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ABSTRACT. Since the early years of General Relativity, understanding the
long-time behavior of the cosmological solutions of Einstein’s vacuum equa-
tions has been a fundamental yet challenging task. Solutions with global
symmetries, or perturbations thereof, have been extensively studied and are
reasonably understood. On the other hand, thanks to the work of Fischer-
Moncrief and M. Anderson, it is known that there is a tight relation between
the future evolution of solutions and the Thurston decomposition of the spa-
tial 3-manifold. Consequently, cosmological spacetimes developing a future
asymptotic symmetry should represent only a negligible part of a much larger
yet unexplored solution landscape. In this work, we revisit a program initiated
by the second named author, aimed at constructing a new type of cosmological
solution first posed by M. Anderson, where (at the right scale) two hyperbolic
manifolds with a cusp separate from each other through a thin torus neck.
Specifically, we prove that the so-called double-cusp solution, which models
the torus neck, is stable under S' x S! - symmetry-preserving perturbations.
The proof, which has interest on its own, reduces to proving the stability of a
geodesic segment as a wave map into the hyperbolic plane and partially relates
to the work of Sideris on wave maps and the work of Ringstréom on the future

asymptotics of Gowdy spacetimes.

1. INTRODUCTION

Since the early years of General Relativity, understanding the long-time behav-
ior of the cosmological solutions of Einstein’s equations has been a fundamental
yet quite challenging task. Solutions with spatial symmetries, like the spatially
homogeneous Bianchi models or the Gowdy T2-symmetric spacetimes, have been
extensively studied over the decades and are reasonably well understood [8], [5], [9].
All these models are very valuable and provide explicit examples of future dynamics
but fall short when the goal is to describe the full set of possible future behaviors.
In this work, we revisit a program initiated by the second named author, aimed at
constructing a new type of cosmological solution first posed by M. Anderson with
a qualitative behavior that is pretty different from any other model known. As

we will explain below, such a solution would provide strong support to some ideas
1
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developed by Fischer-Moncrief and Anderson relating fundamentally the topology
of the Cauchy 3-hypersurfaces to the dynamics of the cosmological solutions [3],
4], [, 2.

Motivated by certain considerations on the Thurston geometrization conjecture,
Anderson posed in [2] (see paper’s bottom) the problem of finding a cosmological
solution where coarsely speaking, two hyperbolic 3-manifolds with a cuspE| separate
from each other through a thin torus neck. In Anderson’s picture, hypersurfaces
Yk of mean curvature k € (—o0,0) evolve in the expanding direction k 1 0, but the
geometry at each time k is scaled so that the mean curvature of ¥, is —3. Under this
scaling, the two hyperbolic pieces with their corresponding cusp should emerge over
time, separating from each other along an increasingly thin torus neck that develops
asymptotically a T2-symmetry. Figuresehematizes that behavior. This spacetime
would comprise a new and non-trivial example of a cosmological solution of the
vacuum Einstein equations whose spatial geometry (at the mentioned scale) evolves
towards the Thurston decomposition of its Cauchy hypersurface. Furthermore,
for this solution, the Fischer-Moncrief’s reduced volume would decay towards its
topological lower bound given by (—o/ 6)3/ 2 where o is the Yamabe invariant of
the X’s.

The double-cusps solutions were introduced in [6] and are explicit T? = St x Si-
symmetric solutions on R x R x T2 tailored to model the evolution of the torus
neck. As we will see, they enjoy all the required global and asymptotic properties
and are therefore a crucial piece. But before attempting to study the combined
evolution of the torus neck and the two hyperbolic manifolds with a cusp, it be-
comes necessary to prove that the double cusps are future-stable and provide sharp
decaying estimates. In this article, we do that but for perturbations preserving the
T2-symmetry. Quite interestingly, this problem reduces to proving the stability of a
parametrized geodesic segment (that models the double-cusp) as a wave map from
a (flat) 3-dimensional spacetime into the hyperbolic plane. The stability problem
of geodesics as wave maps was studied by Sideris in [I0], but the problem consid-
ered in that work is different from ours. Also, the future evolution of T3-Gowdy
spacetimes was studied by Ringstrom in [7], through a wave map that, of course,
has the same origin as ours. In that case, any solution defines a loop in hyperbolic

space, while here, it defines a curve with the same ends as the geodesic segment.

In section [2| we introduce the double cusp spacetimes and describe their global
properties. This analysis is not relevant for the technical part of the paper, sections
[ to[6l but helps to understand the geometric motivation of the article and to point
out certain subtleties that appear when we discuss, in section |3 the statements of

the main results and the stability of the double cusp as spacetimes.

1A cusp is a 3-manifold (—o0, 0] x T2 with a hyperbolic metric of the form gg = dz? + e2*gr,
with g7 flat z—independent on T2. Cusps are discussed later in the article.
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FIGURE 1. Expected behavior of the type of solution posed in [2].

2. DOUBLE-CUSPS AND THEIR GLOBAL PROPERTIES
The double cusp spacetimes have metrics of the form [@],
g = U (—dt* + dx?) + R(e*™ + ¢*e72V)dh? — 2Rqe™*V df,dfy + Re= 2" dh3, (1)

over the manifold R; x R, x S;l X S})Z, where a, R, and ¢ depend only on ¢ and
z. Cauchy hypersurfaces, for instance, those with ¢ constant, are diffeomorphic to
R x T? and are thus “torus necks”. Metrics of this form are similar to the T3-
Gowdy’s metric, [5], but differ from them in that R is not taken as a coordinate
and that x is not periodic. The double-cusps are non-stationary spacetimes. We
will explicitly present the forms of a, R, and ¢ later below. We will analyze their
global geometry, explaining how their geometry behaves along the CMC foliation
(hypersurfaces with ¢ constant are not CMC). However, before doing that and to
motivate how these solutions arise, we first present the equations for R, W, ¢, and

a. These equations, derived from the Einstein equations, are,

Rzm - Rtt = Oa (2)
R R, P-ad)
th *me“i’EtWt - me“i’Me w :O, (3)
R R,
Qtt — Qza + tht - fq:v - 4tht + 4Qsz = Oa (4)
2 p2 B
Ayt — Qg + RZR2Rt + th - W:L2’ + %(qf - qi)e w = 07 (5)
and,
R R, 1(R: R’\ Ru 1
g tactg g (T ) - T VW e ) =0, )
R R, Ry R:R 1 _
amft + ar— — }; + 2R2t + 2W W, — ¢ W eq = 0. (7)

The equations , , and are the dynamical equations for R, W, q and
a, and @ and are the constraint equations. The dynamical equation for R
decouples from all the others, and the dynamical equations for W and ¢ decouple

from that of a. In certain cases, one can solve globally for a, and a; from (@—
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and then simply perform line integrals to find a. In this case, a is determined from
R, W and ¢ up to an integration constant.

It is crucial but also well known that the equations and are wave map
equations into the hyperbolic plane. This is seen as follows. Think of the hyperbolic
plane H as R? = R, x R, endowed with the metric h = 4dy® 4+ e*¥dz?. On the
other hand consider the manifold R; x R, x S}ﬁ endowed with the metric k& =
det(—dt? + dx?) + R%(t,x)d$? and denote this Riemannian manifold as K. Then
W and q satisfy equations and if and only if the map x : K — H given by,

x(t,z,¢) = (q(t,x), —W(t, z)), (8)

is a wave map between the two manifolds. Another way of expressing this is that
equations (3)) and (4] are the Euler-Lagrange equations of the action,

S = / X O X hijk'™ AV, = 27 / RAWZ + W) + (g2 + ¢})e”*W)dtdz. (9)

Let us now see the explicit form of the double cusps. First, for all the double-cusp
solutions, one takes R(t,x) = Rope?' cosh2x with Ry a constant, which of course
solves . Second, one requires W and ¢ to be t-independent, i.e. W = W (z) and
q = q(z). The Euler-Lagrange equations for such particular data are equivalent to
the Euler-Lagrange equations of the action,

F:/|'y’|2 cosh(2z)dx (10)
R

where v(z) = x(x), and whose solutions are well known to be parametrized geodesic
segments of the hyperbolic plane. When the geodesic segment is vertical and thus

has ¢ constant, we say that the double cusp is polarized. Their explicit form is,

R = Rye* cosh(2z), (11)
W = Wy + Wy arctan(e?®), (12)
q = qo, (13)
B 1 W2\ 1 3 Wg
a=ag— (2 + 2) > In(cosh(2z)) + <2 + - t, (14)

with Ry > 0, Wy # 0, W1, qo and ag constants. The non-polarized double-cusps are
created by transforming polarized ones by an isometry of the hyperbolic plane (see
Figure|2), and the explicit expression won’t be particularly relevant. From now on,
double cusp solutions will be denoted by Ry, Wy, g, and ap, where ‘b’ stands for
‘background’.

Formally speaking, the stability problem that we face amounts to the stability of
Ry, Wy, q» and ay, as particular solutions of a system of partial differential equations,
and in fact this is pretty much the viewpoint that we take. We will study first the
wave equation for R, then the wave map equation for (W, q), and finally, we will
study a, which will be determined entirely from them. As it turns out, to control
the perturbations of R and of (W, ¢), we will use some natural norms that may seem
very suitable and standard from a PDE point of view but that may not guarantee
the stability of a, and thus of the spacetime, even for perturbations of R, W and

q arbitrarily small with respect to them. In the next section, we will see that
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this apparently conflicting point can be solved using finer norms to measure the
smallness of the initial data for R, W, and q over the Cauchy surface ¢ = 0. The
double cusp spacetimes are stable for small perturbations in the sense of these finer
norms, even though the evolution of R, W, and ¢ is controlled with more coarse
ones. All these subtleties have their origin in the very nature of the coordinates
(t,x) and the nature of the Cauchy hypersurface {t = 0}, (where we are perturbing
the initial data). In the rest of this section, we review the global properties of
the double cusps. As said, this information will not play a role when studying the
stability of R and of (W, q), which will be treated as a standard PDE problem, but
it will help to understand the discussion about the stability of a and therefore of

the double cusp as a spacetime.

oW
Polarized

Double Cusp

¢ € Isom(H?)

(_\ Perturbation

Perturbation Non-polarized

Double Cus%

FIGURE 2. In blue, two double cusps are represented. A perturbation
is represented in red, as the curve x — x(¢,x) for a fixed t. As time
evolves, this curve will move. The figure also illustrates how an arbitrary
double cusp can be seen as a polarized double cusp.

A main property of the double cusps is that at each of their two ends, one can
define spacetime coordinates (', 2') and (t”,2”) where one can observe the spatial
scaled metrics converge towards hyperbolic cusps. This is one of the main properties
making double cusps adequate to model the necks of the solutions posed in [2]. To
explain all that, we begin recalling certain notions on hyperbolic manifolds and flat
cone spacetimes. If (M, gg) is a hyperbolic manifold, then R, x M endowed with
the metric g = —d7? + 729y is a flat spacetime (hence a solution of the Einstein
equations) called a flat cone. The mean curvature of the hypersurface 7 = 79
is ko = —3/79. Therefore, when the spacetime metric g is scaled as (ko/3)%g =
74 2g = d(1/70)? + (7/70)%gm, then the mean curvature of the hypersurface 7 = 7,
becomes —3 and the induced 3-metric ggy. This is called CMC scaling and can
be made at any CMC hypersurface ¥ of mean curvature k inside a spacetime.
Hyperbolic manifolds of finite volume can be non-compact. When this is so, the
manifold has a finite number of truncated “cusps” of the form C = (—oo, 2¢], x T?
with gy = dx? + e®>gr, where gr is an z—independent flat metric on T2. A
cusp spacetime is a flat cone with M = R, x T? and gy = dx? + e**g7, with gr
x—independent and flat. As mentioned a few lines above, the two ends of double
cusps are asymptotic to cusp spacetimes as t — co. This behavior is not observed

in the coordinates ¢,z but rather in new coordinates linearly related to them. On
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a double cusp solution, consider the new coordinates,

1 ”72 3 ”72
t’:—<2+20>x+(2+20>t, (15)

1w 3 W
x’:—<2+20)t+(2+20>x. (16)

These coordinates are plotted in Figure|3] When we fix 2’ and increase t’, or when
we fix ' and increase z’, both x and ¢ increase. In this sense, these new coordinates
are adapted to the ‘right’ end. It is on these coordinates that the double-cusp
metric approaches a cusp spacetime metric (7 = et/). This is easy to show and has
been done in [6] in detail. On the ‘left’ end, one can also define coordinates x”,t”
where the evolution displays a similar behavior. The whole picture is represented
in Figure |3 This phenomenon is best observed globally along the CMC foliation.
Indeed, double cusps admit a global CMC foliation of Cauchy hypersurfaces
covering the whole spacetime, where the mean curvature k ranges on (—o0,0), [6].
More specifically, there is a Cauchy hypersurface > _3 of mean curvature —3 defined
by a graph ¢t = s(z) and any other leaf of the CMC foliation is obtained translating
in ¢ the graph of s(x). Furthermore, the graph of s(x) approaches a t' = const and
t" = const line as x goes to co and —oo respectively. Hence, one can simultaneously
observe the convergence to the flat cones on the right and left ends by following the
CMC foliation X, k 1 0. If one performs CMC scalings so that the mean curvature
of each leaf ¥; becomes —3, then a convergence-collapse picture emerges. Roughly
speaking, the scaled metric over the ¥ converges to a hyperbolic cusp metric on
each of the two ends (one must follow the ' = const and 2" = const directions),
while the central part collapses its volume while keeping its curvature bounded so
that the narrow necks appear to look like thin and long lines. Figure [3] depicts this
phenomenon.

Y

FIGURE 3. Double cusp’s behavior over the CMC foliation after CMC
scalings.

There is a relevant but standard change of variables (¢,2) — (R, V) given by,

R = Roe* cosh(2z), V = Rpe* sinh(2z), (17)
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where one can better observe certain important global facts. The spatial coordinate
V' is the conjugate of R and satisfies the wave equation too. With this change, we
have,

—dt? 4+ dx® = 4AR*(—dR* + dV?) (18)
so light rays in the plane (¢, x) are mapped into light rays in the (R, V') plane. The
spacetime region is the region R > |V and the slice ¢ = 0 maps into the hyperbola
R?-V?2 = RZ R > 0. This is displayed in Figure[dl The whole picture proves that
t = 0 is a Cauchy surface for the double cusp spacetime. It can be seen that the
spacetime cannot be smoothly extended to the past boundary R = |V, which is
singular. The CMC curve ¢t = s(x) is mapped into a curve that is also asymptotic
to the lines R = V,V > 0 and R = —V,V < 0 but is not a hyperbola, of course.
Though these two Cauchy hypersurfaces look similar, there is a clear distinction
between them: the former approaches the past boundary faster than the latter and
in such a way that the Lorentzian distance to the past boundary tends to zero for
the former but remains bounded away from zero for the latter. The significant
consequence of this is that when considering the Cauchy problem for the Einstein
equations — over the hypersurface ¢t = 0, perturbations of the initial data that
do not fall to zero sufficiently fast as z — oo may cause large distortions of the
spacetime. This point will reappear when discussing the double cusp’s stability
statement as a spacetime.

Based on the discussion above, it may seem that making the analysis on the
coordinates (t,z) is inconvenient. However, the great advantage of it is that it
displays (Wp, q») as a time-independent parametrized geodesic segment in the hy-
perbolic plane. This proves to be very useful. Given the motivation of the stability
problem we have discussed, the natural gauge to work would be the CMC gauge.
This choice, however, entangles a number of difficulties, for instance, finding and
dealing with the right shift, which makes it more complex. We plan to do that

analysis elsewhere.

R

CMC
.

/T = const

v

FIGURE 4. Different Cauchy surfaces seen in the R — V' coordinates.

3. STATEMENTS OF THE MAIN RESULTS
To state the main results, we must first introduce a few norms and spaces. Let,
mo(t) := [[R — Rollco + |1 Rt — Ryellco, (19)
my(t) := [|[R = Ryllor + [[Re = Rytllon—n, for k> 1, (20)
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where R, Ry, R; and Ry are considered at time ¢. The quantity mq(t) measures the
C° norm between R and R, and between R; and Ry;. The quantity my(¢) instead
measures, at time ¢, the C* norm between R and R}, and the C*~! norm between
R; and Rp;. We also define for k > 1,

Mi(t) =W = Willg, +[10e(W = W)llz, _ +llallg, +0allg, . (21)

where again, the functions inside the norms are considered at time t. Here H is
the completion of the space of smooth and compactly supported functions, C'°(R),

with respect to the norm,

k
2~ = (k) X 2COS X X.
T ;Au ())? cosh(2a) d (22)

This is a weighted Sobolev space with weight cosh(2z). Lastly, let C&¥(R) be the
space of C* functions f such that for every i < k, f)(z) — 0 when |z| — +oc.

We will first discuss some basic statements about the perturbations of R. Re-
garding (W, q), we will state only the stability results for the polarized double cusp
(o = 0) as an isometry of the hyperbolic plane relates polarized and non-polarized
double cusps. We will present two separate stability statements, one for polarized
perturbations (i.e. with ¢ = 0) and one for general non-polarized perturbations.
The former is stronger than the latter. After stating these results, we will discuss

what they imply for the stability of a and double cusp spacetimes.

Lemma 3.1. For every solution R to equation , if mo(0) < 2Ro/3, then
R(t,z) > 0 when t > 0. Moreover,

IR — Rplloo(t) < (t + 1)mo(0) fort >0,
and for all multi-index « # (0,0), there is a constant C' such that, for t >0,
[0%(R = Ry)|loo(t) < ma(0),

and

t Ry, : Ry t+1
‘a<‘)H (" N‘ < O cosh(an) "ot ()

The first statement below is for polarized perturbations, i.e., ¢ = 0. It shows the

exponential decay of M.

Theorem Let k > 3. Let (R,W) be a C? solution of the system egs. (2)
and with ¢ = 0. Suppose also that (R — Ry(0,-),8;(R — Ry)(0,-)) € Ck x C&~1,
mo(0) < 2Ro/3 and (W — W3)(0,-), 8;(W — W3)(0,-)) € H* x H*1. Then, the
solution is defined for every t > 0 and

My(t) < Ce t(t+1) (/%(0) + mk(O)) . (23)

Moreover, the constant C' depends only on an upper bound on my(0) and k.
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Observe that except for the condition mg(0) < 2Ry/3, which is somehow un-
avoidable, no particular smallness condition is required. In this sense, this proves

that the double cusp is somehow a global attractor among polarized data.

For non-polarized perturbations (¢ # 0) a similar estimate is obtained but for
M3(t). A smallness hypothesis must also be provided.

Theorem (6.4l There is a number § > 0 such that, any C? solution of the system
eqs. to (@), (R, W, q), with initial data satisfying (R— Ry (0,-), 8;(R—Ry)(0,)) €
Ck x CEF1 mg(0) < 2Ro/3, (W — W)(0,-), 0:(W — W3)(0,-)) € HF x HF1,
(g(0,-), 0:q(0,-)) € H* x H*=1 and m3(0) <4, Mvg(O) < 4, is defined for allt > 0
and

M;(t) < Ce(t + 1)(Ms(0) + ms(0)). (24)

Moreover, the constant C' depends only on an upper bound on m3(0) and on M3(0).

This last theorem implies that the red curve in Figure [2| approaches the blue one
exponentially fast as ¢t — +oc.

We now discuss the consequences of the last two results on a and the stability
of the double cusp spacetimes.

A basic consequence of the previous results is that if the initial data for (R, W, q)
satisfies the hypotheses of either Theorem or Theorem and (R, W,q,a)
satisfies egs. to , then a is defined for all ¢ > 0. This happens because the
equation is a wave equation with a source defined for all ¢ > 0. Furthermore, if
the constraint equations are satisfied at ¢ = 0, then, by standard arguments, they
are satisfied for every ¢t > 0. This, in turn, proves that the system, egs. to ,
gives a Cauchy development of the perturbed initial data on [0, +00) x R x T2. The
argument is standard as the system — is equivalent to the Einstein equations,
and hence we omit it.

Corollary 3.2. Consider initial data to the Einstein’s equations on Rx T2, induced
by eq. ont = 0. Suppose that R, Ry, W, Wy, q; and q, at t = 0, satisfy the
hypotheses of either Theorem or Theorem[6.4 Then, the solutions of the system
given by eqs. to are defined for all t > 0, and the metric, eq. , given by
these functions on [0,+00) x R x T? gives a Cauchy development of the data.

Regarding the stability of a, note that the equation implies
(@ —ap) — (@ = ab)aa = F(R,W,q) — F(Ry, W, ). (25)
where the source F(R, W, q)— F(Ry, Wy, q) is controlled by eq. . Using this and
D’Alembert, we deduce that the contribution of the source to |la(t,-) — ap(t,-)||co
is controlled by Ms(0) 4+ ms(0). The contribution of the homogeneous solution is
controlled by the initial data norm ||a(0, -) —ay(0, -)||co + ||a(0, -) —ap(0, -)|| 1. This
immediately leads to the following result.

Theorem 3.3. For any € > 0 there exist 6 > 0 such that if the initial data for
(R,W,q,a) satisfies Ms(0) + ms(0) < & and [a(0,-) = as(0,-)]lco + ac(0,) —
ape (0, )| < 8, then |la(t, ) — ap(t,)||co < € VE > 0.
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The spacetime perturbations of the previous theorem are future geodesically
complete. Once again, the functional space for the perturbations of a is chosen
from the point of view of the PDEs. The natural question is if there is a non-trivial
perturbation on these spaces subjected to the constraint equations. Indeed, this is
the case, for instance, if we require stricter norms for (R, W, q) at ¢ = 0. By doing
this, a — ap naturally belongs to the above spaces for each ¢ > 0. An example of
these norms could be Hf||%m = 30 o (f®) (2))? cosh? (22) dz for W an ¢, and

mi(f) == my(cosh!(2z)f(x)) for R. With these norms, using p = 2 instead of
p =1, and [ = 1 instead of [ = 0, one can see that small perturbations in this new
sense imply that a; and a, can be solved out in egs. @ and . Furthermore,
lla(t, ) — ap(t,)||co + l|ac(t, ) — ape(t, )|/ is finite for each ¢ > 0, and arbitrarily
small by reducing the values of m;1(R — R;)(0) and ./\72,3(0)7 where
Myil®) = W = Wallg |+ 10 =Wl +llallz,, + 19l .

The proof of the Theorems are done first for compactly supported per-
turbations, i.e., solutions with initial data differing only on a compact set from that
of the background. This is done in section[4and 5] The latter section is the central
part of the paper. Finally, in section[f] we give a rather general argument to extend

this simplified versions to larger functional spaces, proving theorem [6.9] and

4. COMPACTLY SUPPORTED POLARIZED PERTURBATIONS

In this section, we shall address compactly supported perturbations with ¢ = 0,
namely, a solution (R, W) of the system given by eqgs. and whose initial
data differs from that of the background only on a compact set. Although we
will not use the results found in this section explicitly in the non-polarized case,
the computations used in the non-polarized case rely on the ones developed here.
Furthermore, here the computations are more clear and yield stronger results.

At first, the solutions are not defined for all ¢ > 0. All the estimates concerning
will be for ¢ > 0 in the interval of existence. Furthermore, we also assume mg(0) <
2Ry/3 to ensure R > 0 for ¢t > 0. Throughout the work, depending on the kind of
computations, we will use 0, f or f;. Also 0“f with a a multi-index. We say that
a function f(¢,x) is of locally z-compact support if for any interval [T7,Ts] there is
a compact subset K C R such that f(¢,2) =0if ¢t € [T1,T3] and = ¢ K. Recall the

notation mg. We summarize some elementary properties in the following lemma.

Lemma 4.1. If (R,W) is a solution such that R — Ry and W — W, at t =0 are
compactly supported and mo(0) < %Ro then, for t > 0, and where defined, R > 0
and (R — Ry, W — W) is of locally z-compact support.

Proof. The use of D’Alembert’s formula gives R > Ry, — mo(0)(t 4+ 1),t > 0. With
this, it can be seen that both claims about R are true. For W, use a finite speed

propagation argument. O
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4.1. The basic energy inequality. In order to obtain the asymptotic stability
of our solution, we need some useful energy. Consider the change of variable z =
RY2(W —W,). In this new variable, the equation for W becomes

2 p2
Zit — Zgx +2G =g WithG:RtR””andg:Rl/z(};f—]ZI>Wb$. (26)
b

4R?
Now z is of locally x-compact support, then it makes sense to define the energy

1
Ezzf/zf—i—zi—i—zQdex,
2 Jr

where Gy = We need some estimates involving R — Ry so that we can

1
cosh?(2z) *
control E. These properties are given in the following lemma.

Lemma 4.2 (Coeflicients estimates). For allt > 0, we have the following estimates:

[R = Rplloc(t) < (t+ 1)mo(0), (27)
[1Re = Riglloo (), [[ R = Rbeloo (t) < ma(0). (28)

Furthermore, as we are assuming mg(0) < %Ro we also have that R ~ Ry, i.e,

there is a constant d > 0 such that

< || B
| R

y 0 <d (29)

and this, in turn, implies the existence of a constant C > 0 such that

R Ry, R, Ry, Ct+1)
’ R R oo(t)’ R R, oo(t) = €2t cosh(2x) ma(0), (30)
161 = Glla(t) < e g (0), 1)
ct+y
llglles (t) < o cosh®2(22) 1(0). (32)

Proof. Use D’Alembert to derive the first estimates. The other follows from direct
computation using these. O

Proposition 4.3 (The basic energy inequality). Let (R, z) be a solution such that
R — Ry, z and z; are compactly supported at t = 0, with mo(0) < 2Ry/3. Then
there is a constant C' such that, where defined,

EY2(t) < C(EY2(0) + m1(0)), with t > 0. (33)
Furthermore, the constant C depends only on a bound on m1(0).

Proof. The function z is of locally x-compact support as W —Wj, is. For this reason,
we can derive under the integral and use integration by parts. Then, we use the
equation to obtain
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E= / 2t + 2pzgt + 220Gy dx = / 2t(zet — Zgx + 2Gp) dx
R R

= | z2(Gy, — G) dx + / z¢g dx
R

/
S\//Rz? dac\//RzQ(Gb—G)2 dw—l—\//thQ das\//RgQ dz .

First term Second term

In the first term, the first integral is bounded by E'/2. For the second integral, use
the estimate to find out that this term is less or equal to
Ct+ 1)ma (0)e 2 B2 / _
g cosh?(2x)
but the integrand in the last integral is just 422G}, so in the end, our first term is

less or equal to
C(t+1)e 'my(0)E,

where we have adjusted the constant C. Let us control the second term. This term
is a product of two integrals. The first one is less or equal to E/2. For the second
integral, the use of the estimate yields

/Rg2 dr < C(t+1)e " 'my(0).
Using all these observations, we get
E<Ct+1)e 2mi(0)E + C(t+ 1)e~tmy(0)EY/?
<Ct+1)e mi(0)E+Ct+1)e ' E+C(t+1)e 'm3(0) (34)
<C@t+1e 'E+C(t+ 1)e 'mi(0),

where in the last inequality, the constant depends on m;(0). This inequality implies
the thesis. O

Note that since R ~ R, = Rpe* cosh(2z), this implies exponential decay in our
original variables plus decay as x goes to infinity. However, we do not have future

existence for all ¢ > 0. This matter is the objective of the following subsection.

4.2. Higher order energies. Let a be a multi-index o = (m,n). The first letter
will refer to time derivatives, and the second will refer to spatial derivatives. Let

us denote

E“(t) = %/R(aaz)? +(0%2)2 + (0%2)°Gy dz.

The most important of these energies are the ones with o« = (0, m) because they
are related to H* norms of z and 9,z. This fact is important since, at t = 0, they
involve only the initial data. One could be tempted to do an argument similar to
the one made in the derivation of eq. , but using E©™) . If we do this, we
will discover that the growth of E(®™) is bounded by a polynomial of degree m.
This result is not bad, but we found another, longer way to obtain better estimates.

First, we derive estimates for E("9 and then we pass our estimates to E(®™) using
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the equations satisfied by z and its derivatives. Now, more coefficient estimates are
needed.

Lemma 4.4. Suppose mo(0) < 2Ry/3, then:
a) For all multi-index o # (0,0) we have
10%(R = Rp)lloo(t) < ma(0) t20. (35)

b) For every multi-inder o, 0“R/R and 0“RY?/RY? are bounded to the future.

Moreover, the bound depends only on a bound on m|4(0).

¢) For every multi-index o, 0° Ry /R, 0*R, /R, 0*(R:/R) and 9*(R,/R) are bounded

to the future. Moreover, the bound depends only on a bound on mjq|4+1(0).

d) For all multi-index o there is a constant C' such that

R }%t R, f%m t+1
L — - ol+1(0). (36
< - th cosh(2z) mial+1(0). (36)
e) Estimates for Gy — G: for every multi-index « there is a constant C' such that
(t+1)

10%(G = Gb)|(t) < C

S mmla\+l(o)~ (37)

Moreover, the constant depends only on a bound on m|q|4+1(0).

f) For every multi-index « there is a constant C such that

= 20/ Gy, (38)

Furthermore, the constant C' depends on o and on a bound on m|q|4+1(0).
g) For every multi-index « there is a constant C' such that |0*Wy,| < C/ cosh(2x).
In addition, if o is not purely spatial then 0*Wy, = 0.

C
« <
0G| < cosh

h) Estimates for g: For every multi-index « there is a constant C' such that

t+1

lloo <C———~—
1%l €2t cosh®/?(2z)

mja)+1(0)- (39)
Additionally, the constant C just depends on a bound on m|q|4+1(0).

Proof. Ttem a) is a direct consequence of D’Alembert’s Formula. Item b) and c)
are just computations using a) and the fact that R ~ Rj. For these computations,

it is often helpful to use recursion formulas, such as

o (Re\  O0“Ry o) 0 PROP(H)
(&) -7 2 60—

0<B<a
or
a(pl/2 o a—B pRl1/298(pP1/2
o°(R )S8R+Z @\ |9 IR0 (RY2) |
R/2 2R 3 2R
0<a<p

Item d) is proved similarly, and item e) is a consequence of a)-d). Item f) fol-
lows from item e). Item g) follows from direct computation, and finally, g) is a

consequence of d), g), and b). O
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Proposition 4.5 (Energy estimates for time derivatives). Let (R, z) be a solution
such that R — Ry, z and z; are compactly supported at t = 0, with mo(0) < 2Ry/3,
and let « = (m,0). Then, there is a constant C' such that, where defined,

VEMmO(t) < C(VEMO(0) + ...+ VELY(0) + VE(0) + ma+1(0)), fort > 0.

Furthermore, the constant C just depends on m and on a bound on mq|11(0).

Proof. We have already proved the case @« = 0 in the Proposition Let us

proceed by induction. Deriving the equation with respect to m > 0 yields:

m—1
()t — (B 2)aw + (O72)G + 3 @‘) o ATC-G)= 3y
=0 in B0 eq. eq.

already controlled

Here, we have used that 9iGj, = 0 in the last term before the equal sign. Now, as
we did in the proof of Proposition , we can derive E(™9) with respect to time,
integrate by parts, use the equation and control each of the terms appearing. The
new terms are the ones that have a curly bracket in the above equation. Below

these brackets, it is specified how to control these terms. O

The following lemma goes in the direction of proving the desired estimates for

E(©m) Here we use the notation |a| = m + n for a = (m,n).

Lemma 4.6. In the above assumptions, suppose n > 1 and m > 0, then there is a
constant C' such that, where defined,

VEmm(t) < CVEmTn=D()+ ¢ > VEB(t) + Cmyy(0) fort >0,
where « = (m,n). Now if m > 1 and n > 0 then there is a constant C such that,
where defined,

VEmm(t) < CVEm=1nt(t)+C > VE(t)+ Cmyq(0) fort > 0.

0<B<(m—1,n)

The constants just depend on a bound on m|q11(0), and on m and n.

Proof.
E(m’")(t)zl / [(OmOm2))?  +[(0m072),)> + (9m9"2)* Gy dx
2 R —— — ——— N~~~

It is in E(m+1l,n—1) It is in E(m.n—1) <1
1
< BT () + BNV + /}R (0705 2).)? da.

To bound the last term, derive the eq. m—times with respect to time and
n—1—times with respect to x. The derived equation gives us the following estimate,

(m,n—1)

/R @r otz < o / @22+ Y / (0P20°5G)* + / @ron-g)?.

B=(0,0)
It is in E(m+1,n—1) <CE?® SCm‘za‘(O)

Using this and putting a square root, we arrive at the first claim stated in the lemma.
Keeping track of the constant, we see that the assertion about its dependence is

true. For the second inequality stated in the lemma, the same reasoning works. [
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Corollary 4.7. In the above assumptions, given n, there is a constant C' such that,
where defined,

VEOn (1) < CVE®O(t) + ...+ VELO ) + VE®)) + Cmn(0),  (40)
and

VE@O (1) < O(VEOD () + ...+ VEOU () + VE(t) + Cm,(0). (41
The constant depends only on a bound on my+1(0) and on n,m.
Proof. Use the previous lemma and induction. O

Proposition 4.8 (Energy estimates for spatial derivatives). Let (R, z) be a solution
such that R — Ry, z and z: are compactly supported at t = 0, with mo(0) < 2Ry/3.
Then there is a constant C' such that, where defined,

VEOR) () < C(VEO(0) + ...+ VEOD(0) + VE()) + Cm,i1(0). (42)
The constant C' just depends on n and on a bound on my41(0).

Proof. First, note that we have already proved the corresponding theorem for £

in the Proposition[d.5] We first use the eq. (40)), then the Proposition[4.5] and finally
the eq. , this time evaluated at ¢ = 0. (]

4.3. Relation with H*-norms and returning to our original variables. Let
us define

ML) = el () + 19eellss (), A) = / 22 du.

Note that A < EV2AY2 < C(EY2(0) +m1(0)).AY2. Therefore
AYV2(t) < AY2(0) + C(EY2(0) + mq(0))t.

Theorem 4.9 (H"-evolution). Let (R, z) be a solution such that R — Ry, z and z
are compactly supported at t = 0, with my(0) < 2Ry/3, and let k > 0. Then there

is a constant C such that
M (t) < C (Mg (0) +myg(0)) (t+ 1), fort>0. (43)

The constant C here depends on a bound on my(0) and on k. Furthermore, the
solution (R, z) is defined for all t > 0.

Proof. Just note that M, involves (9%2)? with i = 0, ...,k and (870;2)? with j =
0,...,k—1, and that all of these terms appear in the t-derivative or the x-derivative
term of one of the followings quantities: A, F, EOV . . EOk=1) Using this, with
the above computation for A and eq. yields eq. . Lastly, if we call T
the supreme of times T such that the solution is defined on [0,T], then Myg(¢) is
bounded on [0,7%]. By a continuity lemma, it follows that Ty = +o0. O

This result allows us to prove the existence of solutions with certain decay in our

original variables.
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Lemma 4.10 (Passage lemma). Given R a solution of eq. with mo(0) < 2Ry/3,
and let k > 0. Then for every solution z to eq. , of locally x-compact support,
we have that W — Wy, is of locally z-compact support and

1

¢ 2l () < [IW =Wl g, (8) < Ce™ 2] (1)

where H* is the weighted Sobolev space, with cosh(2z) dx as the weight. Here C' is

a constant that depends on a bound on my(0) and k.

Proof. The proof is just computations and the use of the estimates derived in
Lemma [£.4 O

In the following corollary, we summarize what we have obtained so far. Recall
the notation

Mi(8) = [W = Wl g, () + 10, (W = W) 7, (0)- (44)

Corollary 4.11. Given (R,W) a smooth solution of the system eqs. and
with ¢ = 0. Suppose also that the initial data R, Ry, W, W, differs from that of the
background in a compact set and that mo(0) < 2Ry/3. Then, the solution is defined
for every t > 0 and

M(t) < Cet(t +1) (Mk(o) + mk(O)) .

Moreover, the constant C' depends only on a bound on my(0) and k.

5. COMPACTLY SUPPORTED NON-POLARIZED PERTURBATIONS

The objective of this section is to study non-polarized perturbations, i.e., we al-
low our perturbations to have g # 0. As before, we first study compactly supported

perturbations.

5.1. Bounded distance from the background. Again, let us consider a solution
to the system egs. to . We ask this solution to be smooth and to differ initially
from the background only on a compact set. Due to a finite speed propagation
argument, R — Ry, W — W, and ¢ — qp, where defined, are of locally x-compact
support. These properties allow us to integrate by parts and derive under the
integral.

In what follows, we will use a special connection. First of all, recall y : K — H.
Note that its differential, Dy, can be regarded as a section of the fiber-bundle K —
T*K®x~'TH, where x~'TH is the pullback bundle over K. In x~'TH, we have the
pullback connection and the pullback metric, and in the bundle T*K we have the
metric k and its connection. The product connection on T*K @ xy~!TH preserves
the product metric. Using this connection the equations egs. and are just
Ve, x! = 0, i.e, tr(VDx) = 0. Consider the energy-momentum tensor given
by Tup := OuX'Opx’ hij — %gabg(’ﬁhijaaxiﬁng. A direct computation shows that
VT = Opx'hi; V0 x?. The last term, with j = 1,2, are exactly the equations
eq. (3) and eq. . Accordingly, the solutions to these equations have divergence
null energy-momentum tensor. Recall the metric k = 4et (—dt?>+dz?)+R?(t, z)d?,
and consider the the vector field N = 8;/2¢%, the slice S; = {t} x R x S! and the



STABILITY OF DOUBLE-CUSP SPACETIMES AND LONG-TIME GEOMETRIZATIONS 17

vector field given by Y* = T9 X b This vector field is the dual vector to the one
form T'(-, X). Using Stokesﬂ we have:

/[ | lv (T, X") dVol = / XX dSo+ | XT,, X" dS,
0,tp] xRx S So St

Now V(T,, X%) = T,, V¢ X®. A computation shows that
1 LR 1

vext = @(590)&(30}) + R™ 77(%)%%)57

1
Too = Tir = 5 (10nx[li + 1913,

B2 0l — 19 x5

T =
27 79 4eit

Using this

/ (10X + 10ox12) Sy de = —2 / 19:xlz (1+Rt>R i
w2 2R

Harxlli Ry R
_ 9 [ IZzXln ki
/R 2 “og) e

Let us momentarily call the left integral £ (without d;). Since mo(0) < %Rm eq.
holds. Using this estimate yields 9, < C(t + 1)(m1(0) + 2)e~2&. Integrating we
obtain &(t) < exp(C(m1(0) + 2))E(0) for the future. Now

W= W g/ (W — W)l dxgc\//(w—wb)gcosh(zx) dx
R

< CEY2(t) < C exp(C(m1(0) +2))EV2(0),

and analogously for ¢ — ¢, = ¢. This result allows us to conclude that the dis-
tance between the background solution and a solution (W, ¢), whose initial data is
a compactly supported perturbation of that of the background, is bounded. Geo-
metrically, this means that if we start with a solution that is a compactly supported
perturbation of a geodesic, then this perturbation evolves at a bounded distance.

Moreover, this distance depends on a bound on m4(0) and on le(O), where now
MW = Wa, g)(t) = (IW = Wall g + [(W = Wo)ell o + llall g + llgell 7o) (2)-

We define M, [, ] in the same manner but using k and k—1 norms. Again, whenever
we say My, without explicit mention of the functions, the reader should interpret
MW — W, q].

5.2. The basic energy inequality. In this section, we derive the basic energy
inequality from which exponential decay will follow. We will consider a smooth
solution to the system formed by eqgs. (2) to (4), whose initial data differs only on
a compact set from the data of the background, egs. (L1)) to , and such that
mo(0) < 2Ro/3. These requirements are imposed throughout all the section and,
for the sake of concreteness, will be referred to as the assumptions. Consider the

2As the solutions we are treating now differ from the background only on a compact set, we

only have these two terms contributing to the flux.
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change of variable z = RY2(W — W,) and v = R'/?q, where R = Re~*W. This
change yields the following system of PDEs for z and v:

2t — Zex +2G+ B =g, (45)
Vit — Vge + V(G + 4ng25) +D =0, (46)
where
D = 40(W; — W7) + 8uW, Wi, R (@) o
+20(q; —qi)e " 2 ’
qt = R1/? (vt — %erQR_l/Q(zt — %v)) , G = %’
4 =R'? (Uz - %v +2RV2(z, — %z) + 2Wblv> , Wie = it
W =W —W, W, =R'/? (zt—%z),
W, =R"1/? (217%2), g=R'Y? (%, ?;)Wbm.

The system displayed is exactly the system of the polarized case plus powers of first
and zeroth derivatives. Our objective of finding exponential decay is translated,
under this change of variable, to prove that z and v grow at most polynomially. In
order to achieve this, we define the following energies:

A= %/}Rz2 +0? du, (47)

&y := Elz,v] := %/Rzz + 27 + 2°Gy dz + %/Rvi + 02 + 0% (G + 4AW32) dx, (48)
Ey := Elz,ve] + E[z,v], &1 1= Elzg,v] + E[2,v]. (49)

Recall that G = m and Wbi = %, so all the energies defined above are

positive definite. Our first objective is to control £;. This control will be achieved
by a series of lemmas (Lemma Lemma and Lemma , which culminate
in the Theorem [5.4l The outline here is similar to that of the polarized case. As
before, we need to use the estimates for time derivatives to get control of £;. The
reader should think of Lemma[5.1] as Proposition [4.5] the difference being that, due
to the factor & in the right-hand of Equation , Lemma almost controls Fj.
In the same way, the reader should think of Lemmas and as Lemma
serving as a passage between time and spatial energies, this time being more subtle
than before.

Lemma 5.1. There are numbers n;, m; such that, for every solution to the system

given by eqs. , and , satisfying the assumptions, there is a constant
C > 0, depending only on a bound on ma(0) and on £ (0) + A(0), such that

A < AV2EL2, (50)
By < C(t+1)e 2By + C(t + 1)e 'my(0)E}/?

+ Y et et am, (51
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Proof. Since we are working with compactly supported solutions, we can derive
inside the integral. Doing this with A and using Cauchy-Schwarz yields

0y A = / zzy do < Al/zé’éﬂ.
R
Now let’s compute 9,&y. Deriving under the integral and using parts

& = / 2e(zet — 2w + 2Gp) + v (Vg — Voo + 0(Gp + 4Wbi)) dx
R

= / 2t[2(Gy — G) + g] —2: B + v[v(Gp — G)] —v D dz.
R > N—————

The terms A and C are controlled as in the polarized case:
/ A+ Cde < Ct+1)e 2 + C(t + 1)e 'my (0)E)%.
R

The new thing here is to control the terms involving B and D. A careful inspection
of B and D, using the equations below the eqs. and ([46]), shows that they can
be written as a linear combination of the terms displayed below

_ —4W Rt R
R~ Wy, where a; = Uf, ﬁvvt, fxvvx,fG,Wbin,
R,
2 2
§bev s Whptgv, v3
1 4T R, Ry
B { R 'e Wy, where ay = vz, ﬁzvtv, §v2zt, G2z, 0,02y, (52)
R, R, R
2 2 2 Nz
fszv,ﬁv 2z Wha™ 20, Wy, Zﬁ
_ —4W Rt R,
R™3/%¢ AW s, where az = UQZE,UQZzG, thZ’UQ, vzzi, fdczmzv2
and
R™Y2712¢="W | where ay = vay, fori=1,2,3.
-1 9 42 Ba s R R,
D § R™'as, where as = vz, Gz, SR oY Vet Q—thtzu fwbmvz (53)

R_1/2a6,where ag = Wy,vz,

Because of this, to bound fR ztB + v D dx, it suffices to deal with a sum of terms

of the form
/ R_m/Qe_m/jzta dx or / R_m/26_4ijta dx where m>1,7=0,1

. 8 a=q;fori=1,..,6
Let us call the term z; (or v;) next to « the main derivative. The strategy is as
follows:

1. If o has at least one derivative, apply Cauchy-Schwarz to this derivative
and the main derivative and use ||-||o for the remaining terms inside .
The use of Cauchy-Schwarz gives a bound &,. For R—me—4W just use that
W is bounded and that R=™ < CR,™ < Ce™"'. Regarding the use of |||/,
note that by Sobolev embedding

1/2 1/2
[0lloos l12lloe < LAY +€7%), furlloc, 102 oo, 2tlloos 122 lloo < CEL.
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Proceeding in this way, we produce bounds of the form:
Ce tEEM2A™2  for some n,m > 0. (54)

where we have used that & < &;.
2. If « comprises only zero derivative terms, then looking at the terms that

constitute D and B, and recalling that G < WC@, we see that all these

terms are multiplied by Wl(gz) Apply Cauchy-Schwarz between the main
derivative and s (or COS}’I‘EM)), and ||-]|s and Sobolev embedding for

the other terms. The use of Cauchy-Schwarz gives the bound &;. Finally,
again we bound R"”e_‘lw < Ce™t. This procedure yields bounds of the
form
067t50€3/2¢4m/2 for some n,m > 0. (55)
Using the bounds , with the fact that & < Ey, and the control for A and
C we obtain
& < C(t+1)e 2my(0)Ey + C(t + 1)e 'my (0)EL/?

+ ZC’e*tElff’ﬂAmi/z, where n;, m; > 0. (56)

Now in order to obtain an estimate for E1 we will bound E[zt, qt]. Deriving under
the integral and using parts

Elze, 1) = /tht((zt)tt — (2t)za + (20)Gp) + V10 (V) et — (V) + Ve (Gp + 4Wbi)) dx

Now deriving the system, egs. and ([46]), respect to ¢ we find that
(26)t¢ — (2) ez + 2G + Giz + B' = g4,
(v)et — (V) az + v:(G + 4W32) + vGy + D' = 0.
Therefore

E[Zt, qt] = / Ztt[zt(Gb — G) + GtZ + gt] —ZttB/ =+ Utt[vt(Gb — G) =+ Gtv] —UttD/ dx
R
F G

Again, the terms F' and G are controlled as in the polarized case:
/RF +Gde < Ct+1)e 2By + C(t+ 1)e 'ma(0) B2
Now when we derive B and D, we find (see egs. and (53))
(Rfm/z)tefm/oz + Rfm/Q(—élVT/t)e*m/oz + B2 W g,
= (R™™/?),e™W g+ R/28,
where 8 could be at, @ or —4W,ar, with @ = «;, i = 1,..,6. Here ’(R_m/Q)t‘ =
’—m%R‘m/2| < CR™™/2, 5o it suffices to bound terms of the form

/R_m/Qe_m/Zttﬁ dr or /R_m/2€_4wvtt5 dr B =a,a, —4W;a.
R R

The fundamental fact about the products inside § is that they have, at most, a
second derivative since « is a product of one or zero derivatives of v and ¢. In other
words, if a product inside 8 has a second derivative, this derivative is raised to the

power of 1. In addition, this second derivative could be zy, v, 244 O V. Let us
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call the term zy; (or vy) next to 8 the main derivative. The strategy is similar to

the previous one:

1. If 8 has a second derivative, apply Cauchy-Schwarz to this derivative and
the main derivative and use |||« for the remaining terms of 5. If it does
not have a second derivative but has at least one derivative, apply Cauchy-
Schwarz to this derivative and the main derivative. The use of Cauchy-
Schwarz gives a term FEj. None of the remaining terms of 3 will be a
second derivative so, using Sobolev embedding, these ||-||oc will be bounded

precisely as before:
1/2 1/2
olloc, [12lloe < CLAY2+E2),  Nvtlloo [0xlloos 12t lls0s 12210 < CEL2.

Once more, R—m/2¢=4W < Ce~t. With this procedure, we obtain bounds

of the form
< C’e_tElé’f/zAm/Q for some n,m > 0. (57)

2. If B comprises only zero-derivative terms then, looking at the terms that

constitute D’ and B’, and recalling that G < WC(%) and 0,G < WCE%),

L Then apply Cauchy-

cosh(2x) -
Schwarz between the main derivative and i (or COS}’I‘EQI)). For the

we see that all these terms are multiplied by

remaining terms inside j3, use ||| and Sobolev embedding as above. The
use of Cauchy Schwarz will give a term bounded by C'F;. Finally, again,
we bound R~™e~*W < Ce~°t. This procedure yields bounds of the form

< Ce_tElgg/QAm/z for some n,m > 0. (58)

Now Ey = &+ E|z, ¢]. Using egs. and , the control of F'+G and eq. ,

we obtain:
By < C(t+1)e 2my(0)Ey + C(t + 1)e 'my(0)E}/?
+ Z Ce*tElc‘fl""ﬂAmi/Q, where n;, m; > 0.

O

Lemma 5.2. There are some numbers n;, m; such that, if during an interval of
time [0,T] we have a solution satisfying the assumptions with |z, |vs| < 1, then,
there is a constant C > 0, depending only on a bound on m1(0) and on & (0), such
that

& < CE + C(t+ 1% my (02 + 3 Ce ' By 2A™/2 fort € [0,T].  (59)

Proof. We know that & = E[z,v|+ Flzs,v:] < E1 + E[24,v,] so in order to bound
&1 with E; we need to control E[z,,v,| by Ei. Note that

Elzz, 5] = / 22+ 22 422G, + vl + 02 + (G + AW,Y) da

< / 22 402 +CE;.
R
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Now, using the equation,
2hp < O, + 2°G* + g° + B),
w?, < C(w? +w?G? + D?),

SO

/ziz—i—wimgCEl—i—/gQ dgc—i—/BQ—i—D2 dx
R R R

< OBy + Ot +1)%e?'my(0)* + / B? + D? du.
R

So now we need to control the last integral by E;. In order to do this, we will use

the hypothesis that |z,|,|vs| < 1. Now, remember the general form of B and D
(egs. and ) It follows that we need to bound

/R*kazefswj dx where k > 1,7 =0,1 and a = a; for i =1, ..., 6.

Here, we have used that 2ab < a? 4 b?> many times. The strategy is as follows:

2

1. If « is composed only by zeroth derivative terms, then o always has

m as one of its factors and always has at least four terms (pow-
ers of z and v). Choose two of these, for example, v and w, and use ||-||co
with the remaining terms and Cauchy-Schwarz with these two terms to-

gether with Using Cauchy-Schwarz gives us a term &. Again,

1
cosh?(2z) *
use Sobolev embedding to bound the infinite norms of the remaining terms

and R~*e=8W < Ce~2t. This procedure yields bounds of the form
C’e*t53+n/2Am/2 (=< Ce*tEi+n/2Am/2) for some n,m > 0.

2. If o2 has at least one derivative then a has at least one derivative then
a? has at least two derivatives. Bound the remaining terms by the infi-
nite norms and apply Cauchy-Schwarz to these two derivatives. The use
of Cauchy-Schwarz will give a term bounded by C&, < FE;. For the in-
finite norms, if we have ||z|loo, ||2¢]loo, [|¥]|co @and ||vt|leo then use Sobolev
embedding to bound these terms by

C(AYV2 + &)%) or B2

Regarding terms like ||2z]/co and ||vg||oo just use the hypothesis that they
are less than 1. Lastly, R~*e=8W < Ce~t. This procedure gives a bound
of the form

C’e_tEllJrn/z.Am/2 for some n,m > 0.
Putting it all together, we find

Elzp,v5] < CEy + C(t+1)%72'my (0)2 + Y Ce™ By /2 4m/2,

which is the desired conclusion. O
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Lemma 5.3. There are some numbers n;, m; such that, for every solution satisfying
the assumptions, there is a constant C > 0, depending only on a bound on mq(0)
and &(0), such that

By < C& + Ot + 1% 2my (0)2 + Y Cete /2 ams/2, (60)

in particular, evaluating at t = 0,
E1(0) < C(&(0) + mi(0)), (61)
and now the constant also depends on a bound on A(0) 4+ £1(0).

Proof. Notice that this is the inequality of the previous lemma but with F; and &;
reversed. Following the same argument leads to the need to control [ B2+ D? dx
by &. This control is more straightforward than before. The strategy used in
the previous lemma works with minor modifications. The first step already led
to bounds of the form CetE3+™"/> A™/2 which is less than Ce~t& T"/2 Am/2, In
the second step, the use of Cauchy-Schwarz gave &y, which is fine. Regarding the
infinite norms:
2o [Vllso, Nzt llo0s 1Zalloos l1oelloos s lloo < AM2 4+ £172,

which is also fine. (|
Theorem 5.4. There is some § > 0 such that, for every solution to the system

satisfying the assumptions and 511/2(0), m2(0) < 0, there is a constant C, such that
E? < O(B{*(0) + ma(0)) ¥t e [0,T), (62)
and
&% < C(&]7(0) + m2(0)) Wt e[0,T), (63)
where T is the supremum of times T such that the solution is defined on [0,T"].

Furthermore, the constant just depends on a bound on m(0),E1(0) and on AY/?(0).

Proof. Let 6’ > 0 be such that ¢’ < 1 and such that if 511/2 < ¢ then |z, Jvg| <
1. The existence of ¢’ is justified by Sobolev embedding. Now suppose that

511/2(0),7712(0) < 0 << §'. The value of ¢ will be specified in a moment. The
1/2

only property that we will use now is that since 6 < ¢’ and &'7(0) < §, then
&l / 2(t) < & for at least an interval of time. Consider
T =sup{s:s<T and &*(t) < & for t € [0,T)}.

For t € [0,T), we have |z,|,|v.] < 1, and therefore we are allowed to apply
Lemma [52] This lemma asserts that

& < CE + C(t+ 1% 2 my (02 + 3 Ce ' By M2 4™/ vt € [0,T).
i
Now by the evolution equation for A, eq. , we know that
t
A2 < AM2(0) +/ EV2(s) ds < AV2(0)+¢  Vte[0,7),
0

so et A™i is bounded, in [O,T), by a constant that just depends on a bound on
A'/2(0). Hence |&,m1| < 1 and et A™ is bounded for ¢ € [0,T). Using these
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bounds and the previous lemma, we see that F; is bounded in [O,TV)7 and the

bound depends on a bound on m1(0), £1/2(0) and on A/2(0). As a consequence,

ElH_"i'/2 < CEy YVt € [0,T), where again, C' depends on a bound on m; (0), 511/2(0)

and on A'/2(0). Using this fact, we specialize the conclusion of the Lemma

obtaining
& < CEy + C(t+1)%e2m2(0) Vt € [0, 7). (64)

Here the constant C' depends on a bound on m4(0), 511/2(0) and on A'/2(0). Now,
we proceed to control our energies. First, by the Equation and the fact that
&1 < 1in [0,T) we know that

By < Clt+1)e By + C(t+ 1)e 'ma(0)EL/
+CE Y e PA™? vt e [0,T).

Now, use that (t4+1)e™t, (t4+1)e 2 < Ce~'/2 and et A™ < Ce~t/2 Vi,V t € [0,T).
This yields

By < Ce V2(By +ma(0)E,/?).
Using Gronwall
E? < C(E?(0) + my(0)) Vt € [0,T). (65)

The constant here depends on a bound on m2(0), £;/%(0) and on .A/2(0). Now,

using eq. and eq. we get
£/2 < OB + Cmy(0) < C(B{"*(0) + m(0))
< O(&/7(0) +ms(0)) ¥t € 0, ),
where in the last inequality, we have used eq. . Summarizing
£ < C(£17%(0) + ma(0)) Vt € [0, 7). (66)
As we are asking 511/2(0)7m2(0) to be less than d, we have 811/2 <025Vt e [0,T).

Now, if we require ¢ < % then 511/2(15) <§/2 <8 Vtel0,T) and hence T = T.

To sum up, if mg(O),Sll/z(O) < 0 then

EY? < C(E?(0) + ma(0) Vit e[0,T),
and since we have , then we also have
£ < C(£17(0) + ma(0)) Vit € [0,T).
d

5.2.1. Gaining one more derivative. In order to obtain existence for all ¢ > 0, what
we have to do is to extend Theorem 5.4 to Ey := Ey + Elzy, vy] and & := & +
E[244,Vse). In this way, we control one more derivative, and then by a continuity
lemma, existence for all time to the future is guaranteed . The arguments here are

essentially the same as above. For this reason, we only state the results.
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Lemma 5.5. There are numbers n;,m;,r; such that, for every solution to the sys-
tem given by egs. , and , satisfying the assumptions, there is a constant
C > 0, depending only on a bound on ms(0) and on & (0) + A(0), such that

By < Clt+1)e 2By + C(t+ 1)e 'ma(0) B/

+) Ce'Ey" rif2gni/2 gma/2, (67)

Lemma 5.6. There are some numbers n;, m; such that, if during an interval of time
[0,T] we have a solution satisfying the assumptions with |zz|, |ve| s |Zzz| s |Vaz] < 1,
then there is a constant C > 0, depending only on a bound on mq(0) and on
Eo(0) + A(0), such that

E2 < CBy+ Ot + 1% ma(0)2 + 3 Ce ' By 2A™/2 fort € [0,T]. (68)

Lemma 5.7. There are some numbers n;, m;,r; such that, for every solution sat-
isfying the assumptions, there is a constant C > 0, depending only on a bound on
m2(0) and & (0), such that

By < CE&+C(t+1)2e 2 my(0)2 4+ Ce™t & T2 A /243" Cemt AL2E 2 m3(0),

(69)
in particular, evaluating att =0

E5(0) < C(&2(0) + m3(0)), (70)
and now the constant also depends on a bound on A(0) 4+ £1(0).

Theorem 5.8. There is some § > 0 such that, for every solution to the system
satisfying the assumptions and 5'21/2(0)7 m3(0) < 6, the solution is defined for every
t > 0. Furthermore,

By? < C(Ey*(0) + ms(0)) vt >0, (71)
and

E3% < C(£57%(0) + m3(0)) V¢ >0, (72)
for some constant C' that just depends on a bound on m3(0),&2(0) and on A'/2(0).
Proof. Having the three previous lemmas, we can repeat the proof of the The-
orem which will give the desired conclusions for ¢ € [0,T), where T is the
supremum of times 7" such that the solution is defined on [0,7']. As a con-
sequence, A2 (t) + 521/2(15) + E21/2(t) is bounded in [0,7). By Sobolev embed-
ding, the C?—norm of the solution is bounded in [0,7). By the continuity lemma
T = +o00. O

Corollary 5.9. There is a number § > 0, such that for any smooth solution of
the system eqs. to , (R, W, q), with initial data that differs from that of the
background only on a compact set, the following holds. If m3(0) and Mvg(O) are
both less than §, then the solution is defined for allt > 0 and

Ms(t) < Ce ™ (t + 1)(M3(0) 4+ ms(0)).

Moreover, the constant C just depends on a bound on ms(0) and on Ms(0).
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Proof. The previous theorem, together with the estimate for A, gives a bound for
M. Furthermore, A(0) + £2(0) is bounded by M3(0). Now applying the passage
lemma, lemmam (which also works in this non-polarized case), we have the result
for W — Wy, q. (]

6. GENERAL PERTURBATIONS

So far, we have proved results concerning compactly supported perturbations.
In this section, we provide an argument to generalize these results for solutions
in a larger functional space. To do this, we approximate the initial data given
by a sequence of initial data which, as before, differ from that of the background
only on a compact set. We will see that the sequence of solutions converges to the
solution with the given initial data in a suitable sense. Consider (R;,Wi,q1) and
(Ra, W, g2), two solutions with initial data that differs from that of the background
only on a compact set. Define z; = R}/2(W1 —W,), v1 = RY2e=2W ¢ and similarly

zo and vy. Then, for each i, we have

-1/2 R;, R;
(Zi)tt - (Zz)axr + f(Gl,Rl / 7#7 le;vi7vizavitazivzit7zim7 be) = Gi,

~1/2 ) .
(Ui)tt - (Ul)xm + h(Gla Rz / ) 11%%1;7 %;avivvizvvitv Ziy Zity Zigs be) = O?

where f and h are polynomials on these variables. For instance, in the polarized
case, h = 0 and f = zG. For short, let us simply put f(A;, B;,C) where A; =
(Gi,R;lﬂ, 11%;71%?)7 B; = (04, Vig, Vit Zi» Zits 2i) and C = Wy, In addition, put
Az = z9 — z; and analogously, also define Av, AA, AB, Af, Ag and AR. Taking

the difference of the equations for i = 1 and i = 2 yields

(Az) — (Az)pw + Af = Ag, (73)

In order to control the sequence, we need to introduce the following energy
1< . , , . , :
M=y D [ (OLA2). P[00 (0L ) +((0L A0 +{(2L Av) +(0} Ao .
i=0”/R

Again, some estimates are required to bound #H,. For convenience, we introduce

the notation

mi[f1(8) = [ Fllow () + 10: fllox (£),  ma(t) := sup my[Ri] (2).

K3

Also note that we now have two definitions for &, namely, one for (z1,v1) and one

for (z2,v2). Now, we will call £, to the maximum of these two.

Lemma 6.1. For every o multi-index, there is a constant C' such that

a1 [AR](0)(t + 1)

“ <
0%Agl < © cosh(2x)3/2¢t (75)
and also
o mjal+1[AR](0)
10°AA| < Cletls()ls—h@gc)(t+ 1). (76)

Moreover, the constant C just depends on a, and on a bound on m|q4+1(0).
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Proof. The same kind of computations shown in the proof of the Lemma [£.4] works.
O

Proposition 6.2 (Control of H,,). Let n > 1 and suppose that for all t > 0
En(t) < K(£,(0) + my11(0)),
for some constant K. Then, there is a polynomial P(t) and a constant C such that
Ho < CP(t)(Hy + mi, 1 [AR)(0)).
Moreover, the constant C, and P(t), just depends on a bound on K, A(0), £,(0)

and on my,+1(0).

Proof. Deriving inside the integral, applying parts, using the equation, Cauchy-
Schwarz and the eq. , we obtain

Mo < CHyy + CHY*mp 1 [AR](0) + C / (0L A2), 0L (AS) + (91 Av), 9L (A) d.
i=0 /R

so we need to bound the last two terms. Since these terms are completely sim-
ilar, we only show how to control the first term. To do that, let us call ((A) =
(AA,AB,0)A + (A1, By, C), and observe that

[Af| = [f(A1, B1,C) = f(A2, B2, C)| < sup [[VF(C(N)[IAA] + [[AB]).

A€0,1]
Now, Vf is a polynomial which is evaluated in a point between (A;, B1,C) and
(Az, B2, C). Each of the components in this vectors are bounded by C(t + 1)
where C' is a constant that depends on a bound on & (0), A(0), m2(0) and K.
As a consequence, the term involving V f grows polynomially. Using this and the
eq. (76) we get
m1[AR](0)(t + 1)e™*

cosh(2z)

[Afl < P)(C +AB]),

and hence
/R (A2), |Af] da < CP(t)(HY st [AR](0) + Hy).

For the other terms, a slightly different argument is needed. Given ¢ > 1 we are
going to control the term involving (91Az),0%(Af), only using that m;; and &;
are bounded. In this way, we can apply this up to ¢ = n without needing more

hypotheses. Consider
0,(Af) = 0,(F(A1, B1, C) = [(As, By, C)) = 0,0, (f(Ar, B1,C) = (A2, By, ©))
= 0,(F(A41,B1,C) — f(A2, By, 0)),

here A; is a vector formed by tAhe eAlemEnts of 1111 and tIAleir 1 — 1 derivatives with
respect to x, and similarly for As, By, B, and C. Now f is a polynomial on these
variables. Hence
9,(Af) = V (A, By, C) - (9, 45,0,B,0,C) — V(41 By, C) - (0,41, 0, B1,0,C)
=(I)+ (II), where

(I) = Vf(As, By, C) - (8,AA, 0,AB,0)

(IT) = [Vf(A2, B2, C) — Vf(A1, B1,0)] - (9:41,0,B1,0,0).
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For (II), observe that

(II)<C sup
i,5,t€[0,1]

00 FCe)| (A4, AB,0)]1(0. 41,0, B1, 0.0,

where C is a constant that does not depend on anything. The first term in this
product is a polynomial which is evaluated in a point between (21,1_?1,6) and
(22,32,6). The terms in gj, j=1,2, are Gj,Rgl/Q, R;,/R;, R; /R;, and their
x—derivatives up to order ¢ — 1. Since m; is bounded, all these terms are bounded.
The terms in §j are composed of the x—derivatives of z;, 2;,, 2., v;,vj,, vj, up to
order ¢ — 1. Since &; is bounded, each term grows, at most, linearly. Lastly, C is
bounded. As aresult, the first term in this product is bounded by C'P(t), where P(t)
is a polynomial and C'is a constant that depends on a bound on &;(0),.A4(0), m;1(0)
and K. For the middle term, we use the eq. for AA, and ||[AB|| < CHy/?,
which is true by Sobolev embedding. This yields

milAR)(0)(t + 1)

et cosh(2z)

Using the same ideas, we see that

i1 [AR)(0)(¢ + e

cosh(2z)
Now, using Cauchy-Schwarz, and the fact that [o|| (8, A1, 8, By,0,C)||? da is bounded,

we get

(D) < CP(t)( +Hy!/ (92 Ar, 0, Br, 0, C)).

(D) < CPE)(C + (0. AB]).

/ (0LAz2),0L(Af) de < CP(t) (’H,}/anH[AR](O) + Hn)
R
Putting all together, and using ab < a? + b?, we arrive at the conclusion. O

Now we can enhance the results given by Corollary and Corollary

Theorem 6.3. Let k > 3. Let (R,W) be a C? solution of the system egs. (2)
and with ¢ = 0. Suppose also that (R — Ry(0,-),8;(R — Ry)(0,-)) € C¥ x C&~1,
mo(0) < 2Ro/3 and (W — Wy)(0,+),0:(W — Wp)(0,-)) € H* x H*=1. Then, the

solution is defined for everyt > 0 and
M(t) < Ce'(t+1) (Mk(o) + mk(o)) .
Moreover, the constant C' depends only on an upper bound on my(0) and k.

Proof. Consider a sequence of initial data (R;(0,-), R;¢(0,-)) such that for each i,
((R; — Rp)(0,-), Riy — Rp4(0,-)) are compactly supported and converges to ((R —
Ry)(0,-), (R — Ry)¢(0,-)) in C¥ x C¥~1. Similarly, we ask the same for the initial
data of W, but this time, we require that the sequence (z;(0,-), z;+(0,)) converges
to (2(0,-), 2(0,-)) in H* x H*1.

A quick computation using D’Alembert shows that for each fixed T' > 0, (R;, R;;)
is a Cauchy sequence in C([0,T],C¥) x C([0,T],Cs~1), converging to (R, Rt). Re-
garding z;, first note that eq. holds for every i with the same constant. Accord-
ingly, we are in the hypothesis of Proposition [6.2] with the same K for each i. By
applying this with n = k — 1, we see that Hi—1 < C*(Hir-1(0) +my(0)),0 <t < T,
where C™ now depends also on T'. Again, we can use the same constant, C*, each

time we apply this proposition. It follows that (z;,z;;) is a Cauchy sequence in
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C([0,T), H*) x C([0,T], H*=1). Since k > 3, we have that (z;,z;) is a Cauchy
sequence in C([0,T],C?) x C([0,T],C"). Finally, using the equation (73), we
see that we also have control of 97z; and then, we have that z; is a Cauchy se-
quence in C2([0,7] x R,R). As result, z; converges in C2([0,7] x R) to a function
h:[0,T] xR — R which satisfies the equation with initial data (z(0, -), 2:(0, -)).
By uniqueness, h is the solution with this initial data, defined on [0,7] x R. From
now on, we shall call it z instead of h. Now, by eq. , we have

M[z](t) < Ce(t+1) (ka[zi](()) + my, [Ri](O)) vt > 0,

where we have used the same constant for each i. Since (z;,z;;) converges in
C([0,T), H*) x C([0,T), H*71) to (2, 2) and (R;, R;;) converges in C([0,T], C¥) x
C([0,T),CEY) to (R, Ry), taking limit in the above estimate yields

My[2](t) < Ce ™ (t + 1) (M[2](0) + mg[R](0)) 0<t<T.

Since this is valid for all 7', by uniqueness, we have constructed a smooth solution
z to the eq. which satisfies this estimate for all £ > 0 and which has the
desired initial data, namely, that of W but seen in the z—variable. By the passage
Lemma this z corresponds to the smooth solution W given in the statement.
The estimate in the statement is a consequence of this lemma as well. O

Theorem 6.4. There is a number § > 0 such that, any C? solution of the system
eqs. to {), (R, W, q), with initial data satisfying (R— Ry (0, ), ;(R—Ry)(0,-)) €
Ck x CE1 mg(0) < 2Ro/3, (W — W3)(0,-), 0:(W — W3)(0,-)) € H* x H*1,
(q(0,-), 8,q(0,-)) € H* x H*=' and m3(0) < 6, Mv3(0) < 4, is defined for all t > 0
and

Ms(t) < Ce™t(t + 1)(Ms(0) + ms(0)).

Moreover, the constant C' depends only on an upper bound on m3(0) and on Mvg(O).

Proof. The argument is essentially the same, the difference being that now we work
with z; and v;, that it is Theorem which allows us to use Proposition [6.2] with
n = 2, and also that we use the equation given by Corollary [5.9] version M3,
instead of the Equation . O
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