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Oh, let the sun beat down upon my face
And stars to fill my dream
I'm a traveller of both time and space

To be where I have been
—Led Zeppelin, Kashmir



Abstract

The aim of this thesis is to provide new insights in the structure of the asymptotic symmetries
for gravity and gauge theories by studying phase space extensions.

In the first part of this work, dedicated to asymptotic symmetries in General Relativity, we
present a correction term for the super-angular momentum and an extension of the phase space
of gravity at null infinity. In this extension the superrotation group Diff(S?) acts canonically,
thus generalizing the Bondi-Metzner-Sachs group as a symmetry of the system. We discussed
this results in the context of covariant phase space formalism, making connections with the ex-
tended corner symmetry results. By considering Eintein-Yang-Mills theory, we show an exten-
sion of the phase space of gravity coupled to a non-abelian gauge theory where the generalized
Bondi-Metzner-Sachs group acts canonically.

The second part deals with phase space extensions in Yang-Mills and Maxwell Theories.
First, we construct the linearized extension for the asymptotic symmetries in Yang-Mills in or-
der to accommodate a large gauge transformation with associated subleading charges. Then,
the inclusion of higher order large gauge transformations in the abelian case is done, where it is
shown that we can obtain an infinite hierarchy of asymptotic symmetries. Each asymptotic sym-
metry has a corresponding sub”-leading charge, compatible with the sub”-leading soft photon
theorems. Finally, in the non-abelian case, working in the self dual sector of the theory we pro-
pose an extended phase space along with a perturbative-like method to compute the asymptotic

symmetry algebra.

Resumen

El objetivo de esta tesis es aportar nuevos resultados sobre la estructura de las simetrias asin-
toticas para gravedad y teorias de gauge, mediante extensiones de espacios de fase.

En la pimer parte de este trabajo, dedicada a las simetrias asintéticas en Relatividad General,
presentamos un término correctivo en el super-momento angular y un espacio de fase exten-
dido para gravedad en infinito nulo. En esta extensi6n, el grupo de super-rotaciones Diff(S5?)
acttia canénicamente, generalizando el grupo de simetrias asintético de Bondi-Metzner-Sachs.
En el contexto del formalismo de espacios de fase covariantes, conectamos nuestros resultados
con los trabajos en el grupo de simetrias en esquinas extendido. Tomando Einstein-Yang-Mills,
mostramos que la extensién del espacio de fase gravitacional acoplado a una teoria de gauge
mantiene la accién canénica del grupo Bondi-Metzner-Sachs generalizado.

La segunda parte de la tesis trata las extensiones de espacios de fase en las teorias de Yang-
Mills y Maxwell. Primero, construimos la extensién linearizada para el grupo de simetrias as-
intéticas en Yang-Mills, de forma que contenga las transformaciones de gauge de orden r asoci-
adas a las cargas subdominantes. Luego, hacemos la inclusiéon de transformaciones de gauge de
orden mds grande en el caso abeliano, mostrando que se puede obtener una jerarquia infinita
de simetrias asintéticas. Cada simetrias estd asociada a una carga sub” —dominante, compati-
ble con los teoremas sub” —dominantes para fotones suaves. Finalmente, en el caso no abeliano
y trabajando en el sector autodual de la teoria, proponemos una extensién del espacio de fase

junto con un método perturbativo para calcular el dlgebra de simetrias asintéticas.
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Introduction

0.1 Introduction

General Relativity and Gauge Theories !

are clear examples of the deep roots that Geome-
try has in the current physical theories that model nature. One can argue that the principle of
invariance, coming from any type of gauge symmetry, is the philosophical descendant of Eu-
clid’s Elements: there are classes of objects which are invariant with respect to their particular
position in space. In a modern paraphrasing of this idea, physical laws are independent of any
particular coordinate system or local trivialization. As in any geometric theory, the study of
symmetries is central. They contain the information to understand, organize and classify the
objects within the confines of the model.

The aim of this thesis is to provide new insights in the structure of the symmetries in gravity
and gauge theories, by showing extensions of the structures defined on their solution spaces in
order to accommodate more physical information, in the form of conserved quantities.

In the following paragraphs we give a (shallow) review of the topic.

Symmetries and gauge theories

In a physical theory, the connection between symmetries and physics is provided by the sem-
inal works by Noether [1], where it is shown that conserved quantities and the existence of a
variational principle that is invariant under symmetry transformations are equivalent.

The theories on which Noether’s theorems are valid are called Lagrangian Theories, where
a variational principle can be stated in terms of the action (integral of the lagrangian). The
equations of motion are given by the Euler-Lagrange equations. Roughly speaking, Noether’s

theorems establish a one to one correspondence between symmetries of the Lagrangian (i.e.,

!The word gauge has different meanings in different contexts. In some texts Gauge Theories refer to any field
theory invariant under local transformations, such as Maxwell, Yang-Mills or General Relativity. In others, the defi-
nition is restricted to those that are invariant under local transformations based only on actions of Lie groups, leaving
General Relativity in a special category. Throughout this thesis we are using both connotations, the meaning in each
case will be clear from the context. The general term “gauge symmetry” denotes any type of local symmetry, whether
it comes from diffeomorphisms or Lie group actions.
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field transformations that leave the action invariant) and conserved quantities associated to
currents.

Within the family of symmetries that leaves the Lagrangian invariant we distinguish be-
tween global symmetries and local symmetries. Local symmetries, or gauge symmetries, are the
set of symmetries that can be parametrized using arbitrary functions on the spacetime, while
global symmetries are transformations independent of the points in spacetime.

Gauge theories, by definitions, are those lagrangian theories that admit non-trivial local
symmetries. These symmetries generate gauge transformations, which are linear maps from local
function to the set of global symmetries of the Lagrangian. In the absence of boundaries, pure
gauge-invariant theories (such as gravity) have no non-trivial global symmetries, and therefore
via the Noether theorem the only conserved current is the trivial one. Therefore, boundaries
are essential to the study of the conserved quantities. This leads us to the boundary conditions
analysis.

Boundary conditions

The Euler-Lagrange equations are, usually, an intricate system of highly non-linear partial dif-
ferential equations (PDE). Such is the case of general relativity, where the equations to solve
are

Ric — %Rg = 8nT, (1)

or Yang-Mills case,

d(xF) + [A, «F]| = 4n]. (2)

As any PDE, we have to provide a domain on which this equations are solved and a set of suitable
boundary conditions to have a well-defined structure in the solution space. The first step is to set
the topology of the spacetime under consideration. In most of the radiative cases, one assume
that the topology is that of asymptotically flat manifolds: each Cauchy slice is diffeomorphic to
a spacial slice of Minkowski, outside a connected compact region. Within this compact region
are the sources (black holes, neutron stars, charged objects) of the fields. In a neighbourhood
of null infinity we have vacuum solutions.

The second ingredient are the boundary condition. The boundaries in a spacetime are lo-
cated at infinity and in the source region, e.g. the near horizon region of black holes. In this
thesis we will be interested in the former. The boundary at infinity can be regarded as part of
the space after a compactification procedure. Thus, it acquires a physical meaning and posses
a geometric structure. Since we are in a Lorentzian theory, the structure of infinity is not as
simple as in the Euclidean case. We have time (future and past), null (future and past) and
spatial infinity, denoted by i*, .#* and i¥ respectively. Upon fixing certain coordinates, which
fixes partially the gauge, one can define the solution spaces by prescribing the decay rate of the
fields near infinity. The space of null generator of . * is called celestial sphere.

The choice of .#* as the boundaries has many purposes: it gives a geometrical definition
of asymptotic flatness, definitions for incoming and outgoing radiation (whether it is gravita-
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tional or other) and provides a framework with a natural kinematical structure to define the
S—matrix for gravity, among others (see the seminal paper [2] by Penrose). Regarding the
S—matrix program, extensive research has been conducted since the first works by Ashtekar

and collaborators, [3-6].

Radiative solutions and their symmetries

In order to study relevant families of solutions, certain frameworks have to be adapted. As we
mention above, .# is naturally suited to study radiative solutions.

In a gauge theory such as electromagnetism or Yang-Mills, radiative fields have very precise
decays in a neighbourhood of .#, due to the finiteness of the energy integrals. Therefore, once
a coordinate system has been selected, the fall offs can be immediately computed by imposing
the vector potential to decay as 1/r, the Euclidean distance to the origin, towards null infinity.

In gravity, the notion of energy is not locally but globally defined. This lead to the concept
of asymptotically flat spaces, which tries to capture the essence of a localized system emitting
gravitational radiation. Bondi, Metzner, van der Burg [7] and Sachs [8, 9], introduce a set of
coordinates well suited to study such spaces, called Bondi gauge. In such coordinates, some of
the metric coefficients are taken to vanish, and this imply that some of the gauge freedom is
resolved. The surviving local symmetries (called residual gauge symmetries) are set to satisfy the
decay prescription for the metric components that do not vanish. They are responsible for one of
the main discoveries in those works: when decaying to a flat metric, far away from sources, the
gravitational field not only exhibits Minkowski’s isometries (the Poincaré group) but an infinite
dimensional group, called the BMS group. This group can be seen as the Lorentz subgroup times
(semi-directly) with the infinite abelian subgroup of supertranslations. This symmetries act on
the radiative modes of the metric, which are located on null infinity, ¥+ U .#~, leaving fixed
the celestial sphere metric.

The key feature of this discovery is that any strengthening of the boundary conditions that
restricts the supertranslations imply a cancelling of the radiative modes. In other words, the
infinite dimensional BMS group and radiative degrees of freedom on the boundary are two
faces of the same coin.

In terms of the symmetries in the solutions, the general covariance on general relativity
imply that any diffeomorphic solution remains a solution of the equations of motion. But in any
given generic solution, the group of exact symmetries contains only the identity: there are no
Killing fields in an arbitrary solution to the Einstein equations. Nevertheless, the residual gauge
symmetries can be shown to satisfy asymptotically the Killing equation,

V(a&J) V—>_+>00 0, 3)

which is the expected behaviour if one want to recover Poincaré. The BMS leaves fix the celestial

metric, defined in the space of null generator of .7 .
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Noether theorems: what is conserved?

In terms of the Noether’s theorems, one expect conserved quantities if in the presence of sym-
metries. This implies that the LGT or the BMS elements have charges associated to them. Nev-
ertheless, the concept of charge is not a trivial one when dealing with gauge invariant theories.
In the case of gravity, general covariance implies an ambiguity in the definitions of the Noether
charges, since every symmetry is the trivial global symmetry. The generalized Noether theorem,
proved by Barnich, Brandt and Henneaux in [ 10], allows to deal with codimension 2 forms car-
rying the conserved quantities.

The case of electromagnetism in Minkowski background is more clear: we have a gauge
symmetry, parametrized by a function A, which leaves invariant the action. The Euler-Lagrange
equations are a linear PDE system,

dxF =4n], (4)

which immediately implies that the conserved quantity () is a corner term. By imposing the
minimal boundary condition that allow radiative degrees of freedom at .# ", the possible A’s
reduce to A(x) = A(x) + o(r°), where the leading function is independent of u. By taking A = 1,
we have the total electric charge of the system,

Q= [ xF. (5)
S2

In the general case of an arbitrary function on the sphere, the gauge freedom is what is called
Large Gauge transformations (LGT). The charges are a generalization of the usual electric charge,
the latter computed taking A(x) = 1. These charges can be shown to be conserved by Campiglia
and Eyheralde [11] when going from .# ~ to .# .

In gravity, the charge definition is more subtle. With the techniques from covariant phase
space formalism, in [ 12] Iyer and Wald define the charges associated to a Cauchy slice, in terms
of the symplectic structure.

Link with quantum theory

The underlying structure of the symmetries in both general relativity and gauge theories is
fundamental to the problem of quantization. The charges become observables whose canonical
commutation with the fields generate the quantum symmetries.

In a quantum theory, one seeks an S-matrix that contains the scattering information between
in states and out states in the form of scattering amplitudes. The more symmetries we have for
the S —matrix, the more information we have about the quantum theory.

It is natural to ask whether the BMS group provides a symmetry of the S-matrix. In the
seminal work [13], Strominger showed how to map BMS™ with BMS™~, and defined a diagonal
group, BMS? C BMS™ x BMS~, which satisfies that its infinitesimal generators commute with
the S-matrix. The explicit conservation law,

b*S—Sb~ =0, VY(b",b") e BMS® (6)
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can be written as a Ward identity between any given scattering amplitude with the same ampli-
tude with a soft graviton insertion. It is in this point when the soft theorems for gauge bosons
appeared as the link between asymptotic symmetries and the S —matrix.

Roughly stated, the soft gauge boson theorem says the following: given an amplitude, the
amplitude with one additional gauge boson exhibits a universal behaviour as the momentum
w of the added gauge boson tends to zero (is soft), in the sense that it can be written as the same
amplitude times a factor of 1/w. The factorization can be carried on to the next order in the soft
factor, schematically,

1
lim Ajl:-‘rl (q) = aslgo)i +53% + O(w) | Ay, ()

where Af 1 i a scattering amplitude of n particles of + helicity and one gauge boson of four
momentum (w, 7), and AF 1 is the same scattering amplitude of n particles. S ,So)i and s,(})i are
the leading and subleading soft factors, respectively.

The leading soft theorems were discovered by Weinberg, [14]. The subleading soft photon
by Low, [15] and the subleading soft graviton by Cachazo and Strominger, [16].

In [17], He, Lysov, Mitra and Strominger showed that if we assume BMS® is a symmetry
group of the quantum S —matrix, the Ward identities obtained in [ 13] are precisely Weinberg’s
leading soft graviton theorem. The same result was proven for massless QED, by He, Mitra,
Porfyriadis and Strominger in [ 18], showing that the soft photon theorem implies a Ward iden-
tity for the S —matrix and the charges associated to the LGT’s. This opened the door for a se-
quence of results in both gravity and gauge theories regarding the connection between soft theo-
rems and Ward identities for asymptotic symmetries acting in the S —matrix, see e.g. [ 16,18-28]
and references therein.

An asymptotic symmetry for the subleading soft graviton

One of the main results of the literature regarding soft theorems and asymptotic symmetries
can be state as follows: in a gauge theory enhancing the symmetries of the S —matrix leads to
include more and more LGT, enlarging the asymptotic symmetries group. The price to pay is a
relaxation of the boundary conditions.

With respect to gravity, there have been some efforts to enhance the Lorentz subgroup of
BMS into an infinite dimensional group. Barnich and Troessaert [29] proposed an extension
into the conformal transformations group on the two dimensional sphere. This extension car-
ries the introduction of fields with singularities, focusing only on local properties of symmetries.
The new group includes all Virasoro transformations, which applied to the celestial sphere were
called superrotations, in analogy with the supertranslations. In [30] it was argued that the sub-
leading soft graviton theorem ( [16]) can provide Ward identities associated to an extended ver-
sion of the BMS group. However, due to the singular behaviour of the local conformal Killing
vectors, it was not clear how to obtain the subleading soft theorem form Ward identities.

Campiglia and Laddha [21,22] introduced and extension based on the soft theorems for
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gravitons (regarding the infrared behaviour of the fields near null infinity), allowing the group
of diffeomorphisms Diff(S?) to be Lorentz’s group extension. As we have stated before, the
more symmetries we add, the more relaxed the boundary conditions have to be. A natural
question to ask is what kind of solutions are the ones invariant under the generalized BMS
action. In other words, how many degrees of freedom can we add on .#, before exhausting
the generalized BMS symmetries. The answer, my friend, is not blowin” in the wind, but it is
actually in the celestial sphere metric.

As it was showed in [21], the residual gauge transformations satisfy
\ Az} (8)

and the leading order in the metric is now a dynamical variable. This implies that the metric
on the celestial sphere is no longer fixed. The usual condition in the radiative space is that
the metric on the celestial sphere is the standard round metric. With the above condition, the
possible metrics are such that the area element is the same as the round one. Therefore, the
metric is not fixed and can be taken as a “boundary field”.

The superrotation charges associated to the entire null infinity were computed in [22], re-
stricting on the valuation of variations to the case of the round metric on the celestial sphere.
Nevertheless, the charge algebra does not Poisson-closes, and therefore a more detailed analy-
sis is needed. In [31] the surface charges associated to finite cuts of .#* were computed using
covariant phase space methods. Their algebra was computed, showing extension terms. In the
case of charges on the entire null infinity, i.e., the fluxes of the surface charges, transformation
properties of the supermomentum imply that there should not be any central extensions.

In [32], we show that an extension of the phase space of gravity at null infinity can be de-
fined such that the superrotation group (Diff(S?)) acts canonically. This result is the content of
chapter 1.

By considering Eintein-Yang-Mills theory, we test the compatibility of the previous extension
in other contexts. In chapter 2 we show an extension of the phase space of gravity coupled to a
non-abelian gauge theory where the generalized BMS group acts canonically.

Following the same logic as with the gauge theories, in [25,33] it is argued that the sub?-
leading soft graviton is equivalent to the conservation of asymptotic charges associated to a
new class of vector fields not contained in the generalized BMS. Further improvement in this
direction has been made by Freidel, Pranzetti and Raclariu, see [28] and references therein.

The phase space extension problem

We arrive at the main subject of this thesis: the study of the phase space extensions in the clas-
sical theories due to the enlargement of the asymptotic symmetries groups.

As we have seen, the extra symmetries are not free, they have a price that the relaxation of the
boundary conditions. In general, this implies that the variational principle cannot be translated
with the new boundary condition to the old fields. Two main problems arise when relaxing the

boundary conditions. First, as it was shown in [24], divergences in the asymptotic symplectic



Chapter 0

structure arise, and therefore some kind of projection or renormalization procedure is needed.
Second, even after the asymptotic structure can be defined, the charges can be divergent.

Regarding the first problem, several techniques can be found in the literature to handle di-
vergences in the symplectic structure. At spatial infinity, in [34] it was shown that under parity
condition for the fields, a suitable boundary term can be added to the gravitational Hamilto-
nian, reproducing Poincaré algebra. At null infinity, in [31] it was shown that a renormalization
of the symplectic potential can be done, such that the dynamics on .# * can be well defined as a
variational problem.

The second problem can be reformulated as to what is the meaning of the relaxation of the
boundary conditions at .#. The case of radiative data is clear, since the energy flux reaching .#
is non-vanishing, and there is non-trivial brackets between the charges. In most of the cases,
when dealing with LGT in gravity and the fixing of the boundary conditions, the most artistic
part of the research begins. Given the symmetries we want to include, the recursive application
of infinitesimal variations on the metric eventually stabilizes or produce increasingly larger so-
lution spaces, see e.g. [35,36]. A natural question is then whether the subsequent enlargement
of the phase space can be understood in terms of a clear method.

Covariant phase space formalism

Covariant phase space methods are useful in this particular set ups, [12,37,38]. In [39], Frei-
del and Donnelly proposed a general procedure to associate a gauge-invariant classical phase
space to a spatial slice with boundary by introducing new degrees of freedom on the boundary.
Generally speaking, a boundary in a Cauchy slice breaks the gauge invariance of the theory,
since there are now residual gauge transformations that do not leave fixed the boundary condi-
tions. Such is the case of the GBMS, where an arbitrary diffeomorphism changes the metric in
the celestial sphere, or the case of O(r) LGT in Yang-Mills. The boundary degrees of freedom
transform under a group of surface symmetries, and a counter term is added to the symplectic
potential in order to restore gauge-invariance. The residual gauge symmetries are then view as
generators of the surface symmetries. Recently, the existence of an universal symmetry group
for boundaries (“corners”) atboth finite distance and null infinite, called the extended corner sym-
metry group, has been studied (e.g. [40-47]. The canonical representation of the different types
of large gauge symmetries acting on the boundary, in particular supertranslations ( [46]), has
provided insights in the symplectic structure of the phase space of local subsystems.

A missing piece in the literature is the connection between the extension proposed in [32],
where the supertranslations and superrotations act canonically, and the results obtained regard-
ing the extended corner symmetry. In chapter 3 we will provide this missing piece.

Sub”-leading soft photon/gluon/graviton theorems and larger gauge transforma-
tions

There are still much more soft theorems from which try to construct asymptotic symmetries
and charges, both in gravity and in gauge theories.
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In [20], it was shown that the subleading soft photon theorem can be interpreted as an in-
finitesimal symmetry of the S—matrix, and explicit formulas for the charges were computed.
In [24], it was shown that this charges can be obtained via the symplectic structure of the ra-
diative phase space electromagnetism, and that they are associated to large U(1) gauge trans-
formations decaying as O(r). In chapter 4 we will provide an answer regarding the sub-leading
charges in Yang-Mills.

Beyond subleading charges, in the abelian case, sub”-leading soft theorems (due to Hamada
and Shiu in [48] and Li, Lin and Zhang in [49]) imply the conservation laws of new charges,
[50]. Under this new perspective, large gauge transformations are the ones that generate this
conserved charges (as it was shown for a particular set of conserved quantities by Seraj in [51 ]
for electromagnetism and by Compere, Oliveri and Seraj in [52] for gravity), and therefore it is
natural to ask more about the phase space structure that enables them to act canonically. As we
will see in chapter 5, this can be done.

In the non-abelian case, the situation is more complicated. The non linearities imply that, if
the charges are associated to LGT via a symplectic structure, then one has to be able to derive
the complete hierarchy of charges, up to arbitrary order. In other words, if we want that the
charge algebra resembles the variation algebra, then the mere presence of commutators imply
an additive gradation in the charge algebra, schematically

[O("),0(™)] = O(™™). ©)
The understanding of this structure remains an open problem. , and a partial answer with
respect to the general case in the self-dual sector will be presented in chapter 6.
0.2 Original contributions
The content of this thesis is based on the following papers,

1. M. Campiglia and ]. Peraza, Generalized BMS charge algebra, Phys. Rev. D 101 (2020) no.10,
104039, d0i:10.1103/PhysRevD.101.104039, [arXiv:2002.06691 [gr-qc]].

2. M. Campiglia and ]. Peraza, Charge algebra for non-abelian large gauge symmetries at O(r),
JHEP 12 (2021), 058, doi:10.1007/JHEP12(2021)058, [arXiv:2111.00973 [hep-th]].

3. ]J. Peraza, Renormalized electric and magnetic charges for O(r") large gauge symmetries , to ap-
pear. Preprint: [arXiv:2301.05671 [hep-th]].

4. S.Nagy and J. Peraza, Radiative phase space extensions at all orders in r for self-dual Yang-Mills
and Gravity, to appear. Preprint: [arXiv:2211.12991 [hep-th]].

We provide new results within the body of this thesis, which will appear in future works:

e Chapter 2: Einstein-Yang-Mills charge algebra containing the GBMS group.
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e Chapter 3: The connection between the boundary terms in [32] with the ones proposed

in the literature [43,46,53,54].

0.3 Conventions

Throughout this thesis, we assume that the base manifold M is a Lorentzian manifold, with
signature (— + ++).

We denote spacetime indices by greek letters from middle alphabet, j, v, p, 7, .... When work-
ing with coordinates on a Riemannian manifold (a sphere, for example), we will denote the
indices with the first letters of the roman alphabet, 4, b, c, ....

Scalar fields will be denoted as ¢, ¢, ¢, .... Vector fields on M are denoted by x, ¢, ..., while
vector fields on a 2-surface will be denoted by V, W, Y, ...

Covariant derivatives associated to metrics are denoted by V for M, D for a metric on the
sphere, and 0 for the round metric on the sphere.

A nomenclature difference with respect to the literature ( [55], [31],etc.) is the definition
of charge: what we call charge is usually the integral of the charge flux, whereas charge is a
codimension 2 form ( [12]). This change in denomination is due to the equivalence between
Ward identities and the soft theorem statements regarding the scattering processes. We will
discussed this item in chapter 3.

We take units where G = ¢ = 1. The commutator convention we use in Yang-Mills theory
is the following for the covariant derivative,

D:=0+[A, ] (10)
Regarding notation used when integrating quantities on null infinity .# *, we denote

/w, w, | w, (11)
B2 0.7 S2

the integrals on .#, on 9.# := % — ./ and the celestial sphere S2.



Part 1

General Relativity
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Asymptotic symmetries in gravity

In this chapter we present the results of [32], where we proved that an extended symplectic
structure can be defined at null infinity on which Diff(S?) acts canonically.

After reviewing Bondi coordinates and Bondi gauge, we introduce the main objects of our
study: the residual gauge transformations that act on the solution space, and whose action lead
to non-vanishing charges.

We review the structure of the BMS group, its action on solution space and its charges. Two
different possible extensions have been proposed to the original BMS group, depending on
which extension for the superrotations is chosen: one can consider the conformal Killing vector
(CKV) on the sphere, or the whole group Diff(S?). The action of both groups on the celestial
metric is different, the later leading to non-trivial asymptotic behaviour and a new extension of
the phase space [24].

1.1 Bondi coordinates

Throughout the thesis we will be using Bondi retarded coordinates, (1, 7, x*), where future null
infinity is given by .# T = {r = 4oo}. These coordinates are useful in several applications,
since they are well adapted to gravitational wave physics ( [2,7-9]), from radiation going out
a binary system to scattering processes from past to future null infinity. Advance coordinates
(v,r,x") are taken when considering .# .

To construct this coordinates, let us consider a foliation of the spacetime M by a family of null
hypersurfaces labeled by u. Their normal vector, n" = ¢""d,u, satisfies n*n, = 0 by definition,
so this gives us the first fixing condition, g"* = 0. Next, we define angular coordinates on the
transverse two-dimensional Riemannian surfaces to the family of null hypersurfaces, which we
will denote by x*. The condition we impose is n#d,x* = 0, which implies g"* = 0.

Finally, we impose some condition on r: it satisfies the equation

detgub
o (482 ) o (1)

The condition given in [7-9] was det g, = r* det t}) . With 3 4 the standard metric on the round

11
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sphere S?. Here, we use (1.1) since it allows Weyl rescalings.
A general expression of the metric satisfying the above gauge conditions can be written as
follows,

g= EZﬁngZ —2e*Pdudr + gup (dx" — U’du) (dxb — Ubdu> , (1.2)

where B, V, g, and U, are functions of (u, 7, x*). The decay rates of each function near .# * will
be computed by consistency with Einstein equations, once we define the boundary conditions.
To fix ideas, let see how Minkowski metric is represented in Bondi gauge. Take the coordi-

nate change
i

_ 1)2 2\2 3\2 R | S
r—\/(x)—l—(x)—l—(x), u=r—x, =5, (1.3)
where i = 1,2. Then, the metric reads
n = —du® — 2dudr + r*qdz°ds", (1.4)

with L(; the round metric in S2. Observe that a hypersurface at constant r, by taking the limit
r — +oo tends to .# " U .#~, while a hypersurface at constant u is 45° with respect to the t = 0
slice, and parametrizes the spheres at ..
If we want to work in a neighbourhood of .# ~, the coordinate we have to take is the retarded
time
v=r+1x", (1.5)

instead of u. The correspondent Bondi gauge functions for the metric (1.4) are,
B=0, V=-2r, gu=r4q, (1.6)

with 3 . the round metric on the sphere. This gives us already some boundary conditions can-
didates to start identifying the asymptotically flat spacetimes. As it is showed in Figure 1.1, the
decays we will take are such that on the exterior region of certain compact set of a Cauchy slice,
the fields are close to Minkowski solution.

Bondi gauge provides well adapted coordinates to represent .# *, since it is parametrized by
{(u,x*)} and hast the topology of R x S2. Its two boundaries, denoted .7, correspond to the
spheres at u = +oc0. Then, 0.9 " = #* U .#;", with orientation provided by the vector 9,,.

The celestial sphere is defined as the space of null generators to .# *, denoted as Se.. It can be
showed ( [5]) that Se has the topology of S?, and can be parametrized by {x*}.

1.2 Residual Gauge Transformations

Fixing the gauge reduces the possible diffeomorphisms acting on the solution to give another
solution, in the sense that they have to preserve the form of (1.2). The residual gauge transfor-
mations are the remaining diffeomorphisms that have not been fixed by the gauge choice. In
other words, diffeomorphisms that preserve the gauge fixing conditions.

12
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Figure 1.1: Asymptotically flat spacetimes. .#* indicate the conformal infinity, and scattering
processes (indicated by green and blue lines) occur in the confines of a compact region on each
%¢ Cauchy slice.

In the particular case of Bondi gauge, we are looking for diffeomorphisms generated by a
vector field ¢# such that

Legrr =0, Lzgra =0, g“bﬁggab = 4c(u,x"), (1.7)

where c is a function. This equations can be solved [55] as follows,

¢ = F(ux), (1.8)
&= Vx4 1%, I = —3,F / 2oy, (1.9)
&= —g (V,%’V” —2c(u, x") + VEI" — 9, FU" + ;Fg_laug> , (1.10)

where ¢ = det(g,5) and V8 is the Levi-Civita connection associated to g. F and ¢ are two free
function on .#, and V* is a vector field on the sphere for each u. ! The boundary conditions
will provide us new constraints to the possible residual gauge transformations, since they will
imply certain fall off for the field near .# .

INot to be confused with V appearing in (1.2), which is a function of (7, , x*) in the component uu of the metric.

13
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1.3 Solution space

We want to define a phase space structure on solutions spaces. The first step on this direction
is to define a precise set of solutions from which one can construct jet bundles, giving certain
differential structure.

In this work, we will be dealing with asymptotically flat spacetimes. They are central in the
understanding of isolated systems and their gravitational radiation, e.e. in the case of binaries
systems [56]. Outside regions with sources we have a vacuum spacetime and therefore we can
assume that the further away we are from them, the more Minkowskian the metric is. This
limit to vacuum metric could be at various rates, which will contain information regarding the
sources.

In the case of scattering of gravitational or any other type or radiation, we can use the notion
of asymptotically flatness as it is shown in figure 1.1: incoming radiation (green) interacts with
sources inside certain region of spacetime. At.#* the “observers” receive the outgoing radiation
(blue).

1.3.1 Boundary conditions

The formal definition of asymptotic flatness is the following: outside a compact region of some
Cauchy slice in a spacetime, K C X, we can map X \ K to the set R\ B with the euclidean
metric, for some ball B, via a diffeomorphism. Within X there could be in principle any matter
source. Outside K, the matter content vanishes, and therefore we are in vacuum space, so the
equation of motion is simply

Ry = 0. (1.11)

The previous definition implies certain fall-offs for the metric coefficients in Bondi gauge,
compatible with (1.6), which resembles the fall offs for the functions of the Kerr family [57],

B= o(ro), - = o(rz), u? = o(ro), Qb = quub +rCap +0(1), (1.12)

where g,, and C,; are functions of (1, x?). By a conformal rescaling by the function e¥ = %, we
can define a metric g, on each S C .#*. The pull back of the Bondi metric to this compactified
space gives

Japdx"dx® (1.13)

on .# 7, and therefore a degenerate metric (no du terms). The 2-dimensional metric g,, can be
thought as the metric on the celestial sphere Se: by fixing a null normal n on .# ", we can define
a tangential t, whose flow is parametrized by the coordinate u.

Regarding the nature of the metric g,;,, we can distinguish two different types of prescrip-

tions [58]:

e Asymptotically flat case (AF): (1.12) approaches Minkowski metric as r — 4-co. This

14
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implies
Gab = G- (1.14)

e Asymptotically locally flat (ALF)?: the local volume form is asymptotically Minkowski,

ﬁ:ﬂ. (1.15)

Both definitions have a characterization in terms of the gauge symmetries that we are im-
posing. Indeed, by taking the fall off and the residual gauge transformations computed in sec-
tion 1.2, we see that the residual gauge symmetries for the AF solutions in Bondi gauge sat-
isfy [55]

Vv =0 (r— +00), (1.16)

which geometrically states that the residual gauge diffeomorphisms are asymptotically Killing
fields, having a clear conceptual meaning. On the other hand, the residual gauge symmetries
in the ALF case are the ones that satisfy [23],

Vig" =0 (r— 4o0), (1.17)

which are the asymptotically divergence-free vector fields, preserving the volume form in the
(compactified) transversal spheres. As we will show in this chapter, this volume preserving
condition has deep consequences in the symplectic structure of the phase space.

1.3.2 Solution space

To obtain a parametrization of the solution space, we are solving Einstein equations, while im-
posing the gauge fixing conditions. Since we want the asymptotic behaviour of the solutions near
&, or in other words, the decay rates far enough of any localized source, we need to compute
recursively the coefficients of the functions in (1.12).

Consider the following expansion in r of the transversal metric,

Qab = 1*qap + 1Cap + Cég) + %Céb_l), (1.18)
with g, satisfying the ALF condition. The gauge fixing condition on the luminosity coordinate
r (1.1) impose several identities for the traces of the successive terms in (1.18), [55,58],

7Cyp = 0 (1.19)

quiwww+%WwL (1.20)

Y = el ot 5 w2, (121)

7

2The definition of ALF involves more generally the topology of Se and is used in other contexts, e.g. [59]. Here
we use it as a minimal extension of the AF case.
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where C ZEZ) can be thought of as functions on .# *, with g°°C 152) = q”bGég Y = 0. We will denote

as D, the Levi-Civita connection associated to q,,, and indices a, b, c, ... will be assumed to be
lowered and raised with q,,.

Next, we have to solve the Einstein vacuum equations, (1.11). Here we present the results,
the reader can find a more detail exposition in [55], [58]. Each component of the Ricci tensor
gives certain relations between the functions,

0 (-1

e R;; = 0: theradial equation establishes a relation between  and the coefficients C,;,, C,,", C,, 7, ...,

with an integration constant fixed to zero so that the leading order of e?Pis1,

1
B=—2353C"Car +0(1/1) (1.22)

0) (-1
O,

and an integration constant N*(u, x*), known as the Bondi angular momentum aspect. The

® R,; = 0: determines (completely) the r—expansion of U® in terms of Cg, C

tirst terms of the expansion are,

1 2 1 1 21
T (Na - 5C"DCy, 3DbG(0)“b> — S5 DO L 01/
(1.23)

To avoid logarithmic terms, it must be imposed D, — 0, [29]. The definition of N°

as integration constant varies in the literature, [ ,60, ],

1 3
NEN - — Na+1CabDCCbC+3—2Du(CbCCbC) (1.24)

NHPS  — NEN _yD,M, (1.25)

where FN stands for Flanagan-Nichols and HPS for Hawking-Perry-Strominger, and M
is the Bondi mass aspect, defined next.

e R, = 0: the trace, g"’R,, is equivalent (due to the gauge condition g"* = ¢"* = 0 and
the previous two equations) to R,, = 0, which gives V in terms of g,, and an integration
constant, M, called Bondi mass aspect,

V 1 2M
— = —rdyIn /g — SR+ ==+ O(1/7%) (1.26)

The other couple of equations coming form R,, = 0 imply a dynamical condition on the

metric g, in terms of the conformal factor,

0uap = (0uIn\/q)qap (1.27)

By the ALF condition, \/q = \/3, and therefore d,4,, = 0, which implies that the metric
on the celestial sphere is u —independent.

® Ry, Rys = 0: They imply evolution equations for the Bondi mass and angular momentum
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aspects,
1 ab 1 ab 1 a
3N — DM+ —D (NpeC™) _Ineep,c,. —1p (CYN,e — N¥Cpe)
u - a 16 a be 4 a“bc 4 b ac ac
1 1 1
—EDthDCCaC + ZDbDaDCCbC + anbDbR[q] (1.29)

Similar evolution equations can be computed for NN and NS using (1.24) and (1.25).

Observe that C,;, is a completely arbitrary input for the equations. We can give C,;, a geo-
metrical interpretation by considering the congruence of null geodesics with constant 1, which
asymptotically (asr — 0) reaches .#t, [62]. Consider the derivative of the generator of the null
congruence, dr, in the compactified spacetime,

Vu(0r)y = 0,(6y Qur) — fZng, (1.30)

and take the transversal part with respect to the null congruence,

- 1 1

- 1
Va(9r)o = —Tapgur = 50r8ap — ~8ab = —5Cap +0(1), (1.31)

thus, C,, is proportional to the shear of the congruence of geodesics, and thus indicates the
focusing due to curvature in the path of the geodesics. As such, it encodes the two polarizations

present in gravitational waves. Its time derivative,
Ngp = 9uCp, (1.32)

is known as the Bondi news tensor, which measure the energy flux. It is worth to mention that

Raychadhuri’s equation for the null congruence is equivalent to the radial equation R, = 0 for

B, (1.22)
We are in conditions to define the solution spaces. In the case of AF conditions, we consider
the following set of initial conditions, viewed as fields on .7,

Sms = {uw[Gups Cars M, N, ..., ]|R (8] = O} (1.33)

In the case of ALF, we consider,

Scams = {8 [Gabs Cans MU N, ..., ]| R [g] = 0, /7 = \/3}. (1.34)

Observe that Spys is a proper subset of Sgpps. The names BMS and GBMS will be explained
in the next section.
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1.4 Asymptotic symmetries

The residual gauge symmetries act on the solution space we defined in the last subsection, by
taking one solution to another one. This group is what is called the asymptotic symmetries group,
initially discovered by Bondi , Metzner [7] and Sachs [8], and called the BMS group. This
action changes the functions M and N“, which are the mass and the angular momentum aspects
respectively. This implies that this group of diffeomorphisms generates non-trivial charges on
the phase space of solutions, [4].

A renew interested on BMS appear when Barnich and Troessaert [55], inspired by 2-d CFT,
defined an extended version of the BMS, which includes an infinite dimensional “superrota-
tion” group, generated by infinitesimal local conformal transformations. On the ground of the
equivalence between asymptotic symmetries and subleading soft graviton theorems [ 16], a dif-
ferent extension of the BMS group was proposed by Campiglia and Laddha [21] such that the
solution space where the group acts is Sgaums.

In subsection 1.4.1 we review the construction of the standard BMS group, which correspond
to the AF boundary conditions. In section 3.5 we present the construction of the generalized
BMS group (GBMS).

1.4.1 BMS action review

Due to the preservation of the asymptotic decays for g, V and U“, we can deduce some condi-

tions on the functions F and V* from section 1.2, by imposing

E@gur = E@gua = O(1/72)- (135)
These equations give,
o,F = %DQV” —c, 0,V'=0. (1.36)

The last equation establishes that VV* is indeed a vector on the sphere, while the first equations
is a linear ODE,

1 1
F=4/4q <f(xu) ts3 /foo %(DQV“ - 2C)da> . (1.37)
These are the most general diffeomorphisms compatible with teh decays (1.12), parametrized

by two sphere fields, f and V*, and one .# function, c. Next, we impose the AF condition. By
computing the equation Lzgq, = 208 + O(r),

55%}; = ﬁvqub — (DCVC — 2c)q,lb, 55\/ﬁ = 4C\/ﬁ. (138)

Since q,, = f;ab is fixed, the Weyl rescalings q,, +— €%q,; are excluded from the group. Also,
Lyqa — DcVqa = 0imply that V* are the conformal Killing vectors (CKV) of the sphere. This
group is isomorphic to the (proper orthochronous) Lorentz group, SO(3,1), which generates the
Lorentz algebra so(3,1).
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Thus, F simplifies, and we can integrate the first equations in (1.36),
1 a
F=f+ uEDgV =:f+ua, (1.39)

absorbing /7 in f, with the explicit u-linear behaviour and the definition a := %Da V7. The
asymptotic vectors generating the diffeomorphims are given by a pair (f, V*) of celestial sphere
fields. We will denote ¢ and ¢y the diffeomorphisms generated by f and V respectively, and

schematically write

& = fout., (1.40)
¢y = V%, +uwad, —rad, + ..., (1.41)

where ... indicates O(r1)d, + O(r1)d, + O(1)d,. We can compute the algebra straightforward

from the Lie bracket between two diffeomorphism generators, giving,

[Cr. ] =0, [Cv,Crl =3Cvp), [Gv,.Svi] =&, (1.42)

where [+, -] denotes the Lie bracket and V(f) = V0, f — af.

The diffeomorphisms generated by f are known as supertranslations, since they correspond
to the angle dependent shift u — u + f(x?) in the time direction on .#*. As it was showed
in [8], the group of asymptotic symmetries BMS contains the Poincaré group of Minkowski,

1SO(3,1) = SO(3,1) x t < SO(3,1) x s = BMS,, (1.43)

where t is the four-dimensional abelian group of translations, and s is the infinite dimensional

abelian group of supertranslations 3,

1.4.2 Generalizations of BMS

The first attempts in extending the BMS group to a larger group was done by Barnich and Troes-
saert ( [29,55,63]), where it was proposed to maintain the CKV equation, dyq,, = 0, except ata
finite number of points on the celestial sphere. This led to the extension of BMS, by meromor-
phic superrotations,

EBMS, = (Diff(S') x Diff(51)) x 5%, (1.44)

where s is the abelian ideal generated by the new supertranslations, which by consistency must
also admit poles.

Based on the equivalence between the subleading soft graviton theorem [16, 64, 65] and
Ward identities for the S —matrix, a second proposal for the extension was given by Campiglia
and Laddha, [21], where they consider the group of diffeomorphisms on the sphere, Diff(S?),
instead of the finite dimensional Lorentz group SO(3,1). This lead to the generalized BMS

3To prove that ISO(3,1) is indeed a subgroup, and not only a subset, one has to show that t maps to a finite
dimensional ideal in s, [8]

19



Chapter 1

group (GBMS),
GBMS, = Diff(5%) x s, (1.45)

where now we have an arbitrary diffeomorphism on the superrotation sector. In other words,
Diff(S?) are the new symmetries that the subleading soft graviton theorem provides to the
S —matrix via the Ward identity. This implies that the action on the leading part of the boundary
metric is not trivial,

O0vGap = Lvqap — 26q,, # 0, (1.46)

and therefore the celestial sphere metric is no longer fixed. However, it can be showed that

Sy/G =0, (1.47)

which together with é¢g,, = 0 shows that this group is exactly the asymptotic symmetries group
of Scpms! Observe that the Weyl rescalings are still excluded. The algebra of vector remains the
same as in (1.42)

This enlargement of the symmetries imply a non-trivial structure for the symplectic form.
In particular, since we are varying the metric up to leading order, one expects (as it is the case)
that the symplectic potential contains radial divergences, and therefore the computation of the
charges will be ill-define due to divergences in the integrals [23].

The representation of the algebra on the solution space is the following,

Sqar =0, Oviap = LvGay — 264G, (1.48)
6¢Cap = fNap —2D;DyfTF, 5y Cpp = LyCppp — aCpp + uaNy — 2uDDpa’™,  (1.49)
6¢Nap = f9uNap, 6y Nay = Ly Ny, + uady, Ny — 2D, Dy’ (1.50)

where XaTbF for a symmetric tensor X,;, denotes the trace free tensor component,
1
XIF =X, — Eqabe. (1.51)

The actions on the Bondi mass aspect M and momentum aspect N* are the following,

1
SgyM = [Fou+ Ly +3a]M + D, DpaC” (1.52)
1 a 1 ab 1 ab
+DaFD R[q] + {NV"'DaDyF + 5D, FDyN™,
3 1
5(sv)Na = [FOy + Ly +2a]N, +3MD,F — EDQFNbCChC + EDbFNbCCaC (1.53)
1

1 3

S DaaCogC +- Z(DbFR[q] + DD.D°F)Cyy — iDbF(DbDCCaC — D,D.C")
1

+§Da(DcDchbf) + EDanFTFDCCbC,

with F = f + ua.
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1.5 Phase space structure on Sgpums

In this section we review the definition of the radiative phase space, and later we provide several
results concerning the action of Diff(S?) on the solution space, and will define the corresponding
phase space for GBMS.

1.5.1 Radiative phase space

Radjiative phase space [4,5] consists in taking the action of the BMS group in Bondi frame, and
relax a little bit the decay for C,,

—oo u—y+oo

A ol , A A
Lrag = {C(“rx)lqa Cap =0, 09uCpp = O(l/\u|1+€), D[anCb]c - O} - r% . (1.54)
ab

On this space, one can actually compute a (finite) symplectic form from the Einstein-Hilbert
lagrangian,

0(5,0') = / SN A &' Cp/Gidud?x (1.55)

S
One can compute the charges associated to d¢ and dy straightforwardly, by using the definition,
O(6,0v) = 6Q¢ (1.56)

By imposing the decays in (1.54), the non-integrable terms vanish (see chapter 3), and the ex-
pressions for the charges are

PO = /j 3,C6 (C oy /Gdud?x, (1.57)

for the supermomentum, and

79 = /j 3uC5y Cp/Gdud®x (1.58)

for the super angular momentum. These charges can be shown to form a closed Poisson algebra,

resembling (1.42),
{Pf([)l'PJQZ} =0, {]%)/’ PJ([)} - P‘(}(f)’ {]?/1’]?/2} - ]FVLVZ]' (1'59)

1.5.2 Decays in u — oo for Sgpns

The first step in understanding the solution space (1.34), is to see the effect of the extension
from SO(3, 1) to Diff(S?). We define a Bondi frame as the solutions in which the celestial metric
is that of the round metric, g, = (3 b L66]

In [31] it is shown that one needs an u—independent tensor, the Geroch tensor, to appro-
priately parametrize the gravitational field at .#*. The proof consists in taking a finite diffeo-
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morphism and studying its action on the complex plane coordinates. Here, we follow the proof
given in [32].

First, we show the presence of a u—linear part in C,;, by the successive action of variations
due to a vector field V on the shear C,,. Let us start with Minkowski spacetime. We have the

following metric coefficients,

%4 o
p=0 U =0, - = =1, Sa =4y, (1.60)

and consider the infinitesimal action of an arbitrary diffeomorphism generated by the functions

V),

8fdab =0, Sviay = Ly — 204y, (1.61)
@Cab = —ZlojalojbfTF, (Svcub = —ZulojulojleTF (162)

where LO) is the Levi-Civita connection of 5 Now, we have a shear C,;, + dyCyp, linear in u. If we
act again with another dyy, we will also have a linear term in u. Then, the general form of the
shear will be

Cap = Cop (14, X*) + uTp(x7), (1.63)
where C,;(u,x%) is at most O(1) and T is independent of u. The fall off in u that we take for C,;
are the following,

0,Cap = O(1/|u|*™€). (1.64)

This fall offs for the shear C,, is such that the expressions (1.57) and (1.58) remain to be finite,
since they are the ones coming from the leading soft graviton theorem, and are also compati-
ble with a O(1) subleading soft theorem, [21]. However, they are too restrictive for a generic
gravitational scattering process, where the fall offs are given taking € = 0 (quadratic decay),
which corresponds to the logarithmic subleading soft theorem [67,65]. As we will see below,
the tensor T,; can be constructed entirely form g,, and vanishes in Bondi frame.

By inspecting the variations d¢, y on C,p, we arrive at the transformations for C,p and T,

0vCawp = LyCap —alCyy + ual, (1.65)
0

oyTyy = LyTy —2D.Dya’™ + u’adiTy, (1.66)

6¢Cp = f0uCap — 2DaDpfTF + fTy (1.67)

6Ty = 0, (1.68)

which agrees with the fact that T,, depends only on g,, since for the variations to stabilize
(preserve the fall off (1.64)) it is necessary to impose 9, T, (we will show this explicitly in the
next section).

We will also require that C,, is asymptotically flat as u — oo, [13], in the sense that the
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Weyl tensor vanishes approaching .#;". In a Bondi frame, this condition implies

ugrfooD[anCh]c =0, (1.69)
which we will call vanishing of the magnetic part of C,,. Observe that since the magnetic part

vanishes, the functions C;% are Hessians of a certain scalar function C* in each end ]I ,i.e.,
N ~ 0 Ay
C = —2(D,DpCH)TF =S5, (1.70)

This condition have to be extended to non-Bondi frames, which is our task for the next sub-
sections. Given a metric g,, on the sphere, we can now define the radiative phase space that is
compatible with the GBMS group,

A

Ty = {C(u,x")|q"Cop =0, 3,Cop "= 0(1/|ul**¢), mag(Cpe) "E70},  (171)

where mag() denotes the magnetic part of the tensor, which remains to be defined. The full
GBMS pahse space,

Topms = {C(1, x"), 4 (x*) |7 Cap = 0, 3.Cp YR 01/ |u|Fe), mag(Cy,) “ZEe Va=\aq}
(1.72)

1.5.3 Finite action of Diff(S?)

In this section we will show that T,; only depends on g,, by explicitly constructing the orbit of
Bondi frames under the action of Diff(S?). We also provide some results that will be useful for
the next sections and chapter 3.
Consider a diffeomorphism ¢ : (M, g) — (M, gv¢) such that preserves the Bondi gauge, not
infinitesimally, but finitely,
o(r,u,x") = (R, U, X4), (1.73)

where R, U, X4 are the initial coordinates, in a Bondi frame with metric gvf, and the metric ¢ in

coordinates (r,u, x") being the pullback of g,

(¢ X>g = (Ved, Vi)

By the decays we are assuming on the metric, ;5 = §a7> + ..., and equation (1.74), we can

o (1.74)

assume the following 1/r-expansions,

R = RW(x)r+ROu,x)+0(1/r), (1.75)
u = uWx)u+0(1/r), (1.76)
A — ¢A(x)_|_%x(—1)1‘\(u,x)/ (1.77)

where the leading orders do not depend on u due to 9,4,, = 0, and g»r = gy, = 0. Also, it can
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be seen that UV = %

The angular part of g, is given by

C 34D
Sap(r,1,x) = rZ(R(l))Za‘P o qep +

ox® Jxb
r (R(l)aaCI?Aahfl’B(Cab(R(l)’lu,4’) +2RWgap(9) + RYXTVDcq45(9))
+2R (129,99, X(“VPq 45(9) + 2RV 29,RV9,RW) + ., (1.78)

where we will denote as qu and Cfb as the leading and subleading term, respectively. We will
obtain expressions for both quantities in terms of ¢.

The determinant condition (1.15) implies det(g? |,) = det(q |») (but, of course, not equal
to det(q |¢(x))!), and therefore

(1) det'’*(4)

= 4072 (Jg) det (g o g)’ (17)

where J¢ is the Jacobian matrix of ¢. This fixes R(}). The subleading determinant condition,

q‘j,b Cfb =0, fixes RO in terms of the previous functions. Next, the pullback of g, gives

B
gi’a(r, u, x) = _uaa lnR(l) +X(_1) a(P

2 (RY)q45 +0(1/r), (1.80)

which should vanish. If we write
X(=DA = 9,64Y", (1.81)

i.e., the pushforward of the sphere vector Y*, then g,, = 0 implies

Y* = ugsd, InRW. (1.82)

This implies, in particular, that we can construct the vector field generating the diffeomorphism
on the sphere, Y?, entirely in terms of qu.
We can now compute Cfb in terms of ¢. By taking the covariant derivative of qu, be, the

expression simplifies,

dp” 9¢®

¢ _ R
Cab R ox*4 axb

TF
Cas(¢) +2u (DI InROD InRW + DI DY I RW) (1.83)

First, observe the extra term that is linear in 1, as we saw it has to be the case in the last section.

Let us define
TF
T, =2 (fo InRUD?InRW + DIDY In R<1>) , ¢:=InRY, (1.84)

and observe that ¢ is the conformal factor that restore the area identity, for any diffeomorphism,
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rescaling the metric,

g%, (x) = 29,029 q a5 (9(x)). (1.85)

In fact, this appearance of a Weyl transformation is not just a coincidence: first, we are in
two dimensions, so every riemannian metric is in the Yamabe class of the round metric, or, in
other terms, every riemannian metric is conformal to 3 Second, right from the beginning, we
are taking a slice in Diff(S?) x #), with #§’ the Weyl subgroup, such that the Weyl parameter is
completely determined by the diffeomorphism (given by a), and therefore not entering in the
dynamics of the phase space.

The curvature for the metric (1.85),

R(q?) =2(e7 — A%y), (1.86)

where A? := ¢ 2PA,
The tensor T,;, defined above is the Geroch tensor and satisfies the following property, the
proof of which the reader can see [69],

Theorem 1.1. Geroch, ’76
Let S be a two-dimensional surface. Then there is a unique symmetric tensor T, that satisfies

R
If Oab = aqub — T,p, then D[apb]c =0 (1.87)

Proof. O

In a two dimensional metric, (1.87) is equivalent to

D,R = —2D"Ty, (1.88)

which can be verified taking T,, = 2 (DD + Dng¢>TF and R as in (1.86).
Finally, we present the following result concerning the tangent space in Sgps, regarding

the variations of the metric.
Proposition 1.1. Any variation é4,, can be written as dyq,,, with W* a vector field.

Proof. From the formula for qu, we have that the infinitesimal transformation (for any diffeo-
morphism) is

C D

0
5quCD + e%(sachD/ (189)

¢ _ nsp(l) sCsD o
Qap = 20R 400 0y qcD +€ax”

where R&)o) is the R() coefficient for the diffeomorphism e¢. Taking e — 0, the raising and
lowering of index can be done in the metric g¢cp,
_ (osrD) 4 99° 97
0pqAB = <25R(€¢) + FP + 5B ) Acp- (1.90)

Next,
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1 _ 1 A, 1la
R(€¢) =1+4e€ (28A4> + E(P aAqCD> (1.91)

Finally, given a general metric q,, and a general variation, generated by diffeomorphism ¢,
we define W* := ¢” and

O¢qab = Lwap + 20w qap = Owqap (1.92)
OJ

The above proposition tells us that there is a map
X : F — Diff(5?), (1.93)

from the jet bundle formed by the manifold and Sgpus to the diffeomorphisms on the sphere
(which is embedded in .#), and that the differential of the map takes a variation d4,, and gives
the vector field W*. For each tangent in the solution space, there is an associated diffeomor-
phism, and therefore we will have in general a field-dependent expressions for the variations.
Observe also that the directions contain in the tangent subspaces to Sgys are in the kernel of

the differential of the map X. This map will play a central role in chapter 3.

1.5.4 Diff(S?)-covariant derivative

Schematically, from (1.71) and (1.71) we have the following structure on our phase space,

Teems = U Tyur (1.94)
da=yi=\7
where each I'y, is the orbit of the solution with fixed g,, under the Lorentz symmetries gener-
ated by the CKYV fields. A general diffeomorphism will change the metric, and therefore change
the “fibre” in the above definition. The idea of this section is to construct a covariant derivative
that allows to write equations covariantly on the fibres.

First, we have to define what does it means to be covariant under the Diff(S?) group. We
say that a u—independent tensor Tgll.'f.’ on the celestial sphere is Diff(S?) k-covariant if it satisfies
the transformation rule,

(5VT£11A'.'_' = 'CVTZE.'.'.' + kocTle_'.'.’, (1.95)
where V is the generator of the diffeomorphism, and « = ;D,V“. As one can see for a Diff(S?)
k-covariant scalar field, the standard covariant derivative associated to the metric q,, does not
preserves the covariance of a field: if dy¢ = (Ly + ka)¢, then

SyDap = (Ly + ka) Dagp + kpDyat (1.96)

26



Chapter 1

As the first step towards the definition of the new covariant derivative, for 1 in (1.84) we have,

(Svl[J = ,Cvl/) — K, (197)

which can be seen by identifying dy (ez‘/’tc1> ) With 6y, Then, we define for scalars the Diff(S?) —covariant
derivative D as follows

Da := Dup + kDo (1.98)

From this definition, we can construct iteratively the action on higher order tensors. The Christof-
fel symbols for the conformal change q:fb = e?¥q,, are in the general formula for a tensor Tgllh'_'.',

DTy = 9. Tyl — f‘jb] T3 + ..+ f?{;T{fl':. + . KDYy, (1.99)

where I, =T¢, — 2D, by + 4D Y. Given a Diff(S?) k—covariant tensor, a straightforward
computation now gives
SyDCT = (Ly + ka) TE (1.100)

Several properties for D are enumerated below.

1. The weight of the product of tensors is the sum of the weights: D satisfies Leibniz rule
with weight k.

2. Daqbc =0.

3. [Dy, Dylwe = Rabf‘”d' with

Raped = R4qpqar R = R+2A¢. (1.101)

4. D,R = 0. This is a restatement of the Uniformization Theorem for 2 dimensions: any
Riemannian metric is conformally equivalent to 13, and therefore the curvature is Diff(5?)-
covariantly constant.

5. The covariantized vector field divergence, & = %Du V4, satisfies

&
I

® —by1p (1.102)

- 1
(DaDpi) " = =2 (dvTw)" (1.103)

1.5.5 Phase space

In this section we give a precise definition for (1.94) by extending (1.69) to non-Bondi frames.
The basic idea is to perform a “change of variables” such that we can split the full phase space in
a Diff(S?) covariant way. First, we need to understand the magnetic condition for C,; in terms
of D. From the equation for dyC,;,, we have that C* are Diff(S?) (—1)-covariant tensors, then

e J
D, DGy, = DD Gl = S TEC

&= (1.104)
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Then, the vanishing of the left hand side is the covariantize version of the magnetic condition
in Bondi frame.

Let us redefine each fiber I';,, as follows,

Tiw = {Cab| 97Cr =0, 3.Cop 2% O(1/|u?*e), D,,D°C; =y, (1.105)

lc

as the “vertical” phase space corresponding to each metric g, such that , /g = \/g Then, (1.94)
is well-defined as a set, ready to admit a symplectic structure.

1.6 Charge Algebra

In this section we give expressions for the supertranslation and superrotation that are compati-
ble with a symplectic structure on (1.94). We have two charges to compute: the ones associated

to the supertranslation, and the ones associated to superrotations.

1.6.1 GBMS charges

To make easy the reading, let us define the following tensors,

0 .

N, = / 9.C.pdut (1.106)
R

1 A

N, = / 13, Copdut (1.107)
R

0 _ -

s, = —2D,D,fTF (1.108)

1 - _ R

SV = [—4Danoc+D(aDC(5qu)C—Eévqub]” (1.109)

Supermomentum

In the original introduction of the general frames, (e.g. [69], [5]), special care is taken to ensure
frame-independence. In particular,the Ashtekar-Streubel expression for the supermomentum
is valid in any frame, given the correct decay in the u° part of the shear C,,. Therefore, the

supermomentum in a general non-Bondi frame takes the form,

Py = /j 3,C%6Cop/qud’x, (1.110)

where it should be noted that the difference with (1.57) is that we are not taking the linear in u
part in the shear. Observe that this integral converges. We can split the contributions in (1.57)

given by the hard and soft parts,

pherd / 3,C £3,Cop/Fdud?x, (1.111)
B4
0 0
Pt = /SzNabsib\/ﬁdzx, (1.112)
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where the terms hard and soft come from the soft theorems: quadratic and linear terms in C,

respectively.

Super angular momentum

The proposal in [21], [22] for an asymptotic GBMS symmetry provided a candidate for the
super angular momentum in the Bondi frame can be covariantized to be defined in all of the set
L,

A A 1
Iy = / 9,16y Cop/Gdud®x + / 2 NS /a2y, (1.113)
g S

Thus, we have a candidate for the super angular momentum inI'. As with the supermomentum,

we can split the hard and soft contributions,

Jhard . / 3,C 5, Cop/Gdud?x, (1.114)
7
1 1
et = /SzNabst\/E;dzx, (1.115)

Poisson structure

We have defined the charges Pr and Jy onI'gpms. Now, we should verify that they satisfy indeed
the structure of a Poisson algebra. Consider a large gauge transformation parametrized by A,
and let us denote by Q, its associated charge. If there exists a symplectic form () on I' such that

dQr = Q(9,6,) (1.116)
then the charges must obey the following identity,

62,Q1, = Q(0n,,02,) = =61, Q- (1.117)

Therefore, for the charge candidates to be consistent with a symplectic structure on I' (and

therefore for the Poisson structure to close), several consistency checks are in order:
L 6pPr =0, Vf, f €C®(S%).
2. 8yPr= —Py(p, YV e€X(S?),feC(S?).
3. 6iJv = Py(p), YV € X(8?),feC(S?).
4. Svilv = Jyy., YV, V' e X(S).

After a little work, it can be shown 1,2 and 4 are satisfied for the expressions we have for Pr
and Jy (see Appendix D in [32]).
Condition 3, however, is not true. A direct computation gives

0 0 1 0
S¢Jv = Py(s) + /52 N7 ((ﬁv —a)S!, — fsY, - sj{b(f)> Jid2x. (1.118)
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In [32] we propose a way to fix this non-closure of the algebra, by adding certain boundary field
term. The boundary term will be generated by a boundary field that ultimately depend on g,
since is the new “dynamical” degree of freedom which depart from the standard BMS analysis.

First, let us define
0 0 1 0
K(f, V)= /52 N <(£V —a)S!, — SV — savlff)) Jd2x (1.119)

This term is the non-CKV generalization of the Barnich-Troessaert (BT) extension term [29].
We will discuss the comparison with BT charges in the next chapter. Since it is a non zero term,
we see that condition 3 does not apply for the expressions we have for Py and Jy. As it will turn
out, an extra term for the super angular momentum will be obtained from K( f, V), in order for
the equation to hold.

After a lengthy computation, (Appendix C in [32]), one can show ,

K(f,V) = —6;]%” +mag(f,V), (1.120)

where
Vo= A(ﬂ(V“CbCDCCabJrgaéabéab)ﬁdzx, (1.121)
mag(f,V) = —4 . NG (D(QD“(D[b)fVC]—;fD[b)VC])>TF Vadx. (1.122)

where 0. := /1 U Jj. Since the magnetic condition for Cop (1.69) implies
0
DD,N"" =0, (1.123)

the term mag(f, V) vanishes. The term J¢ J¢7 is a total variation of a boundary term, which
can be absorbed in the left hand side, as a redefinition [y — Jy + | ?/ , and condition 3 now is

satisfied. Condition 4 is true, as can be easily verified that
Svily” = I (1.124)
In the proof of the next proposition we show another way of writing J%”.

Proposition 1.2. ]9 vanishes for global CKV.

Proof. Observe that
0 A A
Ng =C,—Co (1.125)

then we have K(f,V) = K™ (f,V) =K~ (f,V)

A 0 1 0
K*(f,V) = /SZ (7 ((L‘V —a)S, — fsY, — saVb(f>> Jad%x. (1.126)
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We also have ]f}ﬂ = ]‘a/]Jr — ?,]_,

9% _ /S (VieHD e 4 %aéi“béjb)ﬁdzx, (1.127)
and identity (1.120) transfers to K*(f, V) = —§f]?,j *. Since J&”* is quadratic in C*, we have
0 = %Mavfﬂf:ci = —%Ki(ci,V). (1.128)
Finally,
97 = —% (K*(CT, V) =K (C,V)) (1.129)
O
Finally, we have a new expression for the super angular momentum, given by

Jy = Jhord 4 ol e, (1.130)

while the supermomentum remains the same,
Py = Pprt 4 pplt, (1.131)

The charge algebra formed by this charges is a closed Poisson algebra, with no central extension.

1.7 Symplectic form

We want to construct a symplectic form on I'gpps such that (i) it is consistent with the definition
of the charges, (1.116),

0Py =0
Sy =Q

(6,6¢), V&€ TI, (1.132)
(8,6y), V6 e TT, (1.133)

and (ii) when evaluated on the subspaces TT;,, C TT it reduces to the symplectic form in each
Ashtekar-Streubel (AS) phase space I'y,, (1.71), given by

Q(5,8)

= 590,C A S'Cyy dud®x 1.134
q
TT, , %TT,, 4

Our starting point is to write

Q="+ 004 0%, (1.135)
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where we take as the hard part the AS expression,
Qlard . / (60,0 A 5'Cop)/Gdud?x, (1.136)
g

and Q%°ft, 097 are yet to be determined. By using condition (1.132), we obtain

0 0
(5,55 = gPlrd + /S ON"S), i, (1.137)
while from (1.133),
QM (5, 5y,) = shard, (1.138)

Then, it suffices to find Q%7 , O%ft such that

0 0
(O + Q) 6.8p) = [ NoS], i, (1139)
(O + ) @,0v) = o+ 01 (1.140)

Assume that equation (1.140) splits accordingly,
O~ (5,6v) = 5, (1.141)

where ... denotes soft or 0.#. We will also assume that each () is the exterior derivative in

solution space of a symplectic potential 6 #, that satisfy
1. Compatibility with dy, e.g. [37], 6 (dv) = Ji7, and

1
By inspecting the formula for | f,of " and S;@, we have a candidate for §°°/! as follows: if we
define _
1 5 e R TE
Sav(0) := [26Tap + D(aD°0qp)c — 504u] ™ (1.142)

1 1
we see that S, (6y) = SY,. Then,
1 1
6%t (6) := / NS ,(8)/Gd%x (1.143)
9.7

For the remaining component, 87 (), we have to rewrite the new term on the angular momen-

tum, using (1.70), . 3 .
V= | (vISCDCy + aCUSG) Vatx, (1.144)

which after some algebra can be written as

~ 0 0 1
V= [ e, 8 CStan) e (1.145)

Q) (61, 02) = 610(82) — 520(81) — 0([61,6))
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Then, we define

6% (6) := /

5 Cab(65S, — S%C — C5(6))/dx. (1.146)
We have completed condition 1. For condition 2, we refer the reader to Proposition 1.1. By
setting 0q,, = dwq,p for some vector field W on the celestial sphere and using (1.124) one can
show condition 2 to hold.

Finally, we have to check that 1.132 did not get spoiled after the new definition for )--. This
follows again from Proposition 1.1, the variation formula 6]y = Py () and the fact that 6~
vanishes if evaluated on variations with dg,, = 0.

We can write the symplectic potential and form as the sum of two contributions, one from
the bulk .# and one from the boundary 0.7,

0=0"+6, Q=07+0, (1.147)
where
05°(5) = O°1(6) 4677 (6) = /S (P00 + TI6T,) /i, (1.148)
Q% (6,6") = (5,8 + Q% (6,6 = /S (8™ A 80y + OTI £ &' T,p) /G x(1.149)
with

1 1 ~ 1 1
p“b — DUp.NYe — gN”b + (quadratic in C“b) , TI% = 2N 4 ECC“b , (1.150)

9.7 0.7

where the quadratic terms in C* can be obtained from (1.146). When evaluating on a variation
such that dq,, = 0, we have that the S? contributions vanish. This is a remarkable aspect of this
expressions, but it is not a surprise: if we take a CKV field, the orbits are I';,,, and therefore we
see only the AS structure on each fibre. In chapter 3 we will understand this boundary fields in

a more general context, the covariant phase space formalism.
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Asymptotic symmetries in Einstein-Yang-
Mills theory

In the previous chapter the GBMS extension to BMS was considered, and the charge algebra
was computed, imposing a well-defined Poisson structure. The new charges contain an extra
boundary term, coming from the arbitrary diffeomorphism freedom on the sphere.

In this chapter, we study the following natural question: can GBMS be realized by cou-
pling gravity with a gauge theory, such in Einstein-Yang-Mills theory (EYM)? In particular,
adding an extra field (the gauge potential A, in EYM) implies extra symmetries coming from
the symmetries in the extra piece of the Lagrangian, [70]. In Minkowski flat spacetime, the large
gauge transformations that act on A, satisfy a closed infinite dimensional algebra [19,26], and
they have leading charges associated to them which make up for a infinite dimensional Poisson
charge algebra.

2.1 Asymptotic structure

In this section we review the main properties of EYM. A more detailed exposition can be found
in [70] and references therein. The strategy is the same as in the previous chapter, so the details

are skipped.

2.1.1 Symmetries of EYM

Given a Lorentzian manifold (M, g), a Lie group G, the Lie algebra g := Lie(G) and a g-valued
1-form A;, the EYM Lagrangian is the following

Z[g, Al = R[g]/g — Tr(F[A] A F[A)), (2.1)
where Tr is an invariant non-degenerate metric in g, * is the Hodge-dual of the metric g, and

FlA :=dy(A), dy:=d+ A, "] (2.2)

34



Chapter 2

are the curvature of the connection A and the covariant derivative associated to .4, respectively.
We will use D, = V,, + [Ay, -] as the covariant derivative using index notation. By the proper-

ties of the Hodge-dual, we can rewrite (2.1) as follows,

1
Zg, Al = (R[g] - 4Tr(fyv~7'—yv)> NEL (2.3)
A symmetry ¢ acting on .Z is defined such that it satisfies,
Lpxg ¢ Al = 2L[g Al (2.4)

We have two different symmetries acting on this lagrangian:

e Diffeomorphism invariance: given a diffeomorphism generator ¢, its infinitesimal action
is given by
(Sgg = ﬁgg, (Sg.A = ﬁC.A, (25)

e G-invariance: given a finite gauge transformation generated by the infinitesimal parame-
ter A,
5Ag = 0, (SA.A = dAA, (26)

The symmetries acting on the unconstrained (before fixing any particular gauge) fields form
a symmetry algebra, which can be computed through its representation on the fields g and A.

The variation algebra is given by,

(02,807 020, 00) = 55,/\/ (2.7)

with
¢ = [t (2.8)
A = £§1A2 - £§2A1 + [All AZ]g/ (29)

where |, |; denotes the Lie bracket on g. This equations have an algebra realization that corre-
sponds to the group
GEYM = Dfo(M) X G, (2.10)

where the bracket between two elements is given by
[(61, A1), (G2, A2)]evm = (€, A) (2.11)

2.1.2 Gauge fixing and residual gauge transformations

For the metric field, we consider the Bondi gauge, as in (1.2). The choice that we will take for
the vector potential is the following,
A =0 (2.12)
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since it will prove to be more easy treat when computing the residual gauge symmetries [70].
We will discussed the harmonic gauge below.

Once the gauge is fixed, we are left with the residual gauge transformations. As in the
previous chapter, the residual gauge due to diffeomorphisms are the ones generated by the
following vectors,

ﬁ;‘grr = E@gm =0, gabﬁcjgab =0. (2.13)

As we saw in section 1.2, the vector fields satisfying the above equations are given by

¢ = F(u,x"), (2.14)

& = Vu,x") — 0,F / N e?P g%y, (2.15)
r

&= —% <V§§“ - abFub + ;Fg_laug> , (2.16)

The residual gauge symmetries for the vector potential satisty the equation
oA = V&g A, (2.17)
which has immediate solution,
A = A(u,x") — 9,F /r N e?P g™ Aydz, (2.18)

Observe that the diffeomorphism generators are present in (2.18): this generally implies a
non-trivial field dependence in the residual gauge symmetries.

When the gauge parameters are field-dependent, equation (2.7) is no longer valid, and we
have the modified bracket [70],

(21,0002, ] = O1(E1,M1),(2,80) [y (2.19)

where
[(81, A1), (&2, M) pvas = (& A) = 0z, n, (82, A2) + b, 0, (81, A1). (2.20)

Harmonic gauge

For completeness, let us discuss the residual gauge symmetries in the harmonic gauge,
VHA, = 0. (2.21)

This gauge is the one we are taking in chapter 4 and chapter 5, suitable for perturbative calcu-

lations. By imposing the harmonic gauge on a variation, we obtain

VH (LA + DuA) =0, (2.22)
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which after some computational massaging results,
Ay (=RVE + VIV, &) +2VHE) (W Ay) + VIV A + [Ay, VIA] = 0. (2.23)

Observe that equation (2.23) gives us a nice characterization of the BMS algebra in the har-
monic gauge: for asymptotically Killing fields, where V,¢,) — 0 as r — +o0, the terms in the
first brackets and the second term vanish as r — +oo, since the equation in brackets is the trace
of the Killing equation. Thus, asymptotically both terms vanish and the remaining terms are
the same as the harmonic gauge compatibility in Minkowski, (4.19), which we will see in more
detail later in chapter 4.

The leading order behaviour that we are studying for the YM sector is equivalent in both
gauges, as equation (2.23) can be solved after we impose the fall offs and prove to have the same

leading form.

2.1.3 Solution Space and Phase space

The equations of motion are

1 1
le/ — Eng/ = TVV’ T?'“/ = 2TI'(]:VU-]:VU) - Egvar(.Fyv]:HV) (224)

On the gravity side, since the stress-energy tensor T),, is traceless, equation (2.24) implies R = 0,
and then is equivalent to
Ryv = Tyv (2.26)

The boundary conditions that we are taking in the gravity sector are the ones defined by
I'ceums, (1.72), giving the same parametrization of the solution space. The decays for the vector
potential are taken to be compatible with the radiative space for Yang-Mills in Minkowski,

Ay=0(1), A =0, A, =0(1). (2.27)

On the Yang-Mills side,through the equations of motion, it can be proven (in Einstein-Maxwell
case see e.g. [71,72]) that the components of A in an r-expansion can be calculated from the

leading term of the angular part, denoted by A,,
Aq(u,x) = Aq(u,x) +0(1) (2.28)
Next, regarding the u—decays for and A,, we take “tree level fall offs” [73],

9y Ay (1, x) = O(1/|ul™). (2.29)
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This decay allows a finite limit when reaching u — oo,

A (x):= lim A,(u,x) (2.30)

u—»+oo

This provides a natural radiative structure on .# for YM, with phase space
T = {Aq(u, x)[04Aa (1, x) = O(1/|u|®)} (2.31)
In this chapter we aim to obtain a symplectic structure on the product space,
Teym = Tapums x Ty, (2.32)

which conforms the EYM phase space.
Finally, by imposing the fall off (2.27) on the variations acting on A, we obtain

au)\ — 0, (2.33)

so we can take A as a free g—valued function on the celestial sphere.

Finally, the symmetry group depends on four free functions on the sphere, given by f, V%, A,
where f and V* parametrizes the diffeomorphisms and A the large gauge transformations on
the Yang-Mills sector. In the next section we will study the algebra on this group.

2.1.4 Asymptotic symmetries algebra

The first step towards the symplectic structure is to analyse the action of variations on I'ry ). Let
us call 8¢, §y and ) the variations generated by the functions f, V and A. By taking the leading
order on (2.5) and (2.6), we obtain the following expressions.

1. Supertranslations: the action on I'gpps is given by,
6¢ap = 0Ty =0, 6¢Cap = f0uCap — 2DaDpfTF + fToy, (2.34)

while its action on A, is
0fAq = fouA, (2.35)

2. Superrotations: the action on I'gpps is given by,

6vap = Lvap — 20qap, v Cap = LvCap + aCop + uaN,, (2.36)
5VTab = ‘CVTab - ZDquDCTF, (2.37)

and on A,,
5VAa - ulxauAa + ﬁvAa. (2-38)
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3. Large gauge transformations (LGT): the action on the gravity side vanishes,
5\qab = 0rCap = 6\ Tap = 0 (2.39)

but on Fgf]‘\i/f is the usual,
0 A, = DyA, (2.40)

Just for reference, we will need the contravariant version of some of the above identities. In

the case of the upper index tensors, the variations are,

ovC? = L£yC% 4 210, C% 4 30 (2.41)
5\/Au = EvAa + uzxauA” + 20 A® (242)

From the action of the symmetries we see that the symmetry group acting on (2.32), let us
call EYMy, is a semi-direct product of GBMS4 and G*, where G is the group of symmetries
generated by the large gauge transformations (the A’s) in the Yang-Mills sector. This semi-direct
property translates to the Lie algebra, enm,,

epmy = gbms, X g, (2.43)
where g is the Lie algebra of G. The mixed variations are:
(07,601 =0, [0v,0)] =06_rya (2.44)

We can write the algebra in a more compact form, as in (2.7),

[5(f1,v1,m)r‘5(f2,V2,A2)] = 5( V) (2.45)
with
f Ly, fr—aifa— (14 2) (2.46)
V o= Vi, Ve (2.47)
A= (Mg — Ly + Lyh (2.48)

Observe that since we reduce the parametrization of the asymptotic group to independent func-

tions, the modified bracket coincides with the usual bracket (e.g., ;A = 0).

2.2 Charges

The symplectic form in the YM radiative space )%, is given by

O (6,8) = [ Tr(60,A" N6 As) yaduds, (2.49)
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which is the YM version of the radiative spaces introduced in [4]. The standard charge for the

radiative phase space )%, is given by

Q= /j Tr[0, A"D,A]/Gdud?x. (2.50)

By integrating by parts and along .7, this expression is also equal to a boundary term,

Q) = /a TN, A" qdud?s. (2.51)

In the previous chapter we found the complete expressions for the GBMS charges, Py and Jy,
imposing the compatibility with the Poisson algebra structure on the phase space. We will
proceed with the same strategy in here, allowing extra terms in the charges,

Py = PgPMS 4 piM, (2.52)
v = JyPMe 4+ M, (2.53)
Qv = M+0f, (2.54)

where P}KM and | %;M are the contributions of the YM field to the supermomentum and superrota-
tion, and Qf is the (a priori possible) pure gravitational contribution to the Yang-Mills charge.
By imposing that the brackets between the charges resemble the variation algebra (2.45), con-

ditions on the extra terms will be obtained. The steps are as follows.
1. ovQx = {Q,, Jv}: candidate for ]%fM
2. 5¢Qa = {Pf, Jv}: candidate for P}/M.
3. GBMS Poisson-algebra for P}/M and JJM.

Of course, we can naturally set Qf = 0, since otherwise we would have a non-trivial Yang-

Mills charge from Minkowski in a pure GBMS context.

221 {QJv}
The algebra has to satisfy,

{Qr v} =0vQr = —Qrya, (2.55)
and also
{Qn v} = =8Jv = = yM, (2.56)
since 5, JGBMS = 0. By a straightforward computation, the first equations hold,

ovQi=— /, Te[0,A"D, (LyA)]/Gdud®x = —Qz,», (2.57)

where we use Ly /g = 2«,/q and Ly (dA) = dLyA (a consequence of Cartan formula).
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The expression for the symplectic form (2.49) provides us with a clear ansatz for J\M,

M .= / Tr[9, A%y A,]/Gdud?x, (2.58)
52

which is quadratic in A,. Apply 6,,
M = [ T, A (DuLy M) adud®x = Q) (2.59)
7
and therefore the first equations are satisfied.

222 {Qy, Pr}

Next, we look for a candidate for PJ}/M, by imposing

{Qn, Pr} =6,Qr = 0. (2.60)

and
{Qn Pr} = —6,Pf = —5AP}”M, (2.61)

A straightforward computation gives
55 Qi = / FTR[2A"D,A + 8, A9, Ag, Al]/Gdud?x = 0. (2.62)
g

Thus, PfYM € Ker(0,), when 6, viewed as an operator. As in the previous case, an ansatz can be
used from (2.49),

PYM = /j Tr[9, A% Ad] /Gdudx = /j FTr[0,A"D, A,) /Gdud?x. (2.63)
With this definition in mind, we take the variation ¢,,

5\PYM = /] 2fTr[0, A", D,A]/Gdud?x = 0. (2.64)

2.2.3 Closure of ]%;M and PfYM

Now that we have the candidates for the new ]y and P;, we must verify that the subalgebra

generated by them closes on eymy. In particular, we will see that the set of phase space functions

generated by JJM and P}(M satisfies the equations

{ng/ P}/M} = 5VP}/M = _P\l//(f)/ (2.65)
WM, PMY = =6 ™ = —Pylh, (2.66)
(P PEMy =0, {0 = Ty (2.67)

so that the full algebra spanned by {]v, Ps} closes. The easiest one is the abelian part,
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5 PIM =2 / FTr[0, A" A,)/Gdud®x = / FTr[0, A", Ag)/Gdud? —0, (268
B4 0.7

u==oo

by the decays on A, (u, x). For the mixed variation, we have,

M = [ 6TeR. A (wadu Ao + Ly A) TP
5

= /y Tr[(Lvf — fzx)auAaauAa]\/ﬁdudzx + /ay Trfua (9,A%9,A,) -I—fauA”EVAa]\/ﬁde,
— M, (2.69)

where the last integral vanishes again due to the decays in A,. Next we verify the other mixed

variation,

sPPM = [ fovTe(o,A", Al fduds
- _/ (EVf_“f)Tr[auA”auAa]ﬂdud2x+/ “"‘fTr[auAaauAa]\/ﬁdude
o 0.7
- ‘)//M (2.70)

Finally, after some computations (using the same techniques as above), the bracket { J ‘};1M , ]%;ZM

can be checked,

{]%M’ ]%;2M} = 5V1]%;2M = ][};/11\/,1‘/2} (2.71)

2.3 Symplectic form

In this section we derive a symplectic structure on I'ry); such that the charges act canonically
on the phase space. The symplectic form in the YM radiative space I'}%, is given by (2.49). Such
expression is valid for any metric, as long as the space is asymptotically locally Minkowski [4].
Thus, is valid for any metric on each I'; from the split (1.94). The natural candidate for the I'ry
symplectic form is

Qeyam = Qcams + O, (2.72)

Since the pure gravitational parts of Py and ]y are compatible with Qgpums, and Qgp Ms(+,0)0) =

0, we only need have to verify the following identities

O (8,8¢) = 6PPM, O3 (6, 6v) = Ty, (2.73)

which we already take as an ansatz for each extra term, (2.58) and (2.63).
Finally, observe that this identities are compatible with condition 1 in section 1.7,

0"M(6y) = M (2.74)

We have arrived at the main result of this chapter: to show that GBMS can be coupled to
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other asymptotic symmetries groups, as it is the case of large gauge transformations for Yang-
Mills (associated to the leading charges). A natural questions is whether GBMS can be coupled
consistently with extensions of asymptotic symmetries groups. This discussion will be delayed
until the end of chapter 4, where we will understand the extension of the asymptotic symmetries
in YM.
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Relations with the Covariant Phase Space
Extensions

This chapter will provide the connection between our results in chapter 1 and the ones from
covariant phase space formalism, [31,40,41,43,46,54], trying to understand the extra boundary
terms arising when extending from BMS to GBMS.

The natural framework for the covariant phase space formalism is the jet bundle, where fields
and their derivatives are sections of a fiber bundle over the spacetime M, [74]. We provide a
review of Cartan calculus on this spaces in chapter A. We encourage the reader who is not
familiar with these topics to look at the appendix.

The focus of this chapter in on the concept of charge in general relativity, and the differ-
ent prescriptions one can take. First, we present the Noether charges and Iyer-Wald charges,
which are going to be used throughout this chapter. After a discussion of the charges given by
Ashtekar-Streubel ( [4], [5]), we review the charges given by Compere, Fiorucci and Ruzziconi
( [31]). Then, we proceed to use the extensions in the covariant phase spaces to explain the

“extra” boundary terms that arise when the boundary metric is also a dynamical field.

3.1 Motivation

As we presented in chapter 1, when extending BMS to GBMS we are introducing an extra field
in the phase space, which in the symplectic form (1.147) appear explicitly in the 05 term as
dap, the metric on the celestial sphere.

Covariant phase space methods are useful in the construction of charges (e.g. [12,37,38]),
and provide a formal framework easy to generalize in various context, such as gauge theories
and gravity. In [39], Freidel and Donnelly proposed a general procedure to associate a gauge-
invariant classical phase space to a spatial slice with boundary by introducing new degrees of
freedom on the boundary. This is precisely the situation in GBMS: the boundary, 0.#, which
can be thought as the celestial sphere, contains the new dynamical field q,,. In other words, the
presence of the boundary promoted some pure gauge transformations to physical degrees of

freedom. Their proposal was to consider a counter-term, involving fields on the boundary, that
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cancels the non-covariance of the symplectic potential. In the case of gravity, these fields on the
boundary are embedding of a neighbourhood of the Cauchy slice to M. In [54], Speranza con-
structed a prescription to couple the embedding map to the theory, by writing the Lagrangian
in terms of the pull back fields.

Recent works ( [40-46]) have emphasized the existence of an universal symmetry group,
called the extended corner symmetry group, with many properties such as maximality [44]. Roughly

speaking, the gravitational symmetries on a corner have the following structure, [44],
(Diff((S?) x GL(2,R)) x (R2)S" (3.1)

Each term corresponds to a different symmetry acting on the corner surface: Diff(S?) are the
diffeomorphisms on the sphere, GL(2,R) are the surface boosts and (R2)S” are the translations
on along both outgoing normals. In the case of null infinity, its boundary 9. = .#," — /™,
located at u = oo, is invariant under such (super) translations, so the whole group is surface
preserving, [39], and reduces to

(Diff((S?) x W) x s, (3.2)

where we can identify the superrotations, W is the Weyl group (rescalings) and s is the infinite
dimensional abelian group of supertranslations.

In [46] Freidel showed that by dressing the Lagrangian by an embedding field, the sym-
plectic form is modified in such a way that allows for a canonical representation of supertrans-
lations. In [53], Ciambelli, Leigh and Pai showed that working with an embedding mapping
parametrizing the extension of the phase space, nonzero charges can be integrated for all dif-
feomorphisms, giving a representation of the extended corner symmetry, without any central
extension.

The charges (1.130) and (1.131) are integrable (from the symplectic form (1.147)), have no
central extension and are compatible with the leading and sub-leading charges given by the
soft theorems ( [22]). Therefore, the natural question is whether they are a representation of
the extended corner algebra. As we will see, |%” can be understood as a necessary term coming

from the surface preserving subalgebra of the extended corner algebra [39,43].

3.2 Charges in General Relativity

In this section we present the notion of Noether charges and Iyer-Wald charges.
In this chapter, we will use the following notation:

e d,1and L are the exterior derivative, interior product and Lie derivative on M.
e /,1and £ are the exterior derivative, interior product and Lie derivative on solution space.

e We denote the tangent vector fields to solution spaces as characteristics, and use the letter
q (instead of the usual “0¢” for some field ¢).
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e Given a diffeomorphism ¢, it generates a flow on solution space and therefore it has asso-

ciated a characteristic tangent to solutions. We denote such the characteristic as .

For more details, we refer the reader to chapter A and the references provided there.

3.2.1 Noether Charges

The Einstein-Hilbert Lagrangian,
28] = R(gldug, (33)

gives the following symplectic potential,
ol = [ 0alas, = = [ V=g (V'(Lighh — VAL dSu  (34)

where we use £,¢ as the usual “6¢”. By evaluating the symplectic potential on a E([12]) we
can compute the Noether-Wald charge,

Qe = 0[¢] = 2/=g (V&) (d"2x) 0, (3.5)

which are the Komar integrands ( [75]). For instance, one of the applications of these charges

is the well known Smarr formula for an isolated horizon, [76],

1
M= —rA+20], (3.6)

where x and Q) are the surface gravity and the angular velocity of the black hole horizon.

3.2.2 Iyer-Wald Charges

In terms of the Noether charge and the symplectic potential, the Iyer-Wald charges [12] are
given by the integration of the following codimension 2 form,

kg = 5Q§ — Q(gg - 159. (37)

We call the form k the Iyer-Wald form associated to ¢. For the Noether charges as in (3.5), the
expression for the Iyer-Wald form is the following, [12,58],

ke =2,/—g <gﬂvphvp — TR+ 8, VR 4 %hV”@‘” - hpvvpa) (d"2%) 0, (3.8)

where hy, := 6¢,y. The charge is denoted as

$H; = | ke (3.9)

which defines the Iyer-Wald surface charge. The symbol § makes explicitly the generally non-
integrable character of the charge. We can split the Iyer-Wald charges in terms of the integrable
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and non-integrable terms,

L’SHEZAzéQg—Qgg—l§9:5<AZQ§> -f—Eg, (3.10)

where E¢ is a 1—form in solution space,

[1]

== [ Qi+ (3.11)
We have two alternatives regarding this non-integrable term:

1. Define a new field, on the boundary, that restores the integrability (cf. subsection A.2.4).
2. Define stronger boundary condition so that the non-integrable part vanishes.

We will see below examples of both solutions. First, let us define the embedding mappings.

3.2.3 Embedding Maps

To express the field-dependence of the embeddings, take amap ¢ : S — C®(.¥ — M), from
the solution space to the set of smooth embeddings ¢ : .# — M.

In a field-independent case, the map is constant, the exterior Lie derivative £ commutes
with embedding pullbacks and therefore integrations are independent of the field (which is
the formal statement that “the variation goes inside the integral”). But in the case of a field-
dependent embeddings, the pullback and £ do not commute (see [43], [53], [45]). Consider
g a characteristic, tangent to solution space &, and denote by G* the pullback of the elements
in Im(QG) (we abuse a little bit notation here to ease the formulas). Since g is tangent to S, it
defines a flow ®/ such that

d . . .
2@ =ale), €S (3.12)
dt t0

This flow defines a flow on Im(¢) C C*(.# — M), through G. Then, the exterior derivative of
@G in field space, when contracted with a characteristic, gives a tangent vector on C®(.# — M),

which is a vector field on .7, generating a diffeomorphism of .#:
S5 (s — M) 2 Diff(.7), (3.13)

where X(¢) := o e;l, where e s is some reference embedding . We can compute the differ-
ential of the map X o ¢ evaluated on g. First, the differential of ¢ on g is

d

oGlq] = T

LG (D) =0 - (3.14)

IWe are taking e » | v asequal to e s to avoid extra symbols in the formulas.
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d _
X oG)lg) = G(®oe| - (3.15)
t=
This is the differential evaluated at g, based on a general point ¢ in S.
A couple of formulas from the appendix are going to be used in the following. The first one

is the commutation of ¢* with the exterior derivative in solution space,
0G e = G* (ba + ,CXG&), (3.16)

where x(g; Q) is a vector field generating an infinitesimal diffeomorphism on Diff(.#),
d q q\—1
X(4:G) = 2 G(P)G(®) | (3.17)
t=0

By formula (3.15), the above equation can be written as the Maurer-Cartan form for the embed-
ding with respect to a fixed field configuration, e ~, and therefore we have

x(4:6) = xglgl = 6(XoG)o(Xog) ], (3.18)

which defines a 1—form )¢ in solution space.
The second formula is the extended symplectic potential, computed from the definition of
the action as

512,61 = [ Z(Grud), (319)

where G,k is the extension of ¢ to the bulk. The explicit dependence on the map ¢ is what
makes the corresponding phase space enlarge: we are including the embedding as the extra
dynamical variable. The symplectic potential can be computed, resulting

Ocov = 0 + 1y, L + dQy..- (3.20)
In the case of gravity, on-shell we have .2 = 0, so
Ocon = 63" 4 dQXgI (321)

where 03" is the usual symplectic potential (which, in the case of GBMS, comes from a renor-
malization, [31]). The extended symplectic form for gravity is then,

Q6= [ GL(00) + |G (1,0 4+ 6Q, + L3, Q) (3:22)

The first term is the usual symplectic form, while the extra boundary terms are the new extra
terms due to the inclusion of ¢ as dynamical variable. The last two terms in the boundary
term are part of the corner ambiguity, 46,54 ], depending on which prescription one uses. Our
prescription, the same as [ 54 ], reflects the covariance of the action with respect to the embedding
map. We will discuss this later in section 3.5.
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3.3 Ashtekar-Streubel/Barnich-Troessaert charge computation

In [4], the symplectics potential and form for the radiative phase space in general relativity were
defined on .,

Oyt = / NapdC /Gdud?x, Qg = / SNy A 8'CJqdud?x, (3.23)
B4 54

We can compute the integrated charge flux along .#, which is the integral of the Noether current.
As we will see, it can be regarded as a boundary term after discarding boundary terms by im-
posing stronger fall offs on the fields. This is one of the main differences between the integrated
version of the charges and the corner/surface: for certain restrictive fall offs, the expressions
coincide.

For instance, the fall offs for C,;, in [4] in the radiative space are

Cap := C (x") +O(1/|ul), €>0, (3.24)
and imply that the charge flux is integrable, in the following sense: the equations
$P; = Ig}Q' $lv =1, Q, (3.25)

defines Noether currents that are integrable, and their expressions are

ppd = /ﬂNubﬂéfCub\/ﬁdudzx, (3.26)
= /j Nup s, Cap/Gdud’sx, (3.27)

which are integrated along .7

As a pedagogical example, let us take the computation for Py in the radiative phase space
with the fall offs (3.24) in two different ways: form the Iyer-Wald perspective, and from the flux
perspective. At the end, both results coincide.

e From a corner charge perspective,
— . b . b 2
O = - /j (8¢, NapdC™ — 6Ny 2, C*0) /G (3.28)
— s ( / 8f8uM\/ﬁdud2x> _ / FNupdC. /G2,
54 0.7

where . ,
M= —¢ BN+ 1DanI\l”b, (3.29)
the Bondi mass aspect. The charge is automatically splitted into integrable and non-

integrable parts on the boundary 9.7.
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e On the other hand, using the flux perspective,
O = /ﬂ (6(Nay g, C™) = Napd 25, C — 25 NyydC™) /qdud® (3.30)
_ /j 6(Nap 2, ™) /dud?x — /a  FNwoC™ /i,

which gives exactly the same result, but the starting point of the procedure is to directly
go to the integrable part of the expression (3.26).

The same computation can be carried out for super angular momentum, although it is more
involved due to the handling of the terms of d,N*, (1.29). As we mention, there are several
prescriptions for the definition of the Bondi angular momentum aspect, (1.24), (1.25), which in
principle could lead to different expressions for the charges. In the case of GBMS, we will see
that the covariant prescription (the one in [60]) is more convenient.

The non-integrable part in BMS is given by ( [29]),

Epus = /a ) ((F +ua)NyoC™) /s, (331)

which can be seen immediately as the integral of —:z0 in (3.10) (cf. and (A.110)),

EpMs = — / 160144 (3.32)
9.7

Let us explore both options regarding the non-integrable term, cf. subsection 3.2.2. In view
of [39,43] , if we have a non trivial embedding (a non constant map (), then we can construct
the extra boundary term that restores integrability. In our case, since dg,;, = 0 both for ¢ and
¢v, we see that the embeddings are trivial. This is in contrast to the case where the gravitational
subsystem is in the bulk of M, [39], where supertranslation act moving the boundaries in a non-
canonically way, and therefore a precise study has to be done [46]. In our case, supertranslation
only act on the constant mode of the shear, cf. (1.49).

That leaves us with the second option: stronger boundary conditions. Imposing the AF
conditions of chapter 1, and the condition

lim N =0, (3.33)

u—=+oo

we are setting the term Epj s to zero, while allowing non-trivial dynamics. Consistency condi-
tions with the convergence of the integrals, together with the previous limit implies the radiative
fall offs,

Cap(ut, x) = C(x) + O(1/u'te). (3.34)

By imposing this decay for C,;, we re obtain BMS action.
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3.4 Compere-Fiorucci-Ruzziconi charge computation

First in [29] for the EBMS and then in [31] for the GBMS, the charges corresponding to the
symplectic form integrated along the hypersurface g;" UUT UU~, with g/ = {r =}, U~ =
{u=u_}and U" = {u = u, }, for certain values r, u*. Taking the limit  — o0, g," becomes
asubset of /.

Figure 3.1: Hypersurface g;" U Ut U U~ for the calculation for the BT symplectic form.

As we saw in section 1.5, the symplectic structure diverges in the limit r — +o0, since we
have contribution due to dq,, # 0. After a suitable renormalization, the variational principle
implies that a balance between the symplectic potential fluxes on U* and g, must be exact.
A symplectic form is given in g,". First, the variation of the action is computed, having three

contributions,

05 = /w O drdx + /ﬁ B frdud®x + /L . o drd2x, (3.35)
with

0 = O =0("7). (337)

Assuming no incoming gravitational radiation from .# ~, and ignoring the corner symme-
tries for the moment (which will be the main subject of the next chapters for gravitation, Yang-
Mills and Maxwell), we have that (on-shell) only remains the central term in the above expan-

sion,

1 1
Oftux = /ﬁ Vi <2Nub5c“b — ZlR(q)Cub(Sq”b - UbDaéq”b> dud®x. (3.38)

The symplectic form is then
O= 5@f1ux, (3.39)

from which the charges are computed as the Iyer-Wald charges, using the formula (3.7). The
final result is the following,
$Hz = 6(Qz) + e, (3.40)

51



Chapter 3

where the integrable term is given by,

Q=2 /B ) <4PM +2VAN, + 116Y“D,1(CbCCbC)) Jidx, (3.41)

while the non-integrable term is

[1]

e=2 <;F(N“b + %q“bR(q))zSCab — 20(,FUy 69" — FD(, Uy 09" — iDchFCubéq”b> Vqd?x,
7
(3.42)
where F = f + uax. The first contribution is the integrable Noether charge, while the non-

integrable part is equivalent to the following term [31],

Eg =2 /ai [é*eflux- (343)

Together, they can be written compactly as

IO = /j (dize 01y + 0dQ;) (3.44)

where the Qs term in (3.7) gives a vanishing contribution at leading order. Observe that this
is the same structure as we have in (A.110).

The fluxes associated to the infinitesimal charges § Hz on .# * are given by

Fro= /{)¢+ 9,6 Hzdu (3.45)

Of course, this integral has to be defined with care, since it is not guaranteed to be finite. In fact,
as it is explained in [31], some prescription have to be taken for the boundary conditions for
C,p- For example, if we consider the flux balance in .# © [7] we have the Bondi mass formula at
fixed u,

d 1
M= /S NN, (3.46)

This is the well-known leakage of energy through .# T is the responsible for the non-integrability

[58], a thermodynamical-like identity used also in other contexts, such as in emergent gravity

(seee.g. [77]).

Finally, regarding the Poisson charge algebra, the presence of central extensions in other
formulations of the charges, such as in [31] and [29], is a generic result given by the Charge
Representation Theorem, both in the integrable case ( [78,79]) as well as in the non-integrable

case ( [58]).

In [31], the authors defined a new bracket,
{Hz, Hey b = 0, Hey + Bg, [07,], (347)

which is isomorphic to the Lie algebra of diffeomorphism up to a field-dependent 2 cocycle:
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{Hgl’ng}* = H[Clléz}* + KCl,sz (3.48)

with
1 1
Ke g = /S <2F2D,ZF1D“R[q] + ZCbCTZDbDCDdel> dud®x — (1 < 2). (3.49)

3.5 GBMS computation - Review

In chapter 1 we constructed a symplectic form on T¢BMS such that the charges (fluxes in the BT
nomenclature) Pr and Jy act canonically.
We obtained a symplectic structure §°MS that can be split into three contributions,

QGBMS — ehm’d T Qsoft 4 Gaiﬁ, (350)
where
ghard  _ /j N8y /Gdud? (3.51)
oot = [ NS, (6)\/Gd%x, (3.52)
0 = —% » Cab (65C, — S — C5(6))/Gd2x. (3.53)

The soft term is linear in Iif b and corresponds to those found in [22] and [31], while the bound-
ary term contain quadratic in C terms. It is important to remark that these terms are non-local,
since it has been shown [80] that there cannot be a symplectic structure at .# that supports the
action of GBMS, if it is constructed from a local and covariant symplectic current. This non-
locality comes in T3, which depends non-locally on g,;, and on C*, which depends non-locally
on Cgp.
As we mentioned in subsection 3.2.3, the extended symplectic potential is given by (3.20),
[43],
Oui= [ GO +Qy,), (354)
RxS?

which leads to the symplectic form, (3.22)

Owoi= [ i+ [, Girliagbraa + Qs + L2, (3.55)
R x S2 s2

The first term is the usual radiative term, which we already analysed in section 3.3. The corner
term involves only evaluations on )¢, which given a characteristic g it gives the vector field on
& generating the corresponding embedding. Therefore, the variations that will be relevant in
the calculation are those for which é4,;, # 0, so we can assume f = 0. By Proposition (1.1), any
variation dq,;, can be written as dyq,, so this implies that any characteristic g such that x¢ is
non-zero is associated to a diffeomorphism generator. Then, without loss of generality, we can
evaluate the symplectic form on two characteristics &y, &y .
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o Take (A.112), and contract with two generators, ¢y and ¢ :

Ie Ie </€M Q*(‘xggﬂux)> = /JM g*(lm[gw]eﬂux[‘fv] - ng[gv]eﬂux[‘fw])~ (3.56)

The embedding vector x¢ [Ew] = —¢w,asa tangent vector on .#, has two directions with
respect to the celestial sphere: two tangential d, and one transversal d,,. When computing

byoléw] /1ux[&y], we are contracting with the component along 9, giving

/a bele @IV = (V0 W) = /a N0y Cop /il — (V6 W), (357)

By the fall-offs on C,;, this term vanishes. This implies that the first term gives no contri-

bution.
e For the last two terms, we use identities x¢ [Ev] = =&y,
e T (00 + LxoQxs) = L6, Quettn T LrelenQuetew — (V 0 W) (358)
= ('gév — 'CgV)QXg[éw] — (V — W), (3.59)
which is the anomaly operator, see e.g. [45,81-83]. Observe that in our case, when evaluated
on phase space coordinates,
(£, — Le,)Chp = —aC, (L2, — L&y)dab = =20, (3.60)

the anomaly operator is the Diff(S?)-weight times the identity!

In BMS, the Noether charge is given by (3.41), which after taking f = 0 (since é7g,, = 0)
and integrating by parts, results

1 s
Qs = /a (g M 2N — caw (G C ) ada (3.61)

By integrating by parts on the sphere, the first two terms in the integrand can be written
as
2W* (N;° — uD,M™) (3.62)

This resembles the prescription due to Hawking, Perry and Strominger for the Bondi an-
gular momentum aspect, (1.25), although it involves extra terms. Nevertheless, when

computing (3.59), we see that N/'"S is indeed the “covariant quantity”.

The only non trivial term in the last contribution in (3.61) is

1 AL A 1 At A

gcvaw(c;';cﬂb) — (Ve W) = ga[v,w](cgﬁcﬂb). (3.63)
For the computation regarding the first two terms, we have to use equations (1.29) and
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(1.28). The result is

(L, — Lay) (duawM* +2WINS) — (V & W) = LyW'C* "Dy + %a[vm (GiEC*eby
(3.64)
Observe then that the sum of this boundary contribution is exactly ][a{/ﬁ W)’ cf. (1.127).

Putting it all together, after using N,;” — N, = f 0y N,, (1.29), (1.25) and some rearrange-
ments of terms, we arrive at

I, Is, (Qeoo) = I, — 4 /f Ly W9, N HPS /miy gy, (3.65)

which, in turn, satisfy

4 / V9, NHPS /gdud?x = Jlord 4 37 (3.66)
B4

The extra term, ]?,'] , can now be understood as a necessary term coming from the surface
preserving subalgebra of the extended corner algebra. The notion of covariance with respect
to the extended corner symmetry for NP5 is directly related to its definition in terms of the

Riemann tensor, [60],

lim 7*Rypy = NHPS 4+ 49, M. (3.67)

r—oo
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Part 11

Phase space extensions in Gauge
Theories
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Subleading charges and O(r) extensions
in Yang Mills

Inspired by the BMS generalization due to a relaxation on the metric fall-offs, it was proposed
in [24] thatlarge O(r) gauge symmetries can explain similar tree-level gauge theory sub-leading
formula [20]. Whereas the proposal was initially established in the context of massless scalar
electrodynamics, its validity was later extended to more general charged matter [54], higher
dimensions, and non-abelian gauge fields [67]. In these investigations, however, there was no
explicit description of the underlying phase space where the symmetries act. In particular, it
was not possible to calculate the algebra of charges.

Since the seminal work of Strominger [ 19] it has been understood that the leading soft gluon
factorization can be understood as a conservation law associated to large O(r°) gauge symme-
tries (see also [85-89]). On the other hand, the symmetry interpretation of the subleading
factorization is more subtle: The asymptotic charges are known thanks to the work of Lysov,
Pasterski and Strominger (LPS) [20],! but it is unclear what the underlying symmetry algebra
is.

In the present chapter we review the improvements on this situation as it is shown in [73].
As in the gravitational example, we proceed by first identifying the appropriate “kinematical”
fields that allow for O(r) gauge symmetries. There is however a major difference between the
gravitational and gauge theory cases: Whereas superrotations form a closed algebra, O(r) gauge
symmetries do not, since their commutator is generically O(7?). In fact, once O(r) gauge trans-
formations are allowed, one is forced to include O(r") ones for all positive integers n. In order to
avoid this proliferation, we will work in an approximation where the O(r) gauge symmetries are
linearized, thus effectively setting to zero the higher order terms. This restricted setting still al-
lows for interesting structure, in particular regarding the algebra between O(r?) and O(r) gauge
symmetries. We hope our approximation describes a truncation of an underlying (tree-level)
non-linear structure. The hope is based on (i) the results of [50] (and also the next chapter)

imply, in the abelian case, a one-to-one correspondence between O(r") large gauge charges and

IThe work [20] is in the abelian context but it admits a direct generalization to the non-abelian case; see e.g. [$4].
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tree-level sub”~!—leading formulas [48,49], and (ii) the recently discovered [90, 91] infinite
dimensional chiral algebra obeyed by tree-level (conformally) soft gluons of a given helicity.

4.1 Radiative phase spaces

We consider pure classical Yang-Mills theory with a matrix group G in 4d flat spacetime. We
denote by g the Lie algebra, [, ] its Lie bracket, A, the g-valued gauge connection and

Fyy — a”Av - aVA],{ + [./4],{, AV], (4:.1)
the field strength. The field equations are

with V, and D, denoting the metric and gauge covariant derivatives respectively. Local gauge

transformations are parametrized by g-valued functions A as
The “bulk” symplectic form is
Qbulk — _ /E dS, Te(6FM ASA,), (4.4)

where Tr is the matrix trace and the integral is taken over any Cauchy slice X. The symplectic
form can be used to obtain canonical charges associated with symmetries. In particular, for the

gauge symmetry (4.3) one has
bulk _ _ /Z 45,9, Tr(AF™), (4.5)

where the charge satisfies SQ3k = QPuIk(§, 4, ).

To describe the gauge field near future null infinity, we employ retarded coordinates (r, u, x*),
where r is the radial coordinate, u = t — r the retarded time, and x* coordinates on the celestial
sphere. The flat spacetime metric takes the form (1.4). Since the round metric on the celestial
sphere is fixed, we will denote it simply as q,,. The “bulk” gauge field A, induces a gauge field
A, at null infinity,

Ag(u,x) = lim A, (r,u,x), (4.6)

r—r00

that is unconstrained by the field equations and thus plays the role of free data. We will work
under the assumption of “tree-level” u — £co fall-offs, in which the u-derivative of the asymp-

totic gauge field decays faster than any power of 1/|u|. Schematically,

9y As (1, x) = O(1/|ul™), (4.7)
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consistent with a O(w?) subleading behavior in the w — 0 frequency expansion.” This still

allows for non-trivial asymptotic values of A, at u = £oo,

AE(x):= lim A, (u,x). (4.8)

u—r+too

The gauge field near null infinity can be determined in terms of A, (1, x) by solving the field
equations (see e.g. [19,92] and section 4.2). We denote by I'™ the resulting space of gauge
tields and write schematically

2~ {A, (1, %)} (4.9)

Under standard fall-offs, the bulk symplectic form (4.4) can be evaluated on the surface ¥ —
# 7, leading to the symplectic form

Qrad — / X Tr(80, A% A 5A,1)dud2x, (4.10)
7

where A® = 4%° A} and the determinant ,/7 is implicit in the 42x measure. We refer to the pair
(rrad, Orad) as the radiative phase space. It is the YM version of the Maxwell and gravity radiative
phase spaces introduced in [4].

We denote by D, the gauge-covariant derivative at null infinity,
D, := 9, + [As, ], (4.11)

and use d, to denote the sphere-covariant derivative compatible with q,, i.e. 9.4, = 0.

4.2 YM field near null infinity

We will work in harmonic gauge
VFA, =0, (4.12)

although we expect our results to be valid for more general gauge choices. Starting from the
standard O(r!) free field fall-offs, one is lead to the following asymptotic expansion:

0,In 0 1,In 1
A = L(InrA, + A) + S(InrA, + Ay) +0(r73),
0In 1n2 Lin 1
A, = Dra, + rlz(ln2 rAy+InrA,+ Ay) +o(r 2), (4.13)
LIn 1
A = A+ 3i(InrA,+ Ag) +o(r 1),

where all coefficients are functions of u and x“, and o(1/7") denotes quantities decaying faster
than 1/r" as ¥ — oo. We show in appendix A of [73] that (4.13) is consistent with the field
equations and the harmonic gauge condition. It is also showed that the r — oo expansion of

both equations leads to a hierarchy of equations that can be recursively solved to determine

2Condition (4.7) is in fact stronger than what we strictly need in this paper. In order to get a O(w”) sublead-
ing behavior it suffices to require 9, A, (1, x) = O(1/|u|>*€). We however keep (4.7) as it represents the fall-offs
compatible with an all-order power expansion in w, as available for tree-level amplitudes.
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the coefficients in (4.13) in terms of the free data A, (modulo integration constants that can be

specified by boundary conditions in u).

The field strength is found to have the following leading » — oo behavior,’

Fu =1 2Fy+0(r2), Fu=r2Fa+0(r™2), Fu=Fu+o(l), Fup=Fp+o(l). (414)
From (4.1) and (4.13) one has
Fua = auAa, Fﬂh = aaAb - abAa + [Aa, Ab]. (4.15)

F.a plays the role of asymptotic transverse chromo-electric field and F,;, is the curvature of A,
when viewed as a 2d gauge connection on the celestial sphere. The remaining leading compo-

nents in (4.14) are determined by the asymptotic field equations,

9uFu+DFu = 0, (4.16)
~29,Fyq + D,Fy + DYF,, = 0, (4.17)

We shall later integrate these equation using the boundary conditions

lim F,(u,x) =0, lim F,(u,x)=0. (4.18)

U—r—400 U—r—+00

In analogy to the abelian case [11,18,50], we interpret (4.18) as due to the absence of massive
colored fields. Similar u — +o0 boundary conditions may also hold for other coefficients of the
field strength, but (4.18) will suffice for our purposes.

4.2.1 Residual large gauge symmetries

In order for gauge symmetries (4.3) to be compatible with the harmonic gauge, they must satisfy
VHoNA = VDA =0A+ [A,, VFA] = 0. (4.19)

This introduces a field-dependence on residual gauge parameters. For the moment, we notice

that the commutator of field-dependent gauge transformations can be written as (see e.g. [92]),
[6n, Onr) Ay = Ojp A= An,s (4.20)

where the modified bracket is defined as
[A, A']* = [A, A']+ AN —SpA, (4.21)

where 65 A’ is the change in A’ under a gauge transformation J, due to its non-trivial depen-
dence on the gauge field. One can verify that [A, A’]* satisfies (4.19) provided A and A’ do

3The gauge field (4.13) appears to introduce logarithmic terms that are overleading to those displayed in (4.14).
These however vanish due to the field equations.
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s0.
We will be interested in large gauge parameters with leading behavior O(r°) and O(r!). We

denote these two types of parameters by

As it is showed in Appendix B in [73], the coefficients A(x) and ¢(x) are the “free data” for the
gauge parameters and the dots represent subleading terms that can be determined by solving
(4.19). Notice that only the O(r°) gauge parameters are compatible with the radiative fall-offs

(4.13). For those one can show that*
(AL AL = Al (4.24)

In section 4.3 we will present a relaxation of the radiative fall-offs that admit O(r) gauge sym-
metries to first order in the parameter ¢(x). This will allow us to compute the bracket (4.21)
between A} and Al

4.2.2 Review of known asymptotic charges

O(r") gauge transformations & A9 A, induce an action on the free data A, that we denote by 59
and is given by
8 A, = DaA = 9,A + [Ag, Al (4.25)

One can verify this action is symplectic wrt Q4 (4.10) and satisfies
Q™d(5,69) = 6QY™ (4.26)

with
QUrd — / Tr (3, A®D,A) dud?x. (4.27)
It

An alternative way to obtain this charge is to evaluate the bulk expression (4.5) for A = A and

Y. — . Since (4.5) is a total derivative, this results in a pure boundary term (see e.g. [26])
Qfred = / Tr(A(x)Fu(u = —o0,x))d*x, (4.28)
a

where .7 ~ S? is the u = —oo boundary of .# . The equality between (4.28) and (4.27)
follows from the field equation (4.16) and the boundary condition (4.18).

41t is easy to verify that in this case the leading term of the bracket (4.21) is given by the ordinary bracket. Since
the leading term determines all subleading terms via the gauge parameter equation (4.19), one concludes both sides
of (4.24) are equal.
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LPS charges

The sub-leading soft gluon factorization formula takes the same form as its abelian counterpart,
with color factors replacing abelian charges [93]. Since we are dealing with pure YM theory, the
external colored states are just gluons. The corresponding creation/annihilation operators are
proportional to the negative/positive energy components of the Fourier transformed asymptotic
gauge field,

A(w,x) = /Oo due' " A, (u, x). (4.29)

The non-abelian version of the LPS charges are parametrized by Lie-algebra valued sphere vec-
tor fields Y* according to
Qv = Q¥ + Q™ (4.30)

where
Qsft =2 lim 3, (w/d2xTr(YZa§Az(w,x) + Yzaﬁﬁz(w,X))) (4.31)
w—

(z and z are stereographic coordinates on the celestial sphere) and Q4™ is defined by’
[Ql}}ard, Au(w/ x)]op = 5YAa<w/ x); (432)

Sy Aq = [0,Y — w Ly, As] = [0,Y%, 00w Ad] — w0 ([Y?,0A0] + [3.Y?, Ap)). (4.33)

Following [20], one can use these definitions to obtain expressions of the charges in terms
of the radiative data A,(u, x). One finds

¥t = —2/dud2x uTrY?920, As + c.c, (4.34)
hard / dud®x uTr (3,Y" ], — Y0, Ja), (4.35)

where
Ju = [AarauAa]/ Jz = ZqZZ[AZ' aZAZ]' (4'36)

The first and second term in (4.35) correspond to the first and second term in (4.33).° Asin [20],
the factors J, and J, are related to the O(r~2) components of the spacetime current, which in
our case is just the pure YM “current” 7, = —V*[A,, A,] — [A¥, F].

4.3 Extended phase space and O(r) charge algebra

In this section we present an extension of the radiative phase space that supports linearized
O(r) large gauge symmetries.
Whereas the standard radiative space '™ is parametrized by gauge fields A, (u, x) at null in-

SWe use |, Jop to denote operator commutators in order to distinguish them from the Lie algebra brackets [, ]. We
have absorbed a factor of i in the definition of Jy; the action of the hard charge is given by i times (4.33).

®The J, term in (4.35) differs by a total u-derivative from the expression in [20]. Our prescription ensures con-
vergence of the u integral under the assumed fall-offs (4.7).
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finity, the extended space I'*** will include an extra scalar field ¢(x) that can be interpreted as the
Goldstone mode associated to O(r) large gauge symmetries, similar to other known instances
of asymptotic symmetries [26]. This is also reminiscent of the Stiickelberg procedure [94,95],
which reinstates a broken local symmetry in the action of some field theory via the introduc-
tion of additional fields transforming non-linearly (similar to our ¢). The Stiickelberg procedure
consists of performing a transformation of the non-invariant action (for example a gauge theory
with a mass term), and then promoting the parameters to new fields.

First, we present the extended space and the corresponding action of O(r°) and O(r) large
gauge symmetries, denoted respectively by 69 and 6}. Next, we aim to identify the correspond-
ing charges QY and Q!. Rather than attempting a first-principles derivation of such structure
(which would require a subtle renormalization procedure as in [31,96]), we seek to obtain the
charges from a set of consistency conditions. The conditions are presented in subsection 4.3.2,
and the corresponding charges are derived in subsection 4.3.3 and subsection 4.3.4. Finally, by
demanding the charges to arise from a symplectic structure, we obtain in section subsection 4.3.5
a candidate symplectic form on I'™!. This allows us to realize the O(r) symmetry algebra ob-
tained in subsection 4.3.1 as a Poisson bracket charge algebra. This “reverse-logic” approach of
“charges before symplectic structure” is inspired by our previous analysis in the gravitational

case reviewed in chapter 1.

4.3.1 Extended space and O(r) variation algebra

We would like to minimally relax the radiative fall-offs described in section 4.2 so as to allow for
O(r) gauge transformations. A natural way to proceed is to apply all possible O(r) gauge trans-
formations to these radiative fields. As we previously discussed, in the YM case this procedure
cannot be done consistently without allowing for higher order O(#") gauge transformations. As

a first step, let us consider a linearized enlargement along the O(r) gauge direction:
= {4, = Ay +DuAy, A, €T™, ¢ eC®(S?)} (4.37)
Since I'™ is parametrized by fields A,(u, x), the extended space is parametrized by pairs’
I & {(Aa(u, x), ¢(x))}- (4.38)

By construction, the space (4.37) supports the action of O(r) gauge transformations (4.23). In
the parametrization (4.38), the action is simply given by

0lA, =0, Olp=ce (4.39)

We emphasize that we are working to first order in ¢ and e. All our expressions should be
understood to hold modulo O(¢?), O(¢?) and O(¢¢) terms.

7In the analogy with the gravitational case, ¢ would correspond to a sphere diffeomorphism labeling the different
superrotation sectors, see e.g. [31]. Unlike the gravitational case, we linearize the finite gauge transformation A, —

eAé'AyeiAé + eA;a;¢€7A$ ~ ./4}1 -+ ,D‘uA(}) + O((,bz)
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We next need to specify how O(r?) gauge transformations act on I'®*. In the parametrization
(4.38) we define
NA, =DaA, 8¢ =, A], (4.40)

leading to an algebra of variations
(03, 0%] = 0 ap 166,83) = Ol p, 168,80] = 0. (4.41)

We take (4.41) as the defining relations for the (linearized) O(r) large gauge symmetry algebra.
It can be shown ( [73]) that this algebra follows from the bracket (4.21) between O(7°) and O(r)

gauge parameters.

4.3.2 Conditions on O(r) asymptotic charges

Since we do not yet know the symplectic structure on I'*!, we will find the charges by imposing
certain conditions we expect them to satisfy. Our requirements for the charges are:

1. Q9\|rrad - Q?\,rad

2. Q! is compatible with the tree-level subleading soft gluon factorization
3. 80 +6;Q) =0

4. 59\Qg - [18,/\]

The first condition requires that when QOA is restricted to I'™d Tt one recovers the standard
expression (4.27) for the radiative phase space O(r°) charge (which is known to encode the
leading soft gluon factorization). As we shall discuss, the second condition fixes the depen-
dence of Q! on A,(u, x) up to (hard) quadratic order. The third is a necessary condition for the
existence of a Poisson bracket realization of the symmetries. The last condition, probably the
least well-motivated one, requires the charges to reproduce the variation algebra (4.41) without
extension terms.

Our strategy to obtain the charges is as follows. It turns out that conditions 1 and 3 uniquely
fix Qg in terms of Qg’rad and Q!, once the latter is known. The most difficult part is then to find

Q! satisfying conditions 2 and 4.

433 Q!

Condition 2 can be restated as the condition that the Ward identity generated by Q! is compatible
with the one generated by the LPS charge Qy. In the abelian case, it was shown in [24] that Qy
can be understood in terms of an O(r) large gauge charge and its magnetic dual, by splitting
the vector field Y* into “electric” and “magnetic” components

1
Y, = E(aae +elopu), (4.42)
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where g(x) and u(x) are interpreted as the O(r) coefficients of large gauge (and dual gauge)
parameters. A first guess could then be to set Q! = Qy _j,¢/>. This however does not satisfy the
gauge covariance property required by condition 4. We shall correct this initial guess so that
the resulting charge satisfies 4 without affecting its compatibility with the tree-level soft gluon
theorem. We will proceed in two stages: First “covariantize” Qy and then consider a gauge
covariant version of the splitting (4.42).

Itis easy to verify that the expression of Qy given in Eqs. (4.34), (4.35) is not gauge covariant
at null infinity, i.e.

8Qy # —Qv - (4.43)

Notice however that since Qy was read off from a tree-level soft theorem, it only captures terms
at most quadratic in A, (u, x) ( [73]). That is, Qy should be understood as giving the O(A) and
O(A?) parts of an asymptotic charge that may contain higher order terms. In addition, there
can also be O(A?) “soft” contributions that do not affect the single soft theorem (but which
could leave an imprint in the double-soft behavior). Given this freedom, we now explore the
possibility of completing Qy into a gauge-covariant charge.

A natural way to proceed is to look for an expression of the charge in terms of the field
strength, as in the rewriting of QY given in Eq. (4.28). The starting point are the asymptotic field
equations (4.17), (4.16) that relates the O(V*Z) components of F;, and F;,, given the boundary
condition (4.18). Explicitly,

Fo= 3"AF — 9"A, + / Jedid, (4.44)
u

where A7 (x) = Ay(u = +00,x) and J, is given in (4.36).

From (4.15) one finds that F,, = O(u) as u — —oo. The coefficient of the O(u) factor is
determined by the O(1) coefficient of the asymptotic value of the last two terms in (4.15). One
can then write an expression for the finite part of the u — —oo asymptotic value of F,,, out of
which the charge candidate is defined:

Q¥ = lim_ d*xTrY* (2F,; — u(D,yFyu + DYFy,)), (4.45)
- / dud?xuTrY*d, (DaFyu + D'Fyy), (4.46)

where to get the second equality we relied on the # — oo boundary conditions (4.18) to express
the charge as a total u-derivative, and used the field equation (4.15) to simplify the resulting
expression.® By construction, the charge expression (4.46) is gauge covariant, i.e. it satisfies
50 Qcov — __(OHcov
ARY [Y,A]"
We now discuss its relation with the LPS charge Qy. By direct computation ( [73]), it can

be establish the following identity,

QY = Qy + % /dud2qur(aaYb — pYa)u[AY, AT + -+, (4.47)

8Consistency of (4.18) with (4.17) requires that limy_,co F,, = 0.
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where the dots indicate terms that do not affect the tree-level, single-soft gluon behavior. The
second term in (4.47) is however incompatible with the subleading soft gluon theorem (since
the Ward identity would include also (4.33), which already captures the tree level subleading
factors) and thus presents an obstruction for the covariantization of Qy. Fortunately, such term
is absent for purely “electric” vector fields Y, = d,¢e, which, as described eatlier, are the ones
relevant for O(r) large gauge charges.’

We finally address the non-covariance in the decomposition (4.42). A first guess is to write
Y, = Dye = 9,¢ + [As, €]. This however introduces unwanted quadratic terms in (4.47) that
would spoil the compatibility of the charge with the soft theorem. To avoid this problem, we
consider a gauge covariant derivative associated to the 1 — —co asymptotic value of A,,

Y, = D,e:=0,e+ [A, €] (4.48)

With this definition, the quadratic terms introduced in (4.47) are “soft” and hence do not affect
the single soft theorem. We thus define the O(r) large gauge charge as

Q: = YoeDre/2 = /d2xTr(s7r), (4.49)
where .
m(x) =~ / duud, Dy (D"Fy, + DyF), (4.50)

is a function of A,(u, x), due to Eqgs. (4.15), (4.44), (4.48). Notice that the charge is independent
of the ¢ direction in T (4.38). This is because we are working to order O(g) = O(¢) and Q! is
already first order in e.

By construction 7t is gauge covariant, in the sense that
o =[m, Al (4.51)
This immediately implies that Q! satisfies the desired covariance property

88Q: = —Qpu (4.52)

We conclude by emphasizing that our definition of Q! does not follow uniquely from re-
quirements 2 and 4 above. For instance, one could consider a different prescription for the
covariant gradient in (4.48), or use a different field-strength component as a starting point (e.g.
Fru instead of F;,;, which lead to identical expressions only in the abelian case). All choices
would lead to an expression of the form (4.49) with slightly different versions of 7(x). It may
be that higher order relations omitted in this work (like those that would follow from the com-
mutation between two O(r) charges) could further constrain, and perhaps single out, the form

of 7t(x). The discussion in the following sections however is insensitive to the specific form of

9Eq. (4.47) appears to be in conflict with the interpretation of Qy as a sum of electric and magnetic O(r) large
gauge charges [24]. This may be related with known obstructions for a non-abelian extension of electric-magnetic
abelian duality [97]. See [98] for a recent discussion of non-abelian magnetic charges at null infinity.
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7t(x) and only uses the covariance property (4.51).

434 QY

0,rad
A

We now discuss the extension of Q to '™, Given condition 4 is satisfied, condition 3 can be

written as
5:Q% = Qlu- (4.53)

Since 6! A, = 0 and 6}¢ = ¢, the simplest extension of Qg’rad that is compatible with (4.53) is

Q% = Q¢ Qg (4.54)

In fact, this is the unique solution to conditions 1 and 3 (for a given Q!). To see why, consider
a different extension Qg and write it as

Q= +Ky, (4.55)
for some function K, on I'**. Condition 3 then implies
51Ky = 0. (4.56)

Given the action of 6! (4.39), it follows that K, must be independent of ¢. Thus, K) must vanish
in order to ensure that QY |,—¢ = QOA’rad.
It is interesting to note that due to the gauge covariance of both terms in (4.54) it follows

that
Q% = — Q- (4.57)
Together with (4.52), this implies the proposed charges Qg and Q! reproduce the total variation

algebra (4.41).

4.3.5 Extended symplectic form and charge algebra

We finally present a symplectic form Q%" on I'*** that is compatible with the charges, in the
sense that
5Q}) = 02(6,83), 6Qr = Q™(5,4}). (4.58)

Given the second condition in (4.58) and the form (4.49) of Q! we are lead to define
Ot = qrd ¢ / PxTe(670 A 69) (4.59)

where we recall that
Qrd — / dudxTr (53, A% A 6Ay). (4.60)
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Indeed, since 5} A, = 0 (and consequently 6! 7t = 0) the only non-trivial contribution to Q®(5, 6})
is
Q% (5,61) = / PxTr(67061¢p) = / PxTe(S7e) = 6 / PxTe(re) = 5QL. (4.61)

We can now verify that (4.59) satisfies the first condition in (4.58):

0%(5,69) = Qmd(s,60) + / PxTe(6720%p — 62 06) (4.62)
— sQ0md ¢ / PxTe(67t]¢, A] — [1T, A]6) (4.63)
= oQYymd 5Qfy 0 = 0Q0. (4.64)

With this symplectic form we can finally realize the relations (4.52), (4.53) and (4.53) as a Pois-
son bracket algebra, '’

{Q% Q) =Qh . {QL QL = Qe (4.65)

Remark 4.1. Following the discussion at the end of chapter 2, constructing an extension of EYM
such that GBMS is coupled with the leading and subleading extension in YM poses some non-
trivial issues to be resolved. In particular, the commutation between 6 and & +: by the action of
df on Ay, see (2.35), we have, schematically,

5Qe = Q) (4.66)
for some ji. This implies a non-trivial commutation,
(62, 6¢] = 6p- (4.67)

We left for future works the understanding of this structure.

19The Poisson bracket between two functions F and G is givenby {F, G} = Q®*(Xg, Xf) where Xr is the symmetry
transformation generated by F, i.e. Q%(8, Xr) = 6F.
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Infinite hierarchy of asymptotic charges in
Electrodynamics

In this chapter we focus on large gauge transformations beyond O(1) for Electrodynamics.

In the case of Quantum Electrodynamics (QED), it was shown in [48] and [49] that for
tree level amplitudes there exist an infinite number of soft theorems, each of them implying a
conservation law for the tree level scattering process. Weinberg’s soft photon theorem corre-
sponds to the first level in the hierarchy, while Low’s sub-leading soft photon theorem [15,99]
corresponds to the second level.

The conserved quantities found in [19] for the S-matrix constitute the first level in an infi-
nite hierarchy of soft theorems leading to conserved charges. A first approach was donein [51],
where Seraj showed that at spatial infinity there are an infinite number of conserved quantities,
proportional to the multipole moments, and generated by specific large gauge transformations
of order O(r"). In [50], Campiglia and Laddha showed that for tree level scattering, and restrict-
ing the radiative data space to a suitable subset, there exists an infinite tower of conservation
laws such that at each level there is an infinite dimensional family of conserved charges Q, la-
belled by functions on the sphere. The authors also presented evidence that the Ward identities
associated to the level n of the charges are equivalent to sub-n soft photon theorems, along with
the conservation laws within the classical theory. The non-abelian case is substantially harder,
since the charges up to level n of the hierarchy do not form a close algebra, as in the abelian case.
In [73] it is suggested a first step towards a classical derivation of the charge hierarchy in the
non-abelian case. Some recent developments in celestial holography using Operator Product
Expansion (OPE) tools [90,100,101] seem to be promising avenues in the study of asymptotic
symmetries and the role of CCFT in flat holography for Yang-Mills and gravity. Also, in [102],
the incorporation of logarithmic charges at spatial infinity has been done.

The r-expansion in retarded coordinates of the LGT’s at the bulk establishes a hierarchy of
charges at the asymptotic region. O(1) LGT’s correspond to leading charges (for instance, by
imposing a constant LGT we obtain the total electric charge of the system, [26]), while O(r) LGT
corresponds to sub-leading charges, see [20,24]. In

The results of the previous chapter impose the following question: can the infinite tower of
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charges associated to sub”-leading soft photon/gluons theorems be canonically derived within
the classical theory? Two main issues arise when studying O(7") LGT’s in Maxwell and Yang-
Mills. First, the divergent formulas for the charges when calculated from the usual phase space
structure, as was shown in [24]. In particular, the expressions for the symplectic form evaluated
ona LGT atlevel nn (and therefore the charges) diverge both in the t — 400 and u — —oo limits.
Second, for Yang-Mills, the representation of the variation algebra on the phase space has to be
well defined. Otherwise, the non-linear terms automatically enter in every variation.

In this chapter we provide a renormalization procedure that allows to compute the charges
given in [50] from first principles. First, in section section 5.2, we review the computation
for leading and subleading charges, which was done in the previous chapter for Yang-Mills.
The difference this time is that we explicitly compute the symplectic form. Following ideas
from [96], in section 5.3 we show that there exist suitable boundary and corner terms for the
symplectic form that renormalise the divergences, while not changing the dynamics of the
fields. we define a subset of the radiative space and an extended phase space that contains
all LGT’s up to arbitrary order. This extended space is provided with a sympletic structure,
that allows us to calculate the electric-type charges. In section 5.4, by incorporating the duality
symmetry, the magnetic analogue of the electric hierarchy is also presented, as well as the full

electromagnetic charge algebra.

5.1 Preliminaries

5.1.1 Radiative phase space

For definiteness we consider a massless charged scalar field ¢ coupled to the Maxwell field A, in
Minkowski spacetime, but our analysis can be generalized to the situation with massive charged

fields or Fermions. The standard lagrangian is given by,
1 _
and satisfying the field equations,

VV.F;“/ - ]V’ (5.2)
D,D'¢ = O, (5.3)

where j, = ie¢p Dy + c.c., with D¢ := 9,,¢ — ie A, ¢, the gauge covariant derivative and V the
metric covariant derivative. In retarded coordinates, Maxwell equations are

1,2]'7 = —ar(TZ.Fm) + 0" Fra, (5.4)

iju = _ar(rzfru) + au(rzfru) + 0" Fua, (5'5)
1

ja = ar(fua - Jrru) + aufm + rjabfab/ (5~6)
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where 0, denotes the covariant derivative on the sphere compatible with g, as in the previous
chapter. Bianchi identities , 0 = d|,F;,, are the integrability conditions for the electromagnetic
strength tensor: there exists a one-form A such that F,, = 9|, A,;. We will work in the harmonic
gauge, V¥ A, = 0, which in this particular coordinates implies

rzau.Au + ar(rz.Ar) + rzaa.Aa - 0. (5.7)

The usual fall off for the electromagnetic tensor are (see [26] and [73]):

1
Fru = 72Fr(u Dy o(r?), Fu=o(r"), Fu=0(Q), Fuy= Fa(i?) +o(1). (5.8)

The fal-off for the scalar field is,

p=L 400, (5.9)
These expressions imply the following fall offs on the charge current:

N o NN
Ju="2 +o(r %), ]u=7+o(r‘ ), jr= I +o(r *). (5.10)

Fall offs for A, compatible with the expansion above and the harmonic gauge condition are:

Inr

Aa=AY 101), A, =AM o), Ar=o(r ). (5.11)

The previous asymptotic behaviours are consistent with the field equations and the harmonic
gauge condition, as can be computed also form the previous chapter, by taking an abelian group
G. Moreover, using Maxwell equations, the scalar field equation, Bianchi identities and the
harmonic gauge condition, we can solve all the components of the electromagnetic tensor and
the scalar field in terms of A,(lo) and ¢~V (see appendix A of [73] for Yang-Mills case). These
functions are the free data for the Maxwell field and the scalar field, respectively.

The hypothesis of “tree-level” decays for A, in the limits u — +oo,
0uAu (1, xt, x%) = O(1/|u|®), (5.12)

that is, its decay is faster than that of any power 1/|u|", implies the following fall offs for the
radiative data of a generic solution of Maxwell’s equations, ( [4])

B (! o) = F20(x! %) 4+ O(1/ ] ™). (5.13)
For the massless field we assume no “soft” charged particles,

p(u,x', x%) = O(1/|u|®). (5.14)
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Our radiative phase space is thus defined in terms of the functions A, and ¢,
et = {(Aa(u,x"), @(u,x") : duAa(u, ', %), @(u, ', x%) = O(1/ |u|*)}. (5.15)

5.1.2 u-expansions for fields

From Maxwell equations and Bianchi identities, we can obtain recursive formulas for the coef-
ficients in the 3, expansion in r and u. By Bianchi identity d|,F,,) = 0, contracting with 0" and

the first two Maxwell equations, we have

AFpy + 0, (0, (1P Fry) — 2120, Fpy) = r*0ujy — 0r (%) (5.16)

where A denotes the Laplacian operator on the sphere. We assume that ., can be expanded

(—2-k)
in an r-series !, Fy, = rlz Yo E e and substituting in (5.16),

2k+ 1) Y + (A +kk+ 1) BT =0, kY (57)

From the assumed fall off (5.13), and equation (5.17), it is clear that the behaviour of Fr(,; 2-m)

in the limit u — —oo is
noo .
") Z uJFr(JZ_n’])(x”) + rn(u, x%), (5.18)

where each of the ]-"r(u 2-n, O)( “) is a function on the sphere, and r, some function with an

O(1/u®) decay (analogous expansion can be done in the limit 1 — +o0). We can solve or-
der by order recursively in terms of the current and this free functions. As a reference, the full

expression for F;, is

2fm_2 Z WE 2 (x0) + 0(1/u). (5.19)
k>0 j=0

5.1.3 Variation space

We now turn to the large gauge transformations (LGT) on the variation space. The usual for-

mulas for the gauge symmetries,

Ay = Ay +3ue, ¢ e ¢ (5.20)
establish the following action for variations of the fields,
Oe Ay = 0u€,  dep = —ieed. (5.21)

The variations allowed in our radiative phase space are those that are tangent to /o, i.e., that

!We discrad olyhomogeneous terms, i.e. log™ (r)/r", although a generic analysis would contain such terms. We
left for future works the inclusion of such terms.
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maintain the fall offs of the fields. By the definition of finite symmetry, given a gauge symmetry

generator € we see that d,€ must have the same fall offs as A,;:

9.6 =0(1), d,e=0(1), de=o0(r1) (5.22)

We study the global symmetries as arising from the residual LGT, and by the choice of har-
monic gauge, are solutions to the wave equation,

Oe = 0. (5.23)

This equation can be solved up to order O(r~!) (see Appendix A in [24]),
e(u,r,x") = eo(x*) + O(In(r)/r). (5.24)

5.1.4 Higher order LGT

We are interested in relating higher orders in r LGTs with the charges that arise from sub” —leading
soft photons theorems. The usual mode expansion reasoning in the soft theorem derivation
suggests that for a sub”—leading soft photon we need to look for a LGT A whose O(1) in the
r—expansion behaves as u". This asymptotic behaviour of the gauge generator must be compat-
ible with the harmonic gauge, and therefore, implies an O(r") leading behaviour, as we show
below by solving [JA = 0.

Consider the following r—expansion for a O(r") large gauge parameter,

Au, x* " 4 Z rhe®) 4 L eln +0(r Y, (5.25)
where () = ¢(i) (u, xl, xz). We have [JA = 0, which in retarded coordinates reads,
0 = —6r"19,eM + Z (Ae (k42) _ 9 (k 4 2)9,eHD) + (k+2)(k+3)e<k+2>)
k=—1

The first term in (5.26) imply that (") is a free function on the sphere. Next, we have a recursive
equation between the successive coefficients:

2(k 4 1)9,e® = Ae®™ V) 4 (k 4-1) (k +2)ek+V (5.27)

Integrating (5.27) and fixing each integration constant to zero in each step gives a LGT of or-
der O(r") generated by € = ("), which we will call A”. If the integration constants are non-zero,
each one of them will be a free S? function that contribute linearly with a LGT of corresponding
order:
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Aw= AL +AT + o (5.28)

where a = {¢;}; is the sequence of integration constants €; in the equation (5.27), that are free
S2—functions, each one generating an O(r/) LGT. We will call a LGT “pure” if there is only one
free function generating it. When using the notation A", subscripts indicate the generating func-
tion or sequence of functions, and superscripts indicate the leading term in the r—expansion, if
the generating function is not a sequence.

Some remarks are in order. First, one implication of equation (5.27) for a pure O(r") LGT is
the following property:

eV =0®), .., e®=0w"* (5.29)

This shows that the order O(r") is necessary for a u" asymptotic behaviour at order O(r°)
for the LGT, as was stated at the beginning of the section. Second, the term In(r)/r is needed for
the O(r°) to be consistent, otherwise we would get Ae®) =0, and since we are in a sphere, that
would give a trivial function. Third, the non-trivial fact that equation (5.27) resembles the form
of equation (5.17), but it presents crucial differences in the constants multiplying the functions.
This similarity between the recursive expressions is useful when showing the Ward identity
equivalence with the sub” — soft theorems [50].

5.2 Leading and Subleading charges

In this section we review the phase space construction and the symplectic charges in the case
where the large gauge transformation are O(r). We leave the renormalization procedure for
the next section, focusing exclusively in the first step of the phase space extension and in the
recovery of the charges via the symplectic form.

5.2.1 Linearly extended phase space

The usual phase space, (5.15), contains the physical information regarding the leading order
charges, restricted to O(r?) LGT. Their usual expressions are ( [19], [26]):

Qe, = /5 @ /IR 3. ES D dud’x, (5.30)

where ¢ is a function on the sphere, and d*x contains \/g implicitly. As soon as we lift the
condition on the LGT order, the fall offs (5.11) are not preserved by an O(r!) LGT (through its
action (5.20)) and therefore the variations are no longer tangent to the radiative phase space F,
but rather have another direction. We expand the phase space in this direction by first defining
an extended version of the potential sector in (5.15). Consider the following space:

rlin — rrad 5 fp(x!, x2) 1 p € C°(S2)} (5.31)
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We define the electromagnetic potential as A, = A, + 9, Allp, where A, is the vector poten-
tial that has A, as initial data (from section section 5.1) and Alll) is the pure O(r) LGT generated
by 1. Observe that this definition is indeed consistent, since amav]A}P = 0 and thus a4 makes
no contribution to the electromagnetic tensor, i.e. / = F. This is in sharp contrast with the
previous chapter, where 67, = []:HV' A]. Observe also that the harmonic gauge condition is
trivially satisfied for the extended electromagnetic potential 2.

Given a general O(r) LGT, A(, ,}, the variations generated by it on I are splitted in terms
of the S? free functions €; and €q corresponding to order O(r) and order O(1) in the r—expansion
respectively (see (5.28)):

1
A{el,eo} =r€ep+ (60 + UE(A + 2)61) + 0(1’0) (5.32)

The action on the phase space I''" comes from the identity d fere fly = 0y e, e}, Which

}
after the splitting reads:

5A{€1/60}Aa — aaé’(), (5.33)
(SA{el/fo}l’b = €1. (534)

In the massless field sector, allowing a O(r) LGT implies also a change in the massless field

¢. The equations of motion are invariant under the simultaneous change

Ay A= Ay v, ¢ b =Mg (5.35)

—iehy ¢, we can define an extended field

Since the finite gauge symmetry involves a product e
¢ = e N ¢, where 1 is the free S? function now generating a phase for the scalar field, while
¢ is the massless field with the usual fall off, with ¢ € T™9 as free data. The covariant gauge
derivative is given by

Dy =9, —ieA,, (5.36)

from where we have that the new current j, maintain its original form,
i = iep(Dud)* + c.c. = iep(Dyp)* + c.c., (5.37)

The consistency of the action of the O(r) LGT action on ¢ with the splitting of the extended
phase space implies
OAfeyeq) @ = T€€O0Q- (5.38)

5.2.2 Calculation of leading and subleading charges

Consider the Lagrangian (5.1), in our extended phase space we have the usual symplectic po-

tential current,

2Tt is left for future works to study the phase space extension in more general gauges, and whether it changes the
structure.
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0"(6) = /g (F16A, + D'gop +cc.), (5.39)

and the symplectic current by taking the exterior derivative in the phase space,
w"(8,8") = 60" (8") — 6'0"(6) — 6([6,6']) (5.40)

Given a Cauchy slice X; = {t = cnt}, the symplectic form is obtained by integrating the sym-
plectic current over Xy, Q(,8') = [, w"(9,0")dS,. We evaluate it on a variation generated by
a general LGT (Ag, ¢,) and an admissible variation (denoted by ), obtaining an expression for
the charge,

5Qn.,. = Q6,0n.. ) = /Z W00, )dS). (5.41)
As it was shown in [24], one could find the leading and subleading charges (consistent with

the Ward identities) by taking the limit t = r 4+ u — +co at constant u,

Qheyep = lim s (8r — 9u) (r* Ay ey Fru)dxPdu, (5.42)
and considering the finite part in the limit. By counting orders in ¢, it is straightforward to see
that the expression (5.42) contains divergent terms and therefore in general the definition of
the charge at the limit is ill-defined. In what follows we drop the hat"in F;,, since is the same
field as in the radiative space.

As we previously mentioned, we can define a procedure to renormalize the symplectic po-
tential and get rid of the divergent terms in (5.42), for any arbitrary higher order O(+"). This
will be the content of the next section, while in the remainder of this section we motivate the
renormalization in the particular case of the extension for n = 1.

Since we can trace back the divergences to the symplectic potential, due to varying with
OA., ., OUr starting point is to compute the symplectic potential on the hypersurfaces X,

0(0) = V7 (PFu(0A, = 0.A,) + " Fud Ac) + /73, = 3,) (P FrudAy), (5.43)

where we did not write the total derivative 72 DC(\/ﬁqbc}'ub&Allp), since it vanishes after integra-
tion on X;. The first term can be regarded as the radiative phase space symplectic potential,
6, while the second term is the new extended term, which we will call 6. The term 6})(5) will
contribute to the symplectic form (by integrating by parts and using the equations of motion)
as usual,

wh(6,8") = /G970 Fupy N6 Ac + /Gr20Fp A (A — Ay), (5.44)

The term 6! (8) presents the divergence: the action of 9, on 5A11P leaves an O(r) term, which
in turns imply a ¢ factor when changing variables from (u,7,x!,x2) to (¢,7,x!,x?). In the next
section we give a systematic approach for the renormalization of such terms. For now, we as-

sume that we can discard the divergent term and that the expression we obtain has also a finite
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limit # — —oo. We find the following expression for the renormalization of 6% (5),
01" (6) = va (DIl = S80.EL ) oy, (5.45)

where ren stands for “renormalized”. The symplectic current is splitted then,

W™ (5,68") = wy(8,8") + wi(8,8"), (5.46)

with w{e”’t the exterior derivative of G{en’t in the solution space. Thus, the total symplectic form

on .# " is well defined (by taking t — +o0),

(5,8') = /

[ w(0,0) = [ a8+ [ vaGES T noy).  (547)

The last term comes form the value of Fr(u_ 39 in (5.18), which can be seen as the value of the
following limit (see [50] for details):

F2Y = gim B - uEl Y = /IR (Dt - %AauF,(,f ?) du, (5.48)
where the contribution from # = 400 in integral zero due to the absence of massive charges
(Fr(f ) (u = +o0,x!,x?) = 0). Since auFr(_z) decays faster than any polynomial in u, the above
integral is convergent. Observe that Fr(,; 39) s the canonical conjugate to .

Next, we compute the leading and subleading charges. Taking ¢’ to be a large gauge transfor-
mation, and J any arbitrary admissible variation (compatible with F7), we calculate the charge
associated to any LGT Ay, .1 by the equation (5.41). Since Fy, is invariant under i tereol and
Afe, e i NOt affected by & 3 the calculation is straightforward,

Qi = Jo Vi (@F™ + @F>Y) e = 06, + QL (5.49)

where we also used (5.18) in the radiative space sector, and Qéi, with i = 0,1, denotes the
leading and subleading charges, respectively.

The charge QY is the usual for a O(1) gauge, while the second term is the one obtained
in [20], [24], [50]. In both cases, we obtained “corner” charges, in the sense that they depend
on the values of the fields at the boundary of .#.

5.3 Tower of asymptotic charges

In this section, we derive an infinite hierarchy of charges from a symplectic form in an extended
phase space that contains sufficient degrees of freedom to allow for O(r"*) LGT's, for arbitrary
n. Certain difficulties in the definition of the symplectic potential arise, in particular the appear-

ance of several divergent integrals, as was shown in the previous section. The renormalization

3This again is in contrast with the non-Abelian case, where the harmonic gauge condition implies a field depen-
dent LGT’s.
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procedure we apply is based on [96].

First, we define the extended phase space and show the type of divergences we have, both
in the t — 400 and u — +o0 limits inside the expresion (5.42). Then, we proceed to prescribe
a renormalization on the symplectic potential that will lead to the correct expression for the

charges, while the symplectic form remains finite.

5.3.1 Extended phase space and charges

Let § be the space of sequences {1;}~¢ of functions ¥; : S> — R such that only finitely many
are non-zero *. Given a sequence ¥ € &, we define the LGT associated to the sequence as

Ay =Y A, (5.50)
i>0
where each Afpi is a pure O(r) LGT associated to a;, in the sense of section (5.1). Observe that
the sum is finite for every ¥ € &. We define the extended phase space as the following set,

re=rmdxg, (5.51)

with the extended electromagnetic potential and scalar field are defined as

Ay = Ay +0,Ay, ¢ =Ny, (5.52)

where A, and ¢ are the vector potential and the scalar field generated by the free data
(Ag, @) € Trad,

The admissible variations J of this phase space are such that when acting on the degrees of
freedom parametrized by ¥, it satisfies ¥ € &. This property is not restrictive regarding the
variations, as we will see below.

Given a sequence ¢ = {€y, €1, ..., €j, ...} of free S? functions, such that {€i}i~0 € S, consider
the LGT associated to it, A, = Ago +Yis0 Aéi. The variation generated by this LGT acts on I'*
by acting in A, with its O(r°) free function and by acting on a on each sequence term,

(SASAA = aAGQ, (SASQO = i€€0q0, 5Ag“Ij = {61‘}1’>0 (553)

This structure is the same as in the previous section, extended to contain any order in the
r—expansion.

We can write the full symplectic potential, equation (5.39), and proceed in the same way as
in the previous section, obtaining the expression (5.43), but with Ay in place of A}, and split

the symplectic potential in the radiative phase space contribution and the extended part, given
by

0L,(0) = \/q(0; — 0y) (P FrudAvy), (5.54)

4In what follows we assume that the sequences of functions have this property, unless stated otherwise
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where the oo stands for the extension to all orders in r.
Given 6 and Ay, let us calculate the symplectic potential evaluated at 6. Consider the inte-
gral,
Oy, (8) = g Vi (0r — 9,) (P Frud Ay )dx*du, (5.55)
t

and observe that the term inside the integral is divergent in the limit ¢ — +oo with the same
order as the highest power of 7 in §A,. Our aim in this section is to understand better this
integral. For brevity let us call

400 . ,
0c(8) = Y B A eAl), (5.56)
i=k

where 5A$) is the coefficient corresponding to ' in the r—expansion of 6Ay. py(4) is thus the
O(r*) coefficient in the expansion of the term inside the brackets. Upon direct computation and
substituting r = t — u

Or,(0)= | V7)Y (krkflpk(a) — rkaupk(a)) dx’du =Y ¢ / 0;(8)dxdu, (5.57)
= | j=0 Jxt
for some t—independent functions 6;(4). This gives us a t—expansion of the symplectic poten-
tial. Assuming we can throw the divergences away (details in the next subsection), we are left
with the O(#Y) term, which satisfies the identity

O4(5) = lim Om(0) = /jﬂ:}jl (K- 1pe(0) — (~u)*2upi(6)) dxdu

t—+-o00
= — / Ay <\/q i(—u)kpk(5)> dx*du, (5.58)
J I k=1

which gives us a boundary term. The charges associated to higher order LGT can be directly
computed using the identity 6Qa, = QZ (6,44,),

Qe = /j Ay (I;(—u)kpk(é/\s)> dud®x. (5.59)

When evaluating the term in the brackets in the last line of (5.58) at u = 4o, we use the
hypothesis that 7, = 0 at .#;". When evaluating at .# ", we run into divergences. Since the
general behaviour of py(J) admitted by (5.13) and (5.16) near spatial infinity is polynomial in
u plus a O(1/|u|*®) remainder, we have that the above expression for ©;(9) is not well defined.
By keeping only the O(u°) in po(9),

07 (5) = / VY B oy, (5.60)
S i=
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where Fr(lf 2710 are the O(u) of F,(JZ*Z.)

will address the previous two divergences: the t divergence from the limit to .#, and the u

. The renormalization procedure of the next subsection

divergences in the integrals over .#.

Regarding the concrete expressions of the charges, the order O(u?) of Q,, in equation (5.59)
is the same as the subleading charges presented in [50]. This is equivalent to prove that the
O(u) coefficient of Q. is Y% . o €rF? "0d2x. Remember that we take the u—decay in the
remainder functions r; in equation (5.18) as faster than any polynomic decay. Therefore, in-
specting the expressions for Agk) and F,, 2%, we see that each py(d,,) has at least order u°,
therefore the term in the sum contributes with at least u*. The only term with a possible u°

order is thus pg(d,, ),

p0(0a) = ¥ AWE 2. (5.61)

e

Il
—

1
Again, a close inspection in the u— expansion of the functions shows that the order 1 is given

by the sum of the products ekFr(u_ 27k0),

5.3.2 Regularization procedure

In this subsection, following [96], we will renormalise the symplectic potential for QED in the
extended phase space in order to eliminate the divergences. The idea is to write the higher order
terms in the t component of the symplectic potential as a boundary plus corner terms, substract
them and obtain a finite expression in the t — co limit as well as in u — -oo.

From the first variation of the Lagrangian (5.1), we have

6L = E"5A, + E6 + 9,6" (6) (5.62)

where E¥ and E are the field equations for fly and the massless scalar, respectively. By taking
the retarded coordinates u, t, x!, x2 on Minkowski space time, we write the previous equation
on-shell and obtain an equation for 9;6"(5)

9,0 (8) = 6L — 3,0"(5) — Da6°(5) (5.63)

We will assume that all the functions have ¢t and u expansions around t = 4-coand u = $oo,
as is the case for Pr(,f), A, and ¢ (equations (5.13), (5.11), and (5.9)).
Consider the derivation of the divergent part of the symplectic potential done in the previous

section, but now applied to our extended phase space:
0" (6) = /31 (P“féftv) + DrGoH + c.c.) . (5.64)

Remember that we use (1,7, xl, xz) coordinates to integrate, and then take the limit t — 4-co at
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fixed u. The general form for the symplectic potential is,’

[ee]

0'(8) = Yo(8)(u, t,x") + Y_ #Y;(8) (u, x*). (5.65)
i=1
where Yy(6) (1, t,,x%) is such thatlim;_, ;o Yy(6)(u, t,, x*) is a well defined function, Yy (6) (u, x*).

We introduce the renormalized symplectic potential as 0, := 0" — Hye,, where H,,,, is such that

atet(é) - atHren(‘s) = K(é) (u/ t, xa)’ (566)

where K is such that its limit when ¢t — +-oco vanishes. In general K and H,., are not uniquely de-
termined by the previous equation. The natural prescription for H,,, to resolve the divergences
is the following,

Hyen(0) = th"Yi(cS)(u, x") 4+ C(8) (u, x*), (5.67)
i=1

where C(u,x) is a function to be determined. Observe that H,., has the same order than 0*
in the t expansion, and that the divergences in the t parameter are cancelled, so 6!,, converges
in the limit t — +o00. The coefficients Y; are obtained from the integration of the terms in the
variation of the lagrangian and the total derivative of the symplectic potential in equation (5.63),
on {t = cnt} surfaces, directly by the ¢ expansion.

Therefore, we can prescribe

Y;(6) = Finite part <tlir£1 % (6L —09,0"(6) — Dﬁ“(&))) , (5.68)
— 100

for each i. Observe in (5.68) that each Y; can be written as a total derivative plus a total variation.

By taking the free function C to be a total derivative, C = 9,X" + D,X", we can add the
last term in (5.68) to obtain a new total derivative term. Then, the renormalized symplectic
potential has the form

0,,(8) :=0'(6) + 3, Y" () + 6E" = P(6)(u,t,x") (5.69)

where Y and E are calculated from Y;, X¥ and X? directly, and P is at most O(t°) in the t—expansion.
This symplectic potential does not contain divergences in the limit { — co. The general form
of the symplectic potential will be changing the upper index t by a 4d index u. We have that
Y* = —Y"F, by definition of “corner terms” (see [96]). Without any loss of generality, we can
define Y/! = 0, for j, ] running in the set {u, x*}, since these terms are not uniquely defined and
do not affect the renormalization of #!. Therefore, we have a well defined limit

B0 (0) (1, ") = Jim 6, (8) (8, u, x) = Yo(8) (u, x") = C(6) (u, ") (5.70)

We have still at our disposal the function C(u,x!,x?) (the only condition we imposed so
far is that it is a total derivatives), which can be determined by imposing a finite limit when

5In the following equations we write the explicit dependence of the functions on variations and coordinates.
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u — —oo for the symplectic potential.

As it was shown in the previous subsection, under general LGT’s the O(t°) of the symplectic
potential has O(u™N) terms, and therefore 0!, will in general have an expansion in powers of
u, starting in some uN (corresponding to the highest power in J or &), the coefficients of the
expansion depending in general on which limit we are computing, u — +co. We consider the

following u expansion for Yy (d) near u = +oo,
Yo(8) (1, x%) =% Ry, (6) (1, x%) + Z TG (5.71)

where 9, Ry, (1, x*) = O(1/|u|*®). This condition comes from the tree level assumption on the

soft theorems, and implies in particular that the limits when 1 — +oo are in principle different,

lefo(é)(x”) = lim Ry, (6)(u,x"). (5.72)

u—+oo

By inserting (5.71) in (5.70), we have

077 (8) = Ry, (8) (u, x") + Z U5 (8)(x") — 9, X" (8) (u, x") — DX (8) (u,x"),  (5.73)
and immediately we can find functions X", X* such that their expansions around u = =oo

renormalise the limits of the symplectic potential. For X* we find,

1
k1

agk

XYL (8)(u, x") =

WY (8) (), (5.74)
k

while for X” we have,

Ry (8)(x") +O(1/[u|*) whenu — —co

RY (8)(x") +O(1/[u]®) whenu — +o0 (5.75)

D, X"(6)(u, x") = {

Finally, the symplectic potential density gives a finite result upon integration on .#, due to
the fall offs of Ry,.

5.3.3 Electric-like charge algebra

The previous renormalization procedure adjust exactly all the divergences, while maintaining
the same convergent terms discussed in subsection 5.3.1. The expression for the renormalized

symplectic potential is therefore:

Open(6) = /

. 90((5)dudx2 + /52 Z F,(L,_Z_i’o)éaidxz (5.76)
i=1

where 0 is the usual symplectic potential in @4, The symplectic form is the exterior derivative

(in the extended phase space) of the symplectic potential:
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Qren(6,6') = /ﬂ wo (5,0 )dudx® + /S Y SR A ad? (5.77)
s J5% =1

Now, all three ingredients in the charge calculation are well defined and finite: the limit t —
+0o0, the integration on .# and the series.

We are now in position to show the full hierarchy of charges for arbitrary O(r") LGT in
QED. The electric charges associated to a LGT A can be calculated form (5.77), substituting the
sequence {¢;} in the identity 6Q; = OQyen (9,04, ),

Q=Y /S VaeiF (5.78)
=0

where we are using that F,, is invariant under 6,,. This expression is the same as the one
obtained in [50]. Observe that the full algebra of charges is abelian:

{Q£1/ QSQ} - 0/ \V/S], &2 (579)

5.4 Duality extension of tower of asymptotic charges

In the previous sections we treated only the electric part of Maxwell theory, renormalizing the
symplectic potential in the extended phase space to contain the sub”-leading charges in a natural
framework. In this section, we extend the phase space (again) in order to include the magnetic
freedom, 4 la Freidel-Pranzetti, as in [103]. This type of extensions are analogous to those we
previously study in chapter 3, has been thoroughly studied in recent years in several contexts:
electromagnetic duality (e.g. [102,104,105]), BF theories ( [106]) and under more general struc-
tures ( [53]). Throughout this section we are using form notation, without writing the indexes
explicitly, in order to ease the notation. Also, we are considering no extra fields.

Electromagnetism posses a duality symmetry, which can be characterized as follows: the La-
grangian for the theory is

ZIF] = % «FAF, (5.80)

where A is the wedge product in the space of p-forms on Minkowski space M and x is the
Hodge dual operator, * : QF (M) — Q*7(M), in M. This operator satisfies

s = (—1)PEP g, (5.81)

where the extra +1 in the exponent comes from the signature of the metric in Minkowski space.
Therefore, taking p = 2 and applying * to F in (5.80), we have

LxF] = —%*]—“/\J-", (5.82)

and critical points in both actions would be the same.
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The first step towards this extension is to consider the standard radiative phase space duality

extension. On each X, we have the Freidel-Pranzetti extension for the symplectic form, [103],

06,8 = [ AN+ F+ /2 5ay A 5'By (5.83)
ot S

where x is the Hodge dual in the hypersurface, a9 < A + d¢y is the electric boundary gauge

field, and By is the magnetic boundary gauge field. ¢ is the edge mode, which extends the phase

space, (A, ag), which now contains this boundary field. We see that the symplectic form now

contains a corner term, motivated by the gauge invariance of the theory.

To make the connection with our past sections definition for A, we have
Anew + d(P = Aold/ (584)

where old refers to the A used in the previous sections, and new is the one in the present section.
In particular, the expressions for curvature tensor and the charges are still valid. Observe that ¢
can be though as a zero-order extension, using the same idea as the previous sections: extending
the vector potential with a large gauge symmetry.

We distinguish between symmetries that leave fixed the bulk variable .4, and symmetries
thatact only on the boundary. In the previous sections, we use this differentiation when defining
the extension to higher order LGT, where ,, only acts on A, (u, x) through the first component.
In the present section, as it was done in [103], we are isolating the bulk from the boundary
action on the ¢( variation, in order to have a well define canonical action that includes the duality
symmetry, and such that the symplectic potential is invariant under the gauge transformation
of the fields.

We are working in .# ", so in (5.83) we take t — +oco. The “bulk” part now is A along .7,
while the boundaries are ., with topology S?. The values at the boundary are not indepen-
dent, since the boundary symmetries act simultaneously on both .#;" (i.e., they are independent
of u). Under a gauge transformation generated by G, both the bulk and the corner fields trans-
form,

5(;(.4,510,30) = (dG, —dG, 0), (5.85)

so the variation J¢ is indeed gauge, in the sense that has a vanishing charge Q(J,é¢) = 0 on
shell. The electric (magnetic) symmetry d¢,(d,,) acts only on the electric (magnetic) boundary
field,

(560<.A, ap, Bo) = (O, d€0,0), 5A0(Ar ap, BQ) = (0, 0, d)\o), (586)

where dA is locally but not globally exact (such as in the standard examples of a charge in
the z—axis, see section V in [103]). Observe that on-shell, upon acting with G, we obtain the

identity

dB() = *JT", (587)
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which, on .# T, is dBy = F}[Z’O)dxz.

Our extended phase space of section 5.3.1 adapts well to the construction given above to the
duality extension. The gauge transformation A, is the “bulk” potential, generated by the bound-
ary fields in the sequence «, in a hierarchy graded by the correspondent power of r. Therefore,

we can extend directly as
Qven(6,6) = [ [BANE «F],p, + [ 000 n8'Bo+ [ Y 6aBidlay, (5.88)
g S S0

where here gy are functions on the sphere, a9 is a 1-form 6 and ren indicates that is the renor-
malized term, given by (5.77). We define the action of a gauge transformations G (of order r"

arbitrary) as

5(;./4 = dG, (5(;61() = dG(), (5(;61]' = G], 5@B] = 0,] > 1. (589)

Evaluating the sympletic form in ég,

Qven(8,56) = —5 ( / (4G A% F],,, + / 5dGo A 5'By + / Dy Gk(SdBk> , (5.90)
s 5 s =

which on-shell and after integrating by parts, we obtain (after the renormalization, allowing
variations ¢ such that 6 A has order higher than 1 before taking the limit  — +c0)

dBy = Ei; 2. (5.91)

This equality establishes the value of the magnetic boundary gauge field as the field strength
functions.

Finally, we will denote the magnetic variations acting on By’s as A = {A;};>0, in the same

fashion as we define the LGT generators. Electric (magnetic) variations act as follows on the

extended phase space variables,

(SekA = 0, §€k[lo = 5Okd€k1 (Sekuj = 5k]-ek, 5€ka = 0, k > O,] > 1 (592)

(5/\ A= 0, 5)\](61]‘ = 0, 5)\kBj = (Skjd/\k/ k,] Z O, (593)

k

where dA; is locally but not globally defined, and ¢;; is Kroenecker delta.

5.4.1 Charges and dual charges and their algebra

By computing e, (9,64,) and Q. (6, I, ), we obtain the electric (denoted as Q) and magnetic
(denoted as Q) charges,

64 is not generally a gradient.
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Qg = Z/ deBk (594)
k=05

o = Y / aed?Ay, (5.95)
k=075

where the first integral gives directly 5.78, thanks to 5.91, and the last integral does no vanish
due to the failure of dA to be globally exact.

Finally, we have can compute the charge algebra. As the electric charges, the magnetic
charges Q) are abelian,

{On Qv =01 ), /2 agd® Ay, = 0. (5.96)
k=075

A non-trivial component of algebra is given by the mixed Poisson bracket (as shown by
Hosseinzadeh, Seraj and Sheikh-Jabbari in [104], and by Freidel and Pranzetti in [103]),

{Qe, QA} = 55 Z/ akdz)tk = Z/ €kd2)tk = Ck (597)
k=075 k=075

This term shows that the boundary duality symmetry algebra posses a hierarchy of central
charges, {ci }x>0. Recent developments ( [102]) showed that these central charges also appear
when considering charges associated to O(Inr) large gauge transformations. We leave to fu-
ture works to analyse in detail the central extensions in the context of soft theorems and Ward
identities.
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Extension to all orders in r for SD Yang-
Mills

In this chapter, we show the proposal in [ 107] for an extension to all orders in Yang-Mills theory.
This extension allows, a perturbative-like approach to the computation of the variation algebra.

The natural question, after chapter 4 and chapter 5, is whether it is possible to extend the
phase space in Yang-Mills to account for all the symmetries coming form the sub” —leading/Ward
identity equivalences. These symmetries will correspond to symmetry parameters with increas-
ingly divergent behaviour at null infinity coming form the radial expansion. The present chapter
aims to answer this question, by giving a definition of the extension and showing that a well-
defined algebra of variations can be constructed, restricting to the self-dual sector (SD) of the
theory.

The self dual sector is a consistent truncation of the theory, which it is in its own right a
wide research area for several reasons: it is an integrable theory [108], making it approachable
with the standard tools from Integrable Systems, it presents a rich structure of symmetries (e.g.
[109,110]) and it is deeply connected with complex and conformal geometries (e.g. [111]). In
particular, we are interested in the field-independence of the large gauge transformations using

light-cone gauge, [ 109], where the phase space extension can be defined straightforwardly.

6.1 Light-cone gauge in the self-dual sectors of YM and gravity

We will follow the conventions of [109] and use light-cone coordinates (U, V, Z, Z), related to

Cartesian coordinates X" via:

0 _ X3 XO XB Xl 'XZ _ Xl o 'XZ
U= XXy XX, XA, X XD (6.1)
V2 V2 V2 V2

It is useful to introduce the notation:

= (U,2Z), y*:=(V,2). (6.2)
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which splits space-time into two 2d subspaces. The Minkowski metric is then
ds? = 2n;dx'dy™ = —2dUdV +2d7Zd7.
and we introduce the anti-symmetric "area elements" of the 2d subspaces:

Qidx' Ndx) = dUNdAZ —dZ AndU
pdy* ANdyP = dV ANAZ —dZ NdV

which act as inverses of each other:

1, 0f = .
6.1.1 Self-Dual Yang-Mills
Consider a YM field A, with field strength

F]/“/ - aVAV - ayA‘u + [A‘y, AV],

The dual is defined as .
* .FVV = Eeyvpg’fpg'.

The field strength is self-dual provided

*.F],“/:.Fyy.

(6.3)

(6.4)
(6.5)

(6.6)
(6.7)

(6.8)

(6.9)

(6.10)

Then, working in the light-cone gauge A;; = 0, the self-dual sector can be described via (see

[ ’ ’, - ]) .

with IT,p as in (6.5) and where the Lie algebra valued scalar satisfies
O® = I17[9;®, 0,P]
It is easy to see that the Harmonic gauge is satisfied automatically
M Ay, = 1709, Ay = 1179;0,® = 0
making use of the anti-symmetry of I1. It also follows that

DA, =0,  with DA, =d,A, + A, A.
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In this paper, we will be be considering the family of gauge transformations
ONAy = DuA =9, A+ [Ay, A, (6.15)

which preserve the light-cone gauge condition (6.11). It is easy to see [109] that these are
parametrised by
dIA=0 = A= A(y) (6.16)

We note that this subset of the gauge transformations also automatically preserves the gauge
condition (6.14). This is one of the crucial simplifications that follow from starting with the
more restrictive light-cone gauge, instead of (6.14). Had we taken (6.14) as our starting point
and attempted to solve for A (for example as a perturbation series in the coordinate V'), we
would obtain a field-dependent expression for A (see chapter 4 and [73] for details), which

would have significantly increased the difficulty of calculations in the next section.

6.1.2 Phase space for SDYM and fields near infinity

In this section we make the connection with the asymptotic symmetries of chapter 4. We will
study fields near future null infinity, .# ¥, so we are switching to coordinates adapted to it. The

natural choice are Bondi-type coordinates (7, 1, z,Z) given by [109]

Z zZ zZ
= = — 7 — — = — T . -17
r=V, ,z v Z v u=1U v (6.17)
In these coordinates, the Minkowski metric reads
ds* = —2dudr + 2r’dzdz, (6.18)

where we see that by taking the conformally rescaled metric r%dsz, we have a well defined (de-
generate) metric on .# * given by 2dzdz.!
The radiative data of any massless scalar field (in particular of ®) is given by

O(r,u,z,2) = ; +0O(r ), (6.19)
where ¢, can be regarded as defined at .#.
Let us use the notation
A(ru,2,2) "= AL (1,2,2) + O™ (6.20)

Then, considering equations (6.11) in Bondi coordinates (6.17), we have

A, =19, A:=0, (6.21)

1See e.g. Section 4 of [55]. for a derivation of this metric from general assumptions about asymptotic flatness.
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which implies (by (6.19) and (6.20))

A, =0,Py, A:;=0 (6.22)
The radiative phase space will then be given by ¢ » as free data,

' = {®,(u,z72)} (6.23)

Recall that the gauge parameters depend only on y coordinates, A(y), which in this case are
(r,z). Therefore, we can assume
—+00
A=Y AW, (6.24)
n=—co

as an r—expansion for the gauge parameter. Unlike in the general case, [73], the coefficients
A" are field-independent since no further restriction has been imposed.

Variations on "

Next, we study the space of variations and its action, by taking the ones that preserve the fall
offs of the fields in I"*. Take A to be the generator of the gauge transformations. Its expansion
in r generally is given by,
—+00
A=Y AW, (6.25)
n=-—co

where A" = A(")(z), since the variations must be gauge preserving (see (6.16)). To ensure
convergence, for the rest of the paper we will assume that only finitely many of the terms with

power n > 0 are non-zero (in reminiscence of section 5.3). Then the variations of A; is

. o0 _ N ORIV INCIAY,
Yo oA =Y (oA 4 Y 1A AW )y (6.26)
n=—oo n=—oo k=0

The fall-off for A, given in (6.22) is preserved by any A of the form,

A= i A (2)r", (6.27)

n=—oo

which for A(®) 5 0 are the large gauge transformations, [19].

6.2 Yang-Mills extension to all orders

Consider the following extension, which is the finite analogue of (4.37),

—+o0
I'_‘gé(,tYM = {Aa = E_TAD&"P + E_Taaewl Ay € rmd, Y= E r"\{f(ﬂ) (Z)} (628)
n=1
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where the coefficients {¥(")(z)},,>1 are taken such that only finitely many of them are non-zero,
and « € {r,z}. Now, we will consider the most general large gauge transformations, as in (6.29),

so let us consider
A=AO(z)+ Y. A (2)¢" (6.29)

We will derive an expression for 6, ¥ using the consistency of the gauge condition, i.e., the
extended gauge field A, transforms as a gauge field in the extended space,

OnAy = DyA. (6.30)

Note that it is still sufficient to work to linear order in the transformation parameter AZ. Then,
making use of the expression for a general derivation acting on the exponential map,

oeX = eXOx(6X), de X = —Ox(6X)e X (6.31)
with ;
1 — 67’1 X ad (_1)k k
@X = W = kgo (k—i—l)! (ﬂdx) , (632)

where adx (Y) = [X, Y], the left hand side of (6.30) results,

lhs (6.30) = e ToAe” +e T AT Oy (6F) — Op(6¥)e T Age?®
+5 (O (2, ¥)). (6.33)
The first line is
et ((ULX + {Aa,ew@qz(é‘i’)e_‘f]) et, (6.34)

while the second line can be written as

7 o (FontomT) ) o3

using the identity [Oy(0,Y), Oy (6Y)] = 6(Oy(0,Y)) — 02 (O (dY)). Similarly, the right hand
side of (6.30) is
rhs (6.30) = e~ ¥ (Da (g“’Ae—‘I’>) et (6.36)

Finally,

et ((sAa + D, (e‘l’@\y((s/\‘f)e*‘f)) ¥ =¥ (Dm(e‘I’Ae*‘f’)) e¥. (6.37)

This equation, as it stands, is valid everywhere. Following chapter 4, we need to write (6.37) in

(0)

the phase space variables, and prescribe the action of the variation on A; . We define the same

2In principle, we could consider these transformations to all orders in A, however this is not necessary for appli-
cations to soft theorems.
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transformation rule for A§°) as in the first term in equation (4.40), as expected:

5, ALY = DOAO (6.38)

where the expansion of A is given in (6.29). The interesting part follows when considering the
variation of ¥, which turns out to satisfy a remarkably simple constraint, at all orders in r, as
can be read off directly from (6.37), upon subtracting (6.38) in both sides:

Oy (6pYF) = A — e TAOY, (6.39)

Formally, we can write

(n)

[OA¥]") = (@;1(/\ - e—‘I’A<°>e‘P)) . (6.40)
where (") denotes the coefficient of 7" in the r—expansion. We show below that the operator ©
is indeed invertible, working order by order in ¥ and the transformations A. Let 6"/ X denote
the variation of X at order m in ¥, and Tl the component of order ¥ in the expression T.>
Then, in equation (6.40) we have two expansions, one in r and on in ¥, where each equation
reads,

(n) [m],(n)

[5%”?} - (@;l(A—f‘FA@)e‘Y)) . (6.41)

First, observe that since ¥ is of orders r! and higher, then the equations in (6.41) are mean-
ingful only when n > m, since otherwise a ¥ term would start at least at order .

Then, we have a natural “induction step” to solve the inverse operator both in r and in Y.
By the definition of Oy we have

Oy (oAY) =

_ 1)k
e (ade) (50%)

i
IPe

—_
~—|

(6.42)

—_

=Y — S [¥,60¥] + L[, [%,00%]) — o 19, 9, [%,60]]] + .,

2
Then we can invert recursively (6.39) in powers of ¥, finding the expressions for the successive

order n inverses,

0
5 = ol (6.43)
1
5 = ol 4 sl (6.44)
5 o= 504 4ol (6.45)
For [n] =0,
S0y = A — A© (6.46)

3This is to distinguish it from the expansion in 7, which we have denoted by X (n),
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This variation is analogous to the second term in (4.39). For [n] = 1, we get
1 1 0
sy — SIE, s0%%) = [¥,A)] (6.47)

Making use of (6.46), this becomes

—_

sy — SIEA+AY) (6.48)

The equation (6.48) is the analogous to the second term in (4.40), as expected. The order 1 inverse
of (6.39) is then

1 1

S =A—AO 4 S [F A+ A0, (6.49)

which is analogous to the variation defined in chapter 4. Now we can press on to higher orders.
For example, at [n] = 2 we have

1 1
ORY — 1%, ]+ [, 1%, 6 ¥]] = —4[¥, ¥, A (6.50)

Then, plugging in (6.46) and (6.48), we get

sy = 113[?, [¥,A— AO)]] (6.51)

This will allow us to extract the transformation of ¥ at O(r?). The rule generalises, in the sense
that if we want the transformation to order 7 in r, we must first construct it to at least order n
in ¥ (this follows from the fact that the expansion of ¥ starts at O(r), see (6.28)). One can then
proceed recursively and construct the transformation to all orders in ¥ and r.

The important property of this expansion in ¥ is that each term preserves the g-structure on
the variation algebra. As an example, take two O(r) LGT, let say Aj and A;,. Then,

(A1, Ag] = AN, A + (A, AL+ A0, A + ., (6.52)

and we want that the variations have the correct representation on the phase space functions,

[(SA], (SAZ]T - 5[A1,A2]\F' (653)
1
Let us compute the variation on ¥(?) for ¢:

At = A 4 ¥, A

1 1
oaY® = (¥, A0+ 5[0, A
1 1 0 1 1 0 1 1 0 1
Sr0n¥® = [, A4 S, AP AP+ (A 4 1, A, ALY
1 1 1
Onn0n ¥ = (AT, A SO, A, A7)+ (AT, A3 + [, [AF, A7)
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and
Siaag ¥ = (A, AN+ S, [Ag, A V] + ¥, [Ag, A7) )], (6.54)

where [A1, Ay]1) = [Ago),Agl)] + [Agl),Ago)]. Now, the term ¥(?) and [¥(1), §¥(V)] are of the
same order in r, but the latter is not seen by the order 1 inverse. Therefore, we need second order

corrections in the variation for the algebra to have the correct representation up to quadratic

2
order. A straightforward computation shows that the order 2 inverse of (6.39), J, satisfies indeed
the above equation for ¥(?). The higher the order of ¥ we want to compute, the higher order
inverses we should consider to satisfy (6.53).

If we take two large gauge transformations with parameters,

Ny N>
A=Y A A= Y A (6.55)
n=-—oo n=—oo
then
(A1, Ag) = PN AN AN} L o (NN T, (6.56)

We solve (6.39) up to order N; 4+ Ny, and then we have the correct algebra of variations (mod-
ulus higher orders).

This extension, then, allows us to compute the variation algebra consistently with the large
gauge transformations algebra. We hope this could provide the first step to the computation of
the sub”-leading charges.
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Outlook

In this thesis we presented the study of phase space extensions for gravity and gauge theories.
The precise contributions are the following:

e Construction of a phase space of gravity at null infinity where superrotations act canoni-
cally, chapter 1.

e The study of the GBMS group coupled to Yang-Mills large gauge symmetries, chapter 2.

e Linearized extension in Yang-Mills that contains large gauge transformations associated
to the leading and the subleading charges, chapter 4.

e Extension of the phase space in Maxwell at all order, revealing the infinite hierarchy of

sub”-leading charges, chapter 5.

e Proposal for an extension to all orders in the self-dual sector of Yang-Mills, providing a
perturbative-like approach to the computation of the variation algebra, chapter 6.

In recent years, this area has been studied under the perspective of multiple fronts coming
together: asymptotic symmetries for radiative data (e.g. [5,7,9]), infrared triangle (e.g. [22,26,
]), covariant phase space formalism (e.g. [12,39,43]) and double copy mappings (e.g. [109]).
The interplay between the different approaches have come to be harmonious, complementing
each other in different parts of the problems. From a large scale perspective, understanding
the extension of (classical) phase spaces in gravity is crucial for the quantization of the theory.
Within this broad confluence of techniques and ideas, the structure of symmetries is the main
guiding star in the pursuing of a quantum gravity theory. This indicates, once again, that gravity
is a geometric theory above all else, even the adjective quantum.
The study of asymptotic symmetries has many branches currently under intense research or
still emerging in their own right. Below we put our findings in a broader context, summarizing
some of the research lines.

e The weak-strong duality between gauge theories and gravitational theories, started by the
AdS/CFT conjecture, remains to be understood for most spacetimes. Asymptotic symme-

tries are intrinsic to holography, e.g. [27, 115], and the covariant phase space formalism
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is the natural ground on which to study them. The algebraic properties in different back-
grounds and extensions, and their connection to soft theorems and the S-matrix, could in
principle led to new insights of a more general holographic correspondence with the dual
field theory.

The problem of the phase space of compact regions in General Relativity is as old as the
theory itself. It is related to the non-locality of the energy of the gravitational field. In this
context, several attempts to obtain a symmetry group canonically realisable, e.g. [39-45,

,54,116]. These works established the existence of the corner symmetry group, which can
be represented canonically on the gravitational phase space. The extension of the corner

symmetry group aims to includes supertranslations, which poses a series of difficulties
[46].

The asymptotic symmetries have showed to contain this extended corner symmetry, e.g.
[5,31], and the properties of the structure of the charges has been thoroughly studied in
the past decades. The common tool between the asymptotic symmetry group and that of
finite boundaries is the covariant phase space formalism. In chapter 3 we use such tool to
understand the proposal made in [32] for the superrotation charge. A natural path that
stems from this study is regarding higher order large gauge transformations. Subsub-
leading theorems [16,25,33] seem to corresponde to O(r) large gauge diffeomorphisms.
It would be interesting to extend the present phase space supporting the GBMS action to

include such diffeomorphisms.

Our work in the asymptotic structure of symmetries for YM is inspired in part from the
asymptotic symmetries in gravity. In particular, the above mentioned problem of the O(r)
large gauge diffeomorphisms.

The first order approximation presented in chapter 4 should be the realization of a higher
order symmetry algebra, at least within the tree-level theory. The first step towards this
general symmetry algebra is presented in chapter 6, where we provide a realization for the
algebra of variations in the Self Dual sector of the theory. In particular, it can be shown
from equation (6.51) that the second order includes linearized O(r?) gauge transforma-
tions and O(r) ones at second order. The former would be related to the (partial) sub-
subleading soft gluon factorization [48].

In this context, it would be important to make contact with the “celestial” 2d CFT approach
to symmetries [100,115,117-122], which naturally incorporates higher order factorization

formulas satisfying a rich algebraic structure [90,123,124].

The contact between gravity and gauge theories takes a particular clear form in the self-
dual sector, where the so called double copy has been proposed, see e.g. [109,110,125-128].
The basic idea is to construct a map from gravity to two copies of YM. Among the features
included in this map, symmetries would be a central part. Infinitesimal symmetries has
been included non-perturbatively in [109], while in [107] is proposed the extension to

finite transformations, defining the map also at null infinity, see chapter 6. It would be
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interesting to consider the double copy map between charges. This could in principle
bring more information regarding the higher orders symmetries in gravity.

e And since it could not be missing in a thesis on gravity, black holes are among the most
intriguing objects where applying the study of asymptotic symmetries could bring new
physics (e.g. [60,129-135]). In particular, symmetries in the near horizon geometry for
gravity and/or fields coupled could provide insights regarding the universal properties
of the black hole entropy [135].
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Covariant Phase Space Formalism

A.1 Covariant Phase Space

In this section we will fix nomenclature. Most of the differentiable structure on the spacetime
was used in the previous chapters, but we present it here in the more general context of the jet
bundle.

A.1.1 Differentiable structure on M

M will be the spacetime n—manifold, with differentiable structure . The tangent bundle TM
is the set of pairs (x, v), where the tangent vectors v € Ty M can be decomposed in a local basis
{9,.}, while the cotangent bundle T*M is the set of pairs (x,w), where w is a 1—form, which
can be decomposed in a local co-basis {dx"}. Vector fields are differentiable sections of TM,
denoted as I'(TM), and one-forms are differentiable sections T* M, denoted T'(T*M).

The tensorial algebra is given by the collection 7 M of differentiable sections in each of the
bundles T*T*' M for k,1 > 0,

TM := @ [(T T M). (A1)
k,1>0

This algebra is graded by the tensor type (k, 1), and posses a product, ®, such that the grades
are additive with respect to it.

We can also define a derivation on 7 M, by considering each tensor of type (k,!) as a differ-
entiable multilinear map from I'*(TM) x T''(T* M) to R. Fixed & € T(TM) we can define the
interior product iz as the operator

i T'T M — TFT I M, (A2)

(lU(T)> (gll'"/ Cl*l/wll Y (Uk) = T(C’ él/u'l gl*llwlr Ay (.Uk), VCZ S 1—‘(’1—"/\/1)1(0] € F(T*M)
(A3)

So far, the differentiable structure of M has only played a role in defining the sections, but

!In these first sections, for the sake of generality, we take the dimension of the base spacetime manifold to be
generic, n > 2
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not the algebraic properties of 7 M. First, we can compare the neighbouring values of the ten-
sors by using the diffeomorphisms in M: given ¢ : M — M a diffeomorphism, y = ¢(x) and
x two points in M, and T € T(T*T*' M), the pullback ¢* and pushforward ¢. of a vector field
are defined as

PEY) = dpu(E(x),  .&(x) =gy (E W) = (¢97)E(), (A4)

respectively (for diffeomorphisms the identity ¢, = (¢*)~! holds). For one-forms, we have to

define in terms of evaluations with vector fields, so the natural definition is

Pprw(y) = wodu(x), P.w(x) =wod™(y) (A5)

This definitions extend to a general tensor,

(@ (T))y(C1(¥) s G1(y), w1 (y), v i (y)) = T (P (81) (%), s P (81) (%), P (1) (%), s (i) ()
(A.6)
and analogous formula for the pushforward ¢.T.
Once that we can “transport” tensors along M, a notion of differentiation can be defined on
the tensorial algebra: the Lie derivative. Given ¢ a vector field on M, it generates a one param-
eter family of diffeomorphisms ¢; : M — M by writting the differential equations (in local

coordinates)
(%) [i=0=E(x), o = idp (A7)
Then, we define
£07(3) = i T = T() A8)

Observe that both tensors in the numerator above are evaluated at the same point. Also, the Lie
derivative preserve the tensor valence.

Finally, the last ingredient in the exterior calculus is the exterior algebra. A k—form is a
totally antisymmetric k—covariant tensor. We denote by Q0f(M) the set of all the k—forms. The
exterior algebra is given by

QM) := kz Of(M), (A.9)
=0

since a totally antisymmetric tensor has at most order n. The algebra structure is given by the
wedge product A, such that each w € Q!(M) is Grassmann odd with respect to it,

aAB=(-1)BA&, ac QM) BcQ (M) (A.10)

The exterior derivative d is a derivation in the exterior algebra defined as the unique R—linear
map d : QF(M) — QF (M) that satisfies
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af(g) = ¢(f), feQ’(M) (A.11)
Pf = 0, fe'M) (A.12)
dlanB) = daAB+ (=D andpacQf(M),pec (M) (A.13)

This map induces the De Rham exact sequence,
C®(M) =2 (M) = QM) = ... = Q" (M) =0, (A.14)

where the operator d, the exterior derivative, increases the grade of the form.

This ends the presentation of the main operators: the interior product, ¢, the exterior deriva-
tive, d, and the Lie derivative. Observe that we do not use the metric at all: this structure comes
only with the manifold differentiable structure.

Derivations on the Exterior algebra

We can think about the operators £, and d with a more general approach: as derivations on
the graded commutative algebra Q(M) = @ycy OF (M), (we refer the reader to [136]), where
OF(M) =0ifk <0ork > n.

Let us denote by Der,Q)(M) the space of all graded derivations of degree k, i.e., all linear
mappings D : Q(M) — Q(M) with D(Q/(M)) C QFF(M) that also satisfy the graded
Leibnitz rule,

D(aAB) = D(a) AB+ (=1)"a A D(B). (A.15)

For example, given a vector field ¢, we have
Lz € DergQ(M), 1z € Der_1Q(M), d & Der;Q)(M), (A.16)

so the sets Der,Q)(M) are non-empty.
Then (Chapter 8, [136]), DerQ)(M) = @z Dery(2(M) is a graded Lie algebra with graded
commutator
[D1, Da]per := Dy o Dy — (—1)M%2 Dy 0 Dy (A17)

As a remarkable consequence of the above result, we have Cartan’s magic formula, given by
the following identity (which the reader might as well memorize!),

L = [1,d]per, (A.18)
which, in view of the derivation graded algebra, it reads,

L =1d+du. (A19)
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A.1.2 Integration and embeddings

As an application of the above formulas, consider an embedding ¢, : S, — M, where S, is an
m—manifold, m < n. Consider « € Q" (¢(S,;)). As a top form, we can integrate & on ¢(S,,), or
by pulling it back to S,,, we have

Awm“::4m¢““) (A.20)

Consider a vector field ¢ on ¢(S,,) such that it generates a diffeomorphism flow ¢; : ¢(S,,) —
$(Sm). Then, o ¢ : Sy — M is a family of embeddings. Then, we can define the function

)= [ a= [ g, (a21)

S m

whose derivative att = 0 is

Rl = [ ¢ (L) (A22)
We can distinguish two sub cases of the formula above,

o If we integrate an exact form, dp, then

70 = [ ¢ (Leap) = [ 9" (dicap) = [ g3(ap), (A23)

where ¢ : S, — 9¢(Sy,) is the boundary embedding.

e For a top form,
70 = [ 9 = [ ¢"(a) = | g3lca), (a24)
Observe that f’ is linear in @ and tensorial in §. This is, fixed &, the map

¢ — felal(0), (A.25)

can be thought as a 1—form. Let us call this 1-form x,. In particular, we can compute its exterior

derivative,

dxa(&1,82) = /S ¢*(Le Loyo — Loy Lo — Lig, mia) =0 (A.26)

so0 is an exact form. This formula is the “horizontal” version (i.e. on M) of the second variation

formula that we will study in the next section.

A.1.3 Exterior bi-algebra in the Jet bundle

The next ingredient to construct the jet bundle is the jet space, §, which is the collection of all
the fields and their (symmetrized) derivatives 2, schematically denoted as (¢(4))- These are the

2The derivatives are symmetrized by definition of a jet: it is the family of Taylor expansions for a set of functions

at a given point. Therefore, only take part the symmetric components 9, ...9,,,) f
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“coordinates” of the jet space.

We will denote as characteristics the sections of the tangent bundle T¢ 3 to avoid confusion
with the vectors in the base manifold. We usually will use the letter g to indicate characteristics.
The dual basis for the sections of the cotangent bundle T* ¢ is the set {54) } . The equation

that defines the dual vectors in finite dimensions has an analogous equatlon in g
doxt =o' — 5qcpi =4, (A.27)

which also satisfies (5,14)1('#) = a(mqi. With tangent and cotangent section we can construct
In complete analogy with the exterior algebra in M, we can define the interior product, the
exterior derivative and the Lie derivative for an exterior algebra in ¢.

e Interior product I: given a characteristic g, the contraction of any contravariant tensor

F € 95 with q is defined as the interior product,

OF
IqP = Za(‘u)qli., (A28)
w909,

in analogy with 1, = v# ﬁ. This operator lowers the covariant valence of the tensors.

e Exterior derivative J: Given a function F : § — R,

oF

6F = 2:5¢ a¢

(A.29)

in the same fashion as d = dx”E)y.

In general, an abuse of notation is made when treating variations, as we did in the last two
chapters: is common to talk about {54)2#)}@) as the variation, tangent in the field space,
and not as the basis on which we express the value of the variation. To see this, consider

the Taylor expansion of the fields at a given point xo, which is a scalar in the jet space,

¢(x0) + &' Ppu(xo0) + "¢ Py (x0) + - (A.30)

By applying (A.29) on the real functions ¢, (x0), ¢(uv)(x0), - : § — R, which is the eval-
uation of the field at the point xo, observe that,

S (x0) + &0y (x0) + ¢HE 0Py (x0) + vy (A.31)

where the notational abuse is already manifest: one consider the d¢ as an infinitesimal
perturbation of ¢,
¢ — P+ 0. (A32)

3We will assume that the sections are sufficiently smooth for all of our purposes. The study of differentiable struc-
tures in ¢ is beyond the scope of this thesis.
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Finally, starting with the exterior derivative for scalar function we can construct the exte-
rior algebra in the jet space, by defining the Grassmann odd elements as {(54)’@ } () with
the product A. This procedure gives us Q!(¢), Q*(g), ....

e Lie derivative £: changes in coordinates for the jet space are transformations of the fields,
and are parametrized by the characteristics via (A.27). On the other hand, a characteristic
generates a diffeomorphism flow on the jet bundle, which can be used to define the Lie
derivative in the field space. For example, given a characteristic (remember they are the
tangent vectors)

L' =1, (A.33)

Instead of defining it through a diffeomorphism of the jet space onto itself, we will provide
a more algebraic definition (equivalent to the one involving the flow). For any tensor

F : TF — R the Lie derivative in field space is given by

. OF

Observe that Cartan’s magic formula still holds for the field space exterior algebra, by defi-
nition of the Lie derivative
£y =061, + 1,0 (A.35)

We can define Der()(J) in the same way we define Der(2(M ), and have the graded Lie algebra
structure on it. £, I, 6 have degrees 0, —1, 1 respectively.

Finally, the jet bundle F is the set of pairs {x, gbl@} where (])2 ) € 9 and x € M. These local
coordinates give 7 the local trivialization M x ¢.

The key idea behind the jet bundle structure is to have the values of the fields along with
their derivatives, together with the base manifold, in a unique covariant object. Operators along
M are called horizontal, such as 1, £, d, while operators along ¢ are called vertical, suchas I, £, 6.

This double structure that we arrive at is called bicovariant Cartan calculus. As we will see,
introducing “dynamical symmetries” allows for the horizontal and vertical operators to mix,
[39], [43], [53]. This will be more clear in the following sections.

A.14 Symmetries and Symplectic structure

In this section we review the definitions of symmetries in the covariant phase space formalism.

The fields that we are taking as the building blocks of § will be the solutions to the field
equations, provided some boundary conditions. Relaxing the boundary conditions imply an
enlargement of the field space, and in consequence of the jet bundle, while tighter boundary
conditions reduce the jet bundle. We denote by S the solution field space, and observe that it
is a submanifold of the field space corresponding to all the possible fields, so all the definitions
above are valid on solution space by taking the pullback via the embedding of S into §.
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The starting point in the discussion of a (classical) field theory is the Lagrangian density,
Z|¢], a top form in M that depends on the field configurations, whose integral is the action,

s:/Mg, L g =M. (A.36)
For example, in the case of General Relativity or Yang-Mills,

LRg] = (R[g] —2A)dpy, (A37)
L™MA] = —%Tr(P/\*P), (A.38)

where R[g] is the scalar curvature of g, A is the cosmological constant, and F = d 5 A is the field
strength.

Definition A.1. We say that a characteristic tangent to ¢ is a symmetry of a lagrangian theory,
with lagrangian .Z, if

where By is a (1 — 1)-form. In other words, the action is invariant under the flow generated by
gin 7.

The next is one of the possible definitions of gauge symmetries. Later we will see an equiv-

alent one.

Definition A.2. Given the group of symmetries for the lagrangian ., there will be a subset
that is parametrized by free spacetime functions {/\l}:li 1- These are the gauge symmetries of the
theory.

Symplectic potential and Symplectic form

As a scalar function S : ¢ — R, we can take its exterior derivative in field space,
55 =5 / 2, (A.40)
R

where the domain R is fixed (there is no field dependent construction on it, or, equivalently, the
embedding i : R — M is constant with respect to the fields), so

55 = / 254; <i> (A41)

Since 54)’@ =9y (6¢"), for some 6¢' coordinate functions on F, we can integrate by parts using

Leibniz rule,
0.7

8¢Ey) aR

55 = / Z 1)Hlogia, 6(¢), (A42)

where 0 is an (n — 1)—form in M, and a 1—form in §J. We take dR as a spacelike or null hyper-
surface. This field space 1-form is known as presymplectic potential.

104



Chapter A

The principle of least action, that is, that the physical solutions for the fields are given when
0S = 0, needs certain prescription for the second term integral, the boundary term. Here is
where the boundary conditions enter the field. By fixing sufficiently fast decay rates for the
fields as they approach dR, we can set to zero the second term and obtain the Euler-Lagrange

equations for the theory,

0.
Y (=18 =
™) 0P(,

Solving these equations provide us with the solution space, S. Observe that the least action

=0. (A.43)

principle states that the field space gradient of the action vanishes, and thus the solutions are
“critical” points of the action. We often will say that a property is satisfied “on-shell” if it is
satisfied when pullbacked to the submanifold S C ¢.

Now we study the second term: it is a 1-form in F#, which we will denote @[¢]. We can

compute its exterior derivative, known as the presymplectic form,
0 :=00, w:=79H0 (A44)
the second equality being in the case where R is fixed. Now, since
0% = E+db, (A.45)
where E are the equations (A.43), we see that
0= 0%% = 0E +dé6 = E + dw, (A.46)

and therefore on shell we have that dw = 0, which implies that the symplectic form is conserved.
We can give a more precise definition for the gauge symmetries using the presymplectic

form,

Definition A.3. Given a characteristic g, we say it generates a gauge symmetry if and only if
Qlq1,9] =0, VYq€TI(TY). (AA47)

When R is not fixed, equation A.41 is no longer true, since now we have a field-dependent
embedding i, : R — M, which have a non-vanishing variation, such as in the subsection A.1.2.
We will review the correct expressions for the case of Diffeomorphism covariance in general

relativity, and the gauge covariance in Yang-Mills theory.

A.1.5 Diffeomorphism covariance

Consider ¢ vector field on M. As we see before, it defines a family of diffeomorphisms ¢; :

M — M. This, in turn, via gbi o i, generates a curve in field space ¢. By taking the derivative
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with respect to f, we obtain a characteristic, denoted by ¢

. d
§i= 29" oy t:O (A.48)

This characteristic is the associated one to the vector field ¢.

Definition A.4. Covariance and Semi-covariance under diffeomorphisms

o A general covariant theory is such that for an arbitrary field space form 0, it is satisfied,

£:0 = L0 + I5z0 (A.49)

o A semi-covariant theory is such that the variation of the lagrangian .# under a diffeomor-
phism is a total derivative,
L2 =dlg, (A.50)

for some local function /¢.
For a diffeomorphism covariant theory, the lagrangian .# satisfies,
55.,% = d(lgg), (A51)

since it is a scalar in field space.

Covariance for a theory can be broken by gauge fixing or boundaries, as is the case in BMS:
by fixing Bondi gauge, we allow certain diffeomorphism to act non trivially in the solution space,
since they have non-zero charges associated. These are the so called large gauge transformations.
Nevertheless, the celestial sphere metric in .# is still fixed, since d¢q,, = dvqq = 0.

When taking the action of GBMS, as we saw, the celestial metric on .# is not fixed. This imply
that the diffeomorphisms come with extra information: the embedding of some fixed metric,
say zcy) . On the new .#. In terms of the section A.1.2, when taking S@ of an integral, the domain
is moving also! The extra terms due to this behaviour prove to contain dynamical information
regarding the fields. We will explore this in the rest of this section.

A.1.6 Embedding maps

To express the field-dependence of the embeddings, take amap ¢ : S — C®(m — M), from
the solution space to the set of smooth embeddings ¢ : m — M, where m is some m—manifold,
m < n.

In a field-independent case, the map is constant, and the Lie derivative £ commutes with
embedding pullbacks and therefore integrations are independent of the field. But in the case
of a field-dependent embeddings, the pullback and £ do not commute (see [43], [53], [45]).
Consider g a characteristic, tangent to solution space S, and denote by ¢* the pullback of the

elements in Im (@) (we abuse a little bit notation here to ease the formulas). Since ¢ is tangent
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to S, it defines a flow @/ such that

d . . )
219 =a(¢), ¢'€s. (A.52)
t=0

This flow defines a flow on Im(G) C C®(m — M), through . Then, the exterior derivative of
G in field space, when contracted with a characteristic, gives a tangent vector on C®(m — M),
which is a vector field on m, generating a diffeomorphism of m:

S5 c®(m — M) > Diff(m), (A53)

where X(¢) := ¢ oe,,!, where e, is some reference embedding *. We can compute the differ-
ential of the map X o ¢ evaluated on g. First, the differential of ¢ on g is

d

0G1q) = 7 G(®]) =0 - (A.54)
5(XoG)lg = SG(@f)oey!| (A55)

t=0
This is the differential evaluated at g, based on a general point ¢ in S.
Variations of integrals

Consider some a[p] € OV"(M), a field-dependent form (such as a Lagrangian). Its integral on
the image of m by the embeddings is given by

S[a] = /m Cta. (A.56)

We can compute the exterior Lie derivative of S : S — IR, using the result in section A.1.2 and
that « depends on the fields, and arrive at the result,

ng*lx =Q* (Sq(x + ﬁx(q;g)a), (A.57)
where x(gq; ¢) is a vector field (analogous to ¢ in (A.22)) generating an infinitesimal diffeomor-
phism on Diff(m),

x(0:6) = Te@he@) | (A58)
t=0

By formula (A.55), the above equation can be written as the Maurer-Cartan form for the em-
bedding with respect to a fixed field configuration, e,,, and therefore we have

x(4:6) = xglgl = 6(XoG) o (Xog) ], (A.59)

4We are taking ey, ] A S equal to ey, to avoid extra symbols in the formulas.
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which defines a 1—form x¢ in &. Since (A.57) is valid for any characteristic 4, we can stablish
the identity

0G a = G (da + Ly u), (A.60)

where the operator £, . is a new derivation in 7: it acts on M forms as a Lie derivative and
on F as an exterior derivative, and the vector on which the Lie derivative is computed is x¢[q].
Thus, L Xc has degree (0,1) in the bicovariant Cartan structure of .

The same change in degree occur for the operator I, £y, in field space and 1. in base
space. The list below summarize the degrees of each operator,

Operator M ¢
d +1 0
0 0 +1
L -10
I -1
L 0
£ 0
Lxg -1 +1
Iy, 0 O
Ly 0 +1
Lxe 0 +1

The graded Lie algebra structure of the derivations is still valid, and Cartan’s formula is
valid on the new operators,

Lo = Ly, 9] (A61)

Second variation formula for the embedding map

For the embeddings, we had in section A.1.2 formula (A.26), which states that x, is a closed
form. We will see that in the general case of x¢, it is not closed in 7.

Theorem A.1. The curvature operator associated to the Maurer-Cartan form vanishes

1
RG] = dxg + 5lxg xg] = 0 (A.62)

Proof. Consider (A.60). Thisis a (p,1)—form in ¥, in the sense that « is a p—form in M and ¢
is the exterior derivation on the field space. On taking the exterior derivative of the right hand

side of (A.60), we need the formula for the exterior derivative of a general 1—form g in field
space,

(6B)[91, 2] = 91(Blaz2]) — q2(Bla1]) — Bll91,92]], V41,92 tangents to field space.  (A.63)
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Then,
0 =0°G*a[q1, 2] = (6G* (B + Ly,a)) [q1, 92, (A.64)
and therefore
0 = (6G*(0a+ Ly.«)) [q1,92] (A.65)

= 20, (G (St + Lyglan®)) = oo (G (Cquat Lygfq1) ) = G (g + Lig g, o56)

We use the identity (A.57) on each term, the first term being,

¢ <£Q1 (Lo + Ly ga1%) = Loglgn) (Lo + EX(;MZ](X))) (A.67)

Regrouping everything, and since @ is tensorial, we can take its argument to be zero,

0 = L4(Lo + Lygig)0) + Lyofq) (Lt + Ly 1)) — (1 42 2) (A.68)

_S[qlﬁh]“ o ’CXG[[%QZ]]IX' (A.69)

Since £, L4, — £4,£4, = £y, 4,), the terms corresponding to 52w vanish, as they should. Next,
we have the terms,

Lol Exela® = (16 2) = Lixgfgn xlaa)® (A.70)

which in terms of forms in field space, we have

(Ixg x¢lLie) (11,92 = [x¢lal, x¢la2)lLie — [X¢la2), xgla1])Lie = 2[xg (M), X [92)lLie,  (A71)

where we explicitly write Lie under the bracket. The above equation is extremely important for
curvature formula to be valid.

Next, we have the terms

S Ll + Ligla)Caott = (10 2) = Lyg gy ) (A72)

where we can use that £, = Lgy] + I, 5, where gy is the vector field that generates locally a
diffeomorphism in Diff(M). Therefore, since all the function in which £ is acting are field space

scalars, we have

£[q1v]£ &+ L ]ﬁ[qﬂt){ —(1+2)— EXQ[ o= E[‘?Y L2 (A.73)

x¢la2 X6lm [91,92]] xglal=1ay xg [l —xellg1.92]

The vector in the last Lie derivative is exactly
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(6x¢)1q1,92] (A.74)

Finally, putting everything back together,

0= <£5Xg+%[m,xg}“) [91,92], V1,92, (A.75)

which proves (A.62).

A.2  Symplectic structure and Extensions

In this section we will construct the charges associated to the covariant phase space that we
review in the previous section, applied to the particular case of GBMS action. This section
follows the expositions in [43,45,54,58].

We have .# T as the codimension 1 manifold where we integrate the forms. Its boundary is
the union .# U .#" =: 9.#. We take as the base manifold m the celestial sphere S, = S%. A
map G : § — C®(m x R < M) can be restricted to amap Gy s : S — C®((m) — M) trivially.
Also, we can extend G to the bulk, G}, since the subleading terms of the diffeomorphism
generators are field dependent.

A.21 Noether theorems and charges

Theorem A.2. Noether’s First Theorem Given a Lagrangian . defined on (M, g), there is a
bijection between (the equivalence classes of) global symmetries and (the equivalence classes
of) conserved codimension 1 forms |, known as Noether currents.

The content of this theorem states that after applying a Lie derivative of the Lagrangian with

a characteristic 5, associated to a diffeomorphism generator ¢, we have
Qéy = Ig(sg = I(fE + Igd@, (A.76)

with E the Euler-Lagrange set of equations in form notation. In the case of a covariant theory,

d(lgf) = IéE + IédG, (A.77)
and therefore we have
0= I§E~|—d(1(§9—t§.,§f) = d(Sg—{-jg), (A78)
where
]'g = 169 — Lgf, dSé = IéE, (A.79)

are the Noether current and the Noether weakly vanishing current, respectively. The fact that Sz can
be defined is the content of Noether’s Second theorem, which we will not prove here,
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Theorem A.3. Noether’s second theorem

0.L oL
Ozp—— = d — A.
e = dse |50 (A80)
where S¢ is the Noether weakly vanishing current.
Proof. O

The idea behind this theorem is that, upon imposing the boundary condition and finding a
family of diffeomorphisms that preserve them, we can obtain identities within the equations of

motions. For example, in vacuum General Relativity, [12],

Se = —2(d"'x),\/—8gG" ¢\, (A.81)

while for Einstein-Maxwell theory ( [137]),
Sea = —2(d""'x)u\/—8 (VVF'"(EP Ay + 1)GIE) (A.82)
For vacuum gravity, on shell we have .2 = 0, and E = 0, so covariance immediatly implies
je = Iéb. (A.83)

Observe that this is what we call charge density: is the integral of the Noether flux along .# is the
charge

H; = /j e (A84)

The corner charges come from realizing that
dje =0, (A.85)

and therefore, since .# is simply connected, there exists a 1-form in field space and a 2-form in
the base manifold Q¢ such that

Je=4dQ¢ (A.86)

In relating to chapter 1, chapter 2, chapter 3, we have,
Pf = Héf’ ]V = Hl_fv’ QA = HA, (A87)

where the last charge comes from the G—invariance in Yang-Mills. In the presence of boundary

conditions, the assumption é¢ = L¢ + I¢ is no longer true and appears the concept of anomaly

[45],
Ag = (55 - ﬁg - Lgé, (A88)

where J¢ denotes the variation of ¢ due to the field dependence. This plays an important role

in chapter 3.
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A.2.2 Symplectic potential and symplectic form

We have two prescriptions regarding the extended phase space structure containing x¢ and
the fields ¢. They are equivalent, the only difference being a boundary term in the extended
symplectic form. The first prescription, see e.g. [39], defines as the extended action the following

functional,
S1Z.61 = [ GiuZ 18, (A89)

where Z[¢] is the lagranngian of the theory, depending on the fields ¢. Let us start with the
first variation of the action,

65 = [ 6(Giun?), (A.90)

where R is the region enclosed by two t = cnt hypersurfaces, >, XZ¢,. By (A.60), and keeping
in mind that 6. = E + d0,

65 = [ GiunlE)+ [ Gin(0+1,2). (A91)
Then, the covariant symplectic potential is given by
Ocov = 0 + 1y, L. (A.92)
The second prescription, see e.g. [43,54, ], defines as the extended action as follows,
512,61 = [ Z[Giud) (A.93)

which, in other words, is the same as in (A.90) but . is evaluated at the dressed fields G}, ;. ¢.

Now, when computing the first variation,

05 = [ E{Giund}oGiud+ | 0{6Gia}. (A94)

where 6{6Gjz¢} means that 6 is the solution space 1—form evaluated at the variation of the
dressed field 53¢ By (A.60), the last term is

0{0Gard} = 0GR (00 + Ly 9)} = (6 + I.6) {Gird}, (A.95)

where now they are evaluated at the dressed variation of the solutions. By definitions (A.79)

and (A.86), we can have,

5S = /R Grak(E) + /a Girl0+ 1, L +dQy,), (A.96)

Then, the covariant symplectic potential is given by
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Observe that the difference between (A.92) and (A.97) is the boundary term
dQx- (A.98)

This ambiguity can be partially fixed by imposing that 6.,, do annihilate infinitesimal diffeo-
morphisms [138]. We will use the second prescription to relate our results in chapter 1 with
those in the literature regarding extended corner symmetries, e.g. [45,46,54].

Let us now proceed with the computation of the symplectic form on .# *. By defining

o, = /Z GO+ 1 L +dQy.), (A.99)
t

we have a symplectic potential on each Cauchy surface. In particular, the limit t — +-oco at fixed
u allows us to take X; — .#*. As it was shown in [31] for the gravity case, the limit can be
taken upon certain renormalization procedure, adding counter terms to cancel the divergences.
Then, we can take the limit and integrate on .#, by taking the pull back with ¢ »,

Ouoi= [ G0+ 152 +dQy,) = / G0+, Z + Q). (A.100)
mX

mx

Assuming we have a well defined Oy,

Qo = / 5G%5 (0 + 1y, 2), (A.101)
j o
which by (A.60),
ey 1= /j G (000 + 1y L +dQy,) + Ly (0+ 1 L + Q) (A102)

which, through (A.62), can be show to be [53], [43],

. . 1
Ocoo 1= /f ¢ (50) + /a G (%9 + SixghigZ +0Qug + L QXQ> , (A.103)

In the gravity case, on solutions we have . = 0, so we have
05 = [ G0 ™)+ [ G007 +0Qu + L3 Qr) (AL04)

A.2.3 Iyer-Wald charges

In [137], after renormalizing the symplectic potential on a segment on .#, they computed the

Iyer-Wald charge, given by the following covariant phase space theorem, [139],

Theorem A.4. Fundamental theorem of covariant phase space formalism
By contracting w with &, there exists a unique (up to total derivatives) (n —2,1)—form k¢
that satisfies
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L;Cw = dkg (A105)

In terms of the Noether charge, we have

kg = 5Q§— Q(sg—lCQ—Fd('). (A106)
We call the form k the Iyer-Wald codimension 2 form associated to ¢.
Proof. O

We arrive at the identity

$Hy = [ k A107
¢ ox ¢ ( )

which defines the Iyer-Wald surface charge.

A.24 Integrability and Poisson algebra

Starting from the expression (A.106), we see two possible sources of non-integrability,

e Field-dependence: the term Qsz contains the charge associated to the infinitesimal diffeo-
morphism generator 6¢, which in general will not be vanishing, do to the fact that we are
fixing boundary conditions. The introduction of correcting field-dependent diffeomor-
phism that cancel this term has been studied in the past years (e.g. [140], [132], [78]).

e Symplectic flux: the term ¢z0 implies

) k :—/ Lrw, A.108
0% ¢ E)Zé ( )

and therefore we have the obstruction given by the symplectic flux at the boundary. This
is known as the leaky boundary conditions, where some amount of the charges pervades
through the boundary.

Leaky boundary conditions ( [58]) can be split into two categories: Kinematical and Dy-
namical. The kinematical part of the flux (zw affects the changes the intrinsic boundary degrees
of freedom, such as the celestial 2-metric q,,, while the radiative degrees of freedom remains
fixed. Such is the case of 3d-gravity, where the Weyl tensor vanishes (and therefore no gravi-
tons are present) but the asymptotic diffeomorphisms can change the leading order of the met-
ric [79,141-145].

In the case of general relativity, the dynamical part of the flux (zw is the responsible for the
change in the Weyl tensor. We show now see how the embedding map formulation allow us to
restore the integrability of the charges, using the first prescription, (A.90) (since it differ by a
boundary term with respect to (A.93), the integrability result will be the same).
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In gravity, the lagrangian vanishes on-shell (since it is proportional to the scalar curvature)
and therefore Noether charge for a field-independent diffeomorphism generator ¢ is

dQ; = If), (A.109)
therefore,
[:08 — [, < / gﬁ;(&egm”)> - / G (1657 — 6dQ;). (A.110)
B4 S

We see that we have an integrable term and a non-integrable term, which we can write schemat-
ically as
JH{; = 159 —§Q§. (A.lll)

If we add the boundary term G* (txg 6877) from (A.104), and compute its contraction with 6,

([, 60t ) = [ 6y g™ = 126718 (A112)
Observe that x¢ [6] = —(, since is (minus) the generator of the diffeomorphism on the surface
(0.#), and
L 087 [€] = 1y, dQe. (A.113)
Then,
O — /j G (168 — 5dQ;) + /a G (1 — 1y Q) (A114)

which, by virtue of (A.60) applied to Qg,

L5 = =0 [ G (aQp). (A115)

Then, when considering the corner contribution, the charges are integrable.
Finally, [53], one can show that using Q%" the charges are canonically represented,

{He,, He,} = Hig, g (A.116)
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