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ABSTRACT

The routinely determination of the yield strength of muddy beds is particularly important for the
assessment of navigation in ports located in estuaries where cohesive sediments are abundant. The
use of the nautical bottom concept may allow for a significant increase of the navigation depth.
Sediments mixtures rich in clay and silt could behave as either a solid or a fluid depending on the
forces acting on them. A concentrated mud sample will retain its shape if subject to shear stresses
bellow the yield strength. However, if the same sample is subject to shear stresses above the yield
strength, it will flow. One simple way of determining the yield strength is by performing a slump
test. In this work, instead of just measuring the deposit final height or radius, as it has been done in
the past, we fit an analytical expression to the deposit final geometry to estimate the yield
strength. Simultaneous yield strength measurements using a conventional vane rheometer
showed to be in very good agreement with the proposed technique independently of the mud
sample origin, which is a clear improvement over the existing slump test methods, which just use
the final height of the deposit.
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RESUMEN

La determinacion rutinaria de la tension de cedencia de los barros presentes en el fondo marino es
particularmente importante para la evaluacion de la navegacién en puertos ubicados en estuarios,
donde los sedimentos cohesivos son abundantes. El uso del concepto del fondo nautico puede
permitir un incremento significativo en las profundidades de navegacién. Mezclas de sedimentos
con mucha presencia de arcillas y limos pueden comportarse tanto como un sélido o como un
fluido, dependiendo de los esfuerzos actuando sobre las mismas. Una muestra de barro concen-
trado mantendra su forma si se encuentra sometido a tensiones rasantes menores a la tensién de
cedencia. Sin embargo, si la misma muestra se encuentra sometida a tensiones rasantes por
encima de la tensién de cedencia, la muestra fluird. Una forma sencilla de determinar la tension
de cedencia es mediante el ensayo de asentamiento. En este trabajo, en lugar de solo medir la
altura o radio final del depésito, como se propone en los ensayos de asentamiento tradicionales, se
ajusta una expresién analitica a la geometria final para estimar la tensién de cedencia.
Paralelamente se realizaron mediciones de la tensiéon de cedencia utilizando un reédmetro de
veleta, mostrando un muy buen ajuste con la técnica aqui propuesta independientemente del
origen de la muestra de barro. Esto indica una mejora respecto a los ensayos de asentamiento
tradicionales que solo utilizan la altura final del depésito.

1. Introduction

There is a variety of materials that may manifest a solid or
a fluid behavior depending on the forces they are exposed
to. Sediments mixtures containing significant proportions
of clay and silt, often called mud, present this behavior.
A mud sample could retain its shape if subjected to shear
stresses below a certain threshold, called yield strengthty.
However, if the same sample is subjected to shear stresses
above the yield strength, it will flow. During a slump test
a mud sample previously placed into a bottomless con-
tainer is quickly released. If the shear stresses introduced by
the sample own weight exceed the material yield strength
the sample will flow until the weight action is balanced by

the shear forces acting inside the material and stresses
acting on its boundaries. This process will leave a slump
deposit with a particular shape, as shown on Figure 1,
which results from the internal stress distribution inside
the material at the instant just before the material stopped
flowing.

Some of the rheological properties of a material are
routinely estimated measuring the final deposit height
H after the slump. For example, slump tests are used for
fresh concrete quality control [1]. In this case, classifica-
tion of the material is carried on by comparing the
slump occurred when using a standardized truncated
cone (10 ¢m upper diameter, 20 ¢m bottom diameter
and 30 cm height) without top nor bottom. When
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Figure 1. Photo of the slump test used to measure the final profile, original (left) and after rectification (right).

working with low resistance concretes, the mini-cone
(7.6 cm of upper diameter, 10 cm bottom diameter and
10 cm height) test is used [2]. Similar tests are applied
for quality control and sample comparison in the
mining, food, and pharmaceutical industry [3,4].
However, for different materials the same final deposit
height would not necessary be associated to one unique
yield strength value. Furthermore, results obtained
either with different container geometries or different
surface roughness are not easily comparable, making it
difficult to integrate results from different databases [5].
In the laboratory the yield strength of a material can
be accurately measured using dedicated rheological
equipment such as cone or vane rheometers. However,
due to the small sample size they can handle, these
rheometers present important limitations for the study
of highly heterogeneous materials, which may contain
large particles (mixes of mud with sand, gravel, or shells,
for example). Moreover, rheometers are delicate and
somehow expensive pieces of equipment, and it is not
practical to carry them to the field during surveying
works at sea. The technique described in this article
solves several of the limitations described above and
may be a useful tool for the determination of the nau-
tical bottom in muddy ports and navigation channels.

2. Theory

Several researchers [4-11] have studied the motion of
materials during the slumping process and have pre-
sented the basic equations for the relation between the
final geometry of the deposit and the yield strength of
the released material. The response of a particular mate-
rial is determined by its constitutive equation, which
relates internal stress at a point of the material, with
local deformation and its time derivatives [12]. One of
the simplest ways of representing a rheological material
is using the Bingham model. A Bingham material has
a visco-plastic behavior, having a solid body response
for low shear stresses, and a viscous fluid response for

shear stresses overpassing the yield strengthry. When
the shear stress is equal tory, the material is said to be
yielded or in yield state. The constitutive equation for
a Bingham material is then expressed as [10]

D =0, if <7y, (1)

= (%Y+ 2y>D, if > 1y, )

where D is the strain rate tensor, D is\/—Lp, where
Lp = %(tr(D)2 —tr(D?)) the second invariant of D,
tr(-)the trace operator, 7is the deviatoric stress tensor,
tis\/—I,;, where I, is second invariant ofz, and y the
dynamic viscosity.

Assuming that the material is incompressible; that
the flow solution has revolution symmetry; that the
accelerations just before the end of material motion
were very small, and therefore, the quasi-equilibrium
approximation can be applied; and that the material is
yielded at every point; then the governing equations can
be written, using cylindrical coordinates, as

tr(D) = 0, (3)

ap aTrr aTrz Trr
“or o Tor T Y @

. _@_’_a‘[rz 8722_’_2_0 (5)
P&~ 527" Tor 0z ro

T =Ty, (6)

where 7 is the horizontal radial distance from the center
of the container, zis the upward vertical coordinate from
the horizontal plane, pis the manometetric pressure, pis
the material density, gis the acceleration of gravity, 7,
Ty, and 7, are the components of the deviatoric stress
tensorr. Note that in the yield state Equation (3)
leads tot,, = — 7.

Considering that the interface with the horizontal
plane is a yielding surface, and that the deposit material
in contact with the air is at atmospheric pressurep = 0,



the following boundary conditions are obtained at the
base of the deposit z =0 and at the surface of the
depositz = h(r).

Ty = Ty onz=0, (7)
Oh + T + Oh _ 0 =h, (8)
Tzz or Tz TP or = onz=n,
h
r,za——rzz+p:0 onz=h (9

or

Loosely following [8], the order of magnitude of the
different terms in Equations (3-9) can be studied select-
ing representative scales for the problem: Rthe final
deposit radii, for the radial coordinate; Hg/,the height
of the slump at some arbitrary radii (later it will be
shown that this radii isR/2) for z andh(r); Tyfor the
shear stresses; and pgHp/, forp. Using this scales, two
dimensionless parameters are definede = Hg/,/R,
andy:ngﬁ/z/(ryR); and Equations (4-9) can be
rewritten in terms of dimensionless variables (note
that the same notation is kept for the now dimensionless
variables)

ap aTZZ aTYZ z

“Vor T STor 6Z_Er:O’ (10)
ap 2 01y, 01, 2Trz
_Y—Y&‘FE W‘FE 9z + e 7—0, (11)
T=1, (12)
T, =1 on z =0, (13)
ET %+T + %—0 nz=~nh (14)
zzar rz Ypar* o =n,
EzTrzE_ €T, +yp=0 on z = h. (15)

Under usual slumping conditionse < 1, andy = 1, if
Hp/, is appropriately selected. As € is small we look for
approximate analytical solutions using power series and
perturbation analysis. The power series expansions of
the unknown solutions are

p=po+ epr+0(e?), (16)
Ty = Too + €71 + O(€?), (17)
Ty = Tro0 + €Tr1 + O(€7), (18)

h=hy+ eh +0(e?), (19)
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wherepy, p1, Tro> Trr1> Trzoandty,, are functions of r
andz, and hy and h; are functions ofr.

Substituting these solutions into Equations (10-15)
and keeping only the terms of order O(€°) the follow-
ing equations and boundary conditions are obtained

aPO aTrzO
—y—=— =0 20
Y or 0z ’ (20)
9 (po+2)=0 1)
0z *° =5
T+ T = 1, (22)
Tro = 1 onz =0, (23)
ho
Trz0 + YPo o =0 on z = h, (24)
po=0 onz=h (25)
The zero order solutions are then
PO =h— z, (26)
Ohy
rz0 — 1 7. % 27
Tr20 +y o z (27)
Ohy \*
TﬁzO =1- <1 + ya_roz) ) (28)
2
hy==(1—r). (29)

Y
Equation (29) gives the shape of the slump in the yielded

region. Now, rewriting Equation (29) back in terms of
dimensional variables, the zero order solution is

2 H)%{/2 Ty

Note that asy = 1, we find thatHg/, = h(R/2), which
justifies the previously selected name.

Rearranging Equation (30) we obtain an expression
for Ty as function of the shape of the slump

H(r)
2(R—r)’

Ty = pg (31)
[8],used the slipline theory in order to construct the final
shape of the deposit for a visco-plastic material. This
approach required the consideration of rigid plug regions
both near the center and the end of the deposit profile. The
plug regions are evident in the experiments and show that
the hypothesis of the material yielding at every point, as
assumed in [10],asymptotic solutions, would only be valid
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over some particular regions of the deposit. However,
some region near the edge of the deposit can always be
expected to have yielded and Equation (31) to apply over it.

Equation (31) may be compared with the expression
presented by [10], which is a global equation based
solely on final height of the deposit

2
= | ——pgH"/? 32
Ty =\ 5y P8 (32)

where V is sample volume.

If the deposit volume is approximated asV = anR*H,
with « as shape parameter (smaller than one), and it is
replaced in Equation (32) we obtain

/2 H?

In general Equation (33) depends on the parametera,
which could change for samples with different composi-
tion or for slump test performed with container of
different shape.

On the other hand, evaluating Equation (31) atr =0
we obtain

_pgH?
2 R’

which depends both on H = h(0) andR. Furthermore,
Equation (34) may be obtained from Equation
(33) ifaw = 8/15.

Ty (34)

3. Methodology and experiments

The experimental procedure used for the experiments
presented herein was as follows: first, a bottomless
cylindrical container was placed over an horizontal
rigid plane; then, the container was filled with a mud
sample and let it to rest; finally, the container was
quickly lifted allowing the material to slump.

The experiments were performed at the Instituto de
Mecanica de los Fluidos e Ingenieria Ambiental (IMFIA)
using both kaolinite and Montevideo’s Bay natural mud.
Water was added to the sediment samples in order to
obtain different mud densities. PVC pipes (10 ¢ height
and 9.5 cm internal diameter) were used as containers.
High resolution measurements of the final deposit profile
h(r) were obtained by slicing the deposit with a sharp
pre-wetted metallic blade and recording the slump profile
with a 12.1 Megapixel digital camera (Lumix DMC-ZR1,
Panasonic) as shown on Figure 2 left panel. A rectangular
grid previously drawn on the blade allowed to remove
the image distortion during image post processing.

The images were orthorectified using a homography
transformation in order to have an image where the

sliced plane has a constant scale. After image rectifica-
tion, the profile was digitalized to obtain 4 as function
ofR — r. An example of a digitalized profile is shown in
Figure 3. A least squares fit of Equation (31) to a portion
of the digitized profile close to its edge was performed
and the value of ;—; was computed. Finally, the sample

density p was independently determined using
a laboratory scale (LJ16 Infrared Dryers, Mettler
Toledo).

Yield strength determinations using a vane geometry
rheometer [DV-III ULTRA, BrookField) were per-
formed simultaneously to the slump tests. The defini-
tion proposed by Migniot and Hamm [13]for
computing 7y was used. In this definition 7y is asso-
ciated with the maximum shear stress recorded during
a constant low shear test. For this purpose,
a homogenized sample was introduced in the rhe-
ometer, and after 3 minutes the vane rotation was
started at 0.05rpm. The vane geometry used in the
experiments was 2.535 c¢m height and 1.267 cm
diameter.

Figure 3 shows the comparison between the pro-
posed image analysis technique (Equation 31) and the
rheometer results. Yield strength estimations using
Equation (32) by [10], which uses only he final deposit
height, are also included in Figure 3.

4. Discussion

Considering the [13],definition as an accurate proxy
forty, Figure 3 shows that the image analysis technique
gives a better and more consistent estimation of 7y than
the simplified methodologies that relay just on one
parameter (Equation 32). It is also relevant to note
that estimations obtained with the image analysis tech-
nique show a unique relation with the rheometer esti-
mations, while estimations obtained using [10],
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Figure 2. A digitized profile (o) and its least square fit (solid line)
fitted over the yielded region (indicated with vertical dashed
lines).
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Figure 3. Yield strength estimations for kaolinite (o) and
Montevideo’s Bay mud (4) using the proposed image based
technique [Photo) compared against vane rheometer estima-
tions using 13,technique. Also shown, yield strength estimations
for kaolinite (e] and Montevideo’s Bay mud [A) using [10],
formulation (Equation 32).

formulation produces different relations depending on
the sample composition.

It may be observed that yield strength values
obtained with the image analysis technique tend to be
slightly larger that the ones obtained from vane rhe-
ometer measurements. This discrepancy may have to do
with the [13],definition of 7y itself, and it may by solved
by just subtracting a small constant value [5 Pa) to the
yield strength determined from the slump test.

A strong limitation of [10],methodology is that it
assumes that the whole the sample has yielded, which
is hardly verified, particularly for samples with high 7y
values. The image analysis technique, on the other hand,
assures that the region that is being analyzed has
yielded, which results in its better performance.

It is possible that the use of a blade to cut the deposit
and facilitate the measurement of the profile may
slightly perturb the shape of the deposit. This could be
avoided with the use of a low power laser for generating
plane light sheet and a frame to fix it to the camera as
described in [14],for bathymetry measurements.

The proposed methodology was used during a field
study for the determination of the nautical depth in the
Montevideo Port [15]. During this study, muds with dif-
ferent densities from the Montevideo Port navigation
channel were used to study the relation between 7y andp.
Analyzing the results, an inflection point, where yield
strength decreased abruptly with a small decrease of den-
sity, was found (Figure 4). This showed the existence of
a rheological transition, and a mud density that can be
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Figure 4. Determination of the mud density associated with the
rheological transition for a mud sample from one of the naviga-
tion channels at the Port of Montevideo, Uruguay. The rheolo-
gical transition [a mud density of 1245 kg/m°) is indicated with
a vertical dashed line.

associated with it. The rheological transition is used for the
definition of the nautical depth based on the mud density,
and the nautical bottom is defined as the depth where the
mud density reaches that particular density value [16].

5. Conclusions

The determination of the yield strength of a mud sample
from the final height of a slump deposit was reviewed,
and a new image analysis based technique was pro-
posed. The use of the deposit profile instead of
a global dimension of the deposit to characterize the
material assures that the area of the deposit that is being
analyzed has yielded, giving a much more accurate
estimation of the mud yield strength than [10],techni-
que, which only uses the deposit height.

The proposed methodology it is particularly useful
for the study of non-homogeneous material, mixes of
sand and gravel with mud for example, where the ana-
lysis of a large sample is needed in order to obtain
a global characterization of the material. While the
image analysis technique may be harder to use in the
field than the [10],technique, it may be easily implemen-
ted for routinely use in the laboratory. It may also be
automatized using a frame, a laser with cylindrical lens,
and a camera; and developing some user friendly soft-
ware that facilitates the rectification of the image and the
fitting of the analytical profile.
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