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Resumen

En este trabajo probamos la conmutatividad graduada trenzada de la cohomologia de
Hochschild de A con coeficientes triviales, donde A es un dlgebra de Hopf trenzada en la
categoria de médulos de Yetter-Drinfeld sobre el dlgebra de un grupo abeliano, bajo ciertas
condiciones de finitud en una resolucién proyectiva de A como A-bimdédulo. Esto generaliza
un teorema de Mastnak, Pevtsova, Schauenburg y Witherspoon a un contexto que incluye
algebras de Nichols tales como el plano y el superplano de Jordan. Para demostrar nuestro
resultado construimos una estructura de coduoide a menos de homotopia en una categoria
duoidal cuyos objetos son complejos de cadenas de A-bimddulos. También probamos que
en cualquier categoria monoidal trenzada el complejo de Hochschild de una bialgebra
trenzada A es un comonoide coconmutativo a menos de homotopia con el producto de
deconcatenacion, el cual induce el producto cup en la cohomologia de Hochschild.

Palabras claves: cohomologia de Hochschild, categorias monoidales trenzadas, categorias
duoidales, algebras de Nichols, dlgebras de Hopf.



Abstract

In this work we prove the graded braided commutativity of the Hochschild cohomology of
A with trivial coefficients, where A is a braided Hopf algebra in the category of Yetter-
Drinfeld modules over the group algebra of an abelian group, under some finiteness condi-
tions on a projective resolution of A as A-bimodule. This is a generalization of a theorem
by Mastnak, Pevtsova, Schauenburg and Witherspoon to a context which includes Nichols
algebras such as the Jordan and the super Jordan plane. We prove this result by con-
structing a coduoid-up-to-homotopy structure on the aforementioned projective resolution
in a duoidal category whose objects are chain complexes of A-bimodules. We also prove
that the Hochschild complex of a braided bialgebra A in an arbitrary braided monoidal
category is a cocommutative comonoid up to homotopy with the deconcatenation product
which induces the cup product in Hochschild cohomology.

Keywords: Hochschild cohomology, braided monoidal categories, duoidal categories,
Nichols algebras, Hopf algebras.
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Chapter 1

Introduction

Given a field k and an associative algebra A, the Hochschild cohomology H®(A, A) has
a very rich structure, which has been widely studied. In particular it is a nonnegatively
graded algebra with the cup product which is also graded commutative; this fact allows
using methods of commutative algebra. The graded commutativity has been first proved
by Gerstenhaber [Ger64], this proof gave rise to the Gerstenhaber bracket. Another proof
of the graded commutativity was obtained via the Eckmann-Hilton argument [SA04]. In
fact the cup product is also defined for H®*(A, R), where R is an A-bimodule with an
associative product R® 4 R — R, but graded commutativity is in general no longer true in
this context. If A is an augmented algebra, one can set R =k, where k is an A-bimodule
via the augmentation. It has been proven that for a Hopf algebra A, H*(A,k) is also
graded commutative [FS04, SA04, Tai04]. The proof in [FS04] uses the fact that H®*(A, k)
is a subalgebra of H®*(A, A). The question of what happens when A is a Hopf algebra
in a different category has been raised in [MPSW10]. In that article, the authors work
with Hopf algebras in braided categories. They prove that in this situation, if certain
internal hom objects exist, then H*(A,k) is a graded braided commutative algebra. An
example of this situation is considering Nichols algebras; these are Hopf algebras in the
braided category of Yetter-Drinfeld modules over a Hopf algebra H. They have been
thoroughly studied in the case H = kG for an abelian or finite group G - see for example
[AS02, AAPW22, §V16, Her20]. The additional hypothesis about internal homs translates
here to the condition of either A or H being finite dimensional.

Looking at the computations of the graded algebra structure of H*(A, k) for A the Jor-
dan plane [LS21] or the super Jordan plane [RS18], we realized that even if the Hochschild
cohomology algebra is not graded commutative, it is still graded braided commutative,
even though the Jordan and the super Jordan plane are both infinite dimensional and the
Hopf algebra is kZ, which is also infinite dimensional. The computations are detailed in
the Appendix of this thesis.

Our main aim is to prove that graded braided commutativity still holds in a more
general context. For this, we show how to make use of arbitrary resolutions. The key step
is moving from braided monoidal categories to duoidal categories.

The contents of this work are the following:

In Chapter 2 we recall some preliminary definitions and results, together with some
examples that are relevant in the sequel: Hochschild cohomology in Section 2.1, monoidal
and braided monoidal categories in Sections 2.2 and 2.3 respectively, Nichols algebras in
Section 2.4.

The subject of Chapter 3 is graded braided commutativity. We review some results



and definitions from [MPSW10] and finally prove a theorem - see Theorem 3.3.6 - which
slightly generalizes Theorem 3.12 and Corollary 3.13 of [MPSW10]. An intermediate step
for this result is a theorem of braided graded cocommutativity up to homotopy for the
complex analog to the bar resolution - see Theorem 3.2.10 - which makes no use of internal
homs.

Chapter 4 contains our main results about graded braided commutativity, Theorem
4.3.8 and Corollary 4.3.9. The cases of the Jordan and of the super Jordan plane are
particular instances of these last results.



Chapter 2

Preliminaries

Throughout this work, we will denote by k an arbitrary field. It will be clear from the
context whether the symbol ® represents the usual tensor product of k-vector spaces, or
stands for the product in an abstract monoidal category.

2.1 Hochschild cohomology

The aim of this section is to recall some well-known facts about Hochschild cohomology
that will be useful in what follows, see for example [Wit19].

Definition 2.1.1. Let A be a k-algebra and M be an A-bimodule. The Hochschild
cohomology of A with coefficients in M is defined as

H.(Av M) - EXt;lA(A7 M)a
where Ext% 4(A, —) denotes the left derived functors of Homgaor(A,—), that will be

denoted Hom g4 (A, —).

Definition 2.1.2. Consider A as a bimodule over itself with actions given by its multi-
plication u. The bar resolution of A is the following free resolution of A as A-bimodule:

- By(A) —2= By(A) —= By(A) —= By(A) — 0,

where B, (A) = A® A®" ® A for all n € Ny and the differential b/, : B,+1(A) — B, (A) is
given by the formula

n+1
bil(ao @ @ apyo) = Z(—l)Z ag ® - Qaiai41 @ -+ Q apy2-
i=0

The quasi-isomorphism from this resolution to A is induced by the multiplication g :

Thus, when computing Hochschild cohomology via this resolution one gets

H.(A, M) = H(HOmAA(BO(A)v M)7 (b/o)*)



The naturality of the adjunction Homsa(A® V ® A, M) ~ Homy(V, M) implies that the
complexes (Homaa(Be(A), M), (b,)*) and (C*(A),d*) are isomorphic, where C"(A) =
Homy (A®™, M) and d" : C™(A) — C"TL(A) is:

d"fla1®: - ®@ant1) = a1 f(a2® - ®an41)
+ 2 (1) flar® - ®aiai41 ® - @ any1)
+ (1) fla1 @ @ an) - ant1.

Remark 2.1.3. Let R be a k-algebra, and p: A — R an algebra homomorphism. There is
an A-bimodule structure on R defining a - r - b = p(a)rp(b),Va,b € A, r € R. Moreover,
with this bimodule structure the multiplication 1 : R ® R — R factors through R ®4 R.

Let P, — A be a projective resolution of A as A-bimodule. The canonical identification
A S A®y4 Alifts to a chain morphism w : Py — (P ®4 P),, unique up to a unique chain
homotopy. This map allows the definition of a convolution product in Homg (P, R),
denoted by U, which passes to cohomology. This is the cup product of the Hochschild
cohomology of A with coefficients in R, denoted by U : H*(A, R) ® H*(A, R) — H*(A, R).
For the bar resolution, one can explicitly define a coproduct as follows:

Wl ® - Qapel)= Y (1860 0ae1l)es(1l®an®  ®ae1),
pt+g=n

which gives the following well-known expression for the cup product:
(PUYPI (IR ®  ®aptg®1)=p(1®a1® - ®ap@)P(1®apt1 @ ®aprq® 1),

for all ¢ € Homaa(B,(A), R),¢ € Homya(By(A),R),a1,...,aprq € A.
Translating this to the complex (C*(A),d*) gives the following formula:

(aUB)(a1 @ ®aprq) = (a1 @+ @ ap)B(apt1 @ -+ @ apiq), Vai,...,ap1q € A,
acCP(A),BeClA)a,...aprq € A.

Definition 2.1.4. An augmented k-algebra is a k-algebra A equipped with an algebra
homomorphism € : A — k. We will omit € when it is clear from the context.

Notice that if A is an augmented k-algebra then k becomes an A-bimodule. We will
focus our attention in the algebra H®(A, k).

Every Hopf algebra A is an augmented algebra via its counit. Its cohomology with
trivial coefficients is isomorphic to Ext%(k,k), which is the so called Hopf algebra coho-
mology [Wit19, Definition 9.3.5]. Note that the category of A-bimodules is monoidal with
the usual tensor product whenever A is a Hopf algebra. After reviewing some concepts on
braided monoidal categories, we will see a generalization of this fact in the last section.

2.2 Monoidal categories

In this section we will recall some facts about monoidal categories. For a more complete
study in this topic we refer to [ML98] and [AM10].

Definition 2.2.1. A monoidal category is a 6-tuple (C,®, I, a,?,r), where

e (C is a category,



e ®:C x € — Cis a bifunctor, called its product,
e [ is an object in C, called its unit,

e a is a natural isomorphism, called associator, given by a family of morphisms ax y,z :
(XRY)®Z - X®(Y®Z), foreach X, Y, Z € C, such that the following pentagonal
diagram commutes for all X,Y,Z, T € C:

(XoY)®(ZaT)

AXQY,Z,T aX,Y,ZQT

(XoY)®2Z)®T XY ®(ZaT))

ax,y,z®idr idx®ay,z,1

XeoYeZ2)eT X((Y®2)aT),

OX,Y®Z,T

e (/ and r are natural isomorphisms, called unitors, given by families of morphisms
Ix :T®X — X and rx : X ® I — X such that the following triangular diagram
commutes for all X, Y € C:

(X®I)®Y ey X®(IeY)
rm @
X®Y.

A monoidal category is called strict if a, £, r are identities.

When the rest of the structure is clear from its context, we may refer to a monoidal
category just by the name of the underlying category €. We will also say that it is a
monoidal structure on C.

MacLane’s Coherence Theorem [ML98, Chapter VII, Section 2] states that these two
relations imply that every composition of these morphisms from one arbitrary product of
objects in € to another one yields the same morphism.

Remark 2.2.2. 1f (C,®,1,a,¢,r) is a monoidal category, then its opposite category C°P
admits a monoidal structure given by (C°P, ®, I,a~1, ¢~ r~1).

Definition 2.2.3. Let (C,®, I, a, ¢, r) be a monoidal category. Its transpose is the monoidal
category (€, @ ,I,a=!,7,¢), where X @ Y =Y ® X for all X,Y € C.

Without loss of generality, from now on we will consider strict monoidal categories,
since every monoidal category is equivalent to a strict one via functors that preserve the
monoidal structure [ML98, Chapter XI, Section 3], in a sense that will be precisely stated
later. This is also the way monoidal categories are usually dealt with.

In this work, all monoidal categories will be k-linear, being the product bilinear with
respect to morphisms and distributive over direct sums. In order to have (co)chain com-
plexes and their (co)homology inside these categories, we will need an abelian structure
as well.



Definition 2.2.4. Let (€, ®, I) be a monoidal category. A monoid in € is a triple (A4, i, n),
where

e A is an object in C,

o 1: A® A — A is a morphism in C, called multiplication or product, such that the
following diagram commutes:

ASA A2 AsA
idA®#l l“
AR A o A,

This property is called associativity of the product.

e 1: I — Aisamorphism in C, called unit, such that the following diagram commutes:

A T4 o 4™ 164
id, Ml ida
A

This property is called unitality of the product.
In several texts in the literature, for instance in [MPSW10], monoids are called algebras.
Definition 2.2.5. A comonoid in € is a monoid in C°P.

Remark 2.2.6. A monoid in a monoidal category is a monoid in its transpose, and viceversa.
The same happens for comonoids.

Definition 2.2.7. Let (€, ®,I) be a monoidal category, and let (A, u,n) and (A, 1/, n')
be monoids in €. A morphism of monoids from A to A’ is a morphism f : A — A’ in C,
such that fou=p' o(f® f) and fon =1

Remark 2.2.8. It can be proved directly that identities and composition of morphisms of
monoids are morphisms of monoids. Thus, they form a category, often named Mon(C).

Next we will give examples of monoidal categories which give rise to (co)monoids that
are usually found in the literature.

Example 2.2.9. For the monoidal category of k-vector spaces (Vect, ®y, k), (co)monoids
are ordinary k-(co)algebras.

Example 2.2.10. Let R be a k-algebra. There is a monoidal structure in the category of
R-bimodules (gkModpg, ®g, R), where R acts on itself by multiplication. Its monoids are
called R-algebras.

Example 2.2.11. The category of Z-graded k-vector spaces has a monoidal structure
(Vect?, ®, ko), where the product of two Z-graded vector spaces V = D,z Vo and W =
@D,.cz W is given by
VeW),= @ VW,
ptg=n
and the unit kg is the graded vector space k concentrated in degree 0. (Co)monoids in
this monoidal category are known as graded (co)algebras.



Example 2.2.12. Let (C*,d},) and (D®,d},) be two nonnegatively graded cochain com-
plexes of vector spaces. One can define a complex (C' ® D), with underlying Ny-graded
space C'® D of the previous example, and differential §° defined by

P cvgpa = d¥ @ idpe + (—1)P ider @ dY,.

This happens to be the total complex of the product of both complexes. A unit element
for this product is again the graded vector space kg with zero differential, giving rise
to the monoidal category (Coch(Vect), ®,kp). (Co)monoids in this category are called
differential graded (co)algebras.

One can define a monoidal structure in the category of chain complexes in an analogous
way.

Remark 2.2.13. The previous constructions can be made for €%, Ch(€), Coch(€) whenever
€ is a monoidal category with a compatible k-linear structure and arbitrary direct sums.

Example 2.2.14. Let C be a category. A simplicial object in Cis a triple ({ X"}y, {0;}4, {0}}),
where for every n € Ny

e X, is an object in C,

e {0'}i=0,...n+1 are morphisms in € from X ntl to X, called faces, where we omit n
in the notation, and

° {O’;L}j:(),m’n are morphisms in € from X"*! to X,,, called degeneracies, where we
also omit n in the notation,

such that the following identities hold:
® Jjoo;=0j_100;if i <,

¢ Jiooj=idifi=jori=j+1,

aL'OO'j:O'jO i1 ifi>j—|—1,and
® 0005 = 044100 lflgj

A morphism of simplicial objects from ({X"}n,{0i}i,{0j};) to ({Y"}n, {01}, {07};) is a
collection of morphisms {fy}nen,, where f,: X,, — Y, for every n preserves faces and
degeneracies.

These objects and morphisms define a category, denoted by sC.

Now, if (€, ®, I) is a monoidal category, one can define the monoidal category (sC, x, E),
where for every n, i, j

o (X XY)=Xn®Yy,
e (0x0);=0;®0], and
o (o0x0a')j=0;00,

e E™ =T and all faces and degeneracies of E are identities.



Example 2.2.15. Let (H,pu,n,A,e) be a k-bialgebra. The category gMod of left H-
modules is a monoidal category with the usual tensor product of vector spaces. One can
define an action on the tensor product of two H-modules V and W by

h-(v®w):h(1)-v®h(g)-w, Vhe HveV,weW,

where A(h) = h) ® h) € H® H is the usual Sweedler notation for the coproduct. The
unit of the product k can be given an H-module structure via

h-1=¢(h), Yh € H.
(Co)-monoids in this monoidal category are called H-module (co)algebras.

Example 2.2.16. Let (H,p,n,A,¢) be a k-bialgebra. The category “Mod of left H-
comodules is a monoidal category with the usual tensor product of vector spaces. One can
define a coaction on the tensor product of two H-comodules V and W by

(v® w)[_l] ® (v® U))[O] = V[-1]W[-1] ® V][] ® W], Yoe Viwe W,

where v_j) ®@vjq) € H ® V' is the usual Sweedler notation for the coaction. The unit of the
product k can be given an H-comodule structure defining

1[_1] X 1[0] =1®1.

(Co)-monoids in this monoidal category are called H-comodule (co)algebras.
If H =kG is a group algebra, the equality

Viy={veV: v ®vg =g®uv}

gives a 1 — 1 correspondence between left H-comodules and G-graded vector spaces, that
is, vector spaces with a decomposition V = e V4. The formula above for the tensor
product of two H-comodules V and W yields a grading in the tensor product V @ W =
D,ec(VOW),, where (VO W)y = Py, Vs @ Wi. The grading on the unit k induced by
its kG-coaction is concentrated in degree 1. In this case, an H-comodule algebra is known
as a G-graded algebra, that is, a k-algebra A = EBgeG Ay such that A;A; C Ay, Vs, t € G,
and 14 € A;,. If G = Z, the monoidal category obtained this way is exactly the category
Vect? of Example 2.2.11. Since this case includes the examples we are focused on, in order
to avoid confusion with homological degree, we will say that an element v of a G-graded
vector space V has internal degree g if v € Vj,.

Example 2.2.17. Let (H,pu,n,A,e,s) be a k-Hopf algebra. A left-left Yetter-Drinfeld
module over H is a vector space V endowed with a left H-action and a left H-coaction
such that

(h . U)[,l] ® (h : 1))[0} = h(l)v[,l}s(h(g)) & h(2) R Vh € HveV.

A morphism of left-left Yetter-Drinfeld modules over H is a linear map that is simultane-
ously a morphism of left H-modules and a morphism of left H-comodules. The category
consisting of the class of left-left Yetter Drinfeld modules over H and their morphisms
is denoted by g%@. It can be given a monoidal structure with the usual tensor product
of vector spaces, defining an action and a coaction on the tensor product of two Yetter-
Drinfeld modules in the same way as in the previous examples. It is straightforward to
check that the new action and coaction are compatible.
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If H = kG is a group algebra, the compatibiliy condition translates as g-Vj, C Vgg-1.
If, in addition, G is abelian, this condition results in g - V;, C V}, so a Yetter-Drinfeld
module over kG is a G-module V' = @, . V4, where V}, is a G-submodule of V' for every
heG.

Example 2.2.18. The Jordan plane is the algebra A = L’yi. Let us define an
<y:v—;ry+§ m2>

action of the Hopf algebra kZ = k[t,t ! on Aby t-z = 2, t-y = v +y, and a Z-grading on
A setting x,y € A;. Both structures can be extended multiplicatively to k(z,y), and are
well defined after taking the quotient because the relation is homogeneous and preserved
by the action. Since the action preserves the grading, A is a Yetter-Drinfeld module
over kZ. By definition, the algebra structure of A is compatible with the action and the
coaction of kZ, so A is a monoid in the monoidal category ﬂ%‘j@.

Example 2.2.19. This is an example of the same type, with a different action of Z. The
super Jordan plane is the algebra A = % with kZ-action on A given by
t-x = —x, t-y =x—1y, and Z-grading on A setting x,y € A;. As in the previous example,
they induce on A the structure of Yetter-Drinfeld module over kZ which is compatible
with its product and unit, so A is a monoid in gi%’ﬁ@.

Example 2.2.20. Let p : A — R be a k-algebra homomorphism, and let P, i> A
be a projective resolution of A as A-bimodule. The triple (P,,w, f) is a comonoid in the
monoidal category (@ (4Mody),®24, Ao), where the bar indicates that morphisms in this
category are those of Ch (4Mod4) modulo homotopy (this is necessary for the associativity
and unitality conditions).

The convolution product makes (Homaa(Ps,R),U,(1 — po f)) a monoid in the
monoidal category (Coch(Vect), ®,kg), and taking cohomology makes H®(A, R) a monoid
in the monoidal category (Vect?, ®, ko).

Definition 2.2.21. Let (€, ®,I) and (D, x,J) be monoidal categories. A lax monoidal
functor from € to D is a triple (F, ¢, pg), where

e [':C — D is a functor,

e ¢ is a natural transformation given by a family of morphisms {¢x v }x yee, where
oxy : F(X)x F(Y) - F(X ®Y), such that for every X,Y,Z € € the following
diagram commutes:

id
F(X)x F(Y) x F(2) 27 p(X @ Y) x F(2)
idx X@Y,Zl i%{@Y,Z

F(X)x F(Y ® Z) FIXQY ® Z),

PXYQRZ

e o :J — F(I) is a morphism in D such that the following diagrams commute:

F(X)————J x F(X) F(X)— = F(X)xJ
:l \LSDOXidF(X) :i lidF(X)tio
F(I ® X) < F(I) x F(X), F(X & 1) <5 F(X) x P(I).
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We will denote a lax monoidal functor by (F,p,¢p) : (€, ®,I) — (D, x,J), and
eventually call it a lax monoidal structure on F.

Definition 2.2.22. A strong monoidal functor is a lax monoidal functor (F, ¢, pg) such
that ¢ is a natural isomorphism and ¢q is an isomorphism.

Example 2.2.23. We may consider the functor V +— V* = Homg(V,k) as a monoidal
functor ((—)*, ¢, o) : (Vect®?, ®,k) — (Vect, ®,k). The natural transformation ¢ given
by oyw : V¥ @ W* = (V ® W)* is defined by ¢yw(f ® g) = f ® g, considering the first
f ® g as the tensor product of two elements and the last one as the tensor product of two
morphisms. The morphism ¢g : k — k* is defined by ¢((1) = idg. This monoidal functor
is not strong, but its restriction to the opposite category of finite dimensional vector spaces
is so.

Remark 2.2.24. Defining monoidal structures like in Examples 2.2.11 to 2.2.17, adding
extra structure to the usual tensor product of k-vector spaces, automatically gives their
respective forgetful functors strong monoidal structures via identities.

Example 2.2.25. In the case considered in Example 2.2.17 where H = kZ, the corre-
spondence between left-left Yetter Drinfeld modules over kZ and Z-graded Z-modules can
be stated by saying that the identity induces a strong monoidal functor from ﬂi%‘g}@ to
(kzMod)?, where the monoidal structure of the latter is the one given in Remark 2.2.13.

Example 2.2.26. Let R be a k-algebra. The forgetful functor U : gModr — Vect
admits a lax monoidal structure (U, m,n) : (kModgr, ®r, R) — (Vect, ®,k), where mps n :
M ® N — M ®g N is the canonical projection and 7 : k — R is the unit morphism of R.
This lax monoidal functor is not strong in general.

Example 2.2.27. The Kiinneth Theorem for chain complexes of vector spaces states that
the homology functor H® : Ch(Vect) — Vect? is strong monoidal.

2.3 Braided monoidal categories

In this section we will pay attention to an additional structure in some monoidal categories:
braidings.

Definition 2.3.1. A braided monoidal category is a 7-tuple (C, ®, I, a,¥,r,c), where
e (C,®,1,a,l,r)is a monoidal category, and

e c is a natural isomorphism, called braiding, given by a family of morphisms cxy :
X®Y - Y ®X for each X, Y € €, such that the following diagrams commute for
every X,Y,Z € C:

X@Y®Z) —2 _(Yeoz)oX
a;éy,zl Tax_f,lz,x
(XeY)®Z Y ®(Z®X)
CX,Y®ile Tidy®0x,z
YeX)©Z =Y (X ©2),
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CXQY,Z

XeY)®Zz ZR(X®Y)
aX,Y,Zi Taz,x,y
X®((Y®Z) (ZeX)®Y
idx®cy,z i T@g,z@idy
X®(ZRY)—— (X®Z)aY.

Ax 7y

Remark 2.3.2. Tt is proven in Proposition 1.1 of [JS93] that commutativity of the previous
diagrams implies commutativity of the following diagram for every X € C:

cx,1

X®I I®X.
X

Remark 2.3.3. Let (C,®,1,a,¢,r,c) be a braided monoidal category, and consider the
monoidal structures on its opposite and transpose categories as in Remark 2.2.2 and
Definition 2.2.3, respectively. They both admit the braiding ¢, where ¢xy = cy,x for all

X, Y ecC.

Remark 2.3.4. For a braided monoidal category (€, ®, I, a,t,r, c), inverting the braiding
gives another braided monoidal category (€, ®, I, a,,r,c™), where cf{(“g/ = (cy.x) —1 for
all X,Y € C.

Remark 2.3.5. If a braided monoidal category is strict as a monoidal category, the hexago-
nal diagrams above turn into triangles, yielding the following equalities for every X,Y, Z €
C:

cxyeoz = (idy ® cx,z) o (cxy ®idz),

cxovz = (cx.z ®@idy) o (idx ® cyz) .
From these equalities one can deduce the braid equation:

(CY,Z ® idx) o (idy X CX7z) o (CX,Y & idz) = (idZ ® Cny) o (CX,Z (= idy) o (idX &® Cyz) .

All braided monoidal categories considered in this work will be strict as monoidal cate-
gories.

Definition 2.3.6. Let (C,®, I, ¢) be a braided monoidal category.
e A monoid (A4, pu,n) in € is commutative if ppocaa = p.
e A comonoid (A4, A,¢) in € is cocommutative if cq 4 0 A = A.
Next we will discuss some relevant examples.

Example 2.3.7. The formula 7y (v ® w) = w® v, Yv € V,w € W, defines a braiding
7 in the categories Vect, “Mod for a commutative k-bialgebra H, and gMod for a co-
commutative k-bialgebra H. In these cases, (co)commutative (co)monoids are monoids in
their respective monoidal categories whose underlying k-(co)algebra is (co)commutative
in the usual sense.
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Remark 2.3.8. When working in braided monoidal categories whose objects are k-vector
spaces with additional structure, commutativity may be called braided commutativity, and
analogously with cocommutativity. This is useful to emphasize that the braiding involved
is not 7, and so the notion of commutativity involved differs from the usual one.

Example 2.3.9. In the categories Ch(Vect), Coch(Vect) and VectZ, one can define a braid-
ing 78" by the formula 78" (v ® w) = (=1)" w R v, Yv € V,,w € W,. (Co)commutativity
for this braiding is called graded (co)commutativity. In the categories Ch(Vect) and
Coch(Vect), it is called graded (co)commutativity up to homotopy.

Example 2.3.10. The previous construction can be generalized to an arbitrary braided
monoidal category (C, ®, I, ¢) with a k-linear structure: in this case, one can define a braid-
ing c&" in the categories Ch(C), Coch(€) and €% by the formula C%/iW|Vp®Wq = (=1)Pey, wq-
As in Remark 2.3.8, (co)commutativity in these categories may be called graded braided
(co)commutativity, or braided graded (co)commutativity, and also its versions up to homo-

topy in Ch(€) and Coch(€).

Example 2.3.11. Let H be ak-Hopf algebra. The category (YD, ®, k) admits a braiding
c given by
vaw(v Rw) = Vo) + W @ V1), Yo e V,weW.

In the case H = kG for a group G, the braiding has the following expression:
cvw(v@w)=g-w®v, Vge G,veVy,weW.

M4s adelante en este trabajo we will define certain (co)monoids in the monoidal cat-
egories Ch (g’é@) , Coch (g%}@) and (g‘j@)z, and prove that they are (co)commutative.
To introduce them, we will need the following concept, which generalizes the definition of
bialgebra to arbitrary braided monoidal categories.

Definition 2.3.12. Let (€, ®, I, ¢) be a braided monoidal category. A bimonoid in C is a
5-tuple (A, u,n, A, g), where

e (A, p,n) is a monoid,
e (A, A ¢e) is a comonoid,

e the following diagrams commute:

ApA—" oA A® A
A®Ai T#@u

I—SoT9l AoA-—t-4 I

b S \ Vi
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Remark 2.3.13. In a braided monoidal category (€, ®, I, ¢) for any two monoids (A, i, n)
and (A’ 1/, 1), the triple (A® A, (n® p’) o (ida ® car,4a ®idar),n ®1') is also a monoid.
Analogously, if (A, A,¢) and (A, A’,¢’) are two comonoids, their product admits the
comonoid structure (A ® A, (id ® ca 4 ®idar) o (AR A'),e ® €').
As for ordinary bialgebras, the axioms of a bimonoid (A, u,n, A, ) are equivalent to
A and e being morphisms of monoids, and they are also equivalent to p and 7 being
morphisms of comonoids.

Definition 2.3.14. A Hopf monoid is a 6-tuple (A, u,n, A, e,s), where (A4, u,n, A, e) is a
bimonoid, and s : A — A is a morphism in C, called antipode, such that

po(idg®s)oA=mnoe=po(s®idy) o A.

Remark 2.3.15. Bimonoids and Hopf monoids in a braided monoidal category € are often
named braided bialgebras and braided Hopf algebras, respectively.

Remark 2.3.16. Unlike previous examples, the so called graded Hopf algebras in the lit-
erature do not correspond to Hopf monoids in the category Vect”, because the braiding
used in their definition is just the braiding of vector spaces.

2.4 Nichols algebras

In this section we will recall the construction of the Nichols algebra of a Yetter-Drinfeld
module V over a Hopf algebra H. Nichols algebras are examples of braided Hopf algebras
in the category YD for some Hopf algebra H.

Let T(V) = @,,cn, V" denote the tensor algebra of V' with the concatenation prod-
uct and the inclusion of k = V&Y as unit. As seen in Example 2.2.17, T(V) can be
regarded as a Yetter-Drinfeld module over H, and it is immediate to check that the afore-
mentioned product and unit preserve the Yetter-Drinfeld module structure. Therefore,
one can consider T'(V) as a monoid in £YD.

Now, the braiding of this category induces a monoid structure on 7'(V') @ T'(V'), which
by Remark 2.2.24 can be seen as an ordinary algebra structure.

Since T'(V') is the free algebra generated by V', defining A(v) = 1®v+v®1 extends to a
unique algebra morphism A : T'(V) — T(V)®T(V). As a consequence of the definition of
the H-action and H-coaction on tensor products, the map A turns out to be a morphism
of Yetter-Drinfeld modules. The map ¢ : T(V') — k defined as the projection onto V®° is a
counit for A, and trivially preserves the algebra structure and the Yetter-Drinfeld module
structure. Therefore, T(V) with this structure is a bimonoid in EHD, which happens to
be a Hopf monoid.

There exists a maximal Hopf ideal and Yetter-Drinfeld submodule J of T'(V) among

those contained in @,,, V", see [AS02, Proposition 2.2]. The Nichols algebra of V' is
the quotient B(V) = @

It is proven in [AAH21, Propositions 3.4, 3.5] that the Jordan plane of Example 2.2.18
and the super Jordan plane of Example 2.2.19 are the Nichols algebras corresponding to
the Yetter Drinfeld modules over kZ = k[t,t ] called V(1,2) and V(—1,2) respectively,

where

e V(1,2) =k{z,y}, t-x=x,t -y =x+y, and x,y have degree 1.
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e V(1,2) =k{z,y},t -z =—x,t-y =2 —y and x,y have degree 1.

The Nichols algebra B(V') also inherits a natural Z-grading from T'(V'), which is pre-
served by its product and coproduct. In the Jordan and super Jordan plane it coincides
with the Z-grading given by their kZ-comodule structure.
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Chapter 3

Graded braided (co)commutativity

The aim of this chapter is to provide a setting where, for a Hopf algebra H and a Nichols
algebra A in the category g%@, the Hochschild cohomology of A with coefficients in k
could be given a Z-graded Yetter-Drinfeld module structure over H. In this context, the
Z-graded vector space H*(A, k) can be seen as a monoid in the category (g‘AD)Z, which
happens to be graded braided commutative. We will use the notation in Section 3 of
[MPSW10], whose main result is recovered in Corollary 3.1.22.

3.1 Braiding Hochschild cohomology spaces

In this section we follow the steps in [MPSW10] to define a graded object in an arbitrary
monoidal category €, which under suitable hypotheses coincides with the Hochschild coho-
mology with trivial coefficients of an augmented k-algebra A, via a forgetful functor from
C to Vect. We will also recall the main results of graded braided commutativity obtained
by the authors in the case € is braided and A has a bimonoid structure in C.

Definition 3.1.1. Let (C,®, /) be a monoidal category. Let VY be objects in €. An
internal hom is an object in €, denoted hom(V,Y"), equipped with a natural isomorphism

Ovy : Home(— ® V,Y) — Home(—, hom(V,Y)).
For X € €, we will write Ox vy := (Ovy) y.

Remark 3.1.2. Whenever hom(V,Y) exists, it is unique up to isomorphism and it is func-
torial in both variables, due to Yoneda’s Lemma. See, for example, [ML98, Chapter III,
Section 2|. As a consequence, if V' € € is such that hom(V,Y) exists for all Y € €, then
hom(V, —) is a functor which is right adjoint to — ® V.

Definition 3.1.3. If the adjunction Oy, _ of the previous definition exists for all V' € C,
the monoidal category (€, ®, ) is called a right closed monoidal category.

Example 3.1.4. The monoidal category (Veth, ®,ko) is right closed monoidal; its in-
ternal hom functor is called graded hom. For a graded k-vector space Y and n € Z, let
Y[n] denote the graded vector space such that Y[n]; = Yj;1,. The graded hom object
hom(V,Y) = @, ., hom(V,Y),, is defined as follows:

hom(V, ), = Homyeez (V, Yn]) = [ [ Homy (Vi, Yign), V V.Y € Vect”.
€L
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Remark 3.1.5. The canonical inclusion hom(V,Y") C Homg(V,Y') is an equality if and only
if V is finite dimensional. This is equivalent to the condition that V,, is finite dimensional
for all n, and nonzero only for finitely many values of n.

The internal hom objects in the following examples can be defined more generally for
a Hopf algebra H with bijective antipode. We will focus in the case H = kG.

Example 3.1.6. The category (xgMod, ®,k) is right closed monoidal, with its internal
hom defined by hom(V,Y) = Homy(V,Y) and G-action given by

(9-f)x)=g-flg7" 2), Vg€ G, Yz €V, Vf € Hom(V,Y)

Example 3.1.7. Let G be a group. The construction for Z-graded vector spaces in Exam-
ple 3.1.4 can be generalized to the monoidal category (*“*Mod, ®, k), which is isomorphic
to the category Vect® of G-graded vector spaces — see Example 2.2.16. It has an internal
hom functor defined by hom(V,Y) = @, hom(V,Y);,, where

hom(V,Y)y, = [ [ Homy (Vs, Vis).
seG

As in Remark 3.1.5, there is a canonical inclusion hom(V,Y’) C Homg(V,Y'), which is an
equality either when V is finite dimensional or when G is finite.

Example 3.1.8. The category (%ﬁg‘é@, ®,k) of Yetter-Drinfeld modules over a group al-
gebra has an internal hom which combines the kG-module and kG-comodule structures of
its objects. For VY € ﬁg‘é@, the G-graded space hom(V,Y) is defined as in the previous
example, and the action of g € G on f = (fs)seq € hom(V,Y);, is given by

(g : f)S(U) =g (fg*lsg(g_l : ’U)), Vs € Gv Vv € VS

It is straightforward to check that g - f € hom(V,Y) 5,1 Vg,h € G, f € hom(V,Y )y, so
hom(V,Y) is indeed an object in K&YD. Tt also holds that hom(V,Y") ~ Homy(V,Y) when
V' is finite dimensional or G is finite.

The following remark shows how the cochain complex in Vect used to define H®(A, k)
can be seen as the result of applying the contravariant functor Homg(—,k) to a chain
complex, whose definition can be expressed entirely in terms of the monoidal structure in
the category of k-vector spaces. This is used in [MPSW10, Definition 3.3] to generalize this
construction to an arbitrary monoidal category. Their aim is, when possible, to replace
the functor Homy(—, k) by an internal hom functor, obtaining the desired construction in
the cases in which they coincide.

Remark 3.1.9. Let (A, e) be an augmented k-algebra, and consider the cochain complex
(C*(A),d®). Taking into account the action of A on k, the coboundary d" : C"(A) —
C™1(A) is as follows:

d"fla1 ® - ®@ant1) = e(ar)flaz @+ @ an1)
+ Z?zl(—l)l flag ® - ®a;a41 ® - - ® any1) + (—1)n+1 flag ® -+ ®@ap)e(ant1)

= f( g(@)as® - Qant1+ Y (1) a1 @ ® aiGi41 @ - @ ant1
+ (_1)n+1 a®---Q ang(an+1) )
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This can also be read as d*f = f o6, where §, : AS"T1 — A% s

(a1 ® - ® anﬂ) = e(a1)ag @ - @ any1
+ 30 (-1 ® - ®aiai1 @ Qapsr + (—1)"a; @ @ apelant).

Setting S, (A) = A®™ makes (Se(A),ds) a chain complex of k-vector spaces satisfying the
equality (C*(4), d*) = (Homy(Sa(A), k), (34)").

Next we follow the general construction given in [MPSW10, Section 3].
Definition 3.1.10. Let (C,®, I) be a monoidal category, and consider the monoid struc-
ture on I with product given by the canonical isomorphism [ ® I ~ I and unit id;. An
augmented monoid in C is a 4-tuple (A, u,n,¢e), where (A, u,n) is a monoid in € and

€ : A — I is a morphism of monoids. As usual, we omit part of the structure when it is
clear from the context.

Remark 3.1.11. If (C,®,1,c) is a braided monoidal category and (A4, u,n,A,¢e) is a bi-
monoid in C, then (A4, i, n,¢) is an augmented monoid in C.

Definition 3.1.12. Let (A, u,n,e) be an augmented monoid in a monoidal category
(C,®,I). The triple (S(A),{0i}i,{o;};) defined as follows is a simplicial object in C:

e Objects: S, (A) = A®™.
e Faces: 0;: Sp11(A) = Sp(4)

£ ®id}" ifi=0
9=} dY 'eoueidy"  ifi=1,...,n
idy" ®@e ifi=n+1.

e Degeneracies: 0;: Sp(A) = Sp41(A)

0;=idY @neidd" 7, Vji=0,...,n.

We will denote its associated chain complex in € by (Se(A), de), where the differential
On : Spi1(A) = Sn(A) is defined as 4, = 32171 (—1)%;.
Remark 3.1.13. This construction is functorial, therefore it gives functors S and S, from
the category of augmented monoids in € to the categories of simplicial objects in € and of

chain complexes in C, respectively.

Definition 3.1.14. [MPSW10, Definition 3.4] Let A be an augmented monoid in a
monoidal category (€, ®,I) such that the objects hom(A®" I) exist for all n € Ny. The

Hochschild cohomology of A with trivial coefficients is the cohomology of the complex
(hom(Se(A),I),hom(de,I)). It is denoted by H®(A).

The following are the final steps to obtain a monoid structure in €% analogous to the
Hochschild cohomology with trivial coefficients on a bialgebra, with the cup product.

Definition 3.1.15. Let (C,®,I) be a monoidal category, and let V,Y € € be such that
hom(V,Y") exists. Let © be the natural isomorphism of Definition 3.1.1. The inverse of
the isomorphism

@hom(v7y)7‘/'7y : Home(hom(V,Y) ® V,Y) — Home(hom(V,Y), hom(V,Y)).
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gives a morphism

CVyy = @l:()lm(V,Y),V,Y (idhom(v;y)) - hom(V,Y) @ V = Y,

called evaluation morphism.

Definition 3.1.16. [MPSW10, Remark 3.6] Let (€, ®, I) be a monoidal category, and let
V,W € € be such that hom(V, I'), hom(W, I) and hom(W ® V, I) exist. The map

&vw hom(V, I) ® hom(W,I) — hom(W ® V, I)
is defined as follows:

&V = Ohom(v,n@hom(W,1),weav,I (€Vy; © (idhom(v,1) ® evy,; @ idy)) .

Remark 3.1.17. If we restrict to those pairs V, W for which hom(V,I) ® hom(W,I) and
hom(W ® V, I) exist, we can say that the collection of maps {y.w define a natural trans-
formation &.

Remark 3.1.18. As remarked before, in the monoidal categories of Examples 3.1.4 to 3.1.8
the object hom(V,Y) is naturally included in Homy(V,Y") for all objects V and Y. In
these cases, the evaluation morphism turns out to coincide with the usual evaluation of
functions. Now, let us consider two elements f € hom(V,k) C Homg(V,k) and ¢g €
hom (W, k) C Homy (W, k). The equality

Evw (f @ g)(w @ v) = g(w)f(v), Yo e ViweW,
shows that &y is in fact the canonical inclusion V* @ W* — (W ® V)*.

Definition 3.1.19. [MPSW10, Definition 3.7] Let A be an augmented monoid in a
monoidal category (€, ®,I), and let (Se(A), ds) be the chain complex of Definition 3.1.12.
The cup product —: H*(A) ® H*(A) — H*(A) is the collection of morphisms

wpq: HP(A) @ HI(A) — HITP(A)
induced by
€5,(4),5,(4) : hom(S,(A), I) ® hom(Sy(A), I) — hom(S,(A4) @ Sp(A),I).

Remark 3.1.20. Let (€, ®,k) be a monoidal category like in Remark 3.1.18, and let A be an
augmented monoid in €, which implies that A is also an augmented k-algebra. If for every
n € Ny the objects hom(A®™ k) exist and their canonical inclusions in Homy (A®" k) are
isomorphisms of k-vector spaces, then the cochain complexes (hom(Se(A),k), hom(ds,k))
and (Homg(Se(A),k), (ds)*) are isomorphic. Taking homology, one gets that H®*(A) and
the usual Hochschild cohomology with trivial coefficients H®(A, k) are isomorphic as Z-
graded k-vector spaces. In addition, according to the expression of &, the cup product
defined in H*(A) is the opposite of the usual cup product in H®*(A, k). To avoid confusion,
we will use the symbol « to refer to the cup product of definition 3.1.19, instead of the
symbol U used to define the usual cup product in Hochschild cohomology in Chapter 2.1.

Next we will recall one of the main results of [MPSW10], together with a corollary.
We will prove a generalization of the latter in the end of this chapter.
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Theorem 3.1.21. [MPSW10, Theorem 3.12] Let A be a bimonoid in a braided monoidal
category (€,®,1,c), such that hom(A®" I) exists for all n € Ng. Then (H*(A),v-) is a
graded braided commutative algebra in CZ.

Corollary 3.1.22. [MPSW10, Corollary 3.13] Let H be a Hopf algebra with bijective
antipode, and let A be a bimonoid in BYD. If either H or A is finite dimensional, then
H*(A,Kk) is a Z-graded object in g‘d@, and the opposite of its cup product is graded braided
commutative.

The main purpose of the next section is to recover the previous result from a property
which can be expressed without applying the functor hom(—, I'), which is contravariant.
We will then construct a comonoid in a suitable monoidal category and prove that it is
cocommutative.

3.2 From commutativity to cocommutativity

The final theorem and corollary of the previous section are used in [MPSW10] to prove
finite generation of the cohomology algebra of most finite dimensional pointed Hopf alge-
bras having abelian group of grouplike elements. The Nichols algebras associated to them
always verify the hypothesis of Corollary 3.1.22.

On the other hand, the Jordan and super Jordan plane are infinite dimensional and
they are bimonoids in the category of Yetter-Drinfeld modules over kZ, which is an in-
finite dimensional Hopf algebra. The internal hom objects needed in the construction in
[MPSW10] do not exist, so a priori H*(A,k) cannot be regarded as a Z-graded Yetter-
Drinfeld module over kZ, and therefore there is no graded braided commutativity condition
to check. However, there is a condition that can be checked, which coincides with graded
braided commutativity of the cup product when it can be defined. The next propositions
will lead to that condition.

Lemma 3.2.1. Let (C,®,1,c) be a braided monoidal category, and let V,\W € C. The
following diagram commutes:

(chom(W,I),hom(v,l) ) '® ‘w,v
hom(V, I) @ hom(W, 1) @ W @ V hom(W,I) @ hom(V,I) @ V@ W

iy om(v, 1) ® eV, ®idy iy om(w, 1) ® vy, ®idy,

hom(V,I) @ V 1 hom(W, I) ® W.

evy 1 evyy g

Proof: Given an object U in €, we will denote U* = hom(U,I). In fact, we will prove
that the following diagram is commutative, where the arrows that appear in the opposite
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direction are isomorphisms.

Ay« g @ ‘wov

VW WV

Cwx vx @idy oy

VWV eWw

W@V VW

id R c
) v P Cwrw,v i ) )
\dv*®eval 1dv*®cw*,v®1dw ®1dW
W* V*QV
VIRV VVOW W wW*RI®WwW
idV*@CI,V idV*®V®eUW,I Ew*®1®idw
evy, ; @idyy o
~ * - ~
Vievelr ev ® id el id_ ® ev Tew ew
/ b I l I \
viev P I o W* @ W.
V.1 w1

Both triangles on top of the diagram commute by using the axioms in the definition
of the braiding ¢, the quadrilaterals on both sides commute by naturality of ¢, and the
remaining subdiagrams commute by the axioms of a monoidal category. O

Proposition 3.2.2. Let (C,®,1,¢) be a braided monoidal category, and let V and W be
objects in C such that hom(U, I) exists forU = V,W,VQW, W&V. The following diagram

commutes:

hom (W, T) @ hom(V, I) - hom(V @ W, I)

lh0m<CW,V’idI>

hom(V, I) ® hom(W, I) y hom(W @ V, I).
V,W

Chom(W,I),hom(V,I) l

Proof: Let us consider the following diagram in Vect, which commutes by naturality of
the adjunction isomorphism © of Definition 3.1.1.

Home (hom(W, I) @ hom(V, 1) @ V @ W, I)

Ohom(W,I)®@hom(V,I),VRW,I

Home (hom(W, I) ® hom(V, I), hom(V ® W, I))

Home ((chom(W,I),hom(V,I) ) _1®CW,V ’idz)

Hom e ((Choln(W,I),hom(V,I))71’h0m(CW,V ,idl))

Home (hom(V,I) @ hom(W,I) @ W ® V, I)

Ohom(V,I)@hom(W,I),WRV,I

Home (hom(V, I) ® hom(W, I),hom(W ®@ V, I)).

Using the previous lemma and chasing the element ev,, ; o (idhom(W’ n ®evy,; ® idw) in
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this diagram gives

€Uy © (idhuxn(W,I) ®evy; ® idw)

e

Ew,v

€Uy © (idhom(V,I) ® evy, ; & idv)

\

Svwr = Home ((Cypmery o) ) " h0m (eyi,) ) (Euy)

= hom (c

€V,W7

that is

. —1
W,V’ldl) o0&y © Chom(W,I),hom(V,I)) )

from which precomposing with Chaom(W.1)nom(v.1) S1VES

Evw © Chom(W,I),hom(V,I) hom (Cw,vv ldI) ° &y

which is what we wanted to prove. O

Remark 3.2.3. Let us consider a bialgebra A in the braided monoidal category Hﬁg‘d@
of Yetter-Drinfeld modules over a group algebra kG. Suppose that either A is finite
dimensional or G is finite, so that hom(A®" k) = Homy(A®" k) - see Example 3.1.8. Tt
follows from Theorem 3.1.21 that the diagram induced in cohomology by the following one
commutes:

Homy (A®? k) ® Homy (A%, k)

—DPlopq
cHomk(A@P,]k),Homk(A@q,]k) l

Homy (A®7, k) @ Homy (A®P, k) —— Homy (A*P*9 k),

9P

which, due to the previous proposition, is equivalent to the commutativity of the following
diagram after taking cohomology:

Homy (A®P, k) @ Homy (A®7, k) —=% Homy (A®PT4 k)

lHOm]k (CA®P ,A®q ,]k)

Homy (A®P+4, k).

(‘quvp,q

In order to check the commutativity of the first diagram, it is necessary to evaluate
the braiding ¢ in the objects Homy (A®?, k) and Homy(A®Y, k), which can be done because

they coincide with their respective inner hom objects, so they can be regarded as objects
i kG
in ;2YD.
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On the other hand, checking the commutativity of the second diagram only requires
evaluating the braiding in the objects A¥? and A®4. No inner hom objects are needed, so
this condition can be checked even when the objects hom(A®?, k) and hom(A®? k) do not
exist, or when they exist but differ from Homy (A®? k) and Homy(A%P k), respectively.
This is the case of the Jordan and the super Jordan plane. For these algebras, we have
checked that the second diagram commutes at the level of cohomology, following the steps
we give in detail in the Appendix.

In what follows, we will prove that the condition checked above holds up to homotopy
for any bialgebra A in a braided monoidal category (C,®,1,c), and give a categorical
interpretation of the result.

For this purpose, we will perform some calculations using graphical calculus. Tensor
products between objects are represented as their horizontal juxtaposition, and morphisms
as sets of strings going from top to bottom. Here is a table with the notations we will use:

Morphism Symbol Morphism Symbol
XY A
cxy: XY -YoX =~ A:A—-ARA e
Y X AA
XY A
(yx) XY 5YeX | e AT l
Y X
A A AM
p:ARQA— A \/ Xt: A M — M q
A
MA
n:l—A ] Xr:M®A—M Q
4 M

These are examples of properties that we will use in the calculations:

e Naturality of the braiding, as well as the axiom involving it and the unit constraints,
can be expressed graphically when tensoring any morphism with a morphism from
the unit object to another object of € or vice versa:

Y Y

W=l HT

YX YX YX YX

XXy Xy Xy xy
S 0=l el
X

X Y Y
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e One can also visualize naturality of the braiding in the following examples:

AAX AAX AMX AMX

O-W HR

e The following equalities represent the axioms of associativity and unit of a monoid:

A A A A A A

-l UU’

A

and the corresponding ones for a comonoid are the ones above turned upside down.

Example 3.2.4. The simplicial object (S(A), {0;}:,{o;};) introduced in Definition 3.1.12
can be written using graphical notation as follows:

e Its objects are Sp(A) = A-"-A,

o its faces 0;: Sp4+1(A) — S, (A) are given by

n 1—1 n—i n
A .. A.. .

e its degeneracies o;: Sp(A) = Sp41(A) are given by

‘f

j—1 n+1—j
A A A
CAAA--A

Definition 3.2.5. For an augmented monoid A in a monoidal category C, let S¢(A) be
the chain complex in € of Definition 3.1.12, and let (S(A) ® S(A))e denote the product
of S(A) with itself in Ch(C), defined analogously to Example 2.2.12. The deconcatenation
coproduct is the map dece : Se(A) — (S(A) ® S(A))e given componentwise by

dec,, = E decy ¢,
ptq=n

A
O'j:
A

L

where

decy g = id gp+a : Sprq(A) — Sp(A) @ Sy(A).

Next we will give a theorem which makes use of the deconcatenation coproduct to state
a generalization of the previous computations. Together with additional structure on the
functor hom(—, I), this theorem will allow us to recover the main result in Section 3 of
[MPSW10]. In order to prove it, we will introduce in our context the Alexander-Whitney
map - defined more generally in [Wei94, Section 8.5] - and recall Lemma 3.9 of [MPSW10].
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Definition 3.2.6. For A as above, let S(A) x S(A) denote the product of the simplicial
object S(A) in € with itself as in Definition 2.2.14.

e The Alexander-Whitney map AW, : (S(A) x S(A))e — (S(A) ® S(A))e is defined
componentwise by the maps AW, ; : S(A)p1q ® S(A)prg — S(A)p @ S(A),

AAAA AqA
o= | LA
A A A A
is

e The twisted Alexzander-Whitney map AW, : (S(A) x S(A))e — (S(A) ® S(A))e
defined componentwise by the maps AW, ; : S(A)pt1q®S(A)prq — S(A4), @ S(A),,

AA AA‘?-AA-%)-A

Pq
A
A--AA - A

As stated in [Wei94], the maps AW, and AW, are homotopic, since there is a unique
natural chain map from (S(A) x S(A))e to (S(A) @ S(A))e up to natural homotopy.
Therefore, precomposing either of them with any chain map f, : Se(A) = (S(A) x S(A))e
will give the same map up to homotopy. In the case A is a bialgebra, we will use the map
fo as the composition of the functor S, applied to the coproduct of A, and the map go**
obtained from the simplicial map defined in the following lemma.

Lemma 3.2.7. [MPSW10, Lemma 3.9] Let A and B be two augmented algebras in a
braided monoidal category (C,®,1,c). For each n € Ny, let us define recursively a map
P (A® B)®" — A®" @ B®" as follows:

° g(’?’B = idy,
L g;fl = <ldA ® CB’A®n ® 1dB®n) © (idA®B ® g'r?’B)

The collection of maps g48 = (gﬁ’B)neNO s an isomorphism of simplicial objects in C

from S(A® B) to S(A) x S(B).

Lemma 3.2.8. Let (A, p,n, A, g) be a bimonoid in a braided monoidal category (C,®,1,c).
Then

AW, 40 g;‘fq 0 Sptq(A) = id gop+q-
Proof. We will proceed by induction on (p, q):

e For (0,0) both terms are equal to id;.
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e Assume that the equality holds for (0,¢q). Commutativity of the following diagram
shows that it also holds for (0,q + 1):

Ao A% id yg A®q A A%
AoAss WA 5®1de7 ioa®s
AR A® (A A)®1 AR A A®1 A (Ag A)®1
AR A® A% @ A% A® A% ® A%
idA®c 4 4@q®id 44 W id 4 ®e®1Qid%?
AR A®1® A A% A A%,

e®e®1®id 4 ®id§)q

The composition of the left and bottom sides of the diagram coincides with AW 4410
g;fl 0 S¢+1(A), where g(‘;_ﬂ is defined recursively. The composition of the top and
right sides coincides with id 4 ®id 4e¢ by the inductive hypothesis. The triangle at the
top commutes by counitality, the triangle at the bottom commutes by naturality and
the axioms involving ¢ and I, and the remaining region commutes by functoriality

of ®.

e Assume that the equality holds for (p,q). Commutativity of the following diagram
shows that it also holds for (p + 1, q):

idA®A®p+<1

A® A®Pte AQ A®P+a
AQA®PTa W\ idAW idy@A®Pta
A®A®(A®A)®P+q A®A®A®p+q A®(A®A)®P+q
idA®A®92412 idA®9;,4JrI:
ARAR® A®pr+q ® A®pr+q AR A®p+q ® A®p+q
lda®cy a@p+q®id @p+q WdA@q id 4 ®1dEP ©eP10:2P@id8?
AR A®PTI R A ® A®pt+q AR A®P ® A®q,

idg ®id§p®5®q ®s®s®p®id§q

The left and bottom sides of the diagram coincide with AW, 40 ggﬁl +1°5ptq+1(D),
where g;_ﬁl 41 is defined recursively. The top and right sides of the diagram coincide
with id4 ® id gep+¢ by the inductive hypothesis. The triangle at the top commutes
by counitality, the triangle at the bottom commutes by naturality and the axioms
involving ¢ and I, and the remaining region commutes by functoriality of ®.

O]

Lemma 3.2.9. Let (A, p,n, A, €) be a bimonoid in a braided monoidal category (C,®, I, c).

Then L
(—1)P1 AW,4 © gaip © Sgip(A) = cpza a0

Proof. As in the previous lemma, we will proceed by induction on (p, q):
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e For (0,0) both terms are equal to id;.

e Substituting ¢ by p in the second item of the previous lemma proves the inductive
step from the condition on (p,0) to the one on (p + 1,0), since AW, g = AWy, and
cr aep = id gep.

e Assume that the equality holds for (p,q). Commutativity of the following diagram
shows that it also holds for (p,q+ 1):

idA®A®q+p
A A®ItP A® A®IHD

A®id e®id 4 ®id
A®q+p A A®aqtp
AgA®a+p \ / 4 &ABTHD

A®A®(A®A)®q+1’ A®A®A®q+p A®(A®A)®q+p

. AA . AA
idagAa®9, %, ida®gg 0y,

AR AQ A®ITP g A®atP A® A®ITP g A®atp

c®id 4 P @id ®id ®®P
dA®C , 2 @q+p®id  @qt AGP A id , ®e®I®id ®id ®®P
A,A®q+p A®aq+p A AQp A®q

AR A®RITP @ A g A®RITP AR A®P g A®4

€a,4®p®d 404
c®<®1idFP ®id 4 ®1d§ 1@ OP

A®P ®A®A®q

The left and bottom sides of the diagram coincide with (—1)P@+DAW, , o g;ﬁ) 41 ©
Sp1q(A) = cgoq g0p, Where g;ﬁ, 1 is defined recursively. By the inductive hypoth-
esis, the top and right sides of the diagram coincide with (c4 gor ® ideq) 0 (ida @
Ca®p A®p) = Caa+1 gep - The quadrangle at the top commutes by counitality, the
triangle at the bottom commutes by naturality of ¢, and the remaining region com-
mutes by functoriality of ®.

O]

The following theorem gives a comonoid which is graded braided cocommutative up to
homotopy. This holds for any bimonoid in an arbitrary braided monoidal category with a
compatible k-linear structure and arbitrary direct sums.

Theorem 3.2.10. Let A be a bimonoid in a braided monoidal category (C,®,1,¢). The
triple (S(A)s,decs, (idr)o) is a comonoid in Ch(C), which is cocommutative up to homo-
topy.

Proof. Coassociativity and counitality of (S(A)s, dece, (idr)o) are immediate consequences
of the definition, and checking that the maps involved are chain morphisms is straightfor-
ward.

Proving cocommutativity up to homotopy is checking that the following diagram commutes
up to homotopy:

g
€S5e(A),5e(A)
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which in the component S,(A) ® S,(A) reads as follows:

Sp+q(A)

Sq(A) ® Sp(4) Sp(A) @ 54(A).

—1)Pq
(=177 €5 (a),5p(4)
By the previous lemmas, we have
id =AW, ,0qg* " o (A) ~ AW, 0 gt o (A) = (—1)Pc
A®p+a P4 © Ip+q © Ppt+q 1,4 © Yp+q © Pp+q A®I ABP;

To illustrate these equalities, we show an example for p = 2,¢ = 1. In the second and
third diagrams, the level at the top corresponds to the morphism S3(A), the middle ones
all together correspond to the morphism g? ’A, and the one at the bottom corresponds to
the morphisms AW ; and WZL respectively.

O]

In the next section we will recover the result of Corollary 3.1.22 from this theorem by
keeping track of cocommutativity when applying an internal hom functor.

3.3 Back to commutativity in cohomology

To conclude this chapter, we will interpret Proposition 3.2.2 in a categorical way, using
the definition of a braided monoidal functor. This will allow us to translate the cocommu-
tativity result in Theorem 3.2.10 to commutativity results such as the ones in [MPSW10],
in the case the needed internal homs exist.

Definition 3.3.1. Let (C,®,1,c%) and (D, x, J,c”) be two braided monoidal categories.
A lax monoidal functor (F, ¢, ¢o) : (C,®,I) — (D, x,J) is a braided lax monoidal functor
if for every X,Y € € the following diagram commutes:

CR(x),P(Y)

F(X) x F(Y) —220 py) x F(X)

‘PX,Y\L J/‘PY,X

F(X®Y) F(Y ® X).

Xy

Example 3.3.2. The braiding defined in Example 2.3.7 on the categories Mod for a
commutative k-bialgebra H and yMod for a cocommutative k-bialgebra H coincides with
the one of their underlying vector spaces, which automatically implies that their respective
forgetful functors to the category of k-vector spaces are braided.
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Example 3.3.3. Unlike the previous examples, the forgetful functors corresponding to the
categories Vect?, Ch(Vect), Coch(Vect), and HYD for a Hopf algebra H are not braided.

Example 3.3.4. This example provides a tool to recover Corollary 3.1.22 from Theorem
3.2.10.

Let (€, ®, I) be a monoidal category, and let Adj(C) be the full subcategory of € whose
objects are the V' € € such that the functor — ® V' has right adjoint hom(V, —).

If V and W are objects in Adj(C), the composition of natural isomorphisms

Home(— ® V @ W, —) ~ Home(— ® V,hom(W, —)) ~ Home(—, hom(V, hom(W, —)))

implies that V' ® W is an object of Adj(C), and hom(V ® W,Y") = hom(V, hom(W,Y")) for
every object Y of C. In addition, the natural isomorphism

Home(— ® I, —) ~ Home(—, —)

implies that I € Adj(C) and hom(I,Y) = Y for every object Y € C. Hence, one can
consider the monoidal category (Adj(C), ®, I') and the restriction of the functor hom(—, I) :
Adj(€)°P — €, which has a monoidal structure

(hom(—,1),&, &) : (Adj(C)P, @, 1) — (€, ®, 1),

Here £ is the natural transformation of Definition 3.1.16, and &y = id;. Proposition 3.2.2
is the condition for this lax monoidal functor to be braided.

The last step is applying this proposition to the lax monoidal functor defined above.

Proposition 3.3.5. [AM10, Proposition 3.37] Given two braided monoidal categories
(C,®,1I) and (D, x,J), let (F,¢,pp) be a braided lax monoidal functor from C to D, and
let (A, p,m) be a commutative monoid in C. The triple (F(A), F(u) o pa,a, F(n)oyo) is
a commutative monoid in D.

We finish this chapter with a result of graded braided commutativity up to homotopy
in Coch (£YD). It slightly generalizes Corollary 3.13 of [MPSW10], which can be obtained
from this theorem by taking cohomology.

Theorem 3.3.6. Let H be a Hopf algebra, and let A be a bimonoid in the braided monoidal
category (g%@,®,k, c). Suppose that either H or A is finite dimensional. Then the
differential graded algebra Homy(S(A)e, k) with the opposite of the cup product is graded
braided commutative up to homotopy.

Proof: Let us consider the chain complex Se(A) with the deconcatenation coproduct dec
and its counit. By Theorem 3.2.10, it is a graded braided cocommutative comonoid in
Ch (2yD).

On the other hand, the finite dimension of either H or A guarantees that the objects
Sp(A) lie in the subcategory Ad] (ZH@) defined in Example 3.3.4. Let us denote this
subcategory by B. One can think of S¢(A) as a chain complex in B. Applying functor
hom(—, I) to the objects and the differentials of a chain complex, one can define a functor
at the cochain level, denoted by hom(—, I)“°% : (Ch(B))°? ~ Coch(B°P) — Coch(C).

This allows us to define componentwise a lax monoidal functor

(hom(—,I)Coch,§C°°h,ggoch) : (Coch(BP), &, Iy) —» (Coch(€), ®, ),
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where the monoidal structures in the categories of cochain complexes are those of Remark
2.2.13, making 5‘9.07‘{}1}. a morphism of cochain complexes. Associativity and unitality are
checked componentwise, as well as the fact that this lax monoidal functor is braided with
the graded braiding on both categories.

The same construction can be made modulo homotopy. Since (Se¢(A4),dec,idy) is a
commutative monoid in the braided monoidal category (Coch(BP), ®, ko, &), Proposition
3.3.5 gives a commutative monoid in (Coch(€), ®,kg, c¥), which coincides as a cochain
complex with hom(Se(A), k). It is straightforward to check that the product of Proposition
3.3.5 coincides with the cup product -.

Finiteness of the dimension of either H or A also guarantees that the vector spaces
hom(S,(A), k) and Homy (S, (A),k)) are isomorphic, and that the product - is the oppo-
site of the usual cup product U.

Therefore, Homy(Se(A),k) with the opposite of the usual cup product is a graded
braided commutative algebra up to homotopy, and so it is after taking cohomology. [
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Chapter 4

An approach using duoidal
categories

In the previous chapter we proved a cocommutativity theorem which holds in several
braided monoidal categories, and which is also independent of the existence of cochain
complexes and cohomology inside the category. However, it is still desirable to have
commutativity at the level of cohomology. For this reason, our aim in this chapter is to
show a result of this kind for a more general class of algebras than in [MPSW10].

One problem of the previous approach is that it depends on the bar resolution, which
is in general difficult to handle. Although some computations can be made, it would be
better to be able to work with smaller projective resolutions. There is a technical issue
when defining the comultiplication of a projective resolution: it is well-defined only on
the tensor product over the algebra A, which in general admits no braidings. Instead, it
is possible to deal with it using a generalization of braided monoidal categories: duoidal
categories. We will follow the notation in [AM10] for general definitions and theorems.

4.1 Duoidal categories and bimodules

In this section, we will recall the definition of a duoidal category, also called 2-monoidal
category. We will also exhibit the example we are interested in, the duoidal category 4C4
of bimodules over a bialgebra A in a braided monoidal category C.

Definition 4.1.1. [AM10, Definition 6.1: 2-monoidal category] A duoidal category is a
15-tuple (C,o,I,a,l,r, %, J, o, A, p,(, Ar, .y, Co), where

e (C,0,1,a,l,r)and (C,*,J,a,\, p) are monoidal categories.
o (I,Ar,(p) is a comonoid in (C,x, J, a, A, p).
o (J,py,Co) is a monoid in (C,¢,1,a,¥,r)

e ( is a natural transformation, called interchange law, given by a family of morphisms
Cxyzr: (X *Y)o(Z+T) = (XoZ)* (Y oT) for each X,Y,Z,T € C, such that
the following diagrams commute for every X, Y, Z, T, U,V € C:
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Cx T,y +U,ZxV (
_—

(X*T)o(YxU))o(Z*V) X*T)o (Y *xU)o (Z*V))

(XoY)x(ToU))o(Z*V) (X*T)o(YoZ)x(UoV))
(XoY)oZ)x((ToU)oV) ax,y,zMT,U,v(X o(YoZ)x(To(UoV)),

Cxy,z°% Uy

(X*Y)xZ)o ((TxU)*xV) (X* (Y x2)o(Tx(Ux*V))
CXwy,2,T+U,V iCX,Y*Z,T,U*V
(X *Y)o (TxU))*x(ZoV) (XoT)*x((Y*xZ)o(UxV))
Cxoryu*idzey i iidXoT* Sy.zuv
(XoT)*x(YoU))*x(ZoV) o —— (XoT)*x((YoU)*x(ZoV)),
l r
To(X+Y)— > XxY (X*xY)ol —X > X*Y
Aloidx*yi T@X*ZY idX*YOAIl TTX*TY
IxDo(X*xY)——=(ToX)*x(IoY), (XxY)o(Ix])——= (Xol)*x(YoI),
1,1, XY X,Y,I,I
¢ ¢
(J*xX)o(J*xY) 2 (JoJ)x (X oY) (X J)o (Y *J) 2 (X oY) % (J o J)
)\Xo/\yl luJ*idXOY pXOpyJ/ \LidXOY*MJ
XoY Jx (X oY), XoY (X oY)« J,
XoV PXoY

We will omit in general associators, unitors and structures on the units, denoting the
duoidal category by (€, o, I, *,J,(, (o).

Example 4.1.2. Any braided monoidal category (€, ®, I, a, ¢, r, c) gives rise to the duoidal
category ((i’, @,1,a, 0,7, @,1,a,0,r,C 0 =r~ 0 =1y, id]), where the interchange law
is Cg(,Y,Z,T =idxy ® Cy,7 @ idp.

Remark 4.1.3. Note that all morphisms involved in the previous example are isomor-
phisms. There is a categorical Eckmann-Hilton argument which states that essentially ev-

ery duoidal category whose structure morphisms are isomorphisms comes from a braided
monoidal category. See, for example, [AM10, Proposition 6.11].

Remark 4.1.4. If (C,o, I, a,l,r,*x, J,a, N\, p,(, Ar, 1y, (o) is a duoidal category, then so is
its opposite category (GOp,*, Jooam AT p o Ia™t 07 e P g, A Co), where the
interchange law is (¥y , 7 = Cx.z v

Remark 4.1.5. Transposing one or both of the monoidal structures of a monoidal category
If (C 0,1, a,l,r %, J,a, N\, p,(, Ar, puy, (o) gives three different duoidal categories:

b (67 S 7I7 a—lvragv*a J,Ck, Aap7CO ) AI;MJ;CO)v where C§7Y7Z7T = <Z7T,X,Y7
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b (6707 I7 CL7€, T, x ,J,Oé_l, 2 )\7 C * 7A17 n, CO)v where C§7Y7Z7T = <Y,X,T,Z7

b (67 S 7-[7 a_l,T,£7 * 7J7 a_17p7A7<<>’* 7AI7MJ7<0)7 where C)?A/TZ’T = CT,Z,Y7X-

Definition 4.1.6. A duoidal category is strict if both underlying monoidal structures are
strict.

All duoidal categories considered in this work will be strict.

Remark 4.1.7. For a duoidal category €, both monoidal structures can be lifted to Ch(C),
Coch(€) and CZ, with the structures on the units concentrated in degree 0 and the inter-

change law (8" defined by C%;‘,Y,Z,T‘(Xm*Yn)O(Zk*Tg) = (_1)nk CXom, Vi, Z3 T
Next we will exhibit the duoidal category we are interested in.

Definition 4.1.8. 1. Let (€, ®, I) be a monoidal category, and let (A, u,n) be a monoid
in €. An A-bimodule is a triple (M, xy, xr), where
e M is an object in C,

e Yy : A®M — M and x, : M ® A — M are morphisms in C, respectively called
left and right action, such that the following diagrams commute:

A Ao MM 4oar MoAo A area
idA®Xel \LXZ idM@Ml \LXT
AR M = M, M®A o M,
AoMo ALY yoa ToM™@Yaeom MoAL Mer
idA®Xrl lX'r N ix@ X'fi 3
M M
A®M—— M, M. M.

2. Let (C,®,I) be a monoidal category, and let (A, i, ) be a monoid in €. The category
ACa of A-bimodules in C is defined as follows:

e Objects are A-bimodules (M, xz, xr)-

e For each pair of A-bimodules (M, xy, x») and (M’, x5, X;.), the set of morphisms
Hom ¢, (M, M') consists of the maps f : M — M’ in € such that the following
diagrams commute:

A MM MeA—XsM

idA®f\L lf f®idAl lf

A®M/H/M,, M,®AH/M,
Xe XT

Although mentioning € is redundant in this definition, it will be necessary when dealing
at the same time with different categories with the same underlying monoidal structures
(e.g. vector spaces, graded vector spaces, Yetter Drinfeld modules).
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Definition 4.1.9. Under the conditions of Definition 4.1.8, let (M, x¢, x») and (M’, X}, X,.)
be two A-bimodules in €. The product over A of M and M’ is the coequalizer mys psr
MeM — M ®a M’ of the maps x, ® idyy and idy @ X : M@ AQ M — M @ M'.
The left and right actions of A on M ® 4 M’ are respectively induced by x, and ...

Remark 4.1.10. It is easy to see that the product ® 4 is associative with unit A and
functorial, therefore (4C4,®4, A) is a monoidal category.

Definition 4.1.11. Let (C,®, I, c) be a braided monoidal category, let (A, u,n, A, €) be a
bimonoid in €, and let (M, x¢, x») and (M’, x}, x;.) be A-bimodules in €. The A-bimodule
M oM is (MM, x5, x?), with actions are given by

X{ = (xe®x}) e (ida® can ®idpp) o (A®@idy ®@idyy),

X,@ = (Xr®x,)o0 (idM Qcpra® idA) o (idy ®idy @ A).
Remark 4.1.12. Tt is clear that the product of two A-bimodule morphisms is also an A-
bimodule morphism with respect to the actions defined above, so ® is indeed a bifunctor
landing in 4C4. Coassociativity and counitality of A and the axioms of the braiding imply
that ® is associative with unit (I,e,¢e). Therefore, (4C4,®,I) is a monoidal category.

We now obtain a duoidal category that will be used in what follows.

Proposition 4.1.13. Let (C,®,1I,¢) be a braided monoidal category, let (A, pu,n, A ) be
a bimonoid in C. The 9-tuple (AC’A,®A,A,®,I, A, A,id[,E) s a duoidal category, where

S (MON) @4 (KO L) — (M@4K)© (N@al)
is the canonical projection of the map (i y jcp = idym ® ek ®1dr of Ezample 4.1.2.

Proof: Compatibility of ¢ with associativity and units of both products is a consequence
of the axioms of the braiding ¢. We only need to prove that ¢4 is well-defined, that is,
the map (mar,x @ 7n,1) © (§f N i 1, factors through (M © N) ®4 (K @ L). This is shown
in the following graphical calculation. On one side, precomposing (5, y 5 7 With the right
action of A on M ® N yields: S

MN A KL MN A KL

ol

M K NL M KN L

where the equality holds due to naturality of the braiding with respect to the right action
of A on N and the identity of K .

On the other side, a similar argument shows that precomposing ¢f; x 5 ; With the left
action of A on P ® L yields: o

MN A KL MN A KL

ST

MK N L M KN L
which equals the previous calculation when postcomposed with 7y x ® TN L. O

This result holds in general for a duoidal category C not necessarily arising from a
braided monoidal category - see [GLF16, Section 7.1].
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4.2 (Co)duoids and projective resolutions

The concept of (co)duoid generalizes the one of (co)commutative monoid in a braided
monoidal category to the context of duoidal categories. We will see how some projective
resolutions of bimodules can be given a coduoid structure, in an analogous way to the
deconcatenation comonoid defined in the previous chapter.

Definition 4.2.1. Let (C, 0,1, %, J,(, Ay, py, o) be a duoidal category. A duoid in C is a
5-tuple (A, u,n, v, ), where

e (A, pu,n) is a monoid in (C,¢, )
e (A,v,1) is a monoid in (C,*, 1)
e the following diagrams commute:

CA,A,A,A

(AxA)o(AxA) (Ao A)x (Ac A)

Voui ip,*u

As A m A ” Ax A,

T2 Tsl  JoJ-Mog I o

R ATENOA

AﬁA*A, AOA?A,

J

Also, for a duoidal category (C,¢,I,*,.J,(), a coduoid in € is a duoid in its opposite
category C°P.

Example 4.2.2. Any commutative monoid (A, u,n) in a braided monoidal category
(C,®,1,c) gives a duoid (A, u,n, ,n) in the duoidal category (€, ®, I, ®,I,(¢), and anal-
ogously a cocommutative comonoid induces a coduoid. The converse is also true, due to
the Eckmann-Hilton argument - see [AM10, Proposition 6.29].

In the sequel, we will focus on giving a coduoid structure to certain projective resolu-
tions of k as A-bimodule, when A is a bimonoid in the category ]ﬁzg‘éﬂ of Yetter-Drinfeld
modules over an abelian group G. One of the coproducts will be the one of Example
2.2.20, which is related to the definition of the usual cup product - see Remark 2.1.3. First
we will define the duoidal category whose coduoids we are interested in.

Definition 4.2.3. Let A be a bimonoid in the category ﬁig‘é@. We define the duoidal
category (@(A(ﬁgyD)A) ,®24, Aoy, ©, kg, (CA)gr) as follows:

e Objects are chain complexes of A-bimodules in ﬁgH‘D.

e Morphisms are k-linear homotopy classes of chain morphisms in 4Mod4.

The products ® 4 and ® are defined componentwise as in Remark 2.2.13 with their
units concentrated in degree 0.

The graded interchange law (QA)gr is defined as in Remark 4.1.7.
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Theorem 4.2.4. Let A be a bimonoid in the braided monoidal category ﬁg%@ for a group

G, and let P, i> A be a chain complez in A(gig%}@)/; which is also a projective resolution
of A in g.Moda. The map w: Py — (P ®4 P)e lifting the isomorphism A~ A®4 A as in
Ezample 2.2.20 and the map 6 : Py — (P ® P)e defined as a lifting of the map A : A —
A ® A provide a coduoid (Pe,w, fo,d,€0 fy) in (@ (A(ﬁgHD)A) ,®4, Ay, ©, ko, ((A)gr).

Proof: Consider the following commutative diagram in A(ﬂigy@) A

A®4 A = A A Ao A

o |-

(A® A) @4 (AG A) (Ao A)© (Ao, A).

CA,A,A,4

Since the forgetful functor ]ﬁig‘gjﬂ — Vect is strong monoidal, the diagram is also commu-
tative in 4Mod 4. Lifting these morphisms along the exact complexes in 4Mod 4 involving
products of P, gives the following diagram in 4Mod4:

)

(P®AP). 2 P. (PQP).

5®A6\L lw@w

(PO P)2A (PO P)). (P®aP)O (P @aP))e,

( A)f.yp.yplypl

which consequently commutes up to a k-linear homotopy. O

In the next examples we show how the Jordan and super Jordan plane fit into the
hypotheses of the previous theorem.

Example 4.2.5. For the Jordan plane, the following resolution of A as A-bimodule has
been computed in [LS21]:

0—>AQRA-—sA@VoA-—" A0 A——0,

where V' = k{z,y} and R = kr. The differentials are

d(1®v®l) = vl1—-10v, YveV,

di(lerel) = yezR1+1yer—2y®1 -1y
+ % x®:1:®1+% 1®zr® e,

and the quasi-isomorphism is the one induced by p: A ® A — A.

We only need to define an action of kZ = k[t,¢~!] and a compatible internal Z-grading
on the A-bimodules A ® R® A and A ® V ® A. We will define the action of ¢ on the
elements of the form 1 ® v ® 1 and extend it by t- (a-m-b) = (t-a) - (t-m) - (t-b).
Analogously, we will define the grading on these elements and extend it additively over
the tensor product.

e t-(1®z®]l)=10z1, t-(1ey®])=1z1+1y®land 1®z®1,10y®1
have internal degree 1,

et - (l®er®l)=1®r®1and 1 ®r® 1 has internal degree 2.
It is straightworward to check that the differentials preserve the action and the internal

grading.
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Example 4.2.6. For the super Jordan plane, we will use the following resolution of A as
A-bimodule, computed in [RS18]:

B AV A AV AT AR VI AT A A —0,

where V1 = k{z,y} and V,, = k{z",y?2" 1}, ¥n > 2. Tt has differentials
d(level)=v1-11v, YveV,
diler?el)=1l0rr+rRre1,
d(1®y?221)=9*R201+yyer+1Q0yQur —1yRyR1l -y Yy
1Rz —1werl-210yRzr - 101 Q Yy,
d(l1®2"!'®l)=22"0 1+ (-1)"! 102" @,
do(1®@y?2"®1) =y’ 2" 1+ (-)"M 1ey’s" s —rey? " el
—yRr"l-101"Qy? - 102" @ yx, Vn > 2,
and quasi-isomorphism induced by p: A ® A — A as in the previous example.
Now, we define a compatible kZ-action and internal Z-grading on the elements 1®v®1
of the A-bimodules A ® V,, ® A:

e t-(I®z®l)=-1z31, t-(1oy®]l) =102rz1-10y®land Iz 1,10y®1
have internal degree 1,

ot (1®2"®1)=(-1)"1®2"®1, and 1 ® 2" ® 1 has internal degree n, ¥n > 2.

et - (1®y?2" el =-12"0y+ (-1)"H{z-y)@2"®1+10y*2r" ' ®1, and
1 ® 422" ! ® 1 has internal degree n + 1, ¥n < 2.

As in the previous example, it is straightforward to check that this structure satisfies
the needed compatibilities.

4.3 Obtaining commutativity from a double lax monoidal
functor

So far in this chapter, we have worked on a duoidal structure in the category (%ﬁg%@) A
analogous to the braided monoidal structure in ig‘d@. We have also defined a coduoid
up to homotopy in Ch ( A(ﬂig%@) A) using a free resolution P, — A, in a similar way as
we had previously defined a braided comonoid up to homotopy in Ch (ig‘d@) using the
complex S,.

Our next step will be to define a functor homga(—,k) : A(igED)A — ]ﬁig‘jﬂ in a
similar way to the definition of hom(—,k) : f4YD — 4YD in Example 3.1.8. Under
weaker finiteness conditions than in [MPSW10], it will coincide at the k-linear level with
the functor Homy4(—, k), sending a free resolution P, — A to the cochain complex used
to compute Hochschild cohomology. We will extend this to the monoidal structures on
them. The following definition is an analogue in the context of duoidal categories of the
concept of braided lax monoidal functors in braided monoidal categories.

Definition 4.3.1. Let (C,0,I,%,J,¢) and (€, o', I',«', J', (") be duoidal categories. A
double lax monoidal functor from € to € is a 5-tuple (F, ¥, po,7,70), where

e (F, ¢, o) is a lax monoidal functor from (C,¢, 1) to (€',¢/,I").

38



e (F,v,7) is a lax monoidal functor from (€, *,J) to (€', +,J').
e The following diagrams commute:

Cr(x), F(v),F(2),F(T)

(F(X) F(Y)) o (F(2) F(T)) (F(X) o' F(2))+ (F(Y)o F(T))
'YX,YQ/'YZ,T\L i%x,z*’soy,T
F(XxY)o F(ZxT) F(XoZ)¥ F(YoT)
QOX*Y,Z*T\L i'YXoZ,YoT
F(X*xY)o(Z*T)) T F(XoZ)x(YoT)),
Il/ Ap I'¥ T J o Kt J Ii/ ;{)) 1/
F(I) wox' o Y0¢' Y0 F(J) F(I)mF(J)
F(AI)\L TF(#J)
F(I*I)WF(I)*/F(I), F(J)O’F(J)WF(JOJ),

While lax monoidal functors preserve monoids and braided lax monoidal functors pre-
serve commutative monoids, we recall a proposition which states that double lax monoidal
functors preserve duoids.

Proposition 4.3.2. [AM10, Corollary 6.58] Given two duoidal categories (C,o,1,x,J, ()
and (C', o', I %', J', ("), let (F, v, 0,7,7) be a double lax monoidal functor from € to €,
and let (A, p,n,v,t) be a duoid in C. The 5-tuple (F(A), F(u) o wa.a,F(n)opo, F(v)o
va.4, F (L) 070) is a duoid in C'.

In order to define the functor mentioned before Definition 4.3.1, let us recall the internal
hom in the category ﬁg‘é@ from Examples 3.1.7 and 3.1.8. Componentwise, it is as follows:

hom(V,Y), = [ [ Homy(Vs, Yis) = Homyye (V. Y[R]),
seG

Where the G-graded vector space Y [h] is defined in each component s € G by the equality
Y[h]s = Yas, for every h € G.
The next definition resembles this internal hom.

Definition 4.3.3. Let A be an augmented algebra and M, N be two A-bimodules in
the monoidal category ig%@, where G is an abelian group. The Yetter-Drinfeld module
homaa(M, N) is defined componentwise by

homa (M, N)p = Hom (yeeiay, (M, N[h]) = Homaa (M, N) N hom(M, N)p,
with the following action of kG:
(g-N@)=g-flg~" ), Vo € M, Vg € G, Vf € homaa(M, N)p.

There are several details implicit in this definition:
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e We are using the isomorphism ﬁg’é@ ~ (kgMOd)G of Example 2.2.17 to define a
Yetter-Drinfeld module by a G-grading and a kG-action on each component.

e The aforementioned isomorphism is also used to define the object N[h]. It can be
checked directly that N[h] is an A-bimodule in £&YD if N is so.

e In Remark 2.2.24, we noticed that the forgetful functors ﬁg%}@ — Vect? — Vect
are strong monoidal, so A can be regarded as a monoid and M,N,Nh| as A-
bimodules in any of these categories.

e It is straightforward to check that if f is in homy4 (M, N)p, then g - f belongs to
homya (M, N)j, as well. Thus, homaa (M, N), is a kG-submodule of hom (M, N)y,
for every h € G, and consequently hom (M, N) is a G-graded kG-submodule of
hom (M, N).

e It can also be easily checked that precomposing with A-bimodule morphisms in the
first coordinate and postcomposing with A-bimodule morphisms in the second one
preserves the G-grading and the kG-action. This allows us to regard homg(—, —)
as a bifunctor from A(ﬁg‘é@)AOP X A(ﬁg‘é@)/x to ﬁg‘é@.

Remark 4.3.4. Let M be a Yetter-Drinfeld module over kG isomorphic to the free A-
bimodule A®V ® A as a bimodule in Vect?. The adjunction between the functor A —® A
and the forgetful functor from 4(Vect®)s to Vect” gives a canonical isomorphism

Hom ,yecioy, (A®V ® A, N[h]) ~ Homy,.c (V, N[h]).
This implies that
homg (A®V ® A,N) ~ hom(V, N)

as G-graded vector spaces. If, in addition, V is a finite dimensional vector space, then
homgs(A®V ® A, N) ~ hom(V, N) ~ Homg(V, N) ~ Homs4(A® V ® A, N).
Since all these isomorphisms are natural, so is their composition.

Proposition 4.3.5. Let A be an augmented algebra in the monoidal category ﬂingD for
an abelian group G. Suppose that there exists a chain compler Py — A in A(ﬁgHD)A
which is a resolution of A in sAMody, and such that for every n € Ny the A-bimodule P,
is isomorphic as a G-graded vector space to ARV, ® A, with V, finite dimensional. There
18 an isomorphism of Z-graded vector spaces

H*(A,k) ~ H(homua(P,k)).

Proof: Since V,, is finite dimensional, by the previous remark homas(4 ® V,, ® A,k) is
isomorphic to Homg4(A® V,, ® A, k).
Using that P, — A is a projective resolution in Vect gives

H*(A,k) = Ext® (A, k) = H(Homaa(Ps,k)) ~ H(homaa(Ps,k)).

O
Now we know that, under some finiteness conditions, the functor homa4(—,k) can
be used to compute Hochschild cohomology. The following step is giving this functor a

double lax monoidal structure relating the coproducts w and § of Theorem 4.2.4 to the
cup product of H*(A4, k).
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Definition 4.3.6. Let (A, u,n, A, ) be a bimonoid in HD and let M, N € A( HD)

e The morphism ¢y : homga (M, k)®@hom g4 (N, k) — hom g4 (N ©M, k) is defined
by eun(f®g)=g0 f.

e The morphism g : k — hom4(k, k) is defined by ¢g(1) = idy.

e The morphism vy n : homga(M,k) ® homga(N,k) — homaa(N ®4 M,k) is
defined by ym N (f ® g) =g ®a f.

e The morphism g : k — homa (A4, k) is defined by vo(1) = e.

Theorem 4.3.7. Let A be a bimonoid in ﬂig%@ The 5-tuple (homAA( ,
is a double lax monoidal functor from (A(]kG‘j@) , 0Lk, @4, ( )

duoidal category (ﬁngD, ®,k,,®,k, Cc) .

k),so ©0,7:70)
to the

@1

Proof: First of all, notice that ¢ and v are natural transformations due to the functoriality
of the products ®, ®4 and ®. Associativity an unitality of both lax monoidal structures
can be checked directly, as well as the axioms involving the respective comonoid and
monoid structures on the first and second units. Let us pay attention to the relation

between the functor hom4(—,k) and the interchange laws (CA) @2 ¥4 and ¢°. We need
to prove the commutativity of the following diagram for every M, N, K, L € A( ‘gJD) A,
where for X € {M, N, K, L} the object hom44(X,k) is denoted by X°.

id, 0 ®C o o ®id, o

M° @ N°® K°® L° - M°® K°®@ N°® L°
7M,N®7K,Li i‘PM,K(&DN,L
(M &4 N)°® (K &4 L)° (MO K)®(NGL)°

L'OM@"QAN,K@bAL

[(M ®a N)

i’yM OK,NGOL

(M & K)®a(NG6L),

Ot =—

(K ®a L)]° .
(RS

which translates into

id) 0 ®Cyo go®id;,

M°® N°® K°® L° : M°® K°® N°® L°
(N®aM)°®(L®ag K)° (KOM)°®(LO®N)°
¢N®AM,L®AK\L l’yKGM,LGN

[(LoaK)o (N®aM)]° [(LON)®a (Ko M),

(Cf,N,K,IM)*

Now, let a,b,c,d be elements of G. We will chase an element f ® f' ® g ® ¢’ along the
diagram above, where f € homaa(My, k), f/ € homaa(Ny, k), g € homaga(K,, k) and
g € homya(Lg, k) respectively. Notice that, since k is concentrated in degree 1¢, the
respective internal degrees of f, f’, ¢, ¢ are a=',b=%, ¢!, d~!. Following the top and right
sides of the diagram gives the element (¢’ © f')®4 (b~!-g® f), while following its left and
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bottom sides gives ((¢' ®4 g) © (f' ®a f))o CﬁN’K’M. To show that both terms are equal,
it suffices to evaluate them in a generic element (w' ®v') ® 4 (w ® v), where v, v', w, w’ lie
in Mg, Ny, K¢, Lg respectively. Evaluating the first term yields

(O gof)(weov)es(wov) = ¢W)f' )07 g)(w)f(v)
= gW)f(W)gb-w)f(v),

since the action of kG on k is trivial, while evaluating the second term yields

(9 ®a9) @ (f ®alf)) (Cf},N,K,M((wl ®40") O (w@v)))
= (((®a9)0(f®af)) (W @ab-w)© (W @av)) = ¢'(w)g(b-w)f (@) f(v).

This shows that both compositions of the diagram coincide when evaluated in a generic
element f ® f' ® g ® ¢, proving the compatibility of the functor hom(—, k) with the
interchange laws. O

In the following theorem, we prove the result on graded braided commutativity up to
k-linear homotopy which leads to the desired property of graded braided commutativity of
the Hochschild cohomology with trivial coefficients, under hypotheses that include Nichols
algebras such as the Jordan and super Jordan plane.

Theorem 4.3.8. Let A be a bimonoid in the braided monoidal category (ﬁg%@,&k, c)
for an abelian group G. Suppose that there exists a compler Py — A in A(ig‘é@)f; which
is a projective resolution of A in s\Moda, and such that for every n € Ny the A-bimodule
P, is isomorphic as a G-graded vector space to ARV, ® A, where V, is finite dimensional.
Then the differential graded algebra Homaa(Pe,k) with the opposite of the cup product is
graded braided commutative up to k-linear homotopy.

Proof: In the same way as in Theorem 3.3.6, one can consider the opposite of the category
Ch ( A(ﬁg%@) A), which is isomorphic to the category of cochain complexes in 4 (ﬁg%@) A
with cochain morphisms in 4Mod 4 in the opposite direction.

On the other hand, let Ch (ﬁig‘é@) denote the category whose objects are cochain com-
plexes of Yetter-Drinfeld modules over kGG, and whose morphisms are k-linear homotopy
classes of k-linear cochain morphisms. It is a braided monoidal category with the tensor
product defined as in Remark 2.2.13 and the graded braiding.

It is posible to define componentwise a cochain version of the functor hom g4 (—, k) from

the duoidal category (@ (A(ﬁngD)A)Op, ® ko, ®a , Ay, (CA) ©,&a ’gr) to the duoidal

category (Coch (ﬁg‘é@) , ®, ko, ®, ko, (Cc)gr). All the axioms of a double lax monoidal

functor hold at the cochain level because they do componentwise, and the graded inter-
change laws are compatible with the signs of the differentials given as in Remark 2.2.13,
observing that they are being taken on the transpose product.

Translating the result of Theorem 4.2.4 to this context, one has that (P, d, fo o €9, w, fo)

is a duoid in Coch (A(ﬂégHD)AOp, ® ko, @a , Ao, (¢1) ©,®a ’gr>. Proposition 4.3.2 im-
plies that the double lax functor hom4(—, k) sends the duoid P, to a duoid hom 44 (Ps, k)
in (Coch (Hﬁg%@) ,®, ko, ®, ko, (Cc)gr>. This duoid turns out to be a commutative monoid

in the braided monoidal category (Coch (%ig%}@) , ®, ko, cgr) by the Eckmann-Hilton ar-

gument in Example 4.2.2. As proved in Proposition 4.3.5, the finiteness conditions on the
free resolution P, imply that hom (P, k) is isomorphic to Hom44(Ps,k) as a cochain
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complex of k-vector spaces. Regarding the monoid structure on Hom g4 (Pe, k) as the one
induced by the comonoid (P, w, (id4)g) via the lax monoidal functor (homya(—,k),~,0),
one deduces that it coincides with the opposite of the usual cup product as defined in Ex-
ample 2.2.20. O

Corollary 4.3.9. Under the conditions above, H*(A,k) is a graded braided commutative
algebra in ]ﬁigyﬂ.

The projective resolutions of the Jordan and super Jordan plane shown respectively
in Examples 4.2.5 and 4.2.6 verify the hypotheses of the previous theorem, therefore their
respective Hochschild cohomology algebras with the opposite of the cup product are graded
braided commutative algebras in ﬁ%%@.
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Appendix A

Computations for the Jordan and
super Jordan planes

In this Appendix we make the computations needed to check the commutativity of the
second diagram in Remark 3.2.3, that is of:

Hom 44 (A®P*2 k) @ Hom g4 (A®972 k) _pa Hom g4 (A®PHa+2 k)

H i id , .k

Hom g4 (A®PF4F2 k).

In order to check the commutativity of this diagram after taking cohomology, we will
choose in each case a suitable projective resolution of A as A-bimodule, denoted Py, — A,
along with comparison morphisms fe : Ps — Be(A) and ge : Be(A) — P.

For any two cocycles a and 3, let us write o ~ (3 if their cohomology classes coincide.
Commutativity means that

o (i 8.1y 0, 4,1K) (< (06 ) ~ (1P < (0 05
for every ¢/ € Homya(A®PT2 k) and ¢’ € Homaa(A®9H2 k), that is:
(W~ @) o (i, @ €0 400 @id, ) ~ (1P~ ).
Replacing the bar resolution by P, this reads as
(Yogp~pogy o (idA Q€ 0p 409 @ idA) 0 fprq ~ (=) (ho gy~ pogy)o foig

for every ¢ € Homya(P,, k) and ¢ € Homaa(P,;, k). This equivalence of A-bimodule
morphisms from P,;, to k is what we will check.

Let us start with the Jordan plane. We will use the resolution of Example 4.2.5:

0— > AQRA—" A0 VOA-—2 A0 A—>0,

where V =k{z,y} and R = kr.
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It is possible to define comparison morphisms fo : Po — Be(A) and ge : Be(A) — P
such that:

fo = go =idaga,
filevel)=10vxl, YveV,
Alerel)=19yr0l-10z0yR1l+51r02® 1.

Notice that the commutativity needs to be checked only for the cup products of
HY(A,k) with itself, since H?(A,k) consists only of scalar multiples of the unit object
and the product of an element in H2(A, k) with one in H!(A, k) or H2(A, k) is zero since
H3(A,k) = 0. Now, let v, p € Homaa(Py,k) be two 1-cocycles:

(Yogi~ypog)(fo(l®r®1l))
= Wogwvpog)(loy®rel-10reyel+ilererel)
= p(ley)Yp@lerel)) -—p@(lere)Pn(ley 1))
+30@lezel)Y(n(leze1l))
= o1y )YP(lorel)—p(leore )P(leoy® 1)
+1io(leze)P(lerel).

To compute the element we want to compare with the one above, recall that we write
kZ = Kk[t,t~!], and the braiding is given by ¢, (v®@w) = t" - w @ v, where n is the degree
of v. From now on, let ¢, , denote the map id, ® Crop 400 D id, for every p,q € Np.
(Yogr~pog)(cai(fe(l®@r®l))
= (z/;oglvcpogl)(cl,l(1®y®:1;®1—1®:c®y®1 + %1®x®m®1))
= (Wogivyoq)(l®t z0yel-10t Yyl + $ 10t -2Qr®1)
(pogi—vog)(l®zRy®l-10@z+y) 21 + $1@zz®1)
= —p(ley)Wlerel)+e(lezx 1)Yp(1y®1)
—lo(lezel)y(leorel)
= — (ogr—pog)(fo(l®rel))

as we wanted to prove.

The computation for the super Jordan plane is more involved, since the minimal res-
olution, which is free, is as follows -see Example 4.2.6-:

B AV AL AV AT AR VI AT A A — >0,

where Vi = k{z,y} and V,, = k{z", y?2"" 1}, Vn > 2.

For checking the commutativity condition, we will use the comparison morphisms
fo 1 Po — Be(A) and ge : Be(A) — P, defined in [RS18, Section 5]. Since the chain
morphism g, is only partially defined in [RS18], we need to extend the definition of g, for
n > 2 as follows:

gn(122%ryear® 17 el)=0 Vi: 0<i<n-—2
(12" lgryel)=102"®y.

It is a straightforward computation to prove that this extension indeed gives a chain
morphism.
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Again, HY(A, k) = k, so we will check the condition for cocycles in degrees greater or
equal to 1. The cup products to be computed lie in H" (A, k) for n > 2, so we are going to
evaluate them on the basis of P,. Let ¢ € Homaa(P,,k) and ¢ € Homy(Fy, k) be two
cocycles, for p,q > 1. We need to consider four cases. In all of them, when applying the
morphisms g,,, we keep in mind that ¥ (gn(ay® a1 ® - @ ap @ ap41)) = 0 if ag or a1 are
homogeneous of positive degree, because they act by 0 on k, and the same holds for ¢.
Forp=qg=1:

Evaluating in 1 ® 22 ® 1 gives

Wog—pog)(f2(l®a’®1) = (Yog wpog)(l@a®®1)

= pa(lezel)p@lerel))
= p(lezex)p(1lezrel),

(Yogi~ypog)c,i(l®r®r®1))
(Yogr~wpog)(l®t-z0rx1)
= (Wogivypoq)(l®(—z)®r®1)
— o1z )Y((l®r®1l))
—p(1l@ze)Y(lrx1)

— (Wogi~pog)(f2(l®a*®1)),

(Yogi—pog)(ei(fo(l®z?®1)))

while evaluating in 1 ® y?z ® 1 gives

(Wogi—voq)(fo(l1®y*r®1))
= Wogivpog)1l@yRyzrel-10z01°1-102z0yz® 1)
= p@leye)Y(aleyrel)) -palezel)Paley*®1))
—pla(leze)P(a(leyr®1))
= (),

since g1(1 ® a ® 1) = 0 if a is homogeneous of degree greater than 1. On the other hand,

(hogi~eog)(ci(f2(1®@y’*r®1)))

= (Yogiwpog)(c1(l®y®yrel-1020Y*0l-1rRyr® 1))

= Wogivpog)1@t - yzRye1l—-10t- 1?0201 -1t -yrQr®1)

= (¢oglvgoogl)(1®yx®y®1—1®(y2—xy—yx)®x®1—1®yx®x®l)

=p(1(1®yz@1)P((leoyel) — (a1 Y —ay—yz) @ 1))Y((1Rz 1)
—p11®yr®1)Y((l®ze 1))

=0=—(og~yog)(fo(l®y*rxl)).

For p=1,q > 2, evaluating in 1 ® 2't¢ ® 1 gives on one hand

(Wogi~pog)(firgl®@at®1)) = (Yogivypog)(lea®tiel)
= ¢(g(1@a®@1)(Y(1(l®x® 1))
= p(1®z¥e)y(le1l),

and on the other hand

(hogi~ @ogy)crg(firgl®z'T1®1)))
(pogr~ogy)(ey(l@a®T1@1))
(pogg—vog)cr(1®@z@a®®1))
(Yogi—pog)(l@t- (z¥)@r®1)

= Etbomvsoogq;( @t-2)®@rel)
(—
(-

PYogi~pog)(l®(—x)®@r®1)
1)? (pogr— pogy)(l®z® 1@ 1)
19 (Yo g1~ @ogy(firg(l@az't1®1)),
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while evaluating in 1 ® 3227 ® 1 gives

(d’gl ~ qu)(fl—&-q(l & 9237(1 @ 1))

= (Yo vwgq)u@y@ymx@q*l@l — 1@z (Y +yr) el
+ > ( )12t @ ()2 +yr) @ 2% 27 @ 1)

= 0(g(1®yYy@yr @z 2@ 1)Y(g(1®z® 1))
—9(g(1@z @ (¥* +yr) @222 21))Y(g(lez 1))
+ YI0(-1) p(g,(1 @ 2% @ (y? + y2) @ 223 @ D))y (gi(1@a @ 1))
+ (=172 (g1 @ 2% @ 1))¢ (91 (1 © (y* + yz) @ 1))

= p(loyzr'ol)y(lozel),

(hg1 ~ ©9q)(c1,4(f144(1 @ y?2? @ 1)))
— (wglvgpgq)(clq(1®y®yaz®x®q_1®l—1®a:®(y +yr) @zt ®1
+ Y1) 1@ 2% @ (y? + yr) @ 22921 @ 1))
= (wglvsogq)@@t yr@ (t-2)* "t eyel
—1®t-(y? +yx) @ (t- ) lorel
+ YN e )P et (P yn) @ (t2)PT T e @ 1)
= (wglvsogq)(l@yw@(* ) oyel
- 1®(y2—xy)®(—w)®q*1®m®1
Z SR (—2)P e (i —ay) @ (—2)P T R 1)
)1 (gq (1®yw®x®q4>)w(gl(1®y®1))
— (D7 (9,1 @ y* @ 2® @ 1)h(g1(1® 1))
+ ¢(g,(1 ® 2201 @y 1))p(g(lore1))
= (-1 p(1 ® y?x1~ 1®1)¢(1®x®1)
= (=17 (g1 ~ @9¢)(f144(1 @ Y21 © 1))

For p > 2,q = 1, evaluating in 1 ® 2?1 @ 1 gives

:(1

(Wogy—wog)(fprn(l@a?t ®1)) = (Yog,~pog)l®a® @l
= pla(1 @z @1)(Y(g(l® 2% @ 1))
p(leze)Pp(le? 1)

(hogy~eog)(cpi(fpr(l@aPT ®1))) = (Yogy~pogi)(epi(l®z®T 1))
(Yogy—vogi)(epi1(l®a®P @z ®1))
(Wogy—pog)(1@t - z@2% ®1)
(Yogy—pog)(l®(—1)Prxa®P ®1)

(—

(—

DP(po gy~ pog)(l®@a® @1)
D' ogy~ pog)(fye1(1®@aPtt 1)),
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Evaluating in 1 ® y?2P ® 1 gives

(Vg ~ 091)(fp41(1 @ y?2P ® 1))
= (Vgp >~ pg)(1@y@yr a1 o1
-1z Y’ +yzr) @2 1ol
+ 20 (1) 102 @ (i + yr) © 22 1)
-1y l)Y(g(l®yr® z®r—1 1))
- 90(91(1®1’® 1))¢(gp(1®(y2+y$)®x®pf1 2 1)) |
P ( 1) pgi(l@z@1)P(g(1 @ 2 @ (y° +yz) @ 2P 2 @ 1))
= —pl@y*a? ' @ DYl @ y*a? ' @ 1), (bgp ~ ©g1)(cp1 (fr1(1 @ ya? @ 1)))
= (Ygp~ pg)(cp1(1@y@yr@a® @1
— 1Rz (@ +yr) @z 1 el
+ YD 1@ @ (y + ya) @22 @ 1))
= (¢9pV<pg1)(1®tp“ TRYyrr®P 21
_ 1®tp+1 $®$®(y2+y$)®x®p—2®1
+ P31 10ttt 20 @ (1P +yr) @ 2P @ 1
+ (—1)1)—2 1®tP- (y2 + xy) ® x@p ® 1)

= (bgp~pg)1@ (-1 r@y@yres® el
—1e)rlrere (Y +yr) @221
+ P31 1@ (—1)PH 2 @a®?H @ (42 4 yr) @ 2®P 3T @ 1
+ ()P 10 (Y2 — (p— Dyz — pry) @ 2P @ 1)

)
= ()Mol ezo)P(g(ley©yr @z 2@ 1))
= (=)l ey o)yl ey’ 1 el)

= (=1 (Ygp ~ o91)(frr1(1 @ y?2P @ 1)).

The last case to consider is p, ¢ > 2, evaluating in 1 ® 2Pt ® 1 gives

(Yogy—pogy)(fprq(l@aPTI®@1)) = (Yog,—pogy)(l®a®PT1®1)
= o941 ® 2% @ 1)) (gy(1® 2% @ 1))
= (11 1)Yp(lxrP 1),

(Yo gp >~ @O gq)(cp,q(fp-&-q(l ® 2Pt ® 1)) = (Yo gp >~ @O Qq)(cp,q(l ® 2®PT1 ® 1))
= (Yogy~ pogycpq(l®a®P @2¥1®1))
(bogy~pog)(l@th (z®9) ® 2P @ 1)
(hogy~pogy)(l® (- 2)% @2 @ 1)
= Ewogpvsoogq)( ® ((=1)P2)®1 @ 2% @ 1)
(—

1)P4(¢po gp >~ PO gq)(l ® ¥t @ 1)
D)P(h o gp ~ @ 0 gg) (fprq(1 @ 2PTI ® 1)),

For 1 ® y?2PT97 1 ® 1 we get

(Ygp ~ 09¢) (fgrp(1® Y2zt @ 1))
= (Ygp ~ 09) (1@ Yy @ yz @ z®1 P21
10z (Y +yr)@a2®H P 2g1
+ Z;I;rgfi’»(_l)i 1® 2 ®2+i ® (y2 + y.r) ® ®e+p—3—i ® 1)
= 99,(1®y@yr @297 @ 1)g,(1® 2% @ 1)
—eg(lor® (y* +yz) @ 2% @ 1)gy(1 @ 2%P @ 1)
+ 20 (-1) @ge(1 @2 @ (12 + yz) @ 257737 @ 1)ihg,(1 ® 2% @ 1)
Z;H(J]D 2390911(1 ® 2% ® 1)g,(1 ® 221 @ (42 4 yz) @ B8P3 @ 1)
=p(ley’z ' e DPp(lea? @ 1) + (-1 ?p(lez! @ )Pp(loy’ s’ ©1).
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Most of the terms in the above sums vanish because
(1229 29?225 1 01)=g,(122% @yz@z®" 17 21)=0, ¥n>2,j > 1.
Regarding the unvanishing term, which corresponds to i = ¢ — 2, we have that
9,122 ') =12¢y*27'®1, and g,(1@yz 2T ' 1) =y2?e1,
which vanishes after applying the A-bimodule morphism . Finally

(¥ 0 gp ~ 90 gg)(cpg(forp(1 @ Y?2TP7! ©1)))
= (Wogp—9ogy)epg(l@y@yz@a®r gl
- 1®ﬂ:®(y2+yx)®x®p_2+q®l
Z - ( )z 1® $®2+i ® (yQ + y:n) ® x®p737i+q ®1
+ Zf*}j (-1 1@ a® @ 292 P @ (i + yr) @ 2B 37 @ 1))
=(ogp~pog)l@ttT(@®) @y@yr @221l
p q
-1® tp“(x@q) Rre (Y +yr) P21
+ YP1) 1@ T (2®9) @ 282 @ (12 + yo) @ a®P 3T @ 1
234-71)9—2( ) 1® tp(x®2+i—p ® (y2 4 yrc) R x®q+p—3—i) ® %P & 1)
=(ogpwpog)l@ (1)) ®yeyr a1
A D)@z @ (v +yz) @ 2P @1
+ ZP: (1)1 1® ((—1)PH12)®1 @ 222+ @ (y2 + yz) @ 2P 31 @ 1
+ Zi”ff_z( 1P 1@ (1P)** 7P @ (y? — (p — Dyx — pay)
R((— 1)px)®q+p—3—z ® % ® 1)

= (—1)Pp(gy(1 @ 2% @ 1)) (gp(1 ® y ® yzr @ 2*P 2 ® 1))

— ()P (g, (1@ 297 @ 1)) (g,y(1 ® 2 @ (v + yz) ® 2P 2 @ 1))

+ (—1) P TR 1) (gy(1 @ 2% @ 1)) .

P(gp(1 ® 3% @ (y? + yz) @ 2P 37 ® 1))
+ (— 1P SRR 1)ip(gy(1 @ 292 P @ (y? — (p— 1)yz — pay)
@zPIP370 2 1)) (gp(1 @ 2P @ 1))

= (—1)pta (1®mq® Dyp(1®y?aP~t @ 1)
+ (1P (1P 2ol 2 @ DPp(l@ P @ 1)
=DM ((-1)%(1@21@ 1)1 y*zP o l) + p(1® 27 @ Y(1 @ 2P ® 1))
= (=1)PU(¢p 0 gy ~ 0 0 gg) (foip(1 @ y?2TP~1 @ 1)).

The second term, as well as the terms in the sums corresponding to ¢ < p—3, vanishes after
applying g, in their second factor. Those corresponding to ¢ > p —2 can be expressed as a
sum of three terms by distributing over the expression in the tensor y? — (p — 1)yz — pzy.
The only non vanishing one corresponds to y2.

The term corresponding to —(p — 1)yz vanishes after applying g,, and the one corre-
sponding to —pxy is a coboundary by the following argument: Let b denote the differential
of the bar complex. Then, if p—2<i<qg+p—4,

b(l ® p®3+i=p RY R p®atp—3—i ® 1) = ® p2ti-p RY® ®atp—3—i ®1
+ (_1)2+i—p 1 ® z®2ti-pr g Ty @ p®atP=3—i 1
+ (_1)3+i7p 1® $®3+ifp ® Y ® x®q+p7i74 ®1
4 (_1)q+1 1® 2®3+i—p Ry 1 ®q+p—i—4 ® z,

and, on the other hand,
9,(1 @ 223 P @ yr @ 2Pt @ 1) = 0.
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Ifi=q+p-3,

V(lz®eyel) = 2029 'eyel+ (1)1 1% eyl
+ (-1)71®z%®y.

In both cases, g,(1 ® 2®?TP @ (—pry) ® 2¥P~37 @ 1) is a boundary plus a term that
vanishes after applying g4, plus terms that vanish after applying the A-bimodule morphism

®.

50



Bibliography

[AAH21]

[AAPW22]

[AM10]

[AS02]

[FS04]

[Ger64]

[GLF16]

[Her20]

(7593

[LS21]

[MLOSg]

[MPSW10]

Nicolas Andruskiewitsch, Ivan Angiono, and Istvan Heckenberger. On finite
GK-dimensional Nichols algebras over abelian groups, volume 1329 of Mem.
Am. Math. Soc. Providence, RI: American Mathematical Society (AMS),
2021.

N. Andruskiewitsch, I. Angiono, J. Pevtsova, and S. Witherspoon. Cohomol-
ogy rings of finite-dimensional pointed Hopf algebras over abelian groups. Res.
Math. Sci., 9(1):132, 2022. 1d/No 12.

Marcelo Aguiar and Swapneel Mahajan. Monoidal functors, species and Hopf
algebras, volume 29 of CRM Monograph Series. American Mathematical So-
ciety, Providence, RI, 2010.

Nicolds Andruskiewitsch and Hans-Jiirgen Schneider. Pointed Hopf algebras.
In New directions in Hopf algebras, pages 1-68. Cambridge: Cambridge Uni-
versity Press, 2002.

Marco A. Farinati and Andrea L. Solotar. G-structure on the cohomology of
Hopf algebras. Proc. Am. Math. Soc., 132(10):2859-2865, 2004.

Murray Gerstenhaber. On the deformation of rings and algebras. Ann. Math.
(2), 79:59-103, 1964.

Richard Garner and Ignacio Lépez Franco. Commutativity. J. Pure Appl.
Algebra, 220(5):1707-1751, 2016.

Estanislao Herscovich. An elementary computation of the cohomology of
the Fomin-Kirillov algebra with 3 generators. Homology Homotopy Appl.,
22(2):367-386, 2020.

André Joyal and Ross Street. Braided tensor categories. Adv. Math.,
102(1):20-78, 1993.

Samuel A. Lopes and Andrea Solotar. Lie structure on the Hochschild coho-
mology of a family of subalgebras of the Weyl algebra. J. Noncommut. Geom.,
15(4):1373-1407, 2021.

Saunders Mac Lane. Categories for the working mathematician., volume 5 of
Grad. Texts Math. New York, NY: Springer, 2nd ed edition, 1998.

M. Mastnak, J. Pevtsova, P. Schauenburg, and S. Witherspoon. Cohomol-
ogy of finite-dimensional pointed Hopf algebras. Proc. Lond. Math. Soc. (3),
100(2):377-404, 2010.

51



[RS18]

[SA04]

[SV16]

[Tai0A]

[Wei4]

[Wit19]

Sebastian Reca and Andrea Solotar. Homological invariants relating the super
Jordan plane to the Virasoro algebra. J. Algebra, 507:120-185, 2018.

Mariano Suarez-Alvarez.  The Hilton-Eckmann argument for the anti-
commutativity of cup products. Proc. Am. Math. Soc., 132(8):2241-2246,
2004.

Dragog Stefan and Cristian Vay. The cohomology ring of the 12-dimensional
Fomin-Kirillov algebra. Adv. Math., 291:584-620, 2016.

Rachel Taillefer. Injective Hopf bimodules, cohomologies of infinite dimen-
sional Hopf algebras and graded-commutativity of the Yoneda product. J.
Algebra, 276(1):259-279, 2004.

Charles A. Weibel. An introduction to homological algebra, volume 38 of Camb.
Stud. Adv. Math. Cambridge: Cambridge University Press, 1994.

Sarah J. Witherspoon. Hochschild cohomology for algebras, volume 204 of
Graduate Studies in Mathematics. American Mathematical Society, Provi-
dence, RI, [2019] (©)2019.

52



