin's rotation of the
phase spacein order toeliminates, are based on the circular model for theforced
mode.

The period, P, of this forced oscillation, is directly deduced from vy and is
shown in Figures la-c, together with the curves giving P.

The method proposed in this paper is no longer valid when vy ~ O since
the change of variable t to o) is no longer alowed in thiscase. It is worthwhile
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emphasizing that v1p = O is the characteristic of a different regime of movement
called corotation, withadifferent topology. and that wasexhaustly studiedin FTK.
Corotation is a motion with two librating critical angles a and (o1 — a). If we
assume a = cte (libration center) then o) libratesand v oscillatesaround a meaen
vauevyg = O In order to have an indicator of the validity of our results, we have
calculated £ = v;;! max(év,) at each libration center, being évy = vy — v Where
v is caculated in theforced trgectory. Evenfor e ~' 1, we have found satisfactory
results but, for greater values, we are in the corotation zone and the theory is no
longer valid. In Figures2 4 we only plot the values correspondingto € < 1.

3.4. FORCED OSCILLATION OF THE SEMI-MAJOR AXIS

The perturbation method of the previoussection allows usto obtain also theforced
oscillation in the semi-mgjor axis of the asteroid:

2L 2rL
b= Z26L = _%(5.1 +8J1), (47)

thatis
ba = Z{cosoy + Z: 9N gy (48)
with
. 2rL , . Ag.
78 = - <= (Ko + 849 49)

H Y10
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2rL A
(Hp + 227

b Yo

z: = ). (50)

For k-axis libration centers, Z2 = 0, and for h-axis libration centers, Z; = 0.
Thisnew law is, in generd, asrnall oscillationas cornpared with thefreelibrations,
exceptfor srnall eccentricitiesin which caseit becornesstrongly dependent one (see
Figure3). Thiscornponentappears in the periodogramsaf Michtchenko(1993) and
Michtchenko and Ferraz-Mello (1993). The present theory isin agreernent with the
forced oscillationsof afound by Schubart (1968, TableI) for the 3:2 resonance.

3.5. VARIATIONS IN THE LIBRATION PERIOD

Because of the second forced rnode, librationsoccur around instantaneousrnoving
pointsthat describeaquasi-lliptical trgjectory around the libration center. Asthis
forced rnode is going on, the libration in fact happens to be centered at different
pointsof thespace(k, h, a).If weassurne P, > P, thelibration frequency isgiven
by Eqn.(17) calculated in each point of the forced trgjectory. As a result, we can
calculate the libration period asafunction of ¢;. The extrernal values P~! min(P)
and P~! max (P) thus obtained are plotted in Figure 4 for resonances 3:2 and
3:1. Thelast oneshows very high variationsat srall eccentricities, (the motion in
thisregion is known to bechaotic). There are irnportant variationsin the libration
periodfor eg < 0.1 in the 3:2 resonance. It isinteresting to remind that no asteroids
arelibrating with eg < 0.1 and that Franklin et a. (1993) and Michtchenko (1993)
have found chaotic regime in thisregion. There are no significativechanges in P
in the 2:1 resonance.

36. SMALL AMPLITUDE LIBRATIONS FOR THE CIRCULAR CASE

The sarne perturbation rnethod used to obtain the forced mode may be applied to
obtain the trajectories in the (k, h, a) space, for srnall-amplitudelibrations, when
assurning ey = O. In thiscase, if the trgectory of the libration is described by
the points (K + 6K,H * §H), being (K, H ) the center, the same perturbative
equationswith 6R = O are valid and the systern becornes:

déK

- = ShH (51)
dsH .
- = -S%6K (52)

wheretermsinvolvinge; and oy are not present. Thissystern is valid for libration
centersin thek or h axis. Thesolutionin termsof kand his:

6k = A cos(vt + ¢) (53)
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6h = Ay, sin(vt + @) (54)

where v = /5,59, is the frequency of stable librations, ¢ is a constant of
integration and

éi _ _(B + %%HZ) S?l (55)
Ak (B+4BK2)Y 5%
which corresponds to a quasi-elliptical shape. This relation is plotted in Figure
5 and it makes evident that the libration trajectories are not aiways elongated
in the same direction. For example, for the apocentric librations (¢ = a) o
first-order resonances, the libration trgjectories are more elongated along the k-
axis. Nevertheless, this trgectory is difficult to distinguish from the forced one
because both have nearly equa frequencies, but they can be separated by a Fourier
analysis. Numericai results of Michtchenko (1994) for apocentric librators at the
21 resonanceshow that |4,/ Ax| < 1 in accordancewith the present theory. There
is an analogous behavior for smail eccentricitiesat the 3:1 resonance.

The libration in the semi-major axis of the asteroid is caiculated in a similar
way asthe variations in the forced mode and we obtain

ba = A cos(vt + ¢) + A sin(vt + ¢) (56)
with
A 2K 7

A u(B+ BK?)
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For k-axislibrationcenters, A = O and for h-axis libration centers, A; = 0. The
amplitudes AS and A can be expressed as functionsof Ak, Ay or A, (libration
arnplitudeof o). Franklinet al. (1993) found a linear relation between thelibration
arnplitudeof the semimajor axis (Aa) and the libration arnplitude in a (A o) for
the Hildas. Also a linear relation where found by Gallardo (1995) for exterior
resonances to Neptune. In both cases the linearity is valid even for very-high
amplitude librationsand the coeficientsAa/Ac are in very good agreernent with
the values A, /A, deduced frorn thistheory (Figure®6).

The timecan beelirninatedfrorn the perturbations(6k, §h, da) definingarelation
(e, @), which is satisfied during the libration and which is the sarne as found by
Ferraz-Mello (1988, Figure 8). This rnotion in the (e, a) plane is an oscillation
around thelibration center (eg, ag) determined by the law of structure and the value
Aa/Ace is approxirnately given by Eqn.(57) for k-axis libration centers and by
Eqn.(58) for h-axislibration centers, except for very srnall eccentricities.

3.7. GENERAL SOLUTION FOR THE ELLIPTIC CASE

The principal features of the trgjectories in the (k, h, a) phase space are done by
the addition of the three cornponents:

k = kg + Ag cos(vt + ¢) + Zj cos oy (59)
h=hot Ay sin(wt T ¢)+ 2, sinay (60)
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a=aoT AS cos(vt T ¢) T A2 sin(vt T+ #) 1 Z¢ cos oy +2Z:sna.  (61)

The expressionsfor k and h are more genera than othersdeduced before because
we have Ay # A and Zy # Zj, and the formula (61) isoriginal in the sense of
giving an approximate anaiytical expression for a. Theseexpressionsare vaiid asa
first approximationfor small amplitudelibrations. The interest of theseexpressions
is not the exact representationaf the motion (which isobtained better by numericai
integration) but the genera description of the trgjectories in the space (k, h, a).

3.8. SECONDARY RESONANCES AT THE LIBRATION CENTERS

When v/v; = N/M, with N and M integers, secondary resonances occur (see
Henrard and Lemaitre, 1986). They are more concentrated at small eccentricities
in the 3:1 resonance than in the other resonances. Table 1 shows the eccentricity
of the libration centers at some secondary resonances as found with the present
model. For resonances 2:1 and 3:2 we can compare these results with the ones
obtained by numerical methods by Michtchenko (1993). Michtchenko gives the
values f, / fo which are the sameas v /vy because W — w = oy — 0 and, in our
case, We consider @ and a as constants (libration centers). The agreement with
our calculationsis very good. It isimportant to stress that our modd can predict
the positionsof secondary resonances but it cannot predict any special behavior
associated with them.

4. Numerical Experiments

We have done some numerical integrationsfor the sake of comparison with the
anaytical results. We used the numericai integration program with digital filtering
of Michtchenko(1993) to remove high-frequency termsand, in order to determine
the relevant componentsin the evolution of each variable,we made periodgrams
using the subroutinesof Presset al. (1986).

4.1. EXAMPLE 1: THE ELLIPTIC FORCED MODE

In thisfirst examplewechooseaparticle in theresonance 2 1 with initial conditions
generating an evident non-circular force mode. In Table II we compare the set of
results obtained by the periodgrams with the set of theoretical vaiues which best
fit them. The amplitude|Zy| is greater than twice|Zy|.

4.2. EXAMPLE 2: VARIATIONS IN THE LIBRATION PERIOD

Vaiaionsin the libration period are moreevident in the 3:1 libration. In thiscase,
the Fourier analysisof the output shows agreat number of broadened specrai lines
and it isimpossibleto identify fundamental frequenciesfrom this. Nevertheless,
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Fig. 7. Example 2: Time evolution of a showing vanations in the libration period. Timein years.
(Resonance 3:1).

from the trajectory in the (k, h) planeit is possible to estimate the center to be
in ko =~ 0.14. For this center our theory indicates a libration period of 1024 yrs
and predictsthat the period of the instantaneouslibration variesfrom 600 to 4200
yrs. Figure 7 shows the evolution of a in the first 30,000 years and variations
in the libration period are evident. From the periodgram of a obtained with an
integration of 501,600 years, it is clear that it has important components with
periods form ~ 900 to ~ 2300 yeras. The time evolution of the elements of this
fictitious asteroid over 500,000 years of the numericai integration shows variable
frequencies. This asteroid is near the chaotic region of the resonance and we can
interpret this variation as instabilities in the librations introduced by the second
forced mode. In fact, e; is the responsible for the chaos, as was suggested by
Wisdom (1983). Numerical integrationsof Y oshikawa(1990) showsasimilar time
evolution of a for this resonance. Our results are valid only when Py > P, and
in the aumerical experiments we detect smaller variationsthan the predicted ones
because, in general, P1 cannot be neglected as compared with P. Asin the case of
secondary resonances, our model cannot generate chaotic motion. In this case we
only observe variationsin the libration period.

4.3. EXAMPLE 3: A SINGULAR SECOND FORCED MODE

We look for asecond forced mode with onecomponentequal to zero. Theresultsare
summarized in Table 2. In Figure 8 we show the resulting trajectory in the (k, 2)
plane with approximately zero forced mode aiong the k-axis and a superposed
libration with Ap, ~ 0.06. Our model predicts nearly zero variations in k for
libration and force mode, but due to thefact that the whol etrajectory is better fitted
by an arc of circumference than a straight line, there exists a k component in the
periodogramand this is the reason of the larger vaiuesof Z; and the discrepancies
between predicted and numerical valuesof Aj/Ax. The error in the frequency of
the forced mode is due to the resolution of the periodogram. The predicted period
is 16,130 yrs but this value is not constant since ¢ = 0.15, ailowing us to expect
some difference.

4.4. EXAMPLE 4: SMALL ECCENTRICITIES

We have done a numerical integration in the 3:2 resonance with low eccentricity in
the region where the old model failed in predicting a correct vaue for the second
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force* mode (ko < 0.1). At srnal eccentricities, both rnovements, libration and
forced rnode, are confounded because they are nearly circular and have similar
periods. The valuesof Zx and Zj, are slightly srnaler than the predicted ones and
thisisdueto the followingfacts: 1) both rnovernentsare similar in frequency and
amplitudethus producinga rnixturewhere both rnovernentsar e confounded, 2) we
neglected in the analytical mode the cornponentsat combined frequenciesas (v —
vy) and 3) proper irnprecision in the amplitudedeterminationsof the periodograrn.
Consideringthosefacts, theagreernentis very good. Michtchenkoand Ferraz-Méello
(1993) have found valuessrnaller than our predictionsfor kg < 0.06 because they
calculated the second forced rnodeas the amplitudecorrespondingto thefrequency
vy in the periodogram of e. According to this definition of forced eccentricity we
have:

€max — €min - k0+Zk"|kO—Zk|

2 2 ©2)

ef =

If ko > Z (that means kg > 0.06 for our theory) we have e; = Z; and both
definitionsof second forced rnodeare thesame. But, if kg < Zi, we have e = ko,
and thisis evident in Figure 5 of Michtchenko and Ferraz-Mello (1993). Then,
thesediscrepanciesare only consequencesdf thedefinition of second forced rmode.
Similar discrepancies with Michtchenko (1993) appear at srnall eccentricitiesin
the 2:1 resonance.
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5. Conclusions

The use of Sessin's canonical rotation in the phase space leads to a solution
giving agood prediction of the forced variations amplitudeof the eccentricity for
libration centers with eg > 0.1, at the resonances studied, but does not alow to
predict the trajectories in the (k, h) phase space. Using the asymmetric expansion
of the disturbing function and a first-order theory on 6k, éh and e, we obtain a
better description of the forced mode and, moreover, we obtain the effect of this
forced oscillationon the semimajor axis of the asteroid and on the libration period.
Thoseeffects, especially thevariationsé P, areindicatorsaf instabilitiesintroduced
by Jupiter's eccentricity. We have found large perturbations in the librations at
resonances3:1 and 3:2 at regions where chaotic motion was aready detected. In
the resonance 2: 1 wedid not find significativevariationsin the libration period. For
pericentric and apocentric libratorswith small eccentricity, the forced oscillation
in a, k and h are greater in the 3:2 resonance than in the 2:1 resonance (see
Figures2b, 2¢ and 3). For apocentric libratorsin the 3:2 resonance we have always
{Zk| > |kol; this could be related to the non-existence of apocentric librators
in this resonance, while they are abundant in the 2:1 resonance. The study is
completed with approximate analytical expressionsfor the small amplitude(free)
librations. Libration centers at some secondary resonances are determinedand they
arein very good agreement with numerical determinations. Thistheory isvalid for
amplitude librations with a circulating perihelion, so the case of corotationsand
those phenomena associated with high-arnplitude librationsas the peculiar orbits
of Scholl and Froeschlé (1974, 1975) cannot be considered. Chaotic trajectories
cannot be obtained, but suspected by means of variationsin the libration period or
locationsof secondary resonances. The formul ae presented here were deduced for
libration centers in the axes k or h, but it is not difficult to obtain more genera
formulae valid for libration centerslocated at any point in the(k, h) plane.
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UNDERSTANDING LIBRATION
VIA
TIME-FREQUENCY ANALYSS

T.Gallardo e S.Ferraz—Mello
March 22, 1996

Abstract: Numerical integrations of resonant particlesin the Solar System show that
the libration isin general a more complex motion than that given by simplified analytical
models. Toobtain amore comprehensive view of thelibration we propose a time-frequency
analysis, valid for regular and chaotic motion, based on the time evolution of the local
behaviour o the motion. Thelocal behaviour is characterized by thefrequency, amplitude
and center around which the anaiyzed variable osciliates. These parameters are deduced
from the power spectrum obtained with a relative small time-span o the total numerical
integration. We applied this method to the planet Pluto obtaining a chaotic component
in the time evolution o its libration amplitude. We also analize other exterior resonances
with Neptune in the Kuiper disc.

Key words: frequency analysis, resonances, Kuiper disc, Pluto.

1 INTRODUCTION

The study o the dynamical behaviour of a system by means of the analysis
of the power spectrum of the output of numerical integrations is a powerful
tool that has been succefuly applied to the case of the Solar System since
the work of Applegateet al. (1986). One of the most important applications
was the construction of synthetic theoriesfor the planetary motion (Carpino
et al. 1987, Laskar 1988). A systematic study of mean-motion resonances
in the asteroid belt by means of the spectral analysis was first done by
Michtchenko (1993). The time-frequency analysis was introduced in the
study o the dynamics o the Solar System by Laskar (1990) who proposed to
follow the time evolution of some well determined frequencies of the system
to obtain a measure o the chaotic regions. After that (Laskar et al. 1992,



Laskar 1993), a very precise method for obtainning the topology of the phase
space and its regular and chaotic region swas devised . An adaptation of
this method to the 2:1 asteroidal resonance can be found in Nesvorny and
Ferraz—Méllo (1995). The wavelet analysis (Bendjoyaand Slezak 1993) has
also been shown to be an alternative time-frequency analysis, specially for
chaotic motion (Michtchenko and Nesvorny 1995).

1.1 The power spectrum.

There are several waysof obtaining the power spectrum starting with an n-
dimensional data vector, £, composed by n equally spaced sampled values
d the unknown function z(t), obtained in a total time span T. We can
mention:

1) Signal representation by orthonormal series expansion. Theideaisto
decompose the vector £ onto an n-dimensiona orthonormal base. Fourier
series are the most common expansions where the orthogonal functions used
are: cos(2myt) and sin(27vgt), where v, = k/T is the kth Fourier harmonic
frequency and 0 < k < n/2. For each v, the projection of z(t) onto the
normalized functions cosine and sineis computed giving coefficients ¢, and
sk respectively. The spectral power at that frequency is defined as P(v) =
c? + s? and gives a discrete spectrum. If z(t) is a pure sinusoidal signal
but with frequency u different from the v, its spectral power will appear
distributed in the Fourier frequencies located near u. This effect is known
as leakageand is more important in the region (v — 2/T, 1, T 2/T). We can
estimate the original u by interpolation and its power adding the power of
the different terms of the decomposition. Thisis possible because the baseis
orthonormal. Windows are used in order to soothe the leakage. We obtain
the decomposition o the data onto an orthonormal base but we cannot
always find precisely the frequencies present in z(t).

2) Projection onto cos(2rrt) and sin(27vt) in the continuous space of
u. Each u defines the simple base given by the two functions cos(27vt) and
sin(2mvt). In general, these two functions are not orthonormal nor orthogo-
nal in theinterval [0, T} for arbitrary u. It is necessary tointroduce a shift in
the time axis (see Laskar et al. 1992) and normalization coefficientsto make
them orthonormals. After that, the power can be defined as P(v) = ¢? t 52
where c and s are the projections of z(t) onto cos(2wvt) and sin(27vt) re-
spectively. If the orthonormality between the functions sine and cosine is




guaranteed, it wili be possible to use the complex notation exp(i2rv). If z(t)
has a unique periodic component with frequency vy, P(14) is @ maximum,
but the power at other frequencies v wili be different from zero because, in
general, the bases generated by the »’s will be not orthogonal to the base
generated by v (leakage). For a multiperiodic z(t) the resulting power spec-
trum isthe summation of the differents lines with their leakages. Projection
onto other basesis also possible and wavelet transforms are an example.

3) DCDFT or Date-Compensated Discrete Fourier Transform (Ferraz-
Mello, 1981). In this method, an orthonormal base with the functions 1,
cos(2mvt) and sin(2xvt) is constructed with the Gram-Schmidt dgorithm.
The projections ¢ and s are done over the basis functions and the ussual
definition of power is adopted. The projection onto 1 givesthe central value
(or constant term) of z(t). By this method, theerrors introduced by the use
of the Pythagorean rule to combine the projection on the basis functions
is removed. Also, the spectrum has a better precision because it is not
contamined by the projection of z(t) onto 1 as happen in method 2, where
the orthogonality to 1 (that means to the base corresponding to v = 0) was
not gyaranteed. SO, theleakage that appearsin the region of low frequencies
when using method 2, now is removed and thisregion of the spectrais better
resolved.

4) CLEANEST (Foster, 1995). In its most simple form defines a model
function y(t) that is the projection of z(t) onto the non orthogonal basis 1,
cos(2rvt) and sin(27rvt) and defines the power as the (squared) projection of
y(t) onto the 2—dimensional subspace orthogonal to 1. The Gram-Schmidt
diagonalization is substituted by the inversion of a matrix. when only one
frequency is involved it is mathematicdly equivalent to DCDFT. As the
algebrainvolved is smpler than in DCDFT it may be easily generalized to
treat several frequencies at a time.

These four methods analyse z(t) with sinusoids, but other bases can be
adopted. Thus, if z() is a non-sinusoidal periodic process of frequency v
the harmonics Nv will also appear in the spectrum. There are some methods
to extract from the spectrum the set of frequencies, amplitudes and phases
that best fit the data. Seefor example: Carpinoet a. (1987), Laskar (1988)
and Foster (1995). Nevertheless, for our purposes it is enough to consider
the information contained in the spectrum.

When we want to detect a transient phenomena or a very low frequency,
and do not have many cyclesto analyze, the effectsof the non-orthogonality



of 1, cos(27wvt) and sin(27vt) grow and methods like DCDFT and CLEAN-
EST are necessary if a precise spectrum is aimed. They also have a good
performance when working with unnequally spaced and noisy data or when
the number of available dataissmall. We perform our time-frequency anal-
ysis following the ideas of the method CLEANEST with some modifications
as explained in Section 2.

1.2 Frequency analysis for Solar System bodies.

Let ussuppose that we want to analize the libration of a resonant motion. If
wetakea small timeinterval, we generally can fit satisfactorily the output to
a uniguefrequency. But, duetoleakage, wewill obtain a very poorly resolved
line. If wetake alonger interval, the discrepancies between the output and
model will grow and it will be necessary to consider, in the model, other
components than the previous determined frequency. We could say that in
the second case the model is more complete. This reasoning is valid only
for regular motion where the fundamental frequencies are well determined
and fixed. Asthe Solar System is chaotic as a whole (Laskar 1990, Sussman
and Wisdom 1992), it is hard to think of a particle in the Solar System
that is locked in a regular motion forever. Actually, we have degrees of
chaos and instead of assuming a regular motion it is better to say that the
motion is quasi—regular in a given time-scale. Instead of trying to obtain a
very precise spectrum of the total time-span of the numerical integration's
output, it is preferable to study the local behaviour of the output ant tolook
at itsevolution. By local behaviour we mean the frequency, amplitude and
other parameters that characterize the variable analyzed in a relative small
time-span. Thisis the same idea of the time-frequency analysis of Laskar
(1990) but it is applied in very small time-scales and without any filtering
process.

The time evolution o the local behaviour will be affected by the other
components of the motion that we are not considering. The local frequency
will be affected by those frequencies that cannot be distinguished from the
main frequency in the small time-scale spectrum. The methodisnot devised
to measure the chaotic behaviour but to obtain a more comprehensive view
of the time-evolution of a feature in the spectrum as the libration line. We
show that the analysis of the time evolution of the local behaviour gives
us more information than a unique spectrum obtained from the total time
interval of the numerical integration and this is true in stable or chaotic



motion as well. In Section 3 we illustrate our time-frequency analysis with
some applications to the exterior resonances with Neptune.

2 TIME-FREQUENCY ANALYSIS

As Foster (1995) we use here the vectorial representation of signals. The
output of the numerical integrationsof the equations of motion of aparticle
gives us the data vector

Z = (z(t1), ey t(tn)) (1)
and wetry to describe the unknown function z(t) by the model function
y(t) = Z CaPalt) (2)
a=1

wherethe ¢ (0=1,...,7) aregiven linerly independent trial functions and
the coefficients ¢, are undetermined. Each ¢, defines a vector

Ga = (Pa(tr), s baltn)) (3)

and we impose that the model vector
7= caba (4)
=1

is the projection of 2onto the T—dimensional subspace defined by the vectors
d- SO We can write: .

F=7+40 (5)
where § is aresidual vector orthogonal to the subspace of the vectors ¢,. If
we calculate theinner product of & with ¢, we obtain:

($erT) = (dar §) + 0= Y c5(ba, Ip) (6)
=1

and solving this system of r linear equations we obtain the coefficients c,
Asin Ferraz—Mello (1981) we define the inner product as

(f,§) =3 figiwi (7)
i=1




where w; = w(?;) are the components of a weight vector (or window vector)
such that .
Z w; = 1. (8)

The trial functions are parameter dependent and are chosen to be such that
the norm 14| is as small as possible, i.e. |§] maximum. The norm is defined

191 = \/(@, ) (9)

In this paper, we use the most simple basis. we try to describe z(t) using
the trial functions

»n =1
$2 = cos(2wut) (10)
¢3 = sin(2wvit)

that are adequate for oscillating variables, but others trial functions can be
used. The model vector can be written as the addition of two parts: a pro-
jection onto the fixed & and a projection onto the 2—dimensional subspace
orthogonal to ¢;:

7= (1,91 + vl (11)
(Note that |¢,| =1). From Eq.(6) we have
(¢-’17?7) = (q;l’f) = (:L‘) (12)

where (z) is the mean (weighted) value of z(t;) and it isindependent of v.
The only part of y that depends on v is y] ,'so, varying v, we look for the
maximization of:

A(v) = V21| (13)
where, from Egs.(9), (11) and (12)

1l = /(%) — (z)* (14)

We use A(v) instead o the usual definition of power because, when working
with the basis given by (10), A(v) is approximately equai to the amplitude
Ap of the model function y, which is actuaily given by

Ap =4/E + (15)



Then, thedetermination of the maximaof A(») givesus not only thelocation
o the frequencies of the periodic components of the motion but also an
estimation of the amplitude of these sinusoid components. It is important
tostressthat A(v) and As can be very different for low frequencies or when
working with a small data set and it is a conceptual error to look for the
maximization of Aps. The statistical signification and the minimum residual
fit are related to A(») and not to Aps (see Ferraz—Mello 1981, Foster 1995,
1996).

Following this procedure, we solve system (6) for each v obtaining the
coefficients (¢, ¢2,¢3) and defining a component of motion with amplitude
given by (15) and centered at ¢;. Note that ¢; # (x). The best fit is
obtained looking for the maximization of Eq.(13) but the amplitude of the
model function is strictly given by Eq.(15). The amplitude given by the
method is the one of the best fit and we may expect that some difference
with the amplitude observed by plotting the data z(¢;) exist. In order to
reduce the side lobes of the peaks of A(v), produced by the leakage, we use
a Hanning window vector centered at t = r:

Ibl"'cosz—"ﬁ_—Tl if |Jt—7 <Tyw/2
w(t) = 1 ( (() ) other]wise| =Tl (16)

where b is taken so that condition (8) is verified and T, is the time width
o thewindow. Thelocal maximaof A(v) are determined using subroutines
from Press et a. (1992). The values of A(v) depends on the choosen T,
which is fixed so that the principal peak of A(v) is as great as possible
compatible with the leakage produced. Using the same T, and varying r we
obtain the time evolution of these peaks, that is, the time evolution of the
frequency (v), of theamplitude (Aas) and o the center (¢;) of this periodic
component of the motion.

3 TIME EVOLUTION OF THE LOCAL BE-
HAVIOLTR

The most representative and wel-known feature in the time evolution of the
semi—major axis and eccentricity of a resonant particle are the presence of
an oscillation with period equal to the libration period of the critical an-
gle, a. More precisely, the smail amplitude libration theories for the planar
restricted three body problem with an elliptic orbit for the planet (P) and

7
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averaged over the synodic angle show that the first terms of the solutions
for the resonant motion are represented by a constant (the libration center
or first forced mode) plus two periodic terms. These terms are sine or co-
sine functions, one with frequency v; (thefree libration) and the other with
a small frequency vy (the second forced mode) equal to the circulation fre-
guency of the angle (w — wp). So, these solutions must have only two peaks
in the spectra A(v), at v¢ and vy respectibely. But, numerical integrations
of the exact equations of the same problem show the existence of the lines
(v £ Nvg) with N small, near the line y; in the spectra of the variables like
a, e and the critical angle a (Michtchenko and Ferraz—Mello 1993, Gallardo
and Ferraz-Mello 1995). This is an expected result because an integrable
system with two degrees of freedom has two fundamental frequencies {v;
and »;) but their linear combinations can also be present in any set of cho-
sen variables in wich the two degrees of freedom are not separated. In this
last (idealized) case, one angle-variable circulates with frequency v, and the
other circulates with frequency v; (Laskar 1990).

To see the effect o the lines (v & Nvg) in the libration motion we first
considér a function given by the sum of two components with two close
frequencies v and » T éu:

7 x . Aei21rut + Bei27r(l/+61/)t - (A + Bei21r6ut )ei21rut (17)
where A and B are complex constants. We can write:
A + Bei?m‘iut — C(t)eid)(t) (18)

where C(t) and ®(t) are rea periodic functions with frequency év. The
instantaneous amplitude*'/C(t)/is a periodic function with frequency é», and
the instantaneous frequency is:
1 dd

vi=v + '2—7[—_—% (19)
which is also a periodic function with frequency év. Then, the presence of the
lines (v £ v¢) means that theinstantaneous amplitude and frequency of the
libration motion of variables like a, e and a have oscillations with frequency
equal to vy. These oscillationsin the libration period were already pointed
out by Gallardo and Ferraz—Méllo (1995) where a rough method to estimate
these variations is also given for the case vs/v; — 0. This behaviour is due
to the fact that theinstantaneous libration does not happen around a fixed

v f //J}l



point (the libration center) but around a moving point o the phase space
that followsthe second forced mode. It is important to stress that the lines
(11 £ Nvg) in the spectra cannot be obtained by adding two periodic terms
with fixed frequencies vy and y, but adding one term with a fixed frequency
vy and other with a frequency v(t) which oscillates with frequency vy.

When considering the spatial case and the action of other perturbing
planets, the complexity o the spectra near the libration line increases. The
strategy adopted here istoinclude all theselines close to v; into thelibration
motion. The result is an oscillating »(t). In a stable resonant motion, these
oscillations must be periodic and related to the other frequencies of the
motion. If the motion is chaotic, there are not fundamental fixed frequencies
and the behaviour of the time evolution of thelibration will be more complex.
Here we analyse the time evolution of the libration in order to obtain these
oscillations. From this analysis we can conclude wether the motion does
have or not evidence of instabilities.

We will illustrate with three examples of resonant motion outside the
orbit of Neptune. We integrated numerically the three dimensional outer
Solar System taking theinitial conditions from Cohen et a. (1973) and the
invariable plane of the Solar System as reference. The mass df the inner
planets was added to the Sun. We used the RA15 integrator with L = 10
(Everhart, 1985), and the results are expressed in a heliocentric frame.

3.1 Resonance 2:3. The case of Pluto.

Weintegrated for 100 Myrs thefour outer planets and a massless Pluto with
initial conditionsfrom Cohen et a. (1973). It is known that Plutois locked
in the resonance 2.3 and the critical angle

0=3A-2N-® (20)

librates around oo = 180° with an amplitude of approximately 80° and a
period of approximately 20.000 yrs. Taking the total time span o the nu-
merical integration, using T,, = 100 Myrsand r = 50 Myrs, weobtained the
spectrum of a near thelibration line (Fig.1a). This figure can be compared
with Fig.9 of Milani et a. (1989). They are not exactly equal due to small
differences in the constants and initial conditions. We can see in Fig.1la
several clusters of lines and it is hard to find a unique line for the libration
frequency.



Table 1. Frequencies which are present in the libration motion of Pluto
obtained by different ways. Unit in 1/Myrs.

freq. Fig.la Fig.3 phenomenon

rn  50.3560 50.3559 libration of o

vy hidden 0.7903 circulation of Aw
U3 00294 00294 super-resonance 1:1
vy 0.2635 0.2631 libr. w, circ. AQ

Now, if we take T, = 1 Myrs centered at r = 50 Myrs we obtain the
poorly resolved spectra of Fig.1b. Nevertheless, we can find the frequency
of maximum amplitude (v;3), the amplitude Aps given by the model for vy
and the constant ¢; which is the center around which the motion happens
in that time span. These values are the ones that best reproduce the local
behaviour of the libration motion at = = 50 Myrs and in a time-scale of
1 Myrs. The amplitude is well reproduced but there is a poor resolution
in frequency due to the small time interval employed. The most important
frequencies present in Fig.la are in fact present but unresolved in Fig.1b.
Now, using the same T, and varying = from 05 to 99.5 Myrs we obtain the
time evolution of v, ¢; and Aps (Fig.2). In Fig.2a we have the evolution
of the libration frequency as it can be determined in time scales given by
T,. It is not constant but oscillates with a regular trend. The local (or
instantaneous) center of the libration, ¢; (Fig.2b), is not fixed and shows
regular oscillations. We must distinguish the position of the center of the
libration in the timeinterval T,,, whichis afunction ¢i(7) and the 'libration
center' which isa constant and, in fact, equal to the center of the osciliations
of ¢1(r). For the sakeof avoiding confusion the word local is used throughout
this paper toindicate the parameters corresponding to the interval T,,. The
amplitude given by the model (Fig.2c) osciliates around a mean value of
79.3 degrees. All the frequencies that appear in Fig.1a wili appear in this
time evolution because the values vy, ¢; and Ay obtained at each instant
T are affected by the frequencies |ocated inside the curve of Fig.1b.

Fig.3 gives the spectra of the time evolution of v, ¢; and Ay on the
whole time span. One may see that there is no leakage in frequency ~ 0
because in the definition of A(v) there is no contamination with the pro-
jection of $into the vector 1. The value v, is obtained as the constant



term of the model in the analysis d v;(7). Thelibration center is the con-
stant term in the analysis of ¢;(r) and is og = 179.9992. In the spectra of
the local libration frequency and center, the lines of the libration period of
the argument o the perihelion, w, and circulation of Aw = w — wy are
well defined. The amplitude of the model showsa more noisy spectrum, but
without high amplitude terms. Using the notation of Milani et al. (1989) we
show in Table 1 the frequencies v, (libration o u), v, (circulation of Aw), v3
(super-resonance 1:1) and v, (libration of w= circulation of AR =R - Qx)
as deduced from the complete spectra o Fig.la and from the spectra of
Fig.3a (which give us the same lines d Fig.3b). Milani’s values are nearly
equal to those of the Table and the discrepancies are mainly due to our
differencesin the integration. From Fig.1a we deduced the frequency v, as
the one d maximum amplitude. Frequency v, is the separation between
the different clusters, and v5 is the difference between the lines inside the
clusters (Milani found that thelinesin each cluster are separated not by vs,
but »3/2). As can be seen in the Table, all the features in Fig.1a are well
reproduced in Fig.3 and the frequency v2, which is hidden in Fig.1a, also
appears. In Fig.3a, the line 2v, is also important.

Kinoshitaand Nakai (1995), in a5.5 Gyrsintegration o a massless Pluto
obtained alibration for theangle § = Aw +3AR with a period of 570 Myrs.
From our results, we obtain v, — 3v4 N 0.0010, which is consistent with a
libration.

The main lines in the spectra o vp(7) and c;(7) are v4 and vz, SO
the most important variations in the libration period are due to the Kozai
resonance (Morbidelli et a. 1995) and to the second forced mode. We can
say that the libration motion of Plutois the result of the addition of several
lines or we can say that Pluto has an instantaneous libration frequency that
oscillates around a mean value. In fact these oscillations are implicit in
Eq.(5) o Milani et al. (1989).

As vi;p and ¢; have a very clean spectra with well defined periodic com-
ponents and considering that there is no secular increase in the libration
amplitude, Aas, we conclude that the motion o Pluto has no indication of
instabilitiesin time-scalesof 100 Myrs. This does not mean regular motion.
On the contrary, looking at Fig.2c and Fig.3c it is clear there are other com-
ponents with amplitude d the order o some 10~2 degrees in the libration
amplitude, not due to errorsin the spectral analysis, which in this case are
d the order of 10~ degrees, which can be related to chaos. The evolution
o the constant term ¢, () for the semi-major axis and eccentricity do not
show any secular increase, in agreement with along term stability.



From this analysis we conclude that the spectra of Fig.3 contains more
information than Fig.1 (the frequency v,, for example) and that the time
evolution of vy, €1 and Aps gives us details of how the libration motion
evolves. If we take smaller values for T,,, small scale features appear in
Fig.2 and more high frequency lines in the spectra of Fig.3. It is worth
noting that correlation between the local libration center and local libration
frequency (Fig.4) exists.

3.2 Stable motion in theresonance 3:5.

Stable resonant orbits at very high eccentricities can exist in the region of
the Kuiper disc. Fernandez and Gallardo (1996) obtained the maximum
limitsin the eccentricity for small inclination orbits at several exterior reso-
nances With Neptune. Wefollowed up to 100 Myrs the evolution of a particle
librating with small amplitudein the 3:5 resonance with Neptune. Itseccen-
tricity remains ailmost constant in 0.34. In Fig.5a we show thefirst 80 Myrs
of the evolution of the libration frequency as deduced from the analysis of

the critical angle

5. 3
=22 =2y -
=A@ (21)

and using a window with T3, = 1 Myr. The evolution of the local libration
center ¢; and the amplitude A, of the libration line are showed in Fig.5b-
c. The spectra of v;(7), c1(r) and Aps(7) are shown in Fig.6a-c. Except
for Ap(7) which has very long period components, the others have a very
regular evolution that is confirmed by the spectra of Fig.6a-b. The most
prominent linein Fig.6a~b corresponds to thefrequency of the second forced
mode, vy, that is the circulation frequency of Aw. Thereexists a correlation
between local libration frequency and center that isshowed in Fig.7. From
this analysis we can conclude that this particle has also a very stable motion
in time-scales of 100 Myrs.

3.3 Chaotic motion in the resonance 1:2.

Fernandez and Gallardo (1996) also studied this resonance and found stable
orbits at high eccentricities. They argued that it is possible that a cluster
o ten discovered bodies located approximately at 70° ahead of Neptune
are trapped in high eccentric orbits with small amplitude librations in this
resonance. The phase space for this resonance in the variables k = ecosa
and h = esina where

o=2\-ANy—1w, (22)



can be found in Beaugé (1994, Fig.1). Here, we reproduce that figure in
Fig.8. It has asymmetric librations which means that the libration center is
not at 180° but at a value g that, unlike other resonances, depends on the
eccentricity. For high amplitude librations, we expect a chaotic behaviour
because the trajectories will occur near the separatrix I'; on Fig.8 and a
small perturbation can produce intermittencesinvolving libration around
the center located in the subspace h > 0 and the onelocated in the subspace
h < 0. Also, trgjectories can occur temporarily between both separatrices I't
and T';. This phenomenais wdl illustrated in the numerical integration of a
particle with small inclination (alwaysless than 0.7 degrees) and eccentricity
(e < 0.1) but with high libration amplitude. We show in Fig.9 the time
evolution of the local libration frequency, center and amplitude obtained
using a window with T;, = 0.4 Myrs. In Fig.9d we plot the evolution of the
critical angle, o(t). For the sake of allowing a comparison with the results of
the time-frequency analysis, we superpose with this plot the graphs of the
local center ¢i(7) and the libration limits ¢y & Aps oObtained from Fig.9b—
c. All the features in o(t) are well represented. The particle starts with
a trajectory with high amplitude and low frequency located between the
separatrices, so the libration center is near 180°. Att = 0.2 Myrsit is
captured in a high frequency libration around ~ 120" and starts atransition
to alibration center at ~ 240°. Att = 1.6 Myrs a trajectory between both
separatrices as at the beginning of theintegration librating around 180" with
high amplitude and so on. This example illustrates an application of the
time-frequency analysis to an highly chaotic trajectory. In situations like
this one must chose asmall T, to obtain the small scale features in o(t). In
this circumstance, when we have a few cycles (or even afraction of cycles)
of a, the methods based in DCDFT and CLEANEST are those given the
best results.

4 DISCUSSION

The libration motion can be more complex in the numerical integrations
than in the analytical approximations made obtained for small amplitude
librations and using a simplified perturbing function. In order to study the
evolution of this component of the motion, we propose not to analyse the
well resolved libration linein the spectrum (which could not exist), but the
time evolution of the poorly resolved feature appearing, in the place of the
libration line, when using a small time interval. Thisis donefitting the data



to a model given by a constant plus sinusoid (Ferraz—Mello, 1981; Foster,
1995) and following it in time using a smal-width and time-dependent
window. After obtaining the time evolution of the v, ¢ and Aar we
analyze them calculating new spectra and looking for sharp freguencies,
secular trends or chaotic components. The method is also valid for highly
chaotic motion.

This method is an alternative way of analyzing the output of a numerical
integration. The resolution in frequency in Fig.3 is the same as in Fig.la
for example, so there is no increase in the frequency resolution. But Fig.2
and 3 give us a more complete and ordered picture of the librating motion.
Features hidden in a unique and well resolved spectrum of ¢(t) can appear
in the spectra of the time evolution of the local behaviour.

The use of a low-pass filter to eliminate short period terms with fre-
quency greater than the Nyquist frequency is recommendable but, is not
always necessary. If high frequency iines are aliased near the libration line
their aliases can be identified in the spectra of v;(7), c1(r) and Ans(7).

In the examples given, we have analyzed the libration line of the critical
angle but the same analysis can be done for other lines in the spectrum and
for other variables iike semi—-major axis, eccentricity and also other angular
variables like A w for example, as done by Michtchenko and Nesvorny (1995)
with the wavelet transforms.

In the case of Pluto, we found an estable evolution but with a small
chaotic component in the libration amplitude. The libration is affected
by several frequencies and the angle § = Aw T 3AR is consistent with a
libration. In the example of the resonance 3:5 we followed a very stable
evolution. The iibration ampiitude shows a chaotic behaviour but without
compromising the stability. We found a highly chaotic behaviour at small
excentricities in the resonance 1:2. This chaos is related to the apparition
of the asymmetric libration centers.
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Figura 8 The phase space o the resonance 1:2 for a certain energy level.
Simplified plot indicating the separatrices (dashed lines), stable libration
centers (C;) and unstable equilibrium points (S;). (From Beaugé, 1994).
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ON THE ORIGIN OF THE DISCOVERED
TRANS-NEPTUNIAN OBJECTS

Julio A. Fernandez and Tabaré Gallardo

Abstract: We study the dynamical properties and possible origins of the trans-
Neptunian population. We argue that its current dynamical structure may be related to
the final stages of the accretion of Uranus and Neptune, that were probably accompanied
by the radial expansion of their orbits and gjection of a substantial amount of solid matter
(Fernandez and Ip 1984). Theinner regionsof the Kuiper disk (e.g., from 30 AU to about
100 AU) may have suffered an intense bombardment of bodies scattered outwards by
the accreting Jovian planets, thusdisrupting the regular structure of near-circular, near—
coplanar orbits of Kuiper-disk objects (KDOs). In the process, the KDO population
was severely depleted, so that its current mass may be about 3 orders of magnitude
smaller than the primordial one. The residual trans-Neptunian population may have
mingled with bodies driven away through resonances by the outwardly displacing proto-
Uranus and proto-Neptune (Malhotra 1995a). Most of the detected trans-Neptunian
objects probably movein low-order exterior resonant orbits, such as 23 (like Pluto's). We
perform numerical integrations of bodies moving in the 2:3 and other low-order exterior
resonances that suggest along dynamical stability even for high eccentricities. Most of the
observed KDOs have positions relative to Neptune in agreement with those provided by
test particles in 1:2, 2:3 and/or 3:4 resonances, which supports the prevaience of resonant
motion among the discovered KDOs.

1 The trans-Neptunian population: Theoretical
background and observations

The existence of a trans—Neptunian population was discussed by Kuiper
(1951) on the grounds that it could correspond to the outer portions of
the protoplanetary disk, too distant to accumulate into a large planet or
be swept by the accreting proto—Neptune. Hamid et al. (1968) estimated



an upper limit of about one Mg (Earth’s mass) for the total mass of the
disk between 35 and 50 AU, based on the lack of observed perturbationson
Halley’s orbit. Ferndndez (1980) argued that such a disk rnay be the source
of short-period comets. Duncan et a. (1988) showed that an origin of the
Jupiter—family comets in the Kuiper disk would lead to a flat distribution
of inclinations in agreement with the observed one, whereas an origin from
an isotropic source (the Oort cloud) would leave a fraction of short-period
comets in retrograde orbits. The observation of nebular disks around other
young stars lend support to theidea that our own Solar System might have
had an extended disk of particulate matter. Recent Hubble Space Telescope
observations of young stars in the Orion nebula show that planetary disks
are a quite common byproduct of star formation, having been detected in
50% of the surveyed sample of 110 stars (O’Dell and Wen 1994).

A magjor step forward wasachieved in 1992 when thefirst trans—Neptunian
object - 1992QB1 - was discovered by Jewitt and Luu (1992, 1993) after
years of unsuccessful searches by several teams (e.g. Luu and Jewitt 1988,
Kowal 1989, Levison and Duncan 1990). Thirty KDOs have been discovered
th'rough January’95, suggesting that we are before a fast-growing popula-
tion. The KDOs have heliocentric distances between 29 and 47 AU and a
flat distribution of inclinations (Fig.1). The Kuiper belt (or disk, since it
might well extend to large heliocentric distances) is no longer a hypothesis,
but already part of our Solar System.

Jewitt and Luu (1995) have recently presented a comprehensive review
of the discovered KDOs. They estimate that about 35,000 KDOs with diam-
eters > 100 km exist between 30 and 50 AU; their total mass rnay be about
1.8 X 1022 kg or ~ 0.003Mg. Some more mass rnay be hidden in smaller
bodies, though it is difficult that it can alter the above result by more than
an order of magnitude (Weissman 1995). So a total mass of afew ~ 0.01 Mg
rnay be a reasonable estimate for the considered region. Such a population
rnay be about two orders o magnitude larger than the corresponding pop-
ulation of main-belt asteroids. Even though Jewitt's and Luu’s results rnay
partly depend on the assumed origin and dynamical structure of the disk
(see below), the total solid mass enclosed there seems to be a tiny fraction of
the mass that could have been present in the early protoplanetary disk. For
example Bailey (1994) assumes a density faloff of solid matter in the nebula
o r=3/2 — =2 with theformation of 100-km-size planetesimalsin the 30-50
AU zone, in agreement with the size of the KDOs. Bailey's estimate leads
to a total primordial mass of solid matter in the 30-50 AU zone of a few



tens Mg, i.e. about 102 times larger than the current mass.

2 Resonances in the Kuiper disk

The dynamical stability of bodies in the trans-Neptunian region up to ~
100 AU has been the subject of several recent studies (e.g. Torbett 1989,
Levison and Duncan 1993, Holman and Wisdom 1993, Morbidelli et al. 1995,
Malhotra 1995b, Duncan et al. 1995). Accordingto these studies, KDOs up
to ~ 45 AU can be transferred to Neptune-crossing orbits through chaotic
motion in time scales of 107 - 10° yr. Torbett (1989) showed that the
stability strongly depends on the initial eccentricity and inclination. Thus,
objects in near—circular, low-inclination orbits would remain stable over
time scales comparable to the Solar System age for semimajor axes a 2 45
AU (Torbett 1989, Levison and Duncan 1993, Duncan et a. 1995).

By adopting the initial conditions from Cohen et al. (1973), we have
performed numerical integrations of the Outer Solar System over periods
of 10 to 100 Myrs. In order to find regions of stability, we have followed
the dynamical evolution of test particles located at several first and second
order mean-motion exterior resonances with Neptune with initial zero incli-
nation relative to the invariable plane. For studies of resonant motion it is
convenient to introduce the critical angle a. For the (pT q) : p resonance it
IS given by

o=(p/q+ AN -p/er-@ (1)

where p and g are small integers, being p negative for exterior resonances
and qisthe order of the resonance.

In the analytical solutions of the restricted circular three-body problem
there is a family of stationary solutions (a,, €, a,) for the resonant motion
called libration centers. When the orbit of the planet is assumed elliptic
the resonant motion has two well-known components: a free oscillation (or
libration) around the libration center and a forced component (or second
forced mode) induced by Neptune’s eccentricity with a period equal to the
circulation period of (w — wx) (Ferraz—Mello 1988, Gallardo and Ferraz-
Mello 1995). In the solutions of our numerical integrations there are also
other components due tothe other perturber planetsand to the introduction
of theinclination. When we calculate the power spectradf a, a and e, besides
the frequencies of the libration and the second forced mode, all resonant



particlesexhibit short period components which are due to the perturbations
by Jupiter, Saturn and Uranus. Wefind the sum o the amplitudes of short
period termsin a are proportional to the semimajor axis of the test particles
and the maximum values of these sums arefound to go from 0.009 for the 4:5
resonance to 0.019 for the 1:2 resonance (in units of ay). The amplitudes
of these short period perturbations are also proportional to the eccentricity.
These amplitudes are in general greater than the libration amplitude of a,
but due to the very small period o the perturbation they do not disturb the
resonant motion if the particle isin a deep region of the resonance.

The resonant term of the perturber potential is proportional to e? so at
very small eccentricities the resonance is shallow, and the libration can be
easily disrupted by other perturbations. If the libration is broken and the
resonant term is small the subsequent evolution is known to be chaotic in the
region a < 45 AU, depending stongly on the existence of other mechanisms
like secular resonances in the region of the phase space where the particle
is located (Knezevi¢ et a. 1991, Morbidelli et a. 1995). As a genera rule,
e increases to the point that close encounters with Neptune become possi-
ble; which leads to the particle's gection. For orbits of small eccentricity
(e £ 0.05), the perturbation in semimajor axis Aa required for a body to
pass from a zero-amplitude libration to an amplitude such that the reso-
nance breaks down or the body collides with Neptune, is more or | es-the
same for several first—order resonances, but it is a few times larger than the
corresponding perturbation for some second-order resonances (Fig.2). This
effect would suggest that the first—order resonances are somewhat more sta-
ble to the perturbations of the other giant planets than the second-order
ones.

At high eccentricities, particles with small amplitude librations are in
deeper regions of the resonance, but wefound in our numerical integrations
the perturbations by Jupiter, Saturn and Uranus are approximately twice as
large as those for small eccentricities, producing a progressive increase in li-
bration amplitude until closeencounters with Neptune become possible. It is
clear that theinstability at high eccentricitiesis not due to Neptune because
in the case of the restricted three body problem it is possible to find stable
librations up to much greater values of e (Malhotra 1995b, Gallardo and
Ferraz—Mello 1996a). As was found by Gallardo and Ferraz—Mello (1996a)
for the 2:3 resonance, in our numerical integrations, the main responsible for
the disruption of thelibrationsis Uranus. Consequently, for high eccentric-
ities the region of the phase space with initial conditions compatible with



stable librations shrinks.

At moderate eccentricities, where the resonance is fairly deep and the
short period perturbations aresmall, thelibration in a can reach the greatest
values without compromising the stability.

We determined the upper limitsin efor stablelibrations using the time—
frequency analysis method of Gallardo and Ferraz—Mello (1996b). We ana-
lyzed the time evolution o thelibration frequency, libration amplitude and
librational central values of a, a and e. All particles in resonant motion
have oscillations in the time evolution of the frequency, amplitude and cen-
tral values o the libration components. When these oscillations are periodic
and related to the evolution of the other orbital elements, we considered the
motion to be stable because these oscillations are aways present in regu-
lar resonant motion and this behavior is predicted by the iibration theory
(Gallardo and Ferraz-Mello 1995). On the other hand, when we detected a
systematic increase o thelibration amplitude or unexpected componentsin
the time evolution o the frequency we considered the motion to be unsta-
ble. As seen in Table I, bodies trapped in resonant motion with Neptune
are allowed to increase their eccentricities to rather high values before the
resonance becomes unstable. For stable librations, the minimum perihelion
distances for first order resonances seemsto be g ~ 25.5 AU and for second
order resonances q ~ 28.5 AU. This is coherent with the analytical results
o Fig.2 and with the already mentioned fact that first order resonances are
more stable to external perturbations (in this case due mainly to Uranus)
than second order ones.

For bodies trapped in the resonances we obtained very small oscillations
in e (approximately 0.01). Thisis due to the narrowness of the librations
trajectoriesin the space (ecosa,esinc) which is a characteristic of the ex-
ternal resonances with Neptune (Gallardo, 1996).

In integrations for 20 Myr, we obtained several particles captured in the
4:5 resonance with eccentricities up to 0.22. Yet, for this particular reso-
nance we cannot set a reliable limit to the eccentricity for stable librations
because our test particles were frequently captured in the secular resonance
vig and/or the Kozai resonance. The first one is a long period libration
of (O — Qx) and produces high ampiitude oscillations in inclination; the
second oneis a libration of w which we found it produces high ampiitude
oscillationsin the eccentricity. The complexity o the 4:5 resonance deserves
a more rigorous study and we decided to remove it from Table I.



Table 1: Exterior resonances with Neptune. Upper limit of the eccentricity
e, and minimum q for stable librations.

res a €] o €up q

34 121 017 180> 029 0.86
57 125 0.20 90° 0.23 0.96
2:3 131 0.23 180° 0.36 0.84
35 141 029 90° 0.34 0.93
1:2 1.59 037 +£66° 0.46 0.86

Notes: a and g are in units of the semimajor axis of Neptune; e; is the limiting
eccentricity of the body for crossing Neptune's orbit; u, is the central value of the
librating critical angle.

* The value of u, for res. 1:2 depends on the eccentricity; the quoted values are for

Cup

. Thelocations of most of the discovered KDOs fal within the librating
regions of the first-order resonances. (a) 2:3, (b) 3:4, and/or (c) 1.2 (Fig.3),
which make them possible candidates to bein resonant orbits with Neptune.
The cluster of 10 bodies|ocated approximately 70° ahead of Neptune are well
inside the only region where detection is favourable for high-eccentricity,
1:2 resonant bodies (Fig.3c). It is known this resonance has asymmetric
librations (Beaugé 1994). For eccentricities between 0.15 and 0.75 the critical
angleu librates around a value ¢, where 60° < g, < 90°.

In summary, even though several numerical studies show that the inner
region of the Kuiper disk quickly evolved under the perturbing action of the
Jovian planets, bodies in mean-motion, low-order resonances with Neptune
have a very stable evolution and could have survived through the present
time, even at rather high eccentricities.

As counterpart, we followed up to 100 Myrs several particlesin the 1:2
resonance (a ~ 47.9 AU) with initial e ~ 0. We found a region o width
0.3 AU in the initial semimajor axis of the particles which leads to e ~
0.15in 107 years. This region of instability was also found by Levison and
Duncan (1993) and wefound is realted to the negative branch of the law of
structure of this resonance, which can be found in Beaugé (1994, fig 3b). A
similar behaviour is also present at small eccentricities at the 2.3 resonance
(Gallardo and Ferraz—Mello, 1996a). This effect at the 1.2 resonance is



important because it generates particles which contibuted to the depletion
of theregion up todistances of » ~ 55 AU. Wealso analized the 1:3 resonance
at e ~ 0 looking for another possible source of high eccentric particles but
the motion thereis very stablein time-scalesof 100 Myrs. Then, thefarthest
mechanism generator of high eccentric orbits seems to be the 1:2 resonance.

3 Collisional depletion of the Kuiper disk

According to Torbett and Smoluchowski (1990) and Duncan et al. (1995) it
seems to be a minimum g alowed for stable evolution, with value between
40 and 45 AU. Wefollowed up to 100 Myrs 8 particles with 45 < a < 75 AU,
four with g = 45 AU and four with g = 40 AU. We analized the spectra of
the semimajor axis and obtained a typical spectra of quasi-regular motion
for thefirst group and for the second group weobtained two typical spectra
of chaotic regime. Then, KDOs in near—circular, near—coplanar orbits at
distancest 245 AU seem to be protected from planetary perturbations (with
the exception of the 1:2 resonance). External perturbers, such as passing
stars O giant molecular clouds, could only induce weak changes in relative
energies and eccentricities of ~ 0.01 (Stern 1990, Brunini and Fernandez
1995). But such an orderly-structured Kuiper disk could form only in a
quiescent formation environment. In particular, we have to analyze what
would be theoutcome of a primordial heavy bombardment of the Kuiper disk
in the 30-50 AU zone as regards to the orbital properties of the residuals
KDOs. We will argue below that a strong depletion of the Kuiper disk
should have occurred during the late stages of the formation of the outer
planets, in the course of which the primordial Kuiper-disk population was
partially replaced by bodies driven from inner regions through resonances.

Safronov (1969) argued that the formation of Uranus and Neptune was
very inefficient, because once the accreting protoplanets acquired powerful
gravitational fields, scattering of bodies became a much more likely event
than mutual collisions. Fernandez and Ip (1981) concluded that a mass
comparableto that of Uranusor Neptune wasejected during theformation of
these planets. The scattering of planetesimals towards the influence zones of
Jupiter and Saturn was accompanied by an exchange of angular momentum,
by which Jupiter - the main ejector — lost angular momentum and drove
inward, while Saturn, Uranus and Neptune gained angular momentum and
moved outwards (Ferndndez and Ip 1984, 1995). The radial displacement of



Uranus and Neptune - the less massive among the Jovian planets - could
have attained several AU.

A byproduct of the massive scattering of bodies by the Jovian planets was
the late heavy bombardment of the terrestrial planets (Wetherill 1975), with
important effects on the cratering rate of their surfaces and the contribution
of volatiles to their atmospheres (Chyba 1987, |p and Fernandez 1988).

As the orbit of proto-Neptune expanded, it swept across mean-motion
resonances with exterior planetesimals, which got trapped and accompanied
proto-Neptune in its outward displacement, increasing at the same time
their eccentricities. This may have been theorigin of Pluto and other bodies
in the 2:3 resonance and other low-order resonances, mainly 3.5 and 1.2
(Malhotra 1993, 1995a).

Levison and Stern (1995) have presented an alternative model in which
the Pluto-Charon binary system started in a near-circular orbit at ~ 40
AU, close to the 2:3 resonance, from which it evolved toits current high-i,
high—e orbit by secular effects of the Jovian planets. Yet the authors require
some damping mechanism (collisions or closeinteractions with KDOs) to de-
crease the libration amplitude of the critical angle, otherwise the computed
orbits are always unstable over the age of the Solar System. Despite some
uncertainties with the probabilities of the different eventsinvolved, Levison
and Stern seem indeed to provide a plausible path to Pluto-type orbits. On
the other hand, the appeal of the model developed here is just that it arises
naturally from a consistent cosmogonic scenario. Furthermore, a Neptune's
birthplace closer to the Sun, from where it swept and accreted matter asit
moved outwards, can explain satisfactorily why the last planet isso large as
compared to the sizes of the trans-Neptunian bodies.

There was a trans- Neptunian zone subject to an incessant bombardment
by scattered bodies. There could have been a few Mars- to Earth-size
bodies among them that gravitationally stirred the Kuiper disk (Ip 1989,
Ip and Fernandez 1991). Y et, once bodies reached encounter velocities with
Neptune of ~ 0.3 (in units of Neptune's orbital velocity, assuming for it a
circular orbit), they were also able to reach Saturn’s influence zone, where
their dynamical evolution proceeded much faster. We can conclude that
the trans-Neptunian zone was mainly stirred by bodies having encounter
velocities with Neptune < 0.3. Since the maximum semimajor axis that can
be reached by a body of encounter velocity 0.3 is ~ 100 AU, wefind that
the trans— Neptunian region most intensely bombarded extended to ~ 150




AU.

If the mass scattered by the accreting proto—Uranus and proto—Neptune
was of the order o their own current masses, the scattered mass could well
largely exceed the mass contained in the Kuiper disk (say to heliocentric
distances ~ 100 AU), thus producing a massive bombardment of KDOs.
To put some numbers into this reasoning, let us assume that the initial
number of scattered bodies was N, = 10!!, of mass ~ 10'8 g each (i.e.
the total scattered mass is assumed to be of the order of Neptune's mass).
Let N, betheinitial population of KDOs in the considered range 30 - 100
AU. Theinteraction time between both populations is taken to be T = 108
yr, which roughly corresponds to the dynamical time scale for dispersal o
planetesimals from the accretion zones of Uranus and Neptune (Fernandez
and Ip 1981).

By using a " particle-in—a—box" approach, the number of collisions, dN,
between scattered bodies and the Kuiper disk population in the range 30-
100 AU during the timeinterval (t,t + dt) can be computed as

‘ N

dN = SulN, 7 dt (2)

where S(=~ 10'3¢m?) is the collision cross-sectionof the bodies; u ~ 1.7km/s
is the encounter velocity; N is the KD population at time t; and V(~
10%5em3) is the volume df the Kuiper disk between 30-100 AU and thickness
10 AU assumed to contain the population N.

Let usassume that collisionsonly occur between bodies of the population
N, and the population N, and that all collisions are catastrophic with the
consequent disruption and removal of all thefragmentsadf the colliding bodies
from the Kuiper zone. Therefore, after a time dt both populations N, and
N will decrease by the same number dN. After atimet, theinitial number
o scattered bodies will consequently have decreased by

N, =N, - (N, - N) (3)

Substituting this expression into eq.(2) and integrating between 0 <t < T
(with T = 108 yr), we finally obtain the ratio of the number of KDOs that
underwent collisions, N4, to theinitial population , N,, as

Ncol — y{l - exp[r(]- - 1/y)]}
N, 1 - yexp[I'(1 - 1/y)]

(4)



wherey = N,, /N, istheratio betweeninitial populationsand T = SuT'N,,/V .

Thefraction of the KD population that underwent collisions is shown in
Fig.4 as a function of the parameter T and for y = 1, 2 and co. According
with the argumentation given aboveit is correct to takey > 1. In this case,
Fig.4 shows that y is not a critical parameter. For the numerical values
given above we obtain I' ~ 0.54, and from Fig.4 we conclude that ~ 40% of
the KD population would have collided with scattered bodies.

Mutual collisions among KDOs also contributed to deplete the Kuiper
disk (Stern 1995). It is hard at this point to compare the depletion effect of
bombardment from bodies scattered by the outer planets with the depletion
from mutual collisions, since they depend on the population size, mass dis-
tribution and impact velocity. But one should note that typical encounter
velocities among KDOs are about i (€2 + i2)!/29;,. ~ 0.1v,, (for KDOs
with e Sini = 0.1), whereas typical encounter velocities with bodies scat-
tered by the outer planets may be ~ 2 — 3 times larger, i.e. impact energies
~ 4 —10 times larger for projectiles of the same mass. Therefore, we should
expect more catastrophic effects in thelatter case (if gravitational focusing
effects can be neglected, which in effect can be done for small planetoids of
radii < afew hundred km).

Stern (1995) points out that mutual collisions cannot explain the exis-
tence of QB1s—class objects(i.e. ~ 150—200km diarneter), unless we assume
that a much larger population was present there and/or that encounter ve-
locities were lower than at present. Our model does explain the existence
of QB1-class bodiesin a natural way under the framework of the accretion
and scattering of bodies by Uranus and Neptune. Thus, the ensuing heavy
bombardment by the scattered planetesimals had a twofold effect: first, a
severe depletion of KDOs and, second, a stirring effect with the consequent
increase in < e > and < i > and therefore in the encounter velocities.
Therefore, the Kuiper disk probably was much crowder and "colder” at the
beginnings, favoring the formation of larger bodies. The same heavy bom-
bardment event may have been responsible for the excitation of the asteroid
population, inducing relative velocities of the order of 5 km s~!. Further-
more, alargefraction of the bodies in resonant orbits may have been driven
from the denser planetary region, where conditions existed for the growth
of a substantial population of QB1l-class bodies.

The heavy bombardment of the Kuiper disk may have also depleted
the primordial population of Pluto-like objects in resonant motion with




Neptune. A simple calculation alows us to show that if Pluto is assumed to
bethelargest of a population of bodies with a mass distribution n(m) « m=<
with o ~ 1.8, then the primordial number of Pluto—type bodies with sizes
ranging from 1 km to 1000 km might have been around 107 — 108 objects.
Most of them may have been lost viaimpacts with scattered planetesimals.
The largest objects of this population, like Pluto, have remained because
they are too massive to be unlocked from the 2:3 resonance by collisions
with small planetesimals. Malhotra (1993) estimates that a mass ~ 10~2 of

Pluto’s is required to unlock it, that means masses of the order ~ 10?2 gm
are required to unlock bodiesin the range 100-1000 km size.

Higher eccentricities in the orbits of KDOs are induced from collisions
with scattered planetesimals. Numerical integrations by Torbett (1989) and
Levison and Duncan (1993) show that KDOs in more eccentric orbits will
evolve faster. Consequently, after the initial heavy depletion, an enhanced
erosion rate of the remaining KD population in the 30-50 AU zone has
persisted up to the present owingto the induced fairly high eccentricities. If
higher eccentricities wereinduced in more distant KDOs (a 250 AU) by the
bombarding planetesimals, then they might well evolve toward Neptune-
crossing orbits in time scales comparable or shorter than the Solar System
age, virtually extending the dynamically active portion of the Kuiper disk
beyond the standard 50-AU limit.

4 Concluding remarks

It is then possible that the discovered KDOs represent the remainsof a sub-
stantially larger population, mingled with bodies drovetherefrom the plane-
tary region viaresonant transfer of angular momentum from the outwardy-
displacing proto—Neptune. Since then they have been locked in resonat
motion with Neptune. The accretion process of Uranus and Neptune also
led to a massive bombardment of the Kuiper disk, inducing higher eccen-
tricities up to distances ~ 100 AU. This stirring effect may have increased
the erosion rate of the Kuiper disk, since planetary perturbations may have
driven many of the high-e KDOs to Neptune-crossing orbits. On the other
hand, other KDOs may have been injected in low-order resonances. Exte-
rior, low—order resonances areislands where bodies settled and remained up
to the present, as our numerical studies suggest (unless collisions removed
them). As mentioned, some of the discovered KDOs seem to librate around
low-order, mean-motion commensurabilities with Neptune's orbit.




In short, we may ask the question: is the discovered trans— Neptunian
population mainly formed by planetesimals of the accretion zone of Nep-
tune trapped in resonant orbits and drove away along the orbital expan-
sion of Neptune?. Yet, some preliminary orbit determinations suggest that
some KDOs movein low-eccentricity, non-resonant orbits. They might be
bona fide Kuiper disk members, perhaps in slow evolution toward Neptune-
crossing orbits. From the scant observational data, a scenario can be built
in which the Kuiper—disk population may be viewed as a mixture of bod-
ies captured by Neptune in resonant orbits and drove away during its late
accretion stages, and leftovers of a substantially larger population in the pri-
mordial Kuiper disk subject to a heavy bombardment by bodies scattered
by the Jovian planets. A better observational sample will be required to
assess the relative importance of both sources.
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Figura 1: Some properties of the discovered trans—Neptunian objects. (a)
distribution o heliocentric distances; (b) distribution o estimated semi-
major axes; (c) distribution o inclinations. Source: Marsden (1996) and
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Figura 2: Perturbation in semimajor axis required to excite a particle from a
zero—amplitude libration to a circulation on ¢ or to alibration with such an
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eccentricity and for different resonances. These calculations were performed
for the planar cace using the theory of Gallardo and Ferraz—Mello (1995)
that can be applied to librations around u = Nw/2. The resonance 1:2is
not included.
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Figura 3. (a) Relative positions with respect to the system Sun-Neptune
of a particle with e = 0.25 librating in the 2:3 resonance with amplitude
Ac = 90. In this rotating frame we plot the current relative positions of
thediscovered KDO including Pluto. Thecircular orbit isfor a particle with
zero eccentricity in the same resonance. (b) Same as (a) but for a particle
with e = 0.20 librating in the 34 resonance with amplitude Aa = 62°. (c)
Same as (a) but for a particle with e = 0.42 librating in the 1:2 resonance
around 3 = 66° with amplitude Aa = 7°. See that the only region where
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Neptune and wherein fact ten objects have been discovered. a)y was taken
as unit o length.
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Abstract. The transfer process of long-period (LP) comets
from parabolic orbitsto short-period (SP) orbitsisstudied
numerically for small perihelion distances (q<2 AU) and
for perihelia in the Jupiter's zone (4<g<5.2 AU). Two
different numerical approachesare used: (1) For theevolu-
tion throughout the L P stage in which comets move in
very eccentric orbits the perturbations are assumed to be
stochastic, so each comet passage by the planetary region
is simulated by adding random sets of increments
Ax, Ai, Aq to the orbital energy x, inclination i and
perihelion distance g, respectively. (2) For the late evolu-
tion of comets in periodic orbits (P < 200 yr), Opik’s two-
body approximation is used.

For g<2 AU, it is shown that the inclination distribu-
tion of a population of L P comets with initial random
orientations of their orbital planes(i.e. a sinusoidal distri-
bution of i) evolves toward a flatter distribution by the
combination of two dynamical effects: (1) the dependence
of the transfer probability to a certain energy level on the
typical energy change, which itself depends on the inclina-
tion, and (2) the tendency of cometsin near-perpendicular
orbitsto shift toward retrograde orbits. When the number
of passages is limited by physical causes, less comets in
retrograde orbits are found to reach evolved states owing
to their slower evolution. Thiscan explain the depletion of
retrograde comets among the observed old L P comets
(200< P< 1000 yr) and intermediate-period (IP) comets
(20<P<200yr) with g<2 AU, which suggests average
physical lifetimes of about 300-500 revolutionsfor comets
moving through the LP path. For <2 AU the probability
of capture of a L P comet into an I P orbit is found to be
about 0.01 when an upper limit of 400 revolutions is
considered. This gives a steady-state population of inter-
mediate-period comets of the Halley type with q<2 AU of
2300 members.

Send offprinr requests to: JA. Fernandez

Long-period comets evolving in the Jupiter's zone
(4<g<52 AU) from an initial population of randomly
oriented, parabolic comets reach the intermediate-period
stage with an inclination distribution already biased to-
ward direct orbits without considering physical losses.
This is due to the stronger dependence of the typical
energy change on the inclination, which results in a much
lower transfer probability for retrograde orbits.

Randomly-oriented L P comets captured in SP orbits,
either from the small-q zone or from the Jupiter's zone,
show dynamical properties that do not match the ob-
served ones. For instance, a fraction of the captured SP
comets are found to move in retrograde orbits in contra-
diction with their observed i-distribution, which is strongly
concentrated toward small inclinations. There are also
serious discrepancies with the values of the Tisserand
constant, the derived distribution of the perihelion distan-
ces and the steady-state population of SP comets. Low-
inclination comets moving in the trans-jovian region, like
P/Schwassmann-Wachmann 1 and Chiron, may be the
appropriate precursors of the Jupiter-family comets.

Key words: celestial mechanics - comets: general

|. Observational background

The observed comets show quite different orbital periods
that reflect different dynamical ages. Some cometsmovein
near-parabolic orbits, presumably coming from the Oort
cloud by the first time whereby Oort (1950) called them
"new'". Comets are usually divided into three dynamical
classes. long-period (LP) comets (for orbital periods
P>200yr); intermediate-period (IP) comets or Halley-
type comets (for 20 < P<200 yr); and short-period (SP)
comets or Jupiter-family comets (for P<20yr). Even
though this may be a rather arbitrary classification of
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Fig. la—d. Inclinationdistributionsof the observed cometswith
gq<2AU appearing in Marsden's (1992) catalogue: a comets
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periods, it is nevertheless a very useful one which has been
used extensively by comet researchers (sometimes with
slight variationsin the limiting periods), so we will stick to
these standard dynamical classes in this paper. We will
mainly refer to the orbital properties of comets with peri-
helion distances g <2 AU for which the record of comet
discoveries is more complete. Furthermore, for L P comets
we will requireto know their original semimajor axes. a,,,.
ie. their semimajor axes before entering the planetary
region and being perturbed by the planets.

For comets coming from the Oort cloud we should
expect to find a random distribution of their orbital planes
(a sinusoidal distribution of their inclinations i). This is
what is indeed observed for dynamically young comets
(say with a,.;>10* AU or periods P> 31600 yr) (Fig. |a).
Yet, LP comets more evolved dynamically show an ever
increasing excess of direct orbits as well as a depletion oi
near-perpendicular orbits as observed, for instance, in the
samples with 100 <a;<10* AU {1000 <P <31600 yr)
(Fig. 1b), and 34<a,; <100AU (200<P< 1000 yr)
(Fig. Ic). In other words, the i-distribution tends to be
flatter than that expected for a sinusoidal distribution.
Finally, the i-distribution of | P comets is flat and with
aclear excess of direct orbits(Fig. 1d). Theorbits of all SP
comets so far discovered are direct and strongly concen-
trated toward the ecliptic plane (Fig. 2).

The Tisserand criterion can be very useful for distin-
guishing among different dynamical sources of comets.
Strictly speaking, it is applicable to thecircular. restricted
three-body problem, but since Jupiter isgenerally the main
perturber of a comet crossing or approaching Jupiter's
orbit, we can apply the Tisserand criterion to the observed
comets with accuracy enough. For a comet with orbital
elementsq, a, and i it can be expressed as

T=aj/a*t2cosi (g/a,(2=g/a)]'", (1)

where a; is the radius of Jupiter's orbit assumed to be
circular and T is a constant under the above conditions
(the Tisserand constant).

The encounter velocity U of a comet with Jupiter can
be expressed in terms of the Tisserand constant as

U=3-1'% @

where U is expressed in terms of Jupiter's orbital velocity.
Equation (2) shows that encounters with Jupiter are pos-
sible only if T< 3. Indeed, thisiswhat is actually observed
in the great majority of comets. There are only a few SP
comets with values of T slightly above three.

Comets in more eccentric orbits and higher inclina-
tions will have larger encounter velocities with Jupiter,

comets (20< P<200 yr). For LP comets (P>200 yr) we con-
sidered only those discovered after 1758. The 22 members of the
Kreutz family of sungrazing cometswere taken asasinglecomet,
as well as 1987XXX and 19881 that share practically the same
orbit
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which means smaller values of T. Asshown in Fig. 3 all
the T valuesof L P and | P comets with q<2 AU arein the
range — 2< T< +2. By contrast. the great majority of SP
comets have 7>2 and most of them are in the range
25<T<3

There are 149 SP comets discovered up to the end of
1991 in Marsden & Williams (1992) Catalogue of
Cometary Orbits, of which very few cross Earth's orbit.
Analytical results based on the ability of Jupiter to scatter
comets to the Sun's vicinity (Fernandez 1984), as well as
orbital computations of the observed SP comets showing
that they remain in small-q orbitsfor a very small fraction
of time (Nakamura & Y oshikawa 1992), suggest that the
number of SPcometsshould increase very fast with g. This
conclusionisstrengthened by the ever increasing discovery
rate of SP comets with g2 1.5AU, while it seems to be
reaching a ceiling for g<<1.5 AU (Fernandez et a. 1992).
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Fig. 2. Inclination distnbution of the observed SP comets
(P <20 yr) appeanng in Marsden & Williams (1992)
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Fig. 3. Plot of the Tisserand constant versus the reciprocal
semimajor axisfor the observed LP comets [(1/a) <0.03 AU!],
| P comets [0.03 <(1/a)<0.136 AU~ '] and SP comets [(1/a)>-
0.136 AU~ ']. For all the dynamical classes we considered only
those with g<2 AU and LP comets with well determined os-
culant values of (1/a)
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Fig. 4 Computed number of SP comets with penhelion distan-
ces within a half Au bins from reasonable extrapolations of the
number of SP cometsthat have so far been detected. according to
the results by Fernandez et al. (1992). The respective error bars
are indicated

The estimated number of SP comets having perihelion
distances within 0.5 AU binsis shown in Fig. 4.

2. Orbital diffusion to a certain energy.level

Let x =1/a be the binding energy of an object on a Kepler-
ian orbit, so x>0 for elliptic orbits and x <O for hyper-
bolic ones. Comets coming from the Oort cloud (i.e. ener-
gies x~0) can reach a certain energy level x under the
action of planetary perturbations. For LP comets the
orbital energy x is the parameter that suffers the greatest
variation during a passage by the planetary region. The
changesin the other orbital parameters are much smaller,
though their long-term effects might be non-negligible, as
we will see below for theinclination variation. The evolu-
tion of the comet's energy is conceived as a diffusion
process under the assumption that the energy change per
orbital revolution is stochastic and small in magnitude, i.e.
A x < xe— x;% x5, Where x;, xg are the initial and final en-
ergy states, respectively. The stochastic nature of the en-
ergy changes can be justified on the basis of the very long
orbital period of an evolving L P comet, so it will meet
a planetary configuration completely different from the
previous one.

Therefore, a comet starting in a parabolic orbit will
random-walk in the energy space (where each step will
correspond to a passage by the planetary region), reaching
an energy x; after an average number of passages,

n,,:(xf/a)z, (3)
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where a is the typica energy change per passage, which
can beexpressed by the standard deviation o the distribu-
tion function of energy changes ¥(Ax), assumed to be
symmetrical with respect to Ax=0.

During the random-walk many comets will be gected
along hyperbolic orbits (i.e. they get binding energies
x <0). The probability of a LP comet to survive n revol-
utions bound to the solar system, p, is approximately
given by

pa=0.5n"112 4

(Everhart 1976).

The statistical results given by Egs. (3) and (4) should
be taken with caution beanng in mind the limitations o
the diffusion approach. For instance, if the typical energy
step a is extremely small as compared with the energy
range between the two absorbing barriers, the rare strong
perturbations in close encounters [i.e. changes Ax falling
in the tails of the distribution function ¥( A x)] will control
the dynamical evolution, since the longer dynamical time
scalesinvolved allow theseevents to occur (Stagg & Bailey
1989). This constraint should be of greater concern for
Uranus and Neptune than for Jupiter and Saturn. Actu-
ally, as we will see below, our numerical results for Jupiter
are in reasonable good agreement with the diffusion
approach.

By combining Egs. (3) and (4) weobtain the probability
of capture, p., of a LP comet starting in a parabolic orbit
to an orbit with energy x; (assumed to be €liptic, ie.
x¢>0). We find

p.~0.50/x. %)

Therefore, according to the diffusion theory the cap-
ture probability to a certain energy level x; turns out to be
proportional to a. As mentioned, for Eq. (5)to be applic-
able the energy step a must be much smaller than the
energy interval covered by the evolution x;— x; ~ x;, SO we
requirea << x; (though, as mentioned, o should not be too
small as to allow the occurrence of very strong planetary
perturbations). For instance, for random LP comets in
Jupiter-crossing orbits, a = 610~*AU™!, so Eq. (5) can
be applicable for x; 21072 AU 1,

Stagg & Bailey (1989) point to a seemingly paradox in
the result given by Eq. (5). They argue that an object
injected with energy x, between two absorbing barners at
energies x; and xg, where x; <x,<x;, will diffuse to an
energy x> x,; with a probability

Xa— X;
p.= o, (6)
which turns out to be independent of a. Now, for comets
injected in near-parabolic orbits we have x,~0. Further-
more x; 0. Equation {6) will have any meaning after one
orbital revolution, where roughly haf the population will
be lost to the interstellar space and the other half will

JA. Fernandez & T. Gallardo: Transfer o comets frorn parabolic to short-period orbits

remain bound with an average energy o. Applying Eqg. (6)
to this haf population, where x,~¢, we obtain p.~1/2
a/x¢-, which is in agreement with Eq. (5).

3 Transition from parabolic orbits
to intermediate-period orbits

3.1. The numerical method

It is not possible to design a single numerical procedure to
simulate the dynamical evolution of comets from the Oort
cloud to SP orbits. For LP comets, it is reasonable to
assume that the reciprocal semimajor axis or energy X va-
nesat random at each perihelion passage due to planetary
perturbationsasdiscussed before. Asa first approximation
wecan conceive the orbital evolution of a L P comet as an
one-dimensional random-walk in the energy space, ne-
glecting second-order changes in the other orbital ele-
ments. Long-term changes in the inclination will be dis-
cussed later. The assumption or randomness in the vari-
ation of x breaks down when the comet's orbital period
decreasesto values of the order of the orbital periods of the
Jovian planets. Furthermore, the changes in the other
orbital parameters: g, i, w and € become significant. We
thus divided the numerical analysis in two parts: (1) the
comet's evolution in a LP orbit, and (2) its evolution in
a periodic orbit (P<200 yr).

We considered two ranges of perihelion distances: (A)
01<g<2AU and (B) 4<g<5.2 AU, and six ranges of
inclinations: (1) 0O<i<30°,..., (6) 150° <i<180° so we
produced 12 combinations o (q,i) ranges. Al,...,
A6,Bl1,...,B6. For each combination we took a sample of
2000 fictitious paraboliccometswith initial valuesof qand
cos i taken at random within the respective ranges. The
values of w and © were taken at random between 0° and
360". We integrated numerically the orbits of each set of
2000 comets through a passage by the planetary region,
which allowed us to build up data bases of perturbations
(AXx, Ai, Aq) per penhelion passagefor each combination
Al,...,B6 to use later in the simulations. We adopted
a model of solar system planar and circular with all the
planets but Pluto. We used the integration algorithm
RA15 developed by Everhart (1985).

We then considered a fictitious comet starting out on
a parabolic orbit with initial q,i values within the ranges
Al. The random-walk of x,q, and i was simulated by
adding sets (Ax, Aqg, Ai) drawn at random from the
corresponding data base Al. Each addition of a random
set (AXx, Aq, Ai) represented a new passage by the planet-
ary region. Theevolution wasfollowed until the comet was
ejected along a hyperbolic orbit {i.e. it reached x <0) or
was transferred to a periodic orbit (ie. when
X=x,20.03 AU, or periods P<200yr). In the latter
case, theinitial and fina values g, i were stored. Then we
started again with another fictitious comet belonging to
Al until completing a sample of 500 comets reaching
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energies x> xp. This procedure was repeated for the re-
rnaining cornbinations A2,...,B6, so we produced an
overall sarnple of 6000 captured periodic cornets for fur-
ther studies.

Let Nuor be the total nurnber o cornets gjected along
hyperbolic orbits during the capture of 500 cornets into
periodic orbits. The probability p. that a cornet starting in
a parabolic orbit be finally captured into a periodic orbit
will then be expressed as

pdxp)= /(Ng+1), )

where Ny = N0/ 500.

We also cornputed the probabilities: p. (x,) and p. (x,)
that a LP cornet reached two other interrnediate energy
levels x, =0.001 AU™! and x,=0.01 AU™! in a similar
way as that defined by Eq. (7).

We also considered the influence of physical losses in
the sarnples of srnall —¢ cornets Al, ..., A6 by adopting an
upper lirnit nyax =400 for the nurnber of passages. In this
case, when a cornet reached n=ny,x the sirnulation was
terrninated and the cornet assurned to be lost.

The population of cornets N; (x) that reach a certain
energy level x within the inclination range j will be given
by

Nj(x)=No{fipe;(x} [1 = Ry(x)— A;(x)]
+fi-1Pei-1 (X) A 1 () +f141 Pej+1(¥) Ry 1 (%)}, (8)

where N, is the initial population of parabolic cornets, p;
is the capture probability within the range j, A; is the
probability that a LP cornet within the inclination range
j advances to the range j+ I during its randorn-walk to x,
whereas R; is the probability that it recedes to the range
j— L fjisthefraction of theinitial population of cornetsin
the range j over the total population O<i <180°) assum-
ing that theinitial distribution of inclinations issinusoidal.

3.2. Results

Thecapture probability to acertain energy levd X, p. (x), is
more or less independent of the inclination for very srnall
values of X (e.g. x=0.001 AU~! in Fig. 5. The reason is
that cornets need only a few steps to reach that srnall
energy level, so the condition a « x¢—x; for a diffusion
regirneis not fulfilled yet. For larger x, say —0.01 AU,
the differences arnong the different values of p. are found
to be approxirnately inversely proportional to x (or 1/a)
and proportional to their corresponding typical energy
changes a for the different i-ranges, in agreernent with the
previous analysis [cf. Eq. (5)]. When we lirnit the nurnber
o revolutionsin sarnples Al,. .. , A6 the capture probabil -
ity for retrograde orbits will decrease in a rnuch steeper
way (Fig. 5), asthey require alarger nurnber of revolutions
to reach a certain energy level. The capture probabilities
for the sarnples B1,. .., B6 are of the sarne order as those
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for sarnples Al,. .. ,A6 (no upper lirnit to the nurnber of
passages), though the differences arnong the p. valuesfor
direct and retrograde orbits are larger, owing to the larger
differencesarnong the respective a values.

Values of a were cornputed frorn the distribution of
energy changes (including close encounters) of the 2000
parabolic cornets of each one of the sarnples Al,...,A®6.
Bl,...,B6. The results are shown in Table 1. The good
correlation between p. and a can be seen in Fig. 6.

Let us now consider the evolution of the i-distribution
with x. If p. wereindependent of i the i-distribution would
keep unchanged throughout the dynamical evolution.
narnely a sine-law distribution (leaving apart second-order
changes in the inclination). This is what happens with
dynarnically young LP cornets reaching the leve

CAPTURE PROBABILITY

0.01 0.02 0.03
RECIPROCAL SEMIMAJOR AXIS (AU™')

0.001
0.00

Fg. 5 Captureprobability d near-paraboliccometswith initia
perihelion distancesin the range 0.1<g <2 AU into orbits with
energies (or reciprocal semimgor axes) grester than the vaues
indicated in the abcissae. Threeinclination rangesare considered:
(0-30°) —— ;(90-120%)-——— — :(150-180°) — — — —. The
symbols represent: no upper limit to nuax (Open circles); evolu-
tion with ny.x =400 (open triangles). The three star-symbols are
for comets with initiad perihdion distances in the range
4<g<5.2 AU and the inclination ranges (fromtop to bottom)
indicated before in the same order

Table 1. Typical energy change per orbita revolution
(107*AU™Y
i-range 0.1<g<2 4<qg<52
0-30 134 (Al) 251 (B1)

30-60 97 (A2 127 (B2)

60-90 85 (A3 98 (B3)

90-120 57 (A4 51(B4)
120-150 69 (A5) 40(BS)
150-180 87 (A6) 37 (B6)
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Fig. 6. Capture probability of near-parabolic comets with peri-
helion distances in the range 0.1<q<2 AU into orbits with
orbital energies >0.03 AU ™! asafunction of their typical energy
changes (which are computed for the inclination ranges
O-30,..., 150-180")

x=0.001 AU (Fig.7). The i-distribution of more evol-
ved L P comets (larger x) tends to get flatter and slightly
biased toward direct orbits as a result of the combination
of two effects: (1) the dependence of p. on a(and thuson i),
and (2)the migration of comets from an i-bin to the next to
it (seecasesfor x=0.01 and 0.03 AU~ ! in Fig. 7). Effect (1)
will tend to deplete retrograde orbits more than direct
ones, while effect (2) will tend to flatten the i-distribution
by shifting near-perpendicul ar comets mainly to the retro-
grade branch, thus tending to compensate for the greater
losses of retrograde comets. This effect can be understood
from the Tisserand criterion. If we substitute in Eq. (1) 1/a
by x, differentiate it and assume x=0 (valid for highly
eccentric orbits), we get

(@*—q¥%/2"2 cos i) Ax—(2¥%¢"? sini) Al
+(2"%/¢"? cosi) Ag=0. O

For near-perpendicular orbits we have cosi =0, so
Eq. (9) becomes

a)? Ax=23% g2 Ai~0, (10)
which means Ax/Ai>0, so an increase in the binding
energy X (larger 1/a) will generally be accompanied by an
increase in i. Therefore, near-perpendicular LP comets
evolving toward larger 1/a will tend to increase their
inclinations.

The average changein the comet's perihelion distance
from the beginning in a parabolic orbit to the end when it
acquires an energy x—0.03 AU~ ! is only a few tenths AU.
It is too low to have in general any significant influencein
the dynamical evolution of LP comets so it will be no
longer considered in our study. Nevertheless, in some cases
secular perturbations can cause the perihelion distance to
drift to very small valuesthat could explain, for instance,
the family of sungrazers (Bailey et al. 1992).
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Fig. 7. Computed nurnber of survivors reaching binding ener-
gies greater than the ones indicated at the upper right comer of
each histograrn (in AU ™) per 10* initial parabolic cornets with
01 <g<2 AU within inclination ranges of 30° width (sarnples
Al, ...,A6). The shaded histogram is for a simulation that
includes physical losses by setting a limit ny,x =400 to the
nurnber of revolutions

If we add physical losses to samples Al,...,A6, as
represented by an upper limit to the number of revolutions
(400in our case), we find their effect to be quite significant
for evolved comets (see the shaded histogram for
x=0.03 AU ! in Fig. 7). The number of survivors here is
smaller for retrograde orbits, which means an i-distribu-
tion clearly biased toward direct orbits, in a closer match
with the observed i-distribution for old LP comets
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Fig. 8. Idem as Fig. 7 but for initial parabolic comets in the
range 4<q<52AU (samples Bl,... ,B6) reaching energies
>003AU™!

(200 < P < 103 yr) and IP comets (cf. Figs. Ic, d). Comets of
samples Bl,...,B6 show a clear depletion of retrograde
orbits for x=0.03 AU™' (Fig. 8), without considering
physical losses (i.e. no limit to the number of revolutions),
which can be explained by the stronger dependence of ¢ on
i (cf. Table 1).

4. Transition from intermediate-period orbits to
short-period orbits

4.1. The numerical method

For the simulation of the latest stages of comet evolution
we used Opik’s two-body approximation that can handle
the strong planetary perturbations in close encounters (see
Opik 1976 for a general review of the method). We con-
sidered all the perturbations produced in planetary ap-
proaches within a cross section of radius equal to 100
times the gravitational radius for collision. We took into
consideration the four Jovian planets. The method has
some important shortcomings as, for instance, it neglects
the smooth orbital changes in more distant encounters,
and it is not possible either to deal with ressonances or
non-crossing orbits. Furthermore, for Jupiter the time
scale between close encounters can be significantly shorter
than the precession period of the argument of the comet’s
perihelion, one of the principles of Opik’s method (Weth-
erill 1991). Nevertheless, despite the shortcomings the
Opik method can be a useful tool to give a quick diagnos-
tic of the dynamical state of ensembles of stray objects (like
comets) evolving in the planetary region. In this regard, it
is reassuring to find that it reproduces the asymmetric tails
in the distribution of energy changes in agreement with
numerical results (Carusi et al. 1990).

For the computed population of comets with
0.1 <g<2 AU reaching IP orbits, as shown in Fig. 7 for
x=003 AU™! and nyax=400 (shaded histogram), we
considered sets of six sub-samples of N=10* fictitious
comets each with the following initial conditions:
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(1) Perihelion distances in the range 0<gq<2 AU,
aphelion distance=50 AU amd inclinations randomly
taken in cosi within one of the six ranges:
0-30°,...,150-180°. Bearing in mind that comets with
small ¢ may have rather limited physical lifetimes, we
adopted upper limits of 200, 103, and 10* for the number of
passages.

For the computed population of comets with
4 <g<5.2 AU reaching [P orbits, as shown in Fig. 8, we
considered similar sets of six sub-samples with the initial
conditions:

(2) Perihelion distances in the same range , aphelion
distance and inclinations like case 1. We considered two
cases: no upper limit to the number of revolutions and an
upper limit of 103,

For all the studied cases the simulation was terminated
if the comet was ejected or transferred to a LP orbit
(P>200 yr). We computed the time span 1, (q) that a ficti-
tious comet k (k=1,...,N) remained in a SP orbit with
a perihelion distance within the interval (g,9+4dq) and
within the inclination range j (j=1,...,6). The suffix
! means that the comet k comes from the sub-sample with
initial inclination in the range ! (I=1,...,6). If T} is the
total time that the comet k remained bound in a periodic
orbit, we then computed the fraction yy =7;u/Tu. The
average fraction of time for the sub-sample ! will be
Y=Y r~,; ¥in/N. Finally, we summed the contributions i
for the six sub-samples | appropriately weighted so as to
take into account the distribution of inclinations of the
source population of IP comets. In other words, we obtain
T;=3%_, 7uxw, where w, are the weights derived from
either the distribution of Fig.7 for x=0.03 AU™! and
physical losses (shaded histogram) or Fig. 8. For both
cases we compute w;= N,;/N,, where N, is the number of
comets in the inclination range [ and N4y the number for
all the inclinations.

For the chosen interval (g, g+ dq), the number of SP
comets within the inclination range j will be proportional
to the fraction I';.

4.2. Results

The values of the Tisserand constant T of the captured SP
comets with g<2AU from the population with
0.1<g<2 AU are mostly concentrated in the interval
0<T<2 (Fig. 9a) in fairly good agreement with the
T values for the observed LP comets and [P comets,
though quite different from those for the observed SP
comets (cf. Fig.3). The T-distribution of the captured SP
comets with g<2AU from the population with
4<q<52 AU spreads through a rather large range of
values (mostly in the range 0<7<2.75) when no upper
limit to the number of passages is considered. When we
limit the maximum number of revolutions to 0%, the
greatest concentration in the 7-distribution shifts to the
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Fig. 9a and b, Distribution of Tisserand constant values for the
computed SP comets with g<2 AU obtained from the popula-
tion of IP comets derived from: a parabolic comets with
0.1 <q<2 AU and a limiting number of 400 revolutions, and
b parabolic comets with 4 <q<5.2 AU. The transfer IP comets
— SP comets is followed up to a limiting number of: a 200
revolutions, and b 10 revolutions

range 2.5<7T<3 (Fig. 9b), in closer agreement with that
observed for SP comets, though the fraction of captured
SP comets with T< 2.5 is still significant, while among the
observed SP comets very few have T<2.5.

It is interesting now to analyze the fraction of time
® (g <2) that a periodic comet will remain captured in
a SP orbit with ¢ <2 AU. This fraction will be obtained by
summing all the I'; (j=1,...,6) derived for g<2 AU.
Some values of @ are shown in Table 2 for different values
of nyax. There is an increase of ® with ny,x as more IP
comets are allowed to evolve to SP orbits. For comets
starting with ¢ <2 AU, the fraction ® will roughly repres-
ent the ratio SP comets/IP comets for g <2 AU as very few
comets will evolve toward larger g during their dynamical
evolution.

For comets evolving from the Jupiter's zone
(4 <g<5.2 AU), the fraction ® strongly decreases when we
limit the number of passages as less comets have the
chance to evolve toward small-q orbits. More than 90% of
the comets reaching ¢ <2 AU are already in SP orbits.
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Table 2. Fraction of time that periodic comets remain in SP
orbits with ¢<2 AU

HmAx dlg<2)
Comets with initial g<2 AU
200 321072
10° 441072
104 171072
Comets with initial 4<q<5.2 AU
103 1.310°3
No limit 211072
Teqe2 2¢g<3 3eqed 4¢q<3.2
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Fig. 10. Inclination distributions of the computed SP comets
obtained during the dynamical evolution of the sample of fictiti-
ous IP comets with initial perihelion distances g <2 AU followed
up to a maximum of 103 revolutions and the initial i-distribution
shown in Fig. 7 for x=0.03 AU ! and nysx =400 revolutions
(shaded histogram). The range of perihelion distances corres-
ponding to each histogram is shown at the top

There are SP comets captured in retrograde orbits for
all the considered cases. The fraction of retrograde orbits is
larger for SP comets captured from an original population
with ¢<2 AU for which is nearly 50% (Fig. 10). It de-
creases to about 30% for SP comets coming from the
Jupiter's zone (Figs. 11 and 12).

SP comets captured from the range 0<q<2 AU will
tend to remain in the same range. SP comets captured
from the Jupiter’s zone will spread more or less uniformly
over all the range of g interior to Jupiter's orbit over
a large number of revolutions. When we limit the max-
imum number of revolutions (rysx = 10%), the number of
captured SP comets will drop toward smaller g (Fig. 12), in
better agreement with the observations (cf. Fig. 4).



J.A. Fernandez & T. Gallardo: Transfer of comets from parabolic to short-period orbits

1¢q<2 2<q<3 3<qes 4<q«<5.2

—

|
!
P

FRACTION x 10*

1

—

J

1 .

!
i
L
IS I B .
INCLINATION
Fig. 11. Idem as Fig. 10 but for the sample of fictitious IP
comets with initial g in the range 4 <g < 5.2 AU. There is no limit
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Fig. 12. Idem as Fig. 11 but for a limiting number of 10® revol-
utions for the stage 1P orbit — SP orbit.

S. The steady-state populations of IP comets
and SP comets

Let us try to use the above results to evaluate the resultant
steady-state populations of IP comets and SP comets from
a source of nearly parabolic (“new”) comets coming from
the Oort cloud. From the observed frequency of appar-
itions of new comets and making allowance for missed
comets, the influx rate of new comets interior to Jupiter’s
orbit brighter than absolute magnitude 11 s
Nuew=0.5 yr~* AU ! (Fernandez & Ip 1991). From our
simulations with samples Al,..., A6 we obtain the num-
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ber of survivors reaching energies x > xp~0.03 AU ! and
within inclination ranges of 30° width (see the correspond-
ing histograms of Fig. 7). From these results we can easily
derive an average capture probability into an IP orbit:
p. (xp) ~ 0.018 for randomly oriented comets (no limit to
the number of passages), or p'. (xp) ~ 0.0085 when we set
the limit nMAx=400.

From the previous results we can compute the supply
of IP comets with g <2 AU averaged over all the inclina-
tions as

NlP(q <= NNEW (g<2)xp'c(xp)

~1yr~!x0.0085~0.01yr %, an
where the choice of p’. arises from considering the upper
limit of 400 revolutions as the best fit to the observed
i-distribution (see the discussion in the previous section).
We note that this upper limit actually represents an over-
simplification of a complex process in which LP comets
may have quite different physical lifetimes, some can last
much less while others much more than 400 revolutions.
Thus, nyax can be taken as a sort of average for a wide
range of physical lifetimes.

If the average period of an IP comet is ~80 yr and its
typical lifetime is of the order of ny.x, say of a few hun-
dreds revolutions, then the comet will last a few 104 yr. The
steady-state population of IP comets with g<2 AU will
then be
Nip(g <2)=Np(q<2) x 1ip ~ 300 comets, (12)
where 1;p is the typical lifetime in years of an IP comet for
which we have adopted a value of 3 10* yr.

We have so far discovered 21 [P comets with g<2 AU,
but they surely represent a small fraction of the whole
population of IP comets with g<2 AU. If we define the
“detectable region” as the sphere centered on the Sun of
radius 2.5 AU, we find that a typical IP comet of P=80 yr
and g=1 AU will spend only ~ 1% of the time within the
detectable region. In the last 150 yr ~ where the record of
comet apparitions is more complete — it had the chance to
pass only a couple of times by its perihelion, thus making
difficult its detection. Thus the degree of completeness of
IP comet discoveries of 21/300~7% seems reasonable.
For instance, Kresak & Pittich (1978) give degrees of
completeness of LP comets ranging from ~60% for
g<1AU down to ~10% for g=2 AU. It is reasonable to
think that it should be lower for more evolved - and thus
presumably fainter — comets. For SP comets the degree of
completeness is ~30%.for g<2 AU (Fernandez et al.
1992), but we should bear in mind that SP comets pass
more often by their perihelia which increases their prob-
ability of discovery. For instance, a typical SP comet of
P=7yrand g=1 AU will spend ~15% of the time within
the detectable region. In short, the lower degree of com-
pleteness of the sample of IP comets can be the result of
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two unfavorable circumstances: first they are on the aver-
age less active than LP comets owing to their longer
dynamical ages, and second they have only 1-3 perihelion
passages in the last 150 yr as compared to as many as
15-25 for SP comets.

Let us now examine how many IP comets evolving
from the initial range g <2 AU are expected to end up in
SP orbits. For instance, if we assume an upper limit of
several 102 revolutions (e.g. Fernandez 1985), then we have
® (g <2)~4 1073 (see Table 2), which leads to

Ngp(g<2)=Np(g<2)xP(g<2)~300x4x 107 3=12.
(13)

The steady-state number of SP comets coming from
the flux of LP comets turns out to be two orders of
magnitude too short, so the observed Jupiter family must
have another dynamical origin.

Let us now analyze the results for comets evolving in
the Jupiter’s zone (4<g<5.2 AU) as derived from the
samples Bl,. .., B6. The average probability of capture IT,
into an IP orbit for a comet with random orientation can
be easily computed from the number of survivors within
inclination ranges of 30° width shown in Fig. 8, we get
approximately IT. (xp) ~0.02. The flux of new comets in
the range 4 <'g <6 AU (like that defined by Everhart 1972)
is again about 1 yr~?. If we assume that the validity of I,
can be extended to the range 4 <g <6 AU, the capture rate
of IP comets in that interval will then be given by

Nip(d<q<6) ~1yr~ ' x002=002yr~". (14)

If we only consider a dynamical lifetime T4y, ~ 108 yr
(Olsson-Steel 1988) we obtain

Np(d <g<6)=Np(4<g<6) x T4, ~2 10* comets.  (15)

Some IP comets can reach the region g<2 AU, thus
adding to the number derived in Eq. (12). Yet, if we take
into account their physical lifetimes Ty, « T4y and the
low probability that a comet reaches an IP orbit with
g<2 AU we can estimate that they will not alter signifi-
cantly the previous result of 300 comets.

The fraction of comets captured in SP orbits with
g<2AU from a population in the Jupiter’s zone is
~2.1 10~ 2 when physical losses are neglected (cf. Table 2).
In this case we obtain

Ngp(g <2)~2x 10* x 2.1 x 10~2=420 comets, (16a)

which turns out to be of the same order as the estimated
number of SP comets from observations (cf. Fig. 4).

However, if we consider that the maximum number of
revolutions is limited by physical decay, for instance to 10*
revolutions (Fernandez 1985), the average lifetime will
decrease by at least one order of magnitude, while the
fraction of captured SP comets will decrease to ~1.3 1073
so that we obtain

Ngp(g<2)~2x10% x 1.3 x 1073 ~3 comets

(16b)
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the steady-state population of SP comets will be in this
case two orders of magnitude too small.

6. Discussion

The i-distribution of LP comets with g <2 AU evolving
toward periodic orbits suffers changes that mainly imply
a depletion of high-inclination orbits. As mentioned, this
results from the combination of two dynamical effects: (1)
according to the diffusion theory, the capture probability
to a certain energy level x is proportional to the typical
energy change ¢ which is larger for direct orbits than for
retrograde ones, (2) as x evolves toward larger values
during its random-walk (smaller orbital periods), an ap-
preciable migration of near-perpendicular comets toward
retrograde orbits takes place. By combining effects (1) and
(2), the greater losses of retrograde comets by effect (1) will
be roughly offset by the gains by effect (2), so the balance
between direct and retrograde orbits is more or less kept
throughout the dynamical evolution. When we allow for
physical losses by taking a limiting number of revolutions,
the resulting i-distribution shows a clear depletion of
retrograde orbits in better agreement with the observed
i-distribution of the old LP comets with 200 < P < 1000 yr
and that for IP comets (cf. Fig.1). These results suggest that
the observed i-distribution of old LP comets and IP
comets with g <2 AU is the result of dynamical causes and
physical losses in which the average number of revolutions
before disintegration or deactivation is of a few hundreds
(Gallardo & Fernandez 1992).

Random nearly parabolic comets starting in the inter-
val 4 < g <5.2 AU reach the IP stage with an i-distribution
already strongly biased toward direct orbits. This is due to
the stronger dependence of ¢ on i (cf. Table 1). Given the
large values of g, no physical losses were considered in this
case.

The computed steady-state population of IP comets
with g<2 AU turns out to be one order of magnitude
larger than the observed one. We can interpret this seem-
ingly conflicting result in terms of a very low degree of
completeness of the observed sample of IP comets owing
to the difficulties to detect them. Since IP comets have on
the average passed many times by the planetary region,
they may have already lost most of its volatile material
and/or built insulating dust mantles, so they should be
intrinsically faint. Even an active comet like P/Halley has
only ~10% of its surface area still active (Keller et al.
1987). Others may be defunct objects looking asteroidal
like 1991 DA (Bailey & Hahn 1992; Steel & Asher 1992).
Furthermore, IP comets spend only a tiny fraction of time
in the detectable region. For instance, Kresak (1978) esti-
mates a rate of encounters with the Earth to within 0.1 AU
of 1 and 0.2 per century for SP comets and IP comets,
respectively. When we take into account the much lower
encounter probability of IP comets, their number will have
to be corrected by a factor ~10 to compensate for this
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effect. This gives a population of IP comets of the same size as
that of SP comets, namely of a few hundreds for g <2 AU.

A fraction of the captured SP comets are found to be in
retrograde orbits in agreement with some previous numer-
ical results (Duncan et al. 1988), but in contradiction with
the observations (cf. Fig. 2). Our results are independent of
the initial range of perihelion distances and of whether we
consider physical losses by limiting the number of passages
to a value nyax. One possibility may be to consider very
low values of nyax in the hope of getting only captures of
direct orbits (say nyax < 100). But this may be too short as
compared to the estimated physical lifetimes of a few 102
revolutions for LP comets. Furthermore, for ny,x <100
the capture probability in SP orbits will be too low to
account for the observed number of SP comets.

The computed steady-state number of SP comets with
g<2 AU from a flux of near-parabolic orbits in the same
range of g turns out to be of only a few. This points to
another dynamical origin for the Jupiter family comets
and helps to explain why there are no recorded SP comets
in retrograde orbits. In the sample of observed SP comets
with g <2 AU, there are only three that might directly
come from the orbital evolution of smalil-g LP comets as
inferred from their low values of T and high inclinations;
they are: P/Tuttle (T=1.61, i=54°.2), P/IRAS (T=1.96,
i=46°.2), and P/Machholz (T=1.94, i=60°.1).

The capture of SP comets from the Jupiter’s region (say
4 <q <6 AU) can supply the right steady-state number of
SP comets when no upper limit to the number of passages
is imposed. However, there are several other results in
conflict with the observations as, for instance, a fraction of
~1/3 of retrograde orbits, values of the Tisserand constant
with predominance of T<2.5 and a g-distribution of SP
comets more or less uniform (Fig. 11) in contradiction with
the observed steep increase in the number of SP comets
with g (at least to g~2.5 AU). When we limit the number
of passages to 103, we obtain distributions of g and T in
better agreement with the observed ones (Figs. 9b and 12),
though the steady-state number of SP comets decreases by
about two orders of magnitude and thus falls too short to
explain the size of the observed population. Furthermore,
there is the persisting problem of ~1/3 SP comets in
retrograde orbits.

The capture of Oort cloud comets by Jupiter does not
seem to be a suitable source of the Jupiter family comets,
given the difficulties in getting computed populations in
close match with the observed one. This confirms some
previous results based on the failure to produce the right
number of SP comets (Joss 1973; Fernandez & Ip 1981) or
from conflicting results between the observed i-distribu-
tion and the computed ones with a significant fraction of
SP comets in retrograde orbits (Duncan et al. 1988; Weth-
erill 1991). We have shown in addition that the distribu-
tions of T and g also play against this source.

The above objections lead us to discuss possible alter-
native sources for the Jupiter family. Comets like
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P/Schwassmann-Wachmann 1 in the Jupiter-Saturn
region may be suitable precursors. And P/S-W 1 may be
only the brightest member of a transient population of
30 000 ~ 100 000 comets (Delsemme 1973), large enough to
keep the population of SP comets in steady-state. But
comets in the Jupiter—Saturn region have rather short
dynamical lifetimes (Gladman & Duncan 1990), so a suit-
able more distant source has to be found for them. A pos-
sibility is that Saturn, Uranus and Neptune capture a suffi-
cient number of comets coming from the Oort cloud to
maintain this transient population. The capture efficiencies
of these giant planets should be studied in more detail as
well as their dependence on the orbital inclination; in other
words, its capability to screen out high-i comets in order to
produce a flat population. Although preliminary results
(Duncan et al. 1988; Wetherill 1991) seem to indicate that
a fraction of comets with initial random inclinations in
Neptune-crossing orbits will be captured in retrograde SP
orbits with ¢ < 1.5 AU, some objections as, e.g. artificially
high masses for the giant planets (Stagg & Bailey 1989),
strongly favors to re-analyze the whole subject.

Another interesting possibility is that the Jupiter-fam-
ily comets do not come from the capture of Oort cloud
comets by the giant planets but from another reservoir
located beyond Neptune, the Kuiper belt (Fernandez 1980;
Duncan et al. 1988). The Kuiper belt would have a strong-
ly flattened, ring-shaped structure, which would explain
the i-distribution of the observed SP comets.

7. Concluding remarks

When we take together into consideration several proper-
ties of comets of different dynamical classes as, for in-
stance: (a) their i-distributions, (b) their T-distributions, (c)
the ratio between the number of SP comets to that of IP
comets, (d) the capture probability into a SP orbit with
g<2AU, and (e) the g-distribution of SP comets, we
conclude that the capture of Oort cloud comets by Jupiter
is able to explain the observations down to IP comets, but
is unable to explain the observed population and orbital
properties of SP comets. Another more distant source is
required as, for instance, capture of Oort cloud comets by
Saturn, Uranus and Neptune or comets coming from
a transneptunian belt.
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effect This gives a populabon of TP comets of the same size as
that of SP comets, namely of & few hundreds for g <2 ALL

A lraction of the caprured 5P comets are found to be in
retrograde orbits in agreement with some previous numer-
ical results { Duncan ot al 1988), but in coptradiction with
the observations (cf. Fig. 21 Qur results are independent of
the mual range of penhelion distances and of whether we
consider physical losses by limiting the nurmiber of passages
1o a value myyx. Onc possibility may be to consider very
tow values of ayy mm the hope of getung only captures of
duirect orbits (say my.x = 1009 But this may be 100 short as
compared to the estimated physical lifetimes of a few 107
tevolutions for LP comets. Furthermere, for my, < 100
the capture probability m SP orbits will be too low to
accounl for the observed number of SP comers,

The computad steady-state number of SP comets with
g=2 AU Irem a flux of near-parabelic orbits 1n the same
range of g turns out to be of onfy a few, This points 10
another dynamical ongn for the Jupiter family comers
and helps to explain why there are no recorded SP comets
in retrograde orbits. In the sample of cbserved SP comets
with g2 AU, there are only three thar might directly
come from the orbital evelution of small-g LP comets as
tnferred from thert low values of 7 and high inchnations;
they are: BTutle 1 T=161, 1m 3477, P/IRAS [Ta 196
f=46" 2, and P/Machholz (T=1594, i=60° |},

The caprure of 5F comets from the Jupiter’s region (say
4= g<f ALD can suppiy the nght steady-state pumber of
5P comets when no upper limit to the number of passages
i wnposed However, there are several other results n
confict with the observations as, for instance, a fraction of
~1/3 ol retrograde orbits, values of the Tisserand canstant
with predominance of F< 2% and a 4-disinbution of SP
comets more or less uaifarm (Fig 11) i contradiction with
the obzerved steep increase m the number of 5P comets
with g (at least to ¢~ 2.3 AU). When we lumut the number
of passages to 10%, we obtain distnbutions of g and T in
betrer agreement with the observed ones (Figs. 9b and 12),
though the steady-state number of 8P comets decreases by
about 1wo orders of magnitude and thus falls too short to
explain the size of the observed populauen. Furthermmore,
there 1s the persisung problem of ~1/3 SP comects in
retrograde orbits

The capture of Oort cloud comers by Jupiter docs not
seeim 1o be g sutable source of the Jupiter Famaly comets,
given the difficuines 1n getnng computed populations in
cloze maich with the observed one. This confirms some
previcus resufts based on the failure to produce the right
nuenber of 5P comets (Joss 1973 Femandez & Ip 19%1) or
from confiicung results becween the obsepved i-distribo-
tion and the compuied ones with 4 significant lraction of
5P comets in retrograde orbits {Duncan et al. 1988; Weth-
crill 1991). We have shown in addiaon that the dustnibu-
tions of T and 4 also play againsi thos source,

The above abjecttons lead us 1o discuss possible alter-
nabve sources for the Jupiter famiy Comets like

93]

P/Schwassmann-Wachimann 1 in the Jupiter-Saturn
region may be switable precursors. And P:S-W | may be
only the brightest member of a transient pepulation of
31000 — 100 000 comets ( Delsemme 1973), large enough to
keep the populanon of 5P comets in steady-state. Buc
comels an the Jupiter-3aturn region have rather short
dynarmcal Tifetimes (Gladman & Duncan 1990), 50 a suit-
able more distant source has to be found for them. A pos-
sibility 1s that Sacurn, Uranus and Neptune capturc a suffi-
cient number of comets comung from she Qort cloud to
mamntain this transient populatton, The capture efficicncics
of these gianl plapets should be studied in more detal as
well as their dependence on the orbital melnation: in other
words, its capability to screen out high- comets in order to
prodoce a flat population. Although prelimmary resuits
{Duncan et al. 1988; Wethenil 1991) seem to indicate that
a fraction of comels with ninal random inclinatons 1n
MNeptune-crossing orbits will be captured 1n retrograde SP
orbats with g 1.5 ALl some abpecuons as. eg. arufictally
high masses for the mant planets (Stage & Bailey 19893,
strongly favors 1o re-analyze the whole subject.

Another imteresung possibulity 15 that the Jupiter-fam-
ily comets do nat come from the capture of Dort ¢loud
comets by the want planets but from another reservouwr
incated beyond Meptunc, the Fluiper belt {Fernandez 19840
Cruncan ef al. 1988} The Kuwper belt would have a sitong-
ly flattened, ring-shaped structure. which would explain
the i-distribution of the observed 5P comets.

7. Concluding remarks

When we take (ogether into consideration several proper-
ties of comets of different dynamical classes as, for n-
stapee: (3] their i-disinbunons, (b) their T-distnbulions, ic)
the ratic between the number of SP comets Lo that of [P
cemets, (d) the caplure probabihty nle a 5P orbu with
J=2AU, and (¢] the g-distmbubion of 5P comets, we
cenclude thar the capture of Oort cloud comets by Jupiter
i5 able 1o expiain the cbzervanons down to I[P comets, but
i5 unable 10 expiain the observed population and orbatal
properties of SP comets. Another more distant source 5
requured as, for instance, capture of Oort clowd comets by
Saturn, Liranus and Meptune or comets comng (rom
a trangnepiunian belt.
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