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Earthquakes and graftings of hyperbolic surface laminations.
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Abstract: We study compact hyperbolic surface laminations. These are a generalization
of closed hyperbolic surfaces which appear to be more suited to the study of Teichmüller
theory than arbitrary non-compact surfaces. We show that the Teichmüller space of any
non-trivial hyperbolic surface lamination is infinite dimensional. In order to prove this
result, we study the theory of deformations of hyperbolic surfaces, and we derive what we
believe to be a new formula for the derivative of the length of a simple closed geodesic with
respect to the action of grafting. This formula complements those derived by McMullen
in [23], in terms of the Weil-Petersson metric, and by Wolpert in [33], for the case of
earthquakes.
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Instituto de Matemática, UFRJ, Av. Athos da Silveira Ramos 149, Centro de Tecnologia - Bloco C, Cidade
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Earthquakes and graftings of hyperbolic surface lamintions.

1 - Introdution.

1.1 - Teichmüller theory of laminations. Laminations, which have various applica-
tions in the study of hyperbolic dynamics (c.f. [20], [21], [22] and [29]), are an extension
of foliations where the ambient space is no longer assumed to be a smooth manifold.* A
hyperbolic surface lamination is a lamination in which all leaves are Riemann surfaces of
hyperbolic type, that is, Riemann surfaces which are uniformized by the Poincaré disk.
Such laminations arise quite frequently (see, for example, [17]), and the property of a given
compact surface lamination being hyperbolic is topological in the sense that it does not
depend on the laminated conformal structure chosen (see [10]).

Hyperbolic surface laminations also appear to possess a better structured Teichmüller
theory than arbitrary non-compact hyperbolic surfaces. Indeed, in [3], [4] and [5], natural
constructions of the Teichmüller space of a hyperbolic surface of infinite topological type
are defined using pants decompositions, complex structures and length spectra. However,
the authors then show that each of these different methods may yield a different space.
On the other hand, the known natural constructions of the Teichmüller space of a compact
hyperbolic surface lamination are all equivalent.

In [29] and [30], Sullivan defines the Teichmüller space of a hyperbolic surface lam-
ination to be the set of transversally continuous conformal structures modulo leafwise
diffeorphisms which are leafwise isotopic to the identity. An alternative description us-
ing leafwise complex structures is described by Moore & Schochet in [24]. In [10] (c.f.
also [32]), Candel proves that every hyperbolic surface lamination carries a unique leaf-
wise metric in its conformal class (see Section 4.1) which allows the Teichmüller space of
compact hyperbolic surface laminations to be studied as the space of hyperbolic leafwise
metrics modulo leafwise diffeomorphisms which are leafwise isotopic to the identity. It is
this framework that we will adopt in the sequel.

1.2 - Previous results. Little is currently known about the general theory of the Te-
ichmüller space of a given compact hyperbolic surface lamination. In [30], Sullivan shows
that this space is a Banach manifold carrying a natural complex structure with respect to
which it is biholomorphic to an open subset of the space of leafwise holomorphic quadratic
differentials. In [14], motivated by Ghys’ construction of non-constant meromorphic func-
tions on hyperbolic laminations using Poincaré series (see [17]), Deroin proves

Theorem 1.1, Deroin [14]

If a hyperbolic surface lamination contains a simply connected leaf, then its Teichmüller
space is infinite dimensional.

Beyond these general results, the authors are only aware of three specific cases in which
the Teichmüller space of a compact hyperbolic surface lamination is understood. The first
is that of the family of laminations, discussed in [17] and [30], associated to expanding
maps of the unit circle. The second is that of Sullivan’s universal solenoid, obtained as
the inverse limit of finite coverings of a closed hyperbolic surface, whose Teichmüller space
was computed by Šarić in [26]. The third is that of the Hirsch foliation, defined as the

* A brief review of the fundamentals of the theory of laminations is given in Section 4.1.
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quotient of the stable foliation of the hyperbolic attractor of Smale’s solenoidal map, whose
Teichmüller space was computed by the first author in collaboration with Lessa in [8].

1.3 - Main results. Our main result completes that of Deroin. A hyperbolic surface
lamination will be said to be trivial whenever it consists of a finite union of closed surfaces.
We show

Theorem 1.2

The Teichmüller space of a non-trivial hyperbolic surface lamination is infinite dimensional.

We will explain presently how Theorem 1.2 follows immediately from Deroin’s result
and the second main result of this paper. Our approach takes advantage of the topology of
the leaves to generate an arbitrarily large number of independent movements in Teichmüller
space via perturbations of Candel’s hyperbolic leafwise metric. In order to state the result,
we introduce some notation. First, given a complete hyperbolic surface Σ and a simple
closed curve γ, let [γ] denote the free homotopy class in which γ lies and let l([γ], g) denote
the infimal length of curves in this class with respect to the metric g. Next, given a surface
lamination X , its leafwise topology is defined to be the topology generated by all open
subsets of leaves of this lamination (see Section 4.2). In particular, a subset Y of X is
compact in this topology if and only if it is a finite union of compact subsets of leaves. We
prove

Theorem 1.3

Let X be a compact hyperbolic surface lamination. Suppose that for every subset Y of X
which is compact in the leafwise topology there exists a simple, closed leafwise geodesic
γ in X not intersecting Y . Then there exists an infinite sequence (γm)m∈N of simple,
closed leafwise geodesics in X such that, for every m ∈ N and for every finite sequence
a1, ..., am ∈ R, there exists a smooth family of leafwise hyperbolic metrics (gt)t∈]−ǫ,ǫ[ such
that, for all 1 ≤ i ≤ m,

∂

∂t
Log(l([γi], gt))

∣

∣

∣

∣

t=0

= ai.

In particular, the Teichmüller space of X is infinite dimensional.

Theorem 1.2 follows from Theorems 1.1 and 1.3 by an argument used in [2] and [6]. Indeed,
it was proven independently by Epstein, Millett & Tischler in [16] and by Hector in [19]
that the generic leaf of a compact lamination has trivial holonomy. Consequently, if a hy-
perbolic surface lamination has no simply connected leaf, then there exists a simple, closed
geodesic inside a leaf with trivial holonomy. By Reeb’s stability theorem, this geodesic has
a neighbourhood trivially laminated by annuli. It then follows by the transverse continu-
ity of the leafwise metric and the persistence of closed geodesics under perturbations of
hyperbolic metrics that each of these annuli also contains a simple, closed geodesic. Since
the lamination is non-trivial, this yields sufficient simple, closed leafwise geodesics for the
hypotheses of Theorem 1.3 to be satisfied and Theorem 1.2 follows.

However, there are laminations that can be treated simultaneously by the methods
of both theorems. Indeed, the laminations to which Deroin’s theorem applies but not
ours are precisely those for which all leaves are simply connected except for finitely many
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leaves which are of finite topological type. Although examples of such laminations were
constructed in [7] for 3-dimensional ambient spaces, we believe this condition to be quite
restrictive, as this is the case for foliations. Indeed, in [7] it is shown that if all but a
finite number of leaves a smooth, minimal foliation are simply connected, and if all the
remaining leaves are of finite topological type, then all the leaves of the foliation are in
fact planes. It then follows by the result [25] of Rosenberg that the ambient manifold is a
3-dimensional torus and the foliation is by parabolic planes.

1.4 - Graftings and Earthquakes. Our proof closely follows the ideas developed by
the first author in collaboration with Lessa in [8], where Fenchel-Nielsen coordinates were
used to parametrize the Teichmüller space of the Hirsch foliation. In the general case, the
existence of such coordinates cannot be guaranteed, and we thus make use of the curves
given in the hypotheses of Theorem 1.3 in order to define surgeries of the leafwise metric
which vary independently the lengths of an arbitrarily large number of curves.

The surgeries that we use are generalisations of graftings, which we recall are defined as
follows (c.f. [15], [23] and [27]). Given a simple, closed geodesic γ in a marked, hyperbolic
surface Σ and a positive real number t, the grafting of length t of Σ along γ is defined to
be the marked, hyperbolic surface obtained by cutting Σ along γ, inserting a flat cylinder
of length t, and multiplying the metric of the resulting surface by a suitable conformal
factor. A related surgery operation is that of earthquakes. For any real number t, the
right earthquake of Σ along γ is defined to be the marked, hyperbolic surface obtained
by rotating the right hand side of γ a distance t in the positive direction of this geodesic.
The resulting marked, hyperbolic surfaces will be denote by G(γ,Σ)(t) and E(γ,Σ)(t)
respectively.

Our main result essentially consists in extending the grafting surgery to the frame-
work of laminations, which we believe to be of independent interest. It seems unlikely
that there exist a canonical way of extending graftings to laminations in general. Further-
more, although it is straightforward to extend to the entire lamination a grafting along
a simple, closed geodesic with trivial holonomy, it is less clear how this can be done for
geodesics with more general holonomy. Our construction yields extensions of graftings
along arbitrary simple, closed geodesics. Furthermore, although these extensions are non-
canonical, they can always be chosen so that their supports are contained in arbitrarily
small neighbourhoods of the geodesic in question (c.f. Lemma 4.13).

Theorem 1.3 then follows by carefully estimating the effect of grafting on the lengths of
all other simple, closed leafwise geodesics of the lamination. It is unsurprising and perfectly
consistent with known results of hyperbolic geometry that the effect of a grafting should
decay exponentially with distance from the locus of surgery. However, our calculations are
simplified with the help of the following exact formula, which complements those derived by
McMullen in [23] and Wolpert in [33] (see also [15] and [27]) and which, to our knowledge,
has not previously appeared in the litterature. Using the notation introduced before the
statement of Theorem 1.3, we show

Theorem 1.4

For every pair (γ, γ′) of simple, closed geodesics in Σ,
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∂

∂t
l([γ′], G(γ,Σ)(t))

∣

∣

∣

∣

t=0

=
∑

x∈γ ∩ γ′

sin(θx) +

∫

γ

∫

γ′

K(p, q)dlpdlq. (1)

where K(x, y) is the Green’s kernel over Σ of the operator

L := ∆− 2,

and, for all x ∈ γ ∩ γ′, θx denotes the angle that γ makes with γ′ at the point x.

This result is proven in Theorem 3.1, below.

1.5 - Acknowledgements. The authors are grateful to Thierry Barbot, David Dumas,
François Fillastre, Gabriel Calsamiglia and Pablo Lessa for helpful comments insightful
conversations. The first author was partially supported by ANII via the Fondo Clemente
Estable (projects FCE 135352 and FCE 3 2018 1 148740), by CSIC I+D 389, and by the
MathAmSud project RGSD (Rigidity and Geometric Structures in Dynamics) 19-MATH-
04. The second author was partially supported by the MathAmSud project GDAR (Ge-
ometry and Dynamics of Anosov Representations).

2 - Analyti preliminaries.

2.1 - Green’s functions with point singularities. Let Σ be a complete hyperbolic
surface without cusps. Let ∆ be its Laplace-Beltrami operator. Define

L := ∆− 2. (2)

This operator is, up to a change of sign, the linearisation about the hyperbolic metric of
the curvature operator (c.f. [12] and [13])

κφ := −e−2φ
(

∆φ− κ0
)

. (3)

It is common to study its properties using general elliptic theory. In the present context,
however, it is simpler to determine explicit formulae for its inverses in terms of Green’s
functions. Recall first that, considered as an operator acting on distributions, L has trivial
kernel in the space C2

bdd(Σ) of bounded, twice-differentiable functions over Σ as well as in
the space L1(Σ) of integrable functions over Σ. For all x ∈ Σ, the Green’s function of L
over Σ with singularity at x is defined to be the unique function Kx ∈ L1(Σ) such that

LKxdArea = δx, (4)

in the distributional sense, where dArea denotes the area form of Σ, and δx denotes the
Dirac delta distribution with singularity at x, that is

〈δx, g〉 := f(x).

The Green’s kernel of L over Σ is defined such that, for all x 6= y ∈ Σ,

K(x, y) := Kx(y).

4
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Lemma 2.1

For all x ∈ H
2, the Green’s function Kx of L over H2 with singularity at x is

Kx(y) =
1

2π
−

1

2π
arccoth(cosh(r(y)))cosh(r(y)), (5)

where r(y) here denotes the distance in H
2 from y to x.

Proof: By uniqueness, Kx is invariant under rotation about x and is therefore a function
of r only. Since L is given in polar coordinates of H2 about x by

Lu = urr + coth(r)ur +
1

sinh2(r)
uθθ − 2u,

Kx is a solution of the equation

Frr + coth(r)Fr − 2F = 0.

We verify by inspection that the function F (r) := cosh(r) is a solution and a second,
linearly independent solution is then obtained using the Wronskian. The function Kx is
the unique linear combination of these two solutions which also satisfies

Lim
r→∞

e2rKx(r) = −
2

3π
,

and

Lim
r→0

r
∂

∂r
Kx(r) =

1

2π
.

These properties imply that Kx is an element of L1(H2) which solves (4), and the result
follows. �

Corollary 2.2

The Green’s kernel K(x, y) of L over H2 has the following properties.

(1) For all x 6= y, K(x, y) < 0;

(2) for all x 6= y, K(x, y) = K(y, x); and

(3) for all R > 0, there exists C > 0 such that for d(x, y) > R,

|K(x, y)| ≤ Ce−2d(x,y). (6)

In particular,
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Lemma 2.3

Let Σ be a hyperbolic surface. For all R > 0, there exists C > 0 with the property that

(1) if f is a twice-differentiable function such that both f and Lf are bounded; and

(2) if x ∈ Σ is such that Br(x)∩Supp(Lf) = ∅ for some r ≥ R,

then
|f(x)| ≤ Ce−r‖Lf‖L∞. (7)

Proof: It suffices to consider the case where Σ = H
2. Denote g := Lf . Since L has trivial

kernel over C2
bdd(H

2), we have

f(x) =

∫

H2

K(x, y)g(y)dAreay.

However, in polar coordinates (r, θ) of H2 about x,

dArea = sinh(r)drdθ,

and the result follows by Item (3) of Corollary 2.2. �

2.2 - Green’s functions with geodesic singularities. Let Σ be a complete hyperbolic
surface without cusps and let γ be a simple, closed geodesic in Σ. The Green’s function of
L over Σ with singularity along γ is defined to be the unique function Kγ ∈ L1(Σ) such
that

LKγdArea = δγ (8)

in the distributional sense, where δγ denotes the Dirac delta distribution with singularity
along γ, that is

〈δγ , f〉 :=

∫

γ

f(x)dlx.

Using Fubini’s Theorem, we readily verify

Lemma 2.4

Let Σ be a hyperbolic surface without cusps. For every simple, closed geodesic γ in Σ, the
Green’s function Kγ of L over Σ with singularity along γ is given by

Kγ(x) =

∫

γ

K(x, y)dly.

In order to derive more explicit estimates for Kγ, we consider the following special case.
An hourglass is defined to be a complete, connected hyperbolic surface containing a unique
simple closed geodesic, that is, a complete hyperbolic annulus not conformal to the pointed
disk.

6



Earthquakes and graftings of hyperbolic surface lamintions.

Lemma 2.5

Let Σ be an hourglass with simple, closed geodesic γ. The Green’s function Kγ of L over
Σ with singularity along γ is given by

Kγ(x) = −
1

π
+

1

π
arccot(sinh(r(x)))sinh(r(x)), (9)

where r(x) here denotes the distance in Σ from x to γ.

Proof: By uniqueness, Kγ is invariant under rotation along and reflection about γ and is
therefore a function of r only. In Fermi coordinates of Σ about γ, L is given by

Lu = urr + tanhrur +
1

cosh2(r)
utt − 2u,

where t here denotes a path-length parameter of γ. It follows that Kγ is a solution of the
equation

Frr + tanh(r)Fr − 2F = 0.

We verify by inspection that the function F (r) := sinh(r) is a solution and a second,
linearly independent solution is then obtained using the Wronskian. The function Kγ is
the unique linear combination of these two functions which also satisfies

Lim
r→∞

e2rKγ(r) = −
2

3π
,

and

Lim
r→0+

∂

∂r
Kγ(r)− Lim

r→0−

∂

∂r
Kγ(r) = 1.

These properties imply that Kγ is an element of L1(Σ) which solves (8), and the result
follows. �

Corollary 2.6

Let Σ be an hourglass with simple, closed geodesic γ. The Green’s function Kγ of L over
Σ with singularity along γ has the following properties.

(1) For all x, Kγ(x) < 0;

(2) for all x ∈ γ, Kγ(x) = − 1
π ; and

(3) there exists a constant C > 0, which does not depend on Σ such that, for all x,

|Kγ(x)| ≤ Ce−2d(γ,x). (10)

7
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Lemma 2.7

Let Σ be a complete hyperbolic surface without cusps. Let γ be a simple, closed geodesic
in Σ. Let Σ̂ be an hourglass with unique simple, closed geodesic γ̂. Let π : Σ̂ → Σ be a
local isometry whose restriction to γ̂ defines an isometry onto γ. The Green’s functions
Kγ and Kγ̂ are related by

Kγ(x) =
∑

π(x̂)=x

Kγ̂(x̂). (11)

Proof: It suffices to prove that the sum is locally uniformly absolutely convergent. How-
ever, for x ∈ Σ, the orbital counting function of x in Σ̂ is defined by

N(x)(R) := #π−1({x})∩BR(γ̂),

where BR(γ̂) denotes the tubular neighbourhood of radius R about γ̂ in Σ̂. By comparing
areas, we obtain

N(x)(R) ≤
lsinh(R + rinj)

sinh2(rinj/2)
,

where l here denotes the length of γ and rinj denotes the injectivity radius of Σ about x.
Local uniform convergence follows from this and Item (3) of Corollary 2.6. This completes
the proof. �

Corollary 2.8

Let Σ be a complete hyperbolic surface without cusps. Let γ be a simple, closed geodesic
in Σ. The Green’s function Kγ of L over Σ with singularity along γ has the following
properties.

(1) For all x, Kγ(x) < 0; and

(2) for all x ∈ γ, Kγ(x) ≤ −1/π.

Remark: In fact, equality holds in the second relation at a single point if and only if Σ is
an hourglass.

The following estimate will play a key role in the sequel.

Lemma 2.9

For all ǫ > 0, there exists C > 0 with the property that if Σ is a complete hyperbolic
surface without cusps, if γ is a simple, closed geodesic in Σ, if Kγ is the Green’s function
of L over Σ with singularity along γ, and if the injectivity radius of Σ about every point
of γ is bounded below by ǫ, then, for all x ∈ Σ,

|Kγ(x)| ≤ Ce−d(γ,x). (12)

Proof: Let π : H2 → Σ be the canonical projection. Let x̂ be an element of π−1({x}). Let
G be the set of complete geodesics in H

2 which are preimages of γ under π. The orbital
counting function N(γ, x) : [0,∞[→ R of γ with respect to x is given by

N(γ, x)(R) := # {γ̂ ∈ G | γ̂ ∩BR(x̂) 6= ∅} .

8
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By comparing areas, we obtain

N(γ, x)(R) ≤
sinh2((R + ǫ)/2)

sinh2(ǫ/2)
.

By Lemmas 2.5 and 2.7,

Kγ(x) =
∑

γ̂∈G

(

−
1

π
+

1

π
arccot(sinh(d(γ̂, x̂)))sinh(d(γ̂, x̂))

)

.

It follows by Item (3) of Corollary 2.6 that, for some C > 0,

|Kγ(x)| ≤ C
∑

γ̂∈G

e−2d(γ̂,x̂)

≤ C

∫ e−2d(γ,x)

0

N(γ, x)

(

−
1

2
ln(t)

)

dt

≤
Ceǫ

4sinh2(ǫ/2)
e−d(γ,x),

as desired. �

3 - Graftings and earthquakes.

3.1 - Graftings and earthquakes. Let Σ be a complete, marked hyperbolic surface
without cusps. Let g denote its metric. We recall the notation introduced in Section 1.3.
Given a simple, closed geodesic γ in Σ, let [γ] denote the free homotopy class in which
it lies. Let l([γ],Σ) denote the infimal length with respect to g amongst all curves in [γ].
Recall (see [9]) that [γ] contains no other geodesics and that l([γ],Σ) is realised by γ.

Recall that, given t > 0, the grafting of length t of Σ along γ, which we denote
by G(γ,Σ)(t), is defined to be the unique complete, marked hyperbolic surface obtained
by cutting Σ along γ, inserting a cylinder of length t, and multiplying the metric of the
resulting surface by a suitable conformal factor. In this section, we show

Theorem 3.1

Let Σ be a complete, marked hyperbolic surface without cusps. Let γ be a simple, closed
geodesic in Σ, and for all t ≥ 0, denote Σt := G(γ,Σ)(t). We have,

∂

∂t
Log(l([γ],Σt))

∣

∣

∣

∣

t=0

≤ −
1

π
. (13)

Furthermore, for all ǫ > 0, there exists C > 0, which does not depend on Σ, such that, if
the injectivity radius of Σ is bounded below by ǫ > 0, then, for every other simple, closed
geodesic γ′ not intersecting γ,

∣

∣

∣

∣

∂

∂t
Log(l([γ′],Σt))

∣

∣

∣

∣

t=0

∣

∣

∣

∣

≤ Ce−d(γ,γ
′). (14)
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Theorem 3.1 will be proven at the end of the following section. We first show how
graftings are also constructed as smooth non-conformal perturbations of g. For complete-
ness, we also study earthquakes, as their analysis is almost identical, and this will allow us
to recover the result [33] of Wolpert. As outlined in Section 1.3, given t ∈ R, the (right)
earthquake of length t of Σ along γ of length t, denoted by E(γ,Σ)(t), is defined to be the
unique marked hyperbolic surface obtained by cutting Σ along γ and rotating the right
hand side of γ by a distance t in the positive direction of this geodesic. Since the resulting
metric is automatically hyperbolic, there is no need to multiply by a conformal factor in
this case. This definition is independent of the orientation of γ chosen, but depends on
the orientation of the ambient surface. The left earthquake of (Σ, g) along γ of length t is
defined in a similar manner and is readily shown to be equal to E(γ,Σ)(−t). Reversing
the orientation of Σ interchanges left and right earthquakes.

Let R > 0 be such that the tubular neighbourhood BR(γ) of radius R about γ is
isometric to γ×]−R,R[ furnished with the twisted product metric

cosh2(r)dt2 + dr2. (15)

For φ, ψ ∈ C∞
0 (]−R,R[), define the metric gφ,ψ over this annulus by

gφ,ψ := (cosh(r)dt− φ(r)dr)2 + e2ψ(r)dr2, (16)

and extend gφ,ψ to a smooth metric over the whole of Σ by setting it equal to g over the
complement of this annulus.

Lemma 3.2

(1) For all ψ, (Σ, g0,ψ) is conformally equivalent to G(γ,Σ)(t), where

t =

∫ R

−R

eψ(r) − 1

cosh(r)
dr. (17)

(2) For all φ, (Σ, gφ,0) is conformally equivalent to E(γ,Σ)(t), where

t =

∫ R

−R

φ(s)

cosh(s)
ds. (18)

Remark: The proof of Lemma 3.2 uses the concept of conformal module (see [1]). Recall
that every annulus A of hyperbolic type is conformally equivalent to S1×]0,M [ for a unique
M ∈]0,∞]. For our purposes, the conformal module of A is defined to be equal to this
number.

Proof: Consider first the map

Ψ : NR(γ) → S1×]0,M [; (t, r) 7→
2π

l

(

t,

∫ r

−R

1

cosh(s)
dr

)

,

10
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where l here denotes the length of γ and M is to be determined. We verify that Φ is
conformal with respect to the metric g over BR(γ) and the product metric over S1×]0,M [.
Thus, if we denote by M(BR(γ), g) the conformal module of this cylinder, then

M(BR(γ), g) =
2π

l

∫ R

−R

1

cosh(s)
ds.

The conformal module of the cylinder (BR(γ), g0,ψ) is likewise given by

M(BR(γ), g0,ψ) =
2π

l

∫ R

−R

eψ(s)

cosh(s)
ds.

On the other hand, for all t, the conformal module of the cylinder (γ×]0, t[, dt2 + dr2) is

M(γ×]0, t[, dt2 + dr2) =
2πt

l
.

Item (1) now follows upon comparing these three conformal modules. Finally, for φ ∈
C∞

0 (]−R,R[), define

Φφ : BR(γ) → BR(γ); (t, r) 7→

(

t−

∫ R

−R

φ(s)

cosh(s)
dr, r

)

.

Since Φφ defines an isometry from (BR(γ), gφ,0) to (BR(γ), g), Item (2) follows, and this
completes the proof. �

3.2 - First order variations of curvature. Let Σ be a complete, marked hyperbolic
surface without cusps and let g denote its metric. Let γ be a simple, closed geodesic in
Σ. For suitable R > 0 and for φ, ψ ∈ C2

0 (] − R,R[), let gφ,ψ denote the complete metric
obtained by perturbing g in a neighbourhood of γ as in Section 3.1.

For φ, ψ ∈ C∞
0 (]−R,R[) and for f ∈ C2(Σ), denote

gφ,ψ,f := e2fgφ,ψ, (19)

and let κφ,ψ,f denote the curvature function of this metric. The operator κ defines a

smooth functional from a neighbourhood of (0, 0, 0) in C2,α
0 (] − R,R[)2 × C2,α(Σ) into

C0,α(Σ). Furthermore, for all f , we have (c.f. [13]),

κ0,0,f = −e−2f
(

∆f + 1
)

. (20)

In particular, considered as a smooth map between open subsets of Banach spaces, the
partial derivative of κ at (0, 0, 0) with respect to the third component is given by

D3κ0,0,0f = −Lf, (21)

where L is the operator introduced in Section 2.1. The existence of a Green’s kernel ensures
that L defines a linear isomorphism from C2,α(Σ) into C0,α(Σ) (c.f. [18]). The Implicit
Function Theorem then yields

11
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Lemma 3.3

For all φ, ψ ∈ C2,α
0 (]−R,R[), there exists ǫ > 0 and a smooth function f(φ, ψ) :]− ǫ, ǫ[→

C2,α(Σ) such that, for all s,

κsφ,sψ,f(φ,ψ)(s) = −1.

Let γ′ be another simple, closed geodesic in Σ. For all (φ, ψ, f), let lφ,ψ,f([γ
′]) denote

the infimal length of curves in [γ′] with respect to the metric gφ,ψ,f .

Lemma 3.4

For all (φ, ψ) ∈ C2,α
0 (]−R,R[),

∂

∂s
lsφ,sψ,f(φ,ψ)(s)([γ

′])

∣

∣

∣

∣

s=0

= −

∫

γ′

(φ ◦ r)cosh2(r)
dt

dl′
dr

dl′
dl′ +

∫

γ′

(ψ ◦ r)

(

dr

dl′

)2

dl′

+

∫

γ′

∂

∂s
f(φ, ψ)(s)

∣

∣

∣

∣

s=0

dl′,

(22)

where (t, r) are the coordinates of BR(γ) given in Section 3.1.

Remark: Since (ψ ◦ r) and (φ ◦ r) are supported in BR(γ), the integrands of the first two
terms on the right-hand side of (22) are non-trivial only along those segments of γ′ which
lie inside this tubular neighbourhood. In particular, since r is smooth over these segments,
these terms are indeed well-defined.

Proof: For all (φ, ψ, f) and for all η ∈ C2,α(γ′, ] − δ, δ[), let l′φ,ψ,f,η denote the length of
the graph of η over γ′ with respect to the metric gφ,ψ,f . This is a smooth functional whose
partial derivatives with respect to the first three components at zero are

D1l0,0,0,0φ = −

∫

γ′

(φ ◦ r)cosh2(r)
dt

dl′
dr

dl′
dl′,

D2l0,0,0,0ψ =

∫

γ′

(ψ ◦ r)

(

dr

dl′

)2

dl′, and

D3l0,0,0,0f =

∫

γ′

fdl′.

Since γ′ is a critical point of the length functional for g, its partial derivative with respect
to the fourth component at zero vanishes. Since geodesics in hyperbolic surfaces are stable
under small perturbations, upon decreasing ǫ if necessary, there exists a smooth function
η :]− ǫ, ǫ[→ C2,α(γ′, ]− δ, δ[) such that, for all s, the graph of η(s) is the unique geodesic
in [γ′] which realises the infimal length with respect to the metric gsφ,sψ,f(φ,ψ)(s) amongst
curves in this class. The result now follows by the chain rule. �

12
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Lemma 3.5

Over BR(γ), the curvature of gφ,ψ,0 is given by

κφ,ψ,0 = e−2ψ(r)ψ′(r)tanh(r)− e−2ψ(r). (23)

Proof: Consider first a general metric h over Σ. Let (e1, e2) be a local orthonormal moving
frame of h. Recall (c.f. [12] and [28]) that, for each i and for every vector field ξ,

∇h
ξ ei = −αh(ξ)J

hei,

where Jh denotes the complex structure of h, ∇h denotes its Levi-Civita covariant deriva-
tive and the connection form αh is given by

αh(ξ) := h([e1, e2], ξ). (24)

Recall that the curvature of h is then given by

κh = dαh(e1, e2). (25)

Consider now the local orthonormal moving frame given by

e1 :=
1

cosh(r)
∂t,

e2 := e−ψ(r)∂r +
φ(r)e−ψ(r)

cosh(r)
∂t.

We compute

[e1, e2] = e−ψ(r)tanh(r)e1,

and the result now follows by (25). �

Consider now sequences (Rm), (φm) and (ψm) such that,

(1) (Rm) ↓ 0 as m tends to infinity;

(2) φm, ψm ∈ C∞
0 (]−Rm, Rm[);

(3)
∫ Rm

−Rm
cosh(s)ψm(s)ds = 1; and

(4) (‖ψm‖L1) is uniformly bounded independent of m.

For all m, denote

κ̃m :=
∂

∂s
κsφm,sψm,0

∣

∣

∣

∣

s=0

. (26)

13
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Lemma 3.6

For any Lipschitz function f ,

Lim
m→∞

∫

Σ

fκ̃mdArea =

∫

γ

fdl. (27)

Remark: In other words, κ̃mdArea converges towards δγ in the distributional sense as m
tends to infinity.

Proof: Indeed, for all m and for all sufficiently small s, denote gm,s := gsφm,sψm,0 and
κm,s := κsφm,sψm,0. By (23),

κm,s(r) = sψ′
m(r)tanh(r)e

−2sψm(r) − e−2sψm(r).

Differentiating this relation with respect to s at s = 0 yields

κ̃m(r) = 2ψm(r) + ψ′
m(r)tanh(r).

Bearing in mind Property (3) of the sequence (ψm), upon integrating by parts we obtain,
for Lipschitz f ,

∫ Rm

−Rm

f(t, r)κ̃m(r)cosh(r)dr = 2

∫ Rm

−Rm

f(t, r)ψm(r)cosh(r)dr

+

∫ Rm

−Rm

f(t, r)ψ′
m(r)sinh(r)dr

= f(t, 0) +

∫ Rm

−Rm

(

f(t, r)− f(t, 0)
)

ψm(r)cosh(r)dr

−

∫ Rm

−Rm

ψm(r)sinh(r)fr(t, r)dr,

where the derivative of f with respect to r is taken in the distributional sense. However,
for all m,

∣

∣

∣

∣

∫ Rm

−Rm

(

f(t, r)− f(t, 0)
)

ψm(r)cosh(r)dr

∣

∣

∣

∣

≤ 2Rmcosh(Rm)‖ψm‖L1 [f ]1, and

∣

∣

∣

∣

∫ Rm

−Rm

ψm(r)sinh(r)f ′(r)dr

∣

∣

∣

∣

≤ sinh(Rm)‖ψm‖L1 [f ]1,

where [f ]1 here denotes the Lipschitz seminorm of f . The result follows upon integrating
with respect to t and letting m tend to infinity. �
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Theorem 3.7

For every pair (γ, γ′) of simple, closed geodesics in Σ,

∂

∂t
l([γ′], G(γ,Σ)(t))

∣

∣

∣

∣

t=0

=
∑

x∈γ ∩ γ′

sin(θx) +

∫

γ

∫

γ′

K(p, q)dlpdlq, and (28)

∂

∂t
l([γ′], E(γ,Σ)(t))

∣

∣

∣

∣

t=0

=
∑

x∈γ ∩ γ′

cos(θx), (29)

where K(x, y) is the Green’s kernel of L over Σ and, for all x ∈ γ ∩ γ′, θx denotes the angle
that γ makes with γ′ at the point x.

Remark: Equation (29) was first determined by Wolpert in [33].

Remark: By convention, the sums on the right-hand sides of (28) and (29) are taken to
be zero when γ = γ′.

Remark: If γ 6= γ′, then these two geodesics intersect transversally, so that the above
sums are finite and thus indeed well-defined.

Proof: Let ψ ∈ C∞
0 (]−R,R[) be a positive function such that

∫ R

−R

ψ(r)

cosh(r)
dr = 1.

By Lemma 3.2, up to first order in t, (Σ, g0,tψ) is conformally equivalent to G(γ,Σ)(t).
For all t, let ft := f(t) ∈ C2,α(Σ) be the unique function such that g0,tψ,f(t) is hyperbolic.
Then, by Lemma 3.4,

∂

∂t
l([γ′], G(γ,Σ)(t))

∣

∣

∣

∣

t=0

=

∫

γ′

(ψ ◦ r)(x)

(

dr

dl′

)2

dl′x +

∫

γ′

∂

∂t
f(x)

∣

∣

∣

∣

t=0

dl′x.

Letting R tend to zero in the first integral yields

Lim
R→0

∫

γ′

ψ(r)

(

dr

dl′

)2

dl′x =
∑

x∈γ ∩ γ′

dr

dl′
(x) =

∑

x∈γ ∩ γ′

sin(θx).

On the other hand, for all x,

∂

∂t
κ0,tψ,0(x)

∣

∣

∣

∣

t=0

− L
∂

∂t
ft(x)

∣

∣

∣

∣

t=0

=
∂

∂t
κ0,tψ,f(t)

∣

∣

∣

∣

t=0

= 0,

so that,
∂

∂t
ft(x)

∣

∣

∣

∣

t=0

=

∫

Σ

K(x, y)κ̃ψ(y)dAreay,

15
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where

κ̃ψ =
∂

∂t
κ0,tψ,0(y)

∣

∣

∣

∣

t=0

.

Thus, bearing in mind Fubini’s theorem, Item (2) of Corollary 2.2 and Lemma 2.4,

∫

γ′

∂

∂t
ft(x)

∣

∣

∣

∣

t=0

dl′x =

∫

γ′

∫

Σ

K(x, y)κ̃ψ(y)dAreaydl
′
x

=

∫

Σ

∫

γ′

K(y, x)κ̃ψ(y)dl
′
xdAreay

=

∫

Σ

Kγ′(y)κ̃ψ(y)dAreay.

Since Kγ′ is Lipschitz, it follows by Lemma 2.4 again and Lemma 3.6 that

Lim
R→0

∫

γ′

∂

∂t
ft(x)

∣

∣

∣

∣

t=0

dlx =

∫

γ

Kγ′(x)dlx =

∫

γ

∫

γ′

K(x, y)dl′ydlx,

and the first relation follows. The second relation is proven in an analogous manner, and
this completes the proof. �

Proof of Theorem 3.1: When γ′ = γ or when γ′ is disjoint from γ, the first term on the
right hand side of (28) vanishes, so that, bearing in mind Lemma 2.4,

∂

∂t
l([γ′], G(γ,Σ)(t))

∣

∣

∣

∣

t=0

=

∫

γ′

∫

γ

K(x, y)dlxdly =

∫

γ′

Kγ(x)dlx.

Thus, by Item (2) of Corollary 2.8,

∂

∂t
l([γ], G(γ,Σ)(t))

∣

∣

∣

∣

t=0

≤ −

∫

γ

1

π
dlx = −

l([γ],Σ)

π
,

and the first result follows. Likewise, with C as in Item (3) of Corollary 2.8,

∣

∣

∣

∣

∂

∂t
l([γ′], G(γ,Σ)(t))

∣

∣

∣

∣

t=0

∣

∣

∣

∣

≤ C

∫

γ′

e−d(γ,γ
′)dlx = Cl([γ′],Σ)e−d(γ,γ

′),

and the second result follows. This completes the proof. �

4 - Laminations and hyperboli perturbations.

4.1 - Riemannian laminations. We now recall basic definitions and results of the
theory of laminations, referring the reader to [11] for a thorough introduction. Let X
be a topological space. A d-dimensional laminated chart of X is defined to be a pair
(U, T,Φ) where U is an open subset of X , T is a topological space and Φ : U →]−1, 1[d×T

16
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is a homeomorphism. Given two laminated charts (Ui, Ti,Φi)i∈{1,2}, the transition map
α21 : Φ1(U1 ∩U2) → Φ2(U1 ∩U2) is defined by

α21 := Φ2 ◦ Φ
−1
1 .

This map is said to be of class C∞
l whenever every point of Φ1(U1 ∩U2) has a neighbour-

hood Ω of the form

Ω :=]x1 − ǫ, x1 + ǫ[×...×]xd − ǫ, xd + ǫ[×S

over which
α21(x, t) = (φ21(x, t), τ21(t)),

where

(1) τ21 is a homeomorphism onto its image;

(2) for all t, φ21(·, t) is a smooth diffeomorphism onto its image; and

(3) φ21(·, t) varies continuously with t in the C∞
loc sense.

A lamination is defined to be a separable, metrizable space X furnished with an atlas A
of laminated charts all of whose transition maps are of class C∞

l .
Given a lamination X , a laminated chart (U, T,Φ) of X and a point t of T , we

call the set Φ−1(] − 1, 1[d×{t}) a plaque of the chart. Plaques glue together to yield a
partition of X into smooth, d-dimensional manifolds, called leaves of the lamination. For
all x ∈ X , the leaf passing through x will be denoted by Σx. Given two laminations X
and Y and k ∈ N∪{∞}, Ckl (X, Y ) is defined to be the space of all continuous functions
f : X → Y which restrict to Ck functions from leaves to leaves and which, in addition vary
continuously in the Ckloc sense as the plaques vary in any given laminated chart. Functions
in C∞

l (X, Y ) are said to be leafwise smooth. Leafwise smooth maps are the morphisms of
the category of laminations.

Since every finite-dimensional manifold naturally carries the structure of a lamination
consisting of a single leaf, the theory of laminations may be viewed as an extension of the
theory of manifolds. Standard constructions of manifold theory then carry over to the
theory of laminations with appropriate modifications. In particular, vector bundles over
laminations are defined in the natural manner and, given a lamination X , the tangent
bundle TX of X is defined to be the vector bundle whose fibre at the point x ∈ X is the
tangent space to the leaf Σx at this point. The cotangent bundle and other tensor bundles
over X are likewise defined in the natural manner.

Given a lamination X and k ∈ N∪{∞}, let Ckl (X) denote the space of Ckl functions
from X into the trivial lamination R. We recall

Theorem 4.1, Candel [10]

For every open cover (Ui)i∈I of X , there exists a locally finite, leafwise smooth partition
of unity (χj)j∈J of X subordinate to this cover.

When, in addition, X is compact, leafwise smooth partitions of unity serve to furnish
Ckl (X) with a canonical Banach space structure as follows. First, let (U, T,Φ) be a lami-
nated chart of X and, for f ∈ Ckl (]− 1, 1[d×T ), define

‖f‖Ck
l
:= Sup

t∈T
‖f(·, t)‖Ck.

17
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Next, let (Uα, Tα,Φα)α∈A be a finite atlas of X by laminated charts, let (χα)α∈A be a
leafwise smooth partition of unity of X subordinate to this atlas and, for f ∈ Ckl (X),
define

‖f‖Ck
l
:=

∑

α∈A

‖(fχα) ◦ Φ
−1
α ‖Ck

l
. (30)

Up to uniform equivalence, the norm (30) is independent of the atlas and partition of unity
chosen, and thus defines a canonical Banach space structure over Ckl (X). For all (k, α),

the Hölder norm ‖ · ‖Ck,α

l

is defined in a similar manner, and the Hölder space Ck,αl (X) is

defined to be the Banach space of all functions f ∈ Ckl (X) such that

‖f‖Ck,α

l
(X) <∞.

Finally, given any vector bundle EX over X , for all (k, α), the Banach space of Ck,αl
sections of EX overX is defined in an analogous manner and will be denoted by Γk,αl (EX).

A leafwise metric over X is defined to be a leafwise smooth, positive-definite section
of the bundle Symm(TX) of symmetric, bilinear forms over X . In view of Theorem 4.1,
leavewise metrics always exist and are constructed in the same way as in the classical
theory of riemannian manifolds. Given a leafwise metric g, the pair (X, g) will be called a
riemannian lamination. For all x, the restriction of g to the leaf Σx will be denoted by gx.

A hyperbolic surface lamination is a riemannian lamination all of whose leaves are
complete hyperbolic surfaces. In [10], Candel characterises hyperbolic surface laminations
in terms of the conformal classes of its leaves. Recall first that two leafwise metrics g and
g′ are said to be conformally equivalent whenever there exists a leafwise smooth function
u such that

g′ = e2ug.

Theorem 4.2, Candel [10]

Let (X, g) be a compact riemannian surface lamination. If every leaf of (X, g) is of hyper-
bolic type, then there exists a unique leafwise smooth metric g̃ in the conformal class of g
with respect to which every leaf is complete and hyperbolic.

A closer examination of Candel’s proof yields

Lemma 4.3, Candel [10]

Let Gk,αl (X) denote the space of negatively curved, leafwise smooth metrics of class Ck,αl
over X . Let H : Gk,αl (X) → Gk,αl (X) be such that, for all g, H(g) is the unique leafwise
smooth hyperbolic metric given by Theorem 4.2. Then H is smooth as a map between
Banach manifolds.

18
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4.2 - Elementary differential topology of laminations. Let X be a compact rie-
mannian lamination. We gather here various elementary properties of X which will be
required in the sequel. First, the leafwise distance over X is defined by

dl(x, y) := Inf
γ
lg(γ), (31)

where γ varies over all tangential curves from x to y and lg(γ) denotes the length of γ with
respect to g. In particular, the leafwise distance between two points is finite if and only if
they both lie on the same leaf. This distance function defines the leafwise topology of X ,
which is the smallest topology containing all open subsets of leaves of X . A sequence (xm)
of points in X converges to the point x∞ in this topology if and only if (xm) converges to
x∞ in the ambient topology of X and, for sufficiently large m, xm also lies in the same leaf
as x∞. A subset Y of X is compact with respect to this topology if and only if it consists
of a finite union of compact subsets of leaves.

Lemma 4.4

Let (U, T,Φ) be a laminated chart of X . Then T is separable, metrizable and locally
compact.

Proof: Indeed, being a subset of a separable, metrizable space, U is also separable and
metrizable. Since T = {0}×T is homeomorphic to a subset of U , separability and metriz-
ability follow. It remains to prove local compactness. However, choose t ∈ T . Denote
x := Φ−1({0}). Since x is metrizable, there exists a neighbourhood V of x in X such that
V ⊆ U . Since X is compact, so too is V . Since Φ is a homeomorphism, Φ(V ) is open and
ΦV = Φ(V ) is compact. Let W be a neighbourhood of t in T such that {0} ×W ⊆ Φ(V ).
Then W is compact, and the result follows. �

Lemma 4.5

For all x ∈ X , there exists C > 0 and a laminated chart of X containing x whose plaques
have volume bounded below by 1/C and diameter bounded above by C.

Remark: By compactness of X , B may even be chosen independent of x.

Proof: Let (U, T,Φ) be a laminated chart of X about x. Let t ∈ T be such that Φ(x) is
contained in the plaque ]− 1, 1[d×{t}. Let V be a neighbourhood of t in T with compact
closure. �

Lemma 4.6

Let Y ⊆ X be compact in the leafwise topology. For all x ∈ X , there exists a laminated
chart (U, T,Φ) of X about x such that U ∩Y is contained in, at most, a single plaque.

Proof: We suppose that X is furnished with a leafwise metric g. Let (U, T,Φ) be a
laminated chart of X about x whose plaques have volume bounded below by 1/C, say,
and diameter bounded above by C, say. Since Y is compact in the leafwise topology, there
exist y1, ..., ym ∈ Y and R > 0 such that

Y ⊆
m
∪
i=1

BR(yi),
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where, for each i, BR(yi) here denotes the ball of radius R about yi in X with respect to
the leafwise metric. If V is the volume of the set

m
∪
i=1

BR+C(yi),

then (U, T,Φ) contains at most ⌊CV ⌋ plaques which intersect Y non-trivially where, for
all λ, ⌊λ⌋ denotes the greatest integer less than or equal to λ. The result now follows upon
reducing T if necessary. �

Lemma 4.7

Let Y ⊆ X be compact in the leafwise topology. Let Z be the (finite) union of all leaves
which intersect Y non-trivially. There exists a neighbourhood Ω of Y in X and a leafwise
smooth function π : Ω → Z such that, for all y ∈ Y , π(y) = y.

Proof: It suffices to consider the case where Y is contained in a single leaf Σ, say. By
compactness, Y is covered by a finite family (Ui, Ti,Φi)1≤i≤m of laminated charts. By
Lemma 4.6, we may suppose that, for all i,

Φi(Y ∩Ui) ⊆] − 1, 1[d×{ti} ,

for some ti ∈ Ti. For all i, denote

Vi := Φ−1
i (]− 1, 1[d×{ti})/

By definition,

Y ⊆
m
∪
i=1

Vi.

For all i, upon reducing Ui slightly if necessary, we may suppose that Vi is relatively
compact as a subset of Σ. By Lemma 4.6 again, upon reducing each Ui further if necessary,
we may suppose that, for all i and for all j,

Vi ∩Uj = Vi ∩Vj .

For all i ∈ {1, ..., m}, let

pi,1 :]− 1, 1[d×Ti →]− 1, 1[d and

pi,2 :]− 1, 1[d×Ti → Ti

be the projections onto the first and second factors respectively. For all i, define πi : Ui → Σ
by

πi(x) = Φ−1
i (pi,1(Φi(x)), ti).

Observe that, for all i, πi is leafwise smooth and, for all y ∈ Vi, πi(y) = y.
The open set Ω and the function π will be constructed by induction as follows. For

all i, define
Wi := V1 ∪ ...∪Vi.
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Suppose that, for some i, we have constructed an open set Ωi and a leafwise smooth map
π̃i : Ωi → Σ such that Wi ⊆ Ωi and π̃i(y) = y for all y ∈ Wi. Let O be a neighbourhood
of the diagonal in Σ × Σ consisting of pairs (p, q) for which there exists a unique length-
minimising geodesic γpq : [0, 1] → Σ such that γpq(0) = p and γpq(1) = q. Define the
smooth map G : O × [0, 1] → Σ by

G(p, q, t) := γpq(t).

Upon reducing Ωi and Ui+1 if necessary, we may suppose that Ωi = π̃−1
i (Wi) and that

Ui+1 = π−1
i+1(Vi+1). By Theorem 4.1, there exists a leafwise smooth partition of unity

(fi, gi) of Ωi ∪Ui+1 subordinate to the cover (Ωi, Ui+1). Define the open subsets Ωi+1,1 ⊆
Ωi, Ωi+1,2 ⊆ Ui+1 and Ωi+1,3 ⊆ Ωi ∩Ui+1 by

Ωi+1,1 := Ωi \ Supp(gi),

Ωi+1,2 := Ui+1 \ Supp(fi), and

Ωi+1,3 := (π̃i, πi+1)
−1(O).

Denote
Ωi+1 := Ωi+1,1 ∪Ωi+1,2 ∪Ωi+1,3.

We claim that Wi+1 := Wi ∪Vi+1 ⊆ Ωi+1. Indeed, Wi \ Supp(g) ⊆ Ωi+1,1 and Vi+1 \
Supp(f) ⊆ Ωi+1,2. By construction,

Wi ∩ Supp(g) ⊆Wi ∩Ui+1 ⊆ Vi+1,

so that π̃ and πi+1 are both defined and are equal over this set. Likewise,

Vi+1 ∩ Supp(f) ⊆ Vi+1 ∩
( i
∪
j=1

Uj
)

= Vi+1 ∩
( i
∪
j=1

Vj
)

⊆Wi,

so that π̃ and πi+1 again are both defined and are equal over this set. It follows that

Wi ∩ Supp(g), Vi+1∩ Supp(f) ⊆ Ωi+1,3,

so that Wi ∪Vi+1 ⊆ Ωi+1, as asserted.
Define πi+1 : Ωi+1 → Σ by

πi+1(x) :=







π̃i(x) if x ∈ Ωi+1,1,
πi+1(x) if x ∈ Ωi+1,2, and
G(π̃i(x), πi+1(x), 1− fi(x)) if x ∈ Ωi+1,3.

We readily verify that πi+1 is well-defined and, for all y ∈Wi+1, π̃i+1(y) = y. Furthermore,
since this function is leafwise smooth over each of Ωi+1,1, Ωi+1,2 and Ωi+1,3, it is leafwise
smooth over the whole of Ωi+1. Furthermore, Wi+1 ⊆ Ωi+1 and,

The induction process is initiated with W1 := V1, Ω1 := U1 and π̃1 := π1 and the
result follows upon setting Ω := Ωm and π := π̃m. �
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Lemma 4.8

Let Ω ⊆ Y ⊆ X be such that Ω is open in the leafwise topology and Y is compact in the
leafwise topology. There exists an open subset Ω̂ of X such that Ω̂∩Y = Ω.

Proof: Let x be a point of Ω. Let (U, T,Φ) be a laminated chart of X containing x. By
Lemma 4.6, we may suppose that the only plaque of U which intersects Y non-trivially is
the plaque containing x. Upon reducing U if necessary, we may suppose furthermore that
this plaque is contained entirely in Ω. The result follows upon taking the union of all such
laminated charts. �

Lemma 4.9

Let Y ⊆ Ω ⊆ X be such that Y is compact in the leafwise topology and Ω is open in
the leafwise topology. There exists a sequence (Ck)k∈N of positive constants such that if
f ∈ C∞

0 (Ω) is supported in Y and if Ω̂ is an open subset of X containing Ω, then there
exists a leafwise smooth function f̃ ∈ C∞

l (X) supported in Ω̂ such that

(1) for all x ∈ Y , f̃(x) = f(x); and

(2) for all k,
‖f̃‖Ck

l
≤ Ck‖f‖Ck .

Proof: Suppose first that Y is contained in a single plaque of a laminated chart (U, T,Φ)
and that this plaque is contained in Ω. By Lemma 4.6, we may suppose that

Φ(Y ) ⊆]− 1, 1[d×{t} ,

for some t ∈ T . Let
p1 :]− 1, 1[d×T →]− 1, 1[d and

p2 :]− 1, 1[d×T → T

be the projections onto the first and second factors respecively. Define π : U → Σ by

π(x) := Φ−1(p1(Φ(x)), t).

Let d be a metric of T . Let χ ∈ C∞(R, [0, 1]) be such that χ(t) = 1 for t ≤ 1 and χ(t) = 0
for t ≥ 2. For λ > 0, define χλ : U → R by

χλ(x) := χ(d(p2(Φ(x)), t)/λ).

Define f̃λ by
f̃λ(x) := (f ◦ π)(x)χλ(x).

Since T is locally compact, there exists ǫ > 0 such that Z := Φ−1(Φ(Y )×Bǫ(t)) is a
compact, subset of X , where Bǫ(t) denotes the ball of radius ǫ about t in T with respect
to the metric d. Upon reducing ǫ if necessary, we may suppose in addition that Z ⊆ Ω̂.
For sufficiently large λ, Supp(f̃λ) ⊆ Z ⊆ Ω̂. Furthermore, by compactness, for all k, there
exists Ck such that, for all such λ,

‖f̃λ‖Ck
l
≤ ‖f ◦ π|Z‖Ck

l
≤ Ck‖f‖Ck .

Finally, by compactness again, Y is contained in finitely many such laminated charts, and
the general case follows using a finite C∞

l partition of unity. �
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4.3 - Hyperbolic perturbations. Before proving our main result concerning the infinite
dimensionality of Teichmüller space, we return to the case of a single complete, hyperbolic
surface Σ without cusps. Let g denote its hyperbolic metric. We review the perturbation
theory of hyperbolic metrics over this surface, adopting a formalism similar to that of
[31]. Let Σ be a complete hyperbolic surface without cusps. Let A be a smooth, bounded
section of End(TΣ) which is symmetric with respect to g. For sufficiently small t, denote

gt := g((Id + tA)·, (Id + tA)·), (32)

and let κt : Σ → R be the curvature function of this metric. A is said to be a hyperbolic
perturbation whenever

κt = −1 + O(t2). (33)

Given a hyperbolic perturbation A, for every simple, closed geodesic γ in Σ, define

∆([γ], A) :=
∂

∂t
Log(l([γ], ht))

∣

∣

∣

∣

t=0

,

where l([γ], ht) is as in Section 1.3. We readily obtain

Lemma 4.10

If γ is parametrised by arc length, then

∆([γ], A) =
1

l([γ], g)

∫

γ

〈γ̇, Aγ̇〉dl.

Since the curvature operator is a second order, non-linear partial differential operator,
(33) can be rewritten as a linear differential condition on A. In particular, the space of
hyperbolic perturbations is a vector space. It will be helpful for what follows to determine
this condition explicitly. To this end, recall first that the divergence of an endomorphism
field B with respect to g is the 1-form defined by

(∇ ·B)(·) =
2

∑

i=1

〈ei, (∇eiB)(·)〉, (34)

where (e1, e2) is a local orthonormal frame of g. Likewise, the divergence of a 1-form β
with respect to g is the function defined by

∇ · β =

2
∑

i=1

(∇eiβ)(ei). (35)
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Lemma 4.11

Let A be a smooth, bounded, symmetric section of End(TΣ). A is a hyperbolic perturba-
tion if and only if

∇ · ∇ · (JAJ) + Tr(A) = 0, (36)

where J denotes the complex structure of g.

Proof: As in the proof of Lemma 3.5, we use the formalism of moving frames. Let
(e1, e2) denote a local orthonormal moving frame of g. For all sufficiently small t, denote
Bt := Id + tA and

gt := g(Bt·, Bt·),

and let κt denote the curvature of gt. For all such t, a locally orthonormal frame of gt is
given by (B−1

t e1, B
−1
t e2). Using (24), we show that the connection form of this frame is

αt(X) = α0(X)−Det(B−1
t )g(Bt∇ · (BtJ), X).

Differentiating at t = 0 then yields

∂

∂t
αt(X)

∣

∣

∣

∣

t=0

= −g(∇ · (AJ), X),

so that

∂

∂t
dαt(e1, e2)

∣

∣

∣

∣

t=0

= ∇ · ∇ · (JAJ).

It follows by (25) that

∂

∂t
κt

∣

∣

∣

∣

t=0

= ∇ · ∇ · (JAJ)− κgTr(A),

and the result follows since κg = −1. �

4.4 - Infinite dimensionality of Teichmüller space. Let X be a compact hyperbolic
surface lamination and denote its leafwise metric by g. By compactness, the injectivity
radius of every leaf is bounded below by ǫ > 0, say, so that no leaf of X has cusps.
Recall (c.f. [29] and [30]) that the Teichmüller space of X is defined to be the space of
transversally continuous conformal structures over X modulo leafwise diffeomorphisms of
X which are leafwise isotopic to the identity. Recall, furthermore, that [30], Sullivan shows
that this space naturally carries the structure of a Banach manifold. In this section, we
show
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Theorem 4.12

Suppose that, for every K ⊆ X which is compact in the leafwise topology, there exists a
simple, closed geodesic γ in X such that

γ ∩K = ∅.

Then there exists a sequence (γm) of simple, closed geodesics in X such that, for every
finite sequence a1, ..., am ∈ R, there exists a smooth family (gt)t∈]−ǫ,ǫ[ of leafwise smooth
hyperbolic metrics such that, for all 1 ≤ i ≤ m,

∂

∂t
Log(l([γi], gt))

∣

∣

∣

∣

t=0

= ai.

In particular, the Teichmüller space of X is infinite dimensional.

Theorem 4.12 is proven by a straightforward induction argument. The induction step
is provided by

Lemma 4.13

Suppose that for every K ⊆ X which is compact in the leafwise topology, there exists a
simple, closed geodesic γ in X such that

γ ∩K = ∅.

For every finite set G of simple, closed geodesics in X , and for all ǫ > 0, there exists a
simple, closed geodesic γ in X and a hyperbolic perturbation A such that

∆([γ], A) < −
1

2π
,

and, for all γ′ ∈ G,

|∆([γ′], A)| < ǫ.

Proof: Let R1 > 0 be a positive number to be determined presently. Let γ be a simple,
closed geodesic in X such that, for all γ′ ∈ G,

dl(γ, γ
′) > 2R1.

Let Σ be the leaf containing γ. Let G0 be the subset of G consisting of those geodesics
that are contained in Σ and let G1 consist of all other geodesics of G.

Let R < R1 be such that the tubular neighbourhood BR(γ) of radius R about γ is
isometric to γ×]−R,R[ furnished with the twisted product metric

cosh2(r)dt2 + dr2.
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Let ψ ∈ C∞
0 (]−R/2, R/2[) be a positive function such that

∫ R

−R

ψ(r)

cosh(r)
dr = 1.

Define the endomorphism field A1 over BR(γ) by

g(A1·, ·) = ψ(r)dr2,

and extend it to a smooth endomorphism field over the whole of Σ by setting it equal to
zero outside this annulus. Let u1 : Σ → R be the unique bounded, smooth function such
that

(∆− 2)u1 = ∇ · ∇ · (JA1J) + Tr(A1),

so that
A2 := A1 + u1Id,

is a hyperbolic perturbation. By Theorem 3.1 and Lemma 3.2,

∆([γ], A2) ≤ −
1

π
,

and, provided R1 > 0 is sufficiently large, for all γ′ ∈ G0,

|∆([γ′], A2)| <
ǫ

2
.

Let R2 > R1 be another positive constant to be determined presently. Let χ ∈
C∞

0 (B3R/4(γ), [0, 1]) be such that χ is equal to 1 over BR/2(γ). By Lemma 4.7, there

exists a neighbourhood Ω1 of BR(γ) in X and a leafwise smooth function π : Ω1 → Σ such
that, for all x ∈ BR(γ), π(x) = x. By Lemma 4.8, there exists another open subset Ω2 of
X such that

Ω2 ∩
(

BR2
(γ)∪ ∪

γ′∈G
BR2

(γ′)
)

= BR(γ).

Set Ω := Ω1 ∩Ω2. By Lemma 4.9, there exists C1 > 0, independent of R2 and Ω, and a
leafwise smooth function χ̃ : X → [0, 1] such that

(1) Supp(χ̃) ⊆ Ω,

(2) χ̃(x) = χ(x) for all x ∈ BR(γ), and

(3) ‖χ̃‖C2
l
≤ C1.

Define the leafwise smooth endomorphism field A3 over X by

A3 :=

{

χ̃(x)(π∗A1)(x) if x ∈ Ω and
0 if x /∈ Supp(χ̃)

,

and let u3 : Σ → R be the unique bounded, leafwise smooth function such that

Lu3 = ∇ · ∇ · (JA3J) + Tr(A3),
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so that

A4 := A3 + u3Id,

is a hyperbolic perturbation. For γ′ ∈ G0 ∪{γ}, we have

Supp(A3 − A1)∩BR2
(γ′) = ∅ and

Supp
(

(∆− 2)(u3 − u1)
)

∩BR2
(γ′) = ∅.

It follows from the first relation that, near γ′, A4 − A2 only depends on u3 − u1. It then
follows by Lemmas 2.3 and 4.10 that there exists C2 > 0, independent of R2, such that

|∆([γ′], A4)−∆([γ′], A2)| ≤ C2e
−R2 .

Likewise, for γ′ ∈ G1,
Supp(A3)∩BR2

(γ′) = ∅ and

Supp
(

L(u3)
)

∩BR2
(γ′) = ∅,

so that, upon increasing C2 if necessary, we have

|∆([γ′], A4)| ≤ C2e
−R2 .

The result now follows upon setting R2 sufficiently large. �

Lemma 4.14

For every leafwise smooth hyperbolic perturbation A over X there exists ǫ > 0 and a
smooth family (gt)t∈]−ǫ,ǫ[ of leafwise metrics over X such that

∂

∂t
gt

∣

∣

∣

∣

t=0

= 2g(A·, ·).

Proof: Indeed, for sufficiently small t, denote Bt := Id + tA and

ht := g(Bt·, Bt·).

By Lemma 4.3, there exists ǫ > 0 and a smooth family (ut)t∈]−ǫ,ǫ[ of leafwise smooth
functions such that, for all t, the metric

gt := e2utht

is hyperbolic. Consider now a leaf Σ of X . By Lemma 4.11, over Σ,

L
∂

∂t
ut

∣

∣

∣

∣

t=0

= ∇ · ∇ · (JAJ) + Tr(A) = 0.
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However, since Σ is without cusps, L has trivial kernel in the space C2
bdd(Σ) of bounded,

twice differentiable functions over this surface, so that, over Σ,

∂

∂t
ut

∣

∣

∣

∣

t=0

= 0.

Since Σ is arbitrary, this relation in fact holds over the whole of X , so that, since u0 = 0,

∂

∂t
gt

∣

∣

∣

∣

t=0

=
∂

∂t
ht

∣

∣

∣

∣

t=0

= 2g(A·, ·),

as desired. �

Proof of Theorem 4.12: Using Lemma 4.13, we show by induction that there exist
sequences (ǫm), (Bm) of positive numbers, a sequence (γm) of simple, closed geodesics in
X , and a sequence (Am) of hyperbolic perturbations such that

(1) for all m,

ǫm+1 ≤
1

(4π)m+1(m+ 1)!B1 · · ·Bm
;

(2) for all m,

∆([γm], Am) ≤ −
1

2π
;

(3) for all m, and for all n < m,

|∆([γn], Am)| < ǫm; and

(4) for all m, and for every simple, closed geodesic γ,

|∆([γ], Am)| < Bm.

Consider now a finite sequence a1, ..., am ∈ R, and define the m×m matrix M by

Mij := ∆([γi], Aj).

The above estimates yield,

|Det(M)| ≥
1

(4π)m
,

so that M is invertible. There therefore exists α1, ..., αm ∈ R such that, for all 1 ≤ i ≤ m,

∆
(

[γi],

m
∑

j=1

αjAj
)

= ai.

Setting

A :=

m
∑

j=1

αjAj,

the result follows by Lemma 4.14. �
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[10] Candel A., Uniformization of surface laminations, Ann. Sci. ENS., 4, no. 26, (1993),
489–516

[11] Candel A., Conlon L., Foliations I, Graduate Studies in Mathematics, 23, AMS,
Providence, Rhode Island, (2000)

[12] Chavel I., Riemannian Geometry: A Modern Introduction, Cambridge Studies in
Advanced Mathematics, 98, CUP, (2006)

[13] Chow B., Knopf D., The Ricci Flow: An Introduction, Mathematical Surveys and
Monographs, 110, AMS, (2004)

[14] Deroin B., Nonrigidity of hyperbolic surfaces laminations, Proc. Amer. Math. Soc.,
135, no. 3, (2007), 873–881

[15] Dumas D., Wolf M., Projective structures, grafting and measured laminations, Geom.
Topol., 12, no. 1, (2008), 351–386

[16] Epstein D. B. A., Millett K. C., Tischler D., Leaves without holonomy, J. London
Math. Soc., 16, no. 3, (1977), 548–552

29



Earthquakes and graftings of hyperbolic surface lamintions.
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