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analysis in economic dynamics”

SYMBOLIC DYNAMICS

Abstract

Economic Dynamical Systems can be studied in the frame
of a new approach based on the definition of regimes (sym-
bols) and their time evolution. In the present work, the pro-
babilistic theory of runs is suggested as a useful tool to de-
velop qualitative analysis of these symbolic sequences. So-
me statistical tests are described and some economic appli-
cations are included too.

An introductory overview

The study of the dynamical systems is done using discrete time and considering
iterations of the same function in order to detect particular behaviors as equilibrium
points, regular fluctuations and non-regular oscillations. Going beyond, the space may
be discretized too in a finite number of regions. It means that the rank of the function
R(f)is divided in kregions, named regimes. Each regime R i=12,--kwill be
asciated with a symbal and orly one symbad A ,i=12,---k will be aciated to ore
regime.

For instance, let us consider econamic development. There is one theory that proposes
to consider four types of development models: the natural cgpital model, the technicd
cgpital model, the “sustainable” model and the “unsustainable’” one. According to
these models, the space 07 in which are defined al of them is divided in four regions
(the four quadrants). The crrespondng axes are: an emisson index (€) and an
environmental protectionindex (p).

Then,0O(e, p)00:asymba is asociated,

(N:atgrg im;t;mp. il depending on the correspondng model of
MapcliLI N M s(tjaleln SI Ity the pieceof the partition. (A paint lying on
odel (N) odel (S) the first quadrant will be represented by an S
one of the secondby an N, and so on).
> More formally, let's (M, f )be adynamical
- system and o(x)={f"(x): nOz} be an arbit of
Emissionse xOM . Our case @rrespondstom =0°,
Consider the partition defined on M,
Unsustainability | Technical M=MOM,O--MWthM M =@i#]
(V) Capital Mode(T)

In the example, it corresponds to set:M =M OM, OM, OM, .M, =[0;+eo[x[0;+0o] ;
M, = Jei0]xJoi+oo] ; M, = J-eoi0[x[0i-oo[ anNd M, = J0;+eo[x JO; o] .



Then, for each value of the “rea valued” orbit we will have an associated symbadl,
obtaining a sequence of symbals.

It can be observed that many orbits can define the same sequence of regimes, then the
nation d classes of equivalence anong abits surges. two orbits will belong to the
same guivalent classif they have the same symbali c representation.

The properties of the orbits in the origina system will be refleded in the symbadlic
sequence For instance a periodic orbit will be “trandated” in a periodic symbalic
sequence

Briefly, the ideais to analyze the dynamical behavior of these symbali c sequences,
particularly:

- how much time the system remains in the same region (the same regime)
before ‘to move™?

- which is the probabili ty of changing of regime?
For instance, it can be the case that a sequenceremain aways in the same region (the
same regime), or that it doesit Ot >t, .

The foll owing work is concerned abou proponng atod to proceal in thiskind o
approad to the dynamica systems.

RUNS

Introduction

Let us consider one row in the orchestra seds of the Teatro della Scda (Milano):

L §O JL JL HO JL 4L fL 4O L JL JL JO JL HO jJL

It'sliketo have aseries of objects (the seats) classified in two types:
- free(liberi)
- occupied (ocupati)

We ve used symbolsto represent “the state” of the seds:
- L:freeseat
- O: occupied seat

In this sries we may consider the runs of each kind d symbals.

Definition:
The run will be asub series of one or more identica consecutive symbals, preceled
by ancther type of symba (or by no symbadl).

A :
L JO JL jJL JO jJL fL JL 4O fL 4L JL HO L JO JL
1----2----3---------- " L B---- 7= 8----9----10----11

In A, we have 11 runs.



But, how many arrangements of the symbals we have can define 11 runs?

Let us consider the free seds. They generate 10 “hdes’ that we can fill with the
others sds (the ones that are occupied)

so, we have C° ways to locate the occupied seats among the free ones, and

10

P(numberf runs=11) = 2—5 =0.0577

16
11
ClO
P(numbemof runs=5) = C—ie =0.0577
5

The presence of a pattern in the series may be justified by a lower probability based
onthe eistenceof too many runs, runs too long, too many long runs, etc.

The genera procedure will be to set as the Null Hypaothesis (Hop), the randamness
(absence of a pattern). In the dternative (H;) will be state the kind d sequence's
behavior we want to deted.

The Criticd Region based onthe number of runs observed in the sequence will take
into acourt that too many runs and too few runs will i ndicate that it is a behaviora
pattern. If the analysis will be based onthe length of the runs, too short runs or runs
toolongswill i ndicate abehavioral pattern too.

To define the Criticd Region to test the ladk of randamness of the sequence it is
needed to oltain the exad distribution function d the tests considered. As an
example, let us consider the case of tests based onthe length of symbalic runs (Mood,
1940.

Tests based on the length of the runs:

Suppcse n objeds, correspondng to two symbals: A and B.
Define: r, =#{runsof Awhich length is i} and r, =#{runsof B which length is i} (Capital

letters (R, and R, ) will correspond to the associated random variable).
The total number of runs of type A (r, ) isknown, the @rrespondng to B (r, ) too. (the
number of symbals, n,and n_, of eat caegory isobviously known too).

BrA ‘:iArA‘ rB ‘zgars‘
O S iin

f ,Wherer, >0and r, >0.
g\A:zi.rA‘ n,=yir, ‘ ‘

To oltain the exad distribution d the runs of type A which length isi, we proceed in
the following way:

! The Criticd Regionisadedsion ruleto rgjed (or not) the Null Hypothesis



1) we rank the runs depending on their length (we know that there ae r, runs of type
A Al Al A ... [A]; JAAAALL . JAA]; ... ... |JAAA...A|, someof r, =0

ii) this order does nat necessarily be acord to redlity, the r, can be present in many
ways. All the posghiliti es are:

L . Remember that r, >0andthat r, :IZZHA& .
Crra C TA=TA C i=1 = ;l -
AT TRy "Ama r, [ r, o |

In asimilar way, for the symbals of type B,
knowing that they are r_, there ae %.Ir. possble arangements, subjed to

BA © | By

r, =0andr, :':ZnBrBI

iii) weknow that r, =r,or r, =r, +1

iv) the total number of arrangements of the runs of type A and B of different length
will be:
g r'r!

jfr, =r %1
anr.tar.! _ .
I_l 2r|_ll’| _ ,SUbjedtO r, >0, rB:;r T >Oandl’ _er‘ )
E—,If r,=r,
] |
D'Dr"‘"l,_:lr%'

Then, when Hp (the null hypaothesis) hdds, independence holds too, then all of these
arrangements is equiprobable, and there ae C! of them, then the joint distribution of

(R, .R, Jwill be:
= AR ro=r £l
r.! r ! i=ng '2nA
pRA,RBI(rA,B]) =g Ilr l_! ,rB‘ZO,rB:ZrEI,rﬁzoandrAzer.

D— fr o =r,
ECHA.DrA!.DrBI!

Summing upin all the possble r, contained inr, runs of type B, we get:

o cr*' r! £1
D i=na ;r/-\ = rB -
_g & !

- r,! .
E?. el A fr, =,
C' ¢ Hr

Now, we need to sum over al the possble values of R, (r, =r, +1;r,;r, =r,-1) to get
the marginal distribution d R, |R, =r,.

Because, C** +C»>+2C > =C»*+Cr +C":+Cr:=C" +C* =C"", finadly the result
is:

D c.”

ECW'

which lengthisj, knowing that the total number of runs of thissymbad is r,

P(RAJ =r, IR, :rA) , the exad probability distribution d runs of type A



Depending on the Alternative Hypothesis, will be the kind (one left tail, onright tail
or two tail) of critical region wsed. The probabili ty that the empiricd number of runs
of onetype and of one length liesin thisregionwill be computed using the probabili ty
distribution function oldained before.

In which foll ows other examples of symbadli zations are depicted.

Runs “up and down”:

In this case, we study the “dynamics’ of the series, comparing the increase (or
deaease) of each symbd with respect to its previous one. This means that the
analysisis on changes on the growth evolution o the considered system.

Remark: in the time series of the observed values the order of appearance matters.

if X, >X
DXiEh’f i+1 i
Dl ' If Xi+1 < Xi

Therunsare defined in anindiredly way, using d. =sign( X,, — X, )

The presence of r runs in the series which length is a given t or more, will i ndicate
that there is a pattern in the evolution d the symbds. the dange between
conseautive symbalsis not randam (“chaotic”)

Example: Vaue Added/Employment
1980 - 1996
(in 1.000000.000 £ 61990
Taking the data @rrespondng to MEZ:

261957.70 26112200 26431860 27343180 281115.70
() (+) (+) *) *)
28759990 29431140 30352190 313387.70 320986.40

*) () *) (+) (+)
32712600 334101.60 33454150 33052150 333425.60

*) (+) ¢ *) *)
33721460 336804.70

Q)

so, the @rrespondng run “up and dovn” will be:

C)HHEHHEHEHHEHHHEH )

Then we test:
H, ) randomness [

H, ) non randomness%

Randomness, means that the independent identicdly distributed (a *“chaotic”
behavior).
The dternative hypothesis will capture the éfed we want to check:
- atendency to cluster:
o if theprevallingsignis+, thereisan upwvard trend
o if theprevailing signis-, thereisadownward trend
- atendency to mix will expresscyclical variations



Then, looking for the number of runs, and defining adequately the Rejection Region,
the behavior of a symbolic series may be tested.

Remark: Another approach to time series in the context of runs is to compare the data
available to some standard for the period in study (the median, for instance), and thus
to define runs above and below the median.

The Wald & Wolfowitz Runs Test:

Consider two sets of numerical observations;
X, X, X
Y1 1Y2 e Yn

We may think that they correspond to the same phenomena, so we joint them into an
ordered set, i.e.:

m

X XY XK Y XY e X,

If they really correspond to the same distribution, we expect that the X and the Y will
be well mixed in the pooled set.

S0, the number of runswill be a good indicator of the degree of mixing.

Too few runs will indicate that the observations X and Y correspond to different
phenomena.

Example: Vaue Added/Employment
1980 - 1996
(in 1.000:000.000 £ of 1990)
Taking the data corresponding to MEZ and CE:

no sort: sorted:
MEZ CE MEZ CE
261957.70 215713.00 261122.00 215713.00
261122.00 217688.40 261957.70 217688.40
264318.60 221086.90 264318.60 221086.90
273431.80 224531.30 273431.80 224531.30
281115.70 229076.20 281115.70 229076.20
287599.90 236350.00 287599.90 236350.00
294311.40 244031.50 294311.40 244031.50
303521.90 250564.90 303521.90 250564.90
313387.70 256306.30 313387.70 256306.30
320985.40 262802.70 320985.40 262802.70
327126.00 269865.20 327126.00 269865.20
334101.60 274713.60 330521.50 274713.60
33454150 277902.30 333425.60 274971.00
330521.50 274971.00 334101.60 277902.30
333425.60 278247.60 33454150 278247.60
337214.60 284750.10 336804.70 284750.10
336804.70 287937.80 337214.60 287937.80



00000000011010100001010117121111121111000000000000
00000O11111111111111111

Computing the P(R=14), we can state if the MEZ and CE data correspond to the
same evolution of the AV/E in 1980-1996.



Some final comments

Why thistod is siggested?

It is suggested because of the volume of really data. In general, when working
with econamic variables, their value is monthly, quarterly and, the most of time,
yealy, making too dfficult to work with asymptotic distributions like the normal one.

But...
The theory exposed above cannot be directly used in The Symbdic Time
Series Analysis.

In fad, all that have been said is referred to two symbals, and we nedd at least
work with three.

Why at least three symbadls?

To set one of them for the increasing state, anather for the decreasing state
and the last one for the steady state in analyzing speed o transformations.

Some questions arise:

- Would it be posshle by using the multinomial distribution to extend the results
exposed abowe?

- If so: two symbdlic series garting from the same “point” correspond to the
same phenomena?

- ... andin the cae of sub-sequences?

CdinaA. Gutiérrez
Siena, 15" Decamber 2000
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