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Table 1: Literature summary for bubbles/drops motion through complex geometries, ordered by year of publication.

Here LS refers to Level Set method, FT to Front-Tracking method, LB to Lattice-Boltzmann method, and

VoF to Volume of Fluids method.
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2. Mathematical formulation
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      . T       N-S 

     , N ,       , A-

 L-E ,     σ   . T

          ,  :

∇ · v = 0 (1)

∂

∂t
(ρv) +∇ · (ρv (v− vdomain)) = −∇p+∇ · µ


∇v+ (∇v)T


+ ρg+ σκnΓ +ΨIB (2)
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2.1. Interface capturing
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B      , E. 3  4     :

ρ = ρ1φ+ ρ2 (1− φ) (6)

µ = µ1φ+ µ2 (1− φ) (7)
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2.2. Surface tension treatment

B      ,     . F,   

  κ,  ,          . W  , 

CSF  [54]   . T         σκnΓ  

 :

σκnΓ = σκ (φ)∇φ (10)

 κ (φ)  n   :

κ (φ) = −∇ · n (11)

n =
∇φ

‖∇φ‖ (12)

H, ∇φ       -  [29].

3. Numerical solution
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(a) (b)

Figure 1: Two main scenarios may appear when studying the evolution of bubbles/drops in complex geometries: (a)

an unconstrained situation, in which the geometry does not determine beforehand the movement of the bubble/drop;

and (b) a constrained situation where a tubular geometry forces the movement of the bubble/drop following a driving

curve.
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Figure 2: Geometrical objects needed to dene the mesh movement in problems with a constricting geometry. G is

the bubble/drop centroid, G
′
is its projection onto the driving curve of the pipe, vG is the velocity of the bubble/drop

centroid, n̂t is the unit tangent vector of the driving curve at G
′
, and vdomain is the velocity of the computational

domain.

Figure 3: Example of control volumes intersected by an object: (ΩS) solid region, (ΩF ) uid region, (ΓS) solid-uid

interface. The nodes are classied as: (♦) exterior points, (•) forcing points, and (N) interior points.
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Figure 4: Denition of regular cut-cells and small cut-cells. The blue dot-dash lines denote the regular cut-cells, and

the red dash lines mark the small cut-cells. Some of the faces of a cut-cell are divided into a uid-face and a solid-face,

where AF
f represents the surface of the uid-face. The surface of the solid-uid interface contained within the cut-cell

is indicated here as AIB. Finally, δdIB is the distance between the node of the cut-cell and the solid-uid interface.
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Algorithm 1 CLS+MM+IB 

repeat:

1: C ∆t (S. 3.1)
2: A φ (E. 8)
3: R φ (E. 9)
4: U ρ, µ, κ  n (E. 6, 7, 11  12)
5: E ΨIB (S. 3.2)
6: C vp (E. 13)
7: S  P    p (E. 15)
8: C      [29]
9: C  vdomain (S. 3.1)

10: M  
11: U      SCL (E. 16)
12: M   ( )

until t > tend

F
 

M


4. Discussion on the method
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5.1. Two-dimensional gravity-driven bubble approaching an inclined plane

I  ,              - .

T            ,     .

F,    -           .

S,  -         [65]     

     - . F,        

   ,        . T    

   ,            

   CLS+MM+IB . T        CFD, .. 

   LES    DNS .

T,         :   CLS+MM+IB  

  ,       . F. 5   

       ,         . I

                ,   

            (    ). D 

              CLS+MM+IB 

            [35]. T,  

            . H,   

         ,    .

P        :

ρ =
ρ1
ρ2

, µ =
µ1

µ2
, Eo =

gd2 (ρ1 − ρ2)
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Figure 5: Outline of the initial set-up of the problem of a bubble bouncing through a highly-inclined plane. Simulation

domains are highlighted in shaded boxes for both the complete domain case and the one with the moving mesh.
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           2D,      
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F,   CLS+MM+IB         

. B   ,      EV    M1, M2  M3 

 112 · 10−11, 664 · 10−12  578 · 10−12. F,       

         T. 2. R         

. T,         123.

C M  h
∥∥∥v∗

sliding

∥∥∥ 2D,sliding E‖v∗
sliding‖ Eζ2D,sliding

F 
M1FD h = d15 05413 08580 264% 189%
M2FD h = d23 05519 08452 074% 037%
M3FD h = d30 05560 08421 – –

CLS+MM+IB 
M1MM h = d15 05488 08580 220% 213%
M2MM h = d23 05398 08470 052% 082%
M3MM h = d30 05370 08401 – –

Table 2: Integral results and mesh independence study for the problem of the passage of a bouncing bubble through

a highly-inclined plane. Here h is the characteristic cell size,
∥∥v∗

sliding

∥∥ is the absolute value of the sliding velocity,

ζ2D,sliding is average circularity in the sliding stage, E∥∥∥v∗
sliding

∥∥∥ is the relative error of the absolute value of the sliding

velocity referred to the case with denser mesh, and Eζ2D,sliding is analogously the relative error of the average circularity

in the sliding stage.

F    ,    M3 . F,     -

   v∗y = vbubble,y
√
dg  v∗x = vbubble,x

√
dg    F. 6  6,
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     d∗min = dmind,     F. 6. T      
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 . F,      2D    F. 6,    

  085 . A       CLS+MM+IB  

        .
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T           . D   , 

   ,        . A, CLS+MM+IB

       .
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Figure 6: Result of the 2D problem of a bubble approaching an inclined plane. The graphs show (a) the vertical dimen-

sionless velocity v∗y = vbubble,y
√
dg, (b) the lateral dimensionless velocity v∗x = vbubble,x

√
dg, (c) the dimensionless

minimum distance d∗min = dmind from the bubble centroid to the wall, and (d) circularity ζ2D. Those magnitudes

are plotted against dimensionless time t∗ = t
√

gd, for the mesh resolution h = d30 (meshes M3FD and M3MM).
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          . I ,    
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(a) (b)

Figure 7: Proles evolution in the problem of a bubble approaching a highly-inclined plane, for (a) the full domain

case and (b) the CLS+MM+IB case. Successive proles are plotted each 185 dimensionless time units.
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5.2. Two-dimensional gravity-driven Taylor bubble through a curved channel
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M  tsim,MMtsim,FD NMMNFD

M1 058 053
M2 055 049
M3 053 046

Table 3: Resources consumption comparison in the problem of a bubble approaching a highly-inclined plane. Here,

the results of the proposed CLS+MM+IB method are compared against those obtained by using a standard approach

with the complete domain. tsim,MMtsim,FD represents the ratio between simulation times and NMMNFD the ratio

between total mesh sizes.
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. T  d        08D,  D      . T

      11534D,          πD24. T 

    CLS+MM+IB          D    e  :

e =


RΥ − d

2


−
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RΥ − d

2

2

− h2
i ≈ 0292D (24)

 RΥ = 45D        ,  hi = 15D      

    . T              

   . E. 24       ,      

   . S S. 3.1         . A,  

              [35].

D            ,    

 . T,        ,   M1  M3   

 . T         . T

   D50, D75, D100.

F  ,          :

ρ =
ρ1
ρ2

, µ =
µ1

µ2
, Eo =

gD2ρ1
σ

, Mo =
gµ4

1

ρ1σ3
(25)

H ρ = 75602, µ = 459770, Eo = 1000 Mo = 0015. N      

       E. 23    . T      

 ,       B  S [66].

S      T. 4          

. T       . O   ,    ∥∥∥v∗
sliding

∥∥∥ = ‖vsliding‖ 
√
Dg       . T     -

        , .    t∗ = t

gD

22



Figure 8: Outline of the initial set-up of the problem of a Taylor bubble evolving in a curved channel. The initial

length of the bubble is set to 11534D in order to get a 2D volume of the bubble equal to πD24. Simulation domains

are highlighted in shaded boxes for both the complete domain case and the one with the moving mesh. The mesh

width in the moving mesh case is equal to D + e, where e ≈ 0292D.

   126. O   ,            -

  ∆ = (L−B) (L+B)       ,  L      

   ,  B     . T     h = D75 

          T .

B   CLS+MM+IB ,    EV    . F   M1, M2

 M3,               872 · 10−13,

278 · 10−13  133 · 10−13.

A         F. 9, M3. F,   

    v∗y = vbubble,y
√
Dg      t∗ = t


gD. T

       ,           

. O   ,        v∗x = vbubble,x
√
Dg 
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C M  h |vsliding| ∆ E|vsliding| E∆

F 
M1FD h = D50 02104 02646 032% 474%
M2FD h = D75 02109 02722 010% 202%
M3FD h = D100 02111 02778 – –

CLS+MM+IB 
M1MM h = D50 02014 02528 193% 572%
M2MM h = D75 02025 02590 141% 339%
M3MM h = D100 02053 02682 – –

Table 4: Integral results and mesh independence study of the problem of a Taylor bubble rising in a pipe with a

change in its inclination. Here h is the characteristic cell size, |vsliding| is the absolute value of the sliding velocity

(in the inclined section), ∆ is the deformation parameter at the sloping part, E|vsliding| is the relative error of the

absolute value of the sliding velocity referred to the case with denser mesh, and E∆ is analogously the relative error

of the deformation parameter at the inclined section.
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5.3. Three-dimensional gravity-driven buoyant drop in a constricted circular channel
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Figure 9: Result of the 2D problem of a Taylor bubble turning in a curved pipe. The graphs show (a) the vertical

dimensionless velocity v∗y = vbubble,y
√
Dg, and (b) the lateral dimensionless velocity v∗x = vbubble,x

√
Dg. Those

magnitudes are plotted against dimensionless time t∗ = t
√

gD, for the mesh resolution h = d100 (meshes M3FD

and M3MM).
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(a) (b)

Figure 10: Proles evolution in the problem of a Taylor bubble turning in a curved pipe. Results correspond to (a)

the full domain case and (b) the CLS+MM+IB one. Successive proles are plotted at 0, 119 and 20 dimensionless

time units.

 M3       h. T         

 D  22, 30  39, . S T. 6       . T

             S. 3.1. N, 

               

,        .

T           E. 25. T, ρ = 1200,

µ = 07565, Eo = 2709 Mo = 6539. T        - 

  D - (638wt%)     UCON − 285    [17].

I       DEGG12    [17, 4].

R       . T     

    , :

tref =
2µ1

(ρ1 − ρ2) gD
; ref =

(ρ1 − ρ2) gD
2

4µ1
(26)
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M  tsim,MMtsim,FD NMMNFD

M1 067 065
M2 065 061
M3 059 056

Table 5: Resources consumption comparison in the problem of a Taylor bubble turning in a curved pipe. Results of

the proposed CLS+MM+IB method are compared against those obtained by using a standard DNS approach with

the complete domain. tsim,MMtsim,FD represents the ratio between simulation times and NMMNFD the ratio between

total mesh sizes.

Figure 11: Initial set-up of the problem of a drop rising in a periodically constricted circular channel. Here, D is the

average pipe diameter, d is the initial drop diameter, λ is the wavelength of the corrugations and A is their amplitude.

The shaded grey box represents the simulation domain.

F , λ = 4D     .

T       
∣∣∣v̄∗

drop

∣∣∣       
      . T. 7         
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M  M 
C 


Nplanes h

M1 11 · 105 1290 84 D22
M2 39 · 105 2744 132 D33
M3 59 · 105 3872 156 D39

Table 6: Description of the meshes used in the problem of a drop passing through a periodically constricted pipe,

where Nplanes is the number of planes in which the vertical axis is divided.

 ,        . A,   EV   

      (M1, M2  M3). T        

     683 · 10−8, 244 · 10−8  474 · 10−9.

R
∣∣∣v̄∗

drop

∣∣∣ E|v̄∗
drop|

P  M1 6686 · 10−3 2607%
P  M2 7832 · 10−3 1340%
P  M3 8558 · 10−3 537%
O  . [17] 9648 · 10−3 668%

H  B [4] 9044 · 10−3 –

Table 7: Integral results of the problem of a drop rising through a periodically constricted channel, in comparison with

reference data [17, 4].
∣∣v̄∗

drop

∣∣ is the average dimensionless terminal velocity of the drop, and E∣∣∣v̄∗
drop

∣∣∣ is the relative

error associated with that magnitude, in comparison with the reported results of Hemmat and Borhan [4].

F          . F,   

     F. 121. I  ,         

 O  . [17]  H  B [4]. T          

 ,              ()  

  (). T          . S

               ,  

        .

T      v∗
drop    y∗    F. 13 

   . A -         .

T       ,       . T

        . A, F. 14   

1Right column of Fig. 12 was reprinted from Chemical Engineering Communications, 148-150, M. Hemmat and A. Borhan,
Buoyny-rvn moton o rops n uls n prolly onstrt pllry, p. 371, Copyright 1996, with permission
from Taylor & Francis.
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(a) (b) (c)

(d) (e) (f)

Figure 12: Comparison of the prole shapes among dierent results. Graphs (a) and (d) correspond to the present

work, (b) and (e) to Olgac et al. [17], and (c) and (f) to Hemmat and Borhan [4] 1. The snapshots of the rst

row correspond to the moment when the drop is passing through the channel throat, and those of the second row

correspond to the moment when the drop is located at the expansion section.
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Figure 13: Evolution of (a) dimensionless drop velocity and (b) dimensionless axial position of the centroid of the

drop, against dimensionless time t∗, for the three dierent meshes tested in the present work.
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5.4. Three-dimensional gravity-driven unconstrained drop impinging on a horizontal plane
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Figure 14: Evolution of (a) deformation parameter ∆, and (b) dimensionless length L∗ throughout a single period

of corrugation for the dierent mesh resolutions tested in the present work. Results are compared against those by

Hemmat and Borhan [4]. The position of the drop is controlled by the dimensionless distance ŷ∗, which indicates the

axial position of the advancing drop meniscus.
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(a) (b) (c) (d)

Figure 15: Streamlines and vorticity eld (s−1) in a plane containing the y-axis of the channel. Dierent instants are

obtained through the periodic steady motion of the drop, at (a) the throat, (c) the expansion, and (b) and (d) the

upward and downward intermediate points.

T           . T 

         ,        . T

        . T,       

     d       ,       hmin. A

        ,     hmax   

( F. 16). T. 8        . T    

 hmin  hmax .

M  M  hmin hmax

M1 55 · 105 d25 d3
M2 90 · 105 d35 d4
M3 18 · 106 d45 d5

Table 8: Description of the meshes used in the problem of a drop impinging on a horizontal plane, where hmin and

hmax are the minimum and the maximum cell sizes, respectively.

V         
√
dg. F  ,  

 

gd. F,           d  

.

T    d∗nal            
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(a) (b)

Figure 16: Initial set-up of the problem of a drop impinging on an immersed horizontal wall. The graphs show (a)

the initial arrangement and (b) the mesh conguration. d is the drop initial diameter and yplane is the initial distance

from drop centroid to the solid plane.

           . T. 9    

  .

R d∗nal Ed∗
final

P  M1 04645 405%
P  M2 04694 302%
P  M3 04841 –

Table 9: Integral results for the problem of a drop rising and impacting against a solid horizontal plane. The magnitude

d∗nal represents the dimensionless terminal distance from drop centroid to the wall, and Ed∗
final

is the relative error

associated with this distance, in comparison with the results obtained by using the ner mesh.
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Figure 17: Evolution of (a) dimensionless distance from the drop centroid to the plate and (b) mass error, against

dimensionless time t∗, for the three dierent meshes tested in the present work. Results are compared against those

of Klaseboer et al. [8].

F,           F. 18. T   

               

 . I   ,      (F. 18). T    

         F. 18,      

. T                

       . T           

      . T          

   (F. 18),      (F. 18  18). A     

,         ,      (F. 18). I 

          ,    .

T         3D     .

6. Conclusions

I   ,        (CLS),    (MM)  

  (IB)             

 . F,  CLS         , 

       [29]. S,  A L-E  (.. 

34



(a) (b)

(c) (d)

(e) (f)

Figure 18: Velocity eld and pressure eld at dierent time instants. The pressure eld is plotted over the drop

surface, and the velocity eld is represented in a plane containing the vertical axis. The rst image is plotted when

the terminal velocity is achieved. Successive images are plotted each t∗ ≈ 31. The velocity of the centroid of the

drop is also represented with a red arrow (not to scale). In these plots, the size of the plate has been reduced to t

the images.
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Appendix A Immersed boundary method verication

T       IB  (S. 3.2),       

   R    . T        

  [68, 69, 70, 71, 72]    [72, 73, 74, 75]. T   

      R  . B    , 

    Re 6 200      ,  Re > 200     

  - ,  280    ,    

. F 280 < Re < 400          -   .

F Re > 400      ,     . T, 

           -   .

I              R   200,

250, 300, 350, 500  600.

A.1 Boundary conditions and computational details

T        L = 25D,     H = W = 10D, 

D    . F. 19    . A     

   , -       ,   -  

   . T       . I    5D  

,       yz-.

T          . T      

    ,           , -

     [76]. T      12500   h = 02D. T  

    F. 19  LN   N ,       h = 02D2N .

I          (L5 ). T,      

 h = z = 000625D. T      17 · 106 .

A.2 Results

D        ,   R   100

 600. A ,     Re = 100  Re = 200       

  ,           . T    
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Figure 19: Computational domain, boundary conditions and denition of the regions where the local renement is

used.

 R        F. 202. W  R

   420,          . W  

 ,    . T         (CD

 CL)       F. 21. V    . CD 

     [77]    R  ; CL      

Re = 100  Re = 200,      R . T  CL   

Re = 300,   [75].

A         yz-       Re > 200. T

    F. 22,        (Cy, Cz),     

  t∗ = tUD  50  200     R , 300  600. I  

 Re = 300,  y  z     (Cy, Cz)     ,  

       . M,     Re = 600   (Cy, Cz)

   . T                

-   ,     ( F. 20).

2Right column of Fig. 20 was reprinted from Journal of Fluids Engineering, 112:4, H. Sakamoto and H. Haniu, A Stuy
on Vortx Sn From Sprs n  Unorm Flow, p. 390, Copyright 1990, with permission from the American Society of
Mechanical Engineers.
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Figure 20: Flow patterns of vortex shedding. Comparison between present results: iso-surfaces of the second invariant

of the velocity gradient tensor, Q, on the left, and experimental visualization in [71] on the right2.
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Figure 21: Comparison of present results of time averaged CD and CL with results from the technical literature. CD:

(◦) present simulations and ( ) correlation from Clift [77]; CL: () present simulations, (N) simulation by Johnson

and Pattel [72] and (M) simulation by Bagchi et al. [75].

Appendix B Calculations of bubble/drop properties
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Figure 22: Phase diagram of (Cy, Cz) through dimensionless time t∗ from 50 to 200: ( ) Re = 300 and ( )

Re = 600.
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