
A onuent alulus ofmaro expansion and evaluationAna Bove Laura ArbillaTehnial Report INCO-91-01Deember 1991

Instituto de Computai�onFaultad de Ingenier��a, Universidad de la Rep�ubliaMontevideo, Uruguay
0



A onuent alulus of maro expansion and evaluationAna Bove� Laura Arbillaybove�inouy.edu.uy arbilla�inouy.edu.uyInstituto de Computai�onFaultad de Ingenier��a, Universidad de la Rep�ubliaMontevideo, UruguayAbstratSyntati abbreviations or maros provide a powerful tool to inrease the syntati ex-pressivity of programming languages. The expansion of these abbreviations an be modeledwith substitutions. This paper presents an operational semantis of maro expansion andevaluation where substitutions are handled expliitly. The semantis is de�ned in terms of aonuent, simple, and intuitive set of rewriting rules. The resulting semantis is also a basisfor developing orret implementations.Keywords: Maros, expliit substitutions, rewriting semantis, programming languages.

�Supported by a sholarship of Esuela Superior Latinoameriana de Inform�atia, La Plata, Argentina.yPartially supported by a PEDECIBA (Programa de Desarrollo de las Cienias B�asias) grant.1



1 IntrodutionIn omputer siene as well as in mathematis and logi, the use of abbreviations is ommonpratie. A typial example used in logi is [10℄:a$ b df� (a) b) ^ (b) a)This means that the expression to the left of the symbol df�, whih we read \a if and only if b,"is an abbreviation of the expression to its right, whih we read \a implies b, and b implies a".In omputer siene this pratie is not less ommon, though it realizes in di�erent forms. Mostprogramming languages, suh as C [14℄, Sheme [18℄, and many assembly languages, providemaro de�nition tools.The use of syntati abbreviations in mathematis as well as in programming languageshas two advantages [15℄. First, it allows the abstration over repeated syntati omponents,and therefore improves the readability and larity of programs. Seond, it eases the design ofnew language onstruts, whih an be de�ned by language designers and programmers. Thesemantis of these onstruts is straightforward beause they are de�ned in terms of previouslyde�ned onstruts that have well understood semantis.Syntati abbreviations, or maros, improve the syntati expressivity of programming lan-guages but do not inrease their semanti power [8, 17℄. These abbreviations enrih assembly aswell as modern high level languages. A typial example of a syntati abbreviation in Shemeis let, de�ned by the following notational de�nition:(let x be v in B) df� ((� (x) B) v) (1)In this de�nition, let, be, and in are keywords while x, v, and B are metavariables.Syntati abbreviations are de�ned over a ore language of well{known semantis. Our orelanguage is the �{alulus with numerial onstants [2℄.Assoiated with the de�nition of a maro are the notions of instane and expansion. Aninstane of a maro is a term having the same form as the expression appearing in the left of thede�nition, where arbitrary expressions appear in the plaes of the metavariables. For example,(let y be 3 in (� (z) (+ z y))) (2)is an instane of the syntati abbreviation let, where the expressions y, 3, and (� (z) (+ z y))take the plaes of the metavariables x, v, and B, respetively.The expansion of an instane is the ore expression that results from one or more stepsof expansion. In eah step, an instane is replaed by the right{hand{side of its notationalde�nition, where metavariables are replaed by the expressions that take their plaes in theinstane. For example, the expansion of (2) is:((� (y) (� (z) (+ z y))) 3) (3)Traditionally, an interpreter or ompiler expands all the instanes appearing in a programbefore evaluation (at parsing time or even earlier when pre{proessors are available). Observ-ing that the replaement of metavariables by expressions when expanding an instane an be2



modeled with substitutions, we develop a simple and intuitive operational semantis of maroexpansion using the expliit substitution alulus of Abadi et al [1℄. The resulting semantisrespets the binding strategy of the ore language and does not perform unwanted apture ofidenti�ers during expansion.In this method, the expansion is done ompletely before starting exeution, although some ofthe expansions may be avoidable. We avoid unneessary expansions by de�ning a straightforwardextension of the semantis to one that does expansion and evaluation at the same time. Thisextension suggests an interpreter implementation where expansion is delayed as muh as possible.Given a lazy [11℄ redution strategy for our ore language, the expansion of an instane appearingas argument in an appliation may never be performed if the argument is not used.The rest of the paper is organized as follows. Setion 2 informally presents notational def-initions and introdues the main ideas behind manipulating substitutions expliitly. Setion 3presents a maro delaration language and gives a semantis of maro expansion using expliitsubstitutions. In Setion 4, we present a variation of this semantis that also evaluates expres-sions. Setion 5 presents onlusions, related work, and future diretions of researh.2 Notational de�nitions and expliit substitutionsSyntati abbreviations are introdued by notational de�nitions, briey desribed here. Inaddition, this setion motivates the use of expliit substitutions to model the expansion of theseabbreviations.2.1 Notational de�nitionsNotational de�nitions are equations of the form l df� r, meaning that the expression l abbreviatesthe expression r. For this reason, l is also alled a syntati abbreviation. An example of anotational de�nition is equation (1).Syntati abbreviations are not terms of the ore and ontain only keywords and metavari-ables. Expression r is formed with elements of the ore language as well as previously de�nedsyntati abbreviations. Syntati abbreviations syntatially extend the ore language.A maro proessor is a virtual mahine that, given a set D of notational de�nitions andan expression e of the ore language extended with the syntati abbreviations de�ned in D,transforms every instane of an abbreviation appearing in e into its expansion, and obtains aore expression. In Setion 3, we present a formal spei�ation of a maro proessor.2.2 Expliit substitutionsIn this subsetion, we show how the pratie of maro expansion an be modeled through themanipulation of expliit substitutions [1℄.Substitutions are fundamental in the �{alulus. The lassial �{rule [2℄:((�x:e1) e2)! e1fe2=xgmanipulates substitutions impliitly. If e1 and e2 are �{terms, expression e1fe2=xg is not a�{term but a notation that represents the term e1 where all the free ourrenes of variable xare replaed by e2. 3



Abadi et al introdue a variation of the �{alulus, the ��{alulus, where substitutionsgenerated by �{redutions are manipulated expliitly. Substitutions and substitution appliationhave a syntati representation in the ��{alulus. The �{rule is:1((�x:e1) e2)! e1[fx e2; �g℄where e[s℄ is a ��{term denoting the term e to whih substitutions s is applied, and substitutionfx e; �g denotes a substitution where x is replaed by e. The empty substitution is denotedby �.Most implementations of maro expansion use an environment where eah metavariable inthe left{hand{side of a de�nition is assoiated to the subexpression that takes its plae in theinstane [7℄. We propose to represent these environments as expliit substitutions in a formalsemantis of maro expansion, as does Abadi et al in the ��{alulus.The use of substitutions in maro expansion is best illustrated with an example. Considerthe following de�nition of freeze: freeze a df� (�x:a) (4)To obtain the expansion of the instane freeze e, for expression e, we substitute in the right{hand{side of de�nition (4) the metavariable a for the expression e. This an be representedby the expression (�x:a)[fa e; �g℄, where fa e; �g is an expliit substitution. Observe thatthese are substitutions of metavariables by expressions and not of variables by expressions as inthe ��{alulus.This substitution on �{expressions annot be na��ve, however, beause if the variable x ap-pears free in e, the � operator aptures it. Abadi et al introdue in the ��{alulus a renamingoperator (") for avoiding this apturing. We adapt this operator so that it takes an argument xindiating the oniting name. The following rules are needed for expansion:(�x:e)[s℄ ! (�x:e[s"x℄)fa e; sg"x ! fa e"x; s"xgafa e; sg ! e�"x ! �Using these rules, the expansion of freeze x, resulting from (�x:a)[fa x; �g℄ is (�x:x"x).The expression x"x is similar to x["℄ in the ��{alulus. Instead of omposition of operators ",we use exponents on variable names. Thus, we represent x"x with x1, (x"x)"x with x2 , and soon. With our notation, the above expansion takes the form of (�x:x1).3 Maro expansion semantisIn this setion, we formalize the ideas of Setion 2, and present an operational semantis ofmaro expansion over the ore language.1We slightly modify the syntax. 4



Syntati domains: a; b 2 Meta (Metavariables)u;w; x 2 Var (Variables)num;n;m;m0 2 Nat (Natural numbers)b 2 Bool = ft; fg (Booleans)y 2 Meta [VarMeta \Var = Var \Nat = Meta \Nat = ;Syntax of �n: e ::= num j xn j (�x:e) j (e e)Syntax of L: p ::= D r s.t. MV(r) = ; Pgmd ::= [l df� r℄ Ndefl ::= y j y l Lhsr ::= num j xn j a j (�x:r) j (�a:r) j (r r) j hLri RhsD ::= � j d D LNdefLr ::= r j r Lr LRhsFigure 1: Languages syntax.3.1 The ore languageThe syntax of the ore language, �n, is in Figure 1. Language �n is the language of the �{alulus with numbers [2℄ where variables that are not binding instanes are labeled. A variablehas a name and an exponent. The exponent de�nes its distane (number of � operators thatbind a same named variable) from its binding instane. For example, the expression:(�x:(�w:(�x:((x0 x1) w0))))would be written in the �{alulus as:(�u:(�w:(�x:((x u) w))))The use of exponents in variable names eÆiently implements the �{onversion, as does deBruijn tehnique [4℄, but the use of names improves legibility. In this paper, sometimes x0 willbe denoted as x.3.2 The maro de�nition languageWe de�ne language L as �n enrihed with notational de�nitions and instanes of maros. Thesyntax of L is in Figure 1. We use a di�erent font for metavariables, to distinguish them from5



variables. The symbol � denotes the empty string and MV(r) denotes the set of metavariablesappearing in expression r.A program p (2 Pgm) is a listD (2 LNdef), possibly empty, of notational de�nitions followedby an expression that does not ontain metavariables.Notational de�nitions are as desribed in Setion 2. A notational de�nition d (2 Ndef) isenlosed within square brakets ([ ℄). The left-hand-side expression l (2 Lhs) is a list of variablesand metavariables. The right-hand-side expression r (2 Rhs) is a natural number, a variable,a metavariable, a funtional abstration, an appliation, or a list of expressions of Rhs betweenangle brakets (h i). Users may introdue fresh identi�ers in the right hand side of marode�nitions. Names appearing in the left hand side that are not metavariables are keywords. Forinstane, in the de�nition of freeze, x is a fresh identi�er and freeze a keyword. We treat freshidenti�ers and keywords as variables for onveniene.Funtional abstrations bind variables and metavariables. Angle brakets enlose an instaneof a syntati abbreviation.An example of a valid program is:[let x be v in B df� ((�x:B) v)℄ (�x:(�w:hlet u be x in (u w)i))ontaining notational de�nition (1). The body of the program ontains an instane of let.To simplify our study, we restrit the set of notational de�nitions as follows. Let d1 � � � dnbe the list of de�nitions of a program, and l1 � � � ln and be r1 � � � rn their respetive left andright{hand{sides. The following onditions must hold:1. (non{reursive) � r1 is an expression of the ore language �n.� rj , j = 2 . . .n, is formed with expressions of �n and instanes ofde�nitions di where i < j.2. (linear) A metavariable appears only one in a left{hand{side. Formally,for any lh = w1 . . .wm, h = 1 . . . n. (i 6= j ^ wi; wj 2 Meta ) wi 6= wj)3. (unambiguous) The set of notational de�nitions does not ontain two left{hand{sides thatare equal modulo a renaming of the metavariables.Two left{hand{sides lh = w1 . . .wm and lk = u1 . . . um, where h 6= k are equal modulo arenaming of metavariables i�: 8 i = 1 . . .m (wi = ui _ wi; ui 2 Meta)4. No new metavariables are introdued by the rhs: MV(rh) � MV(lh)), h = 1 . . .n3.3 Instane and instane substitutionBefore we an formally state the operational semantis of maro expansion in an expression oflanguage L, we need to formally de�ne the notions of maro instane and instane substitution.De�nition 1 (Instane) An expression ht1 . . . tmi is an instane of a maro de�nition [l df� r℄,where l � w1 . . .wm, if the following onditions hold:6



� (wi 2 Var ^ ti 2 Var) ) ti = wi� wi 2 Meta ) ti 2 RhsWe de�ne a funtion I? : Rhs � Ndef! Boolean suh that I?(hLri; l df� r) is true if hLri is aninstane of l df� r, and false otherwise.De�nition 2 (Instane Substitution) Given [l df� r℄, where l � w1 . . .wn and hLri �ht1 . . . tmi an instane of [l df� r℄, we de�ne the instane substitution s as follows:s = fwi  ti s.t. wi 2 MetagThe instane substitution s relates the metavariables in l to the orresponding expressions inhLri. We also write instane substitutions as S(hLri; l df� r). Given an instane substitution s,the expression fa r; sg denotes the substitution fa rg [ s.3.4 Operational semantisThe operational semantis of maro expansion is given by a funtion expan that maps orretprograms to �n{terms. A orret program is an expression D r 2 Pgm, where D is a list ofnotational de�nitions, with the restritions mentioned in subsetion 3.2, and r is an expressionwhere every hLri{subexpression is an instane of a de�nition in D; this is:8 hLri appearing in r (9 d 2 D s.t. I?(hLri; d))The expan funtion is de�ned through a rewriting system )E as follows:expan(D r) = e i� D r )�E D e and e is an E{normal formwhere)�E is the reexive transitive losure of relation)E, de�ned in Figure 2. An expression eis an E{normal{form if there does not exist e0 suh that e)E e0 [2℄. For a general introdutionto rewriting systems and their properties see [12, 2, 13℄.As we show later, the )E relation is Churh{Rosser; this is:8 xy:(9z: z)�E x ^ z)�E y)) (9u: x)�E u ^ y)�E u)and noetherian (there is no in�nite sequene e1)E e2)E . . .)E en)E . . .). Thus, expan isa total funtion. We also prove that the set of E{normal forms is the language �n; therefore,expan expands all maro instanes in the program.For de�ning the)E relation, we extend the syntax of language L to manipulate substitutionsexpliitly. The extended syntax is in Figure 2.In the rules, the set D of notational de�nitions of a program is impliit; so, we write r )E r0for the rule D r )E D r0. The set of rewriting rules onsists of three groups: the substitu-tion introdution rule, substitution elimination rules, and the rules for the shift operation onsubstitutions and expressions.Rule Intro formalizes the expansion of maro instanes using De�nitions 1 and 2 and expliitsubstitutions. 7



Among the substitution elimination rules, rules E�var to E�mv2 explain how substitutionsoperate on �{abstrations and deserve detailed explanation. In general, the substitution entersthe sope of the identi�er (binding instane) bound by the � operator. There are three di�erentases. First, when the binding instane is a variable x, the exponents of all free ourrenes of xin substitution s must be updated sine their distane from their orresponding binding instaneis inremented by 1; operation "x0;0;f on substitution s performs this updating. Seond, whenthe binding instane is a metavariable a that appears in s assoiated to a variable xn, variable xmust take the plae of a and beome a binding instane. All ourrenes of xn in the substitutionmust be aptured beause they appear replaing other metavariables of the same maro. In thisase, the use of the same names is not a oinidene but indiates the intention of apturingaording to the maro de�nition. On the other hand, all ourrenes of xn in the body of theabstration are updated as in the �rst ase beause they appear in the de�nition of the maro anddo not relate to the expressions that instantiate the metavariables. Other ourrenes of x (witha di�erent exponent) in the substitution are also updated as in the �rst ase. Operation "x0;0;fperforms this updating on expressions. Afterwards, every ourrene of a in r must be replaedby x. Third, when the binding instane is a metavariable that rewrites to another metavariable,no updating is needed. This latter ase ours when instanes of previously de�ned marosappear in right-hand-sides of maro de�nitions.The shift operation on expressions, r"xm;m0;b, means: rename all free ourrenes of xn in rby xn+1, when n � m and b = f , and by xm0 when m = n and b = t. Rules Ssmt to Seapp givethe semantis of operator " on substitutions and expressions.3.5 Properties of the semantisWe only state the properties; detailed proofs are in Appendix A.Theorem 1 (Noetherian) The relation )E on orret programs is noetherian.Theorem 2 (Churh{Rosser) The relation )E on orret programs is Churh{Rosser.Theorem 3 (Normal forms = �n) The set of E{normal{forms of orret programs is lan-guage �n.3.6 ExamplesWe present two examples that illustrate the hygieni [7℄ manipulation of identi�ers of our se-mantis. More examples an be found in [3℄.Example 1. Use of loally de�ned identi�ers in a maro de�nition.We de�ne a maro begin as follows:[begin a b df� ((�x:b) a)℄The instane hbegin y0 x0i expands to ((�x:x1) y0) as follows:
8



hbegin y0 x0i (Intro))E ((�x:b) a)[fa y0; fb x0; �gg℄(Eapp))E ((�x:b)[fa y0; fb x0; �gg℄ a[fa y0; fb x0; �gg℄)(E�var))E ((�x:b[fa y0; fb x0; �gg"x0;0;f ℄) a[fa y0; fb x0; �gg℄)(Emv1))E ((�x:b[fa y0; fb x0; �gg"x0;0;f ℄) y0)(Ss))E ((�x:b[fa y0"x0;0;f ; fb x0; �g"x0;0;fg℄) y0)(Ss))E ((�x:b[fa y0"x0;0;f ; fb x0"x0;0;f ; �"x0;0;fgg℄) y0)(Emv2))E ((�x:b[fb x0"x0;0;f ; �"x0;0;fg℄) y0)(Emv1))E ((�x:x0"x0;0;f ) y0)(Sevar2))E ((�x:x1) y0)Example 2. Use of global identi�ers in a maro de�nition.We de�ne a maro urryf as follows:[urryf a b df� ((f0 a) b)℄The instane hurryf f0 x0i expands to ((f0 f0) x0) as follows:hurryf f0 x0i (Intro))E ((f0 a) b)[fa f0; fb x0; �gg℄(Eapp))E ((f0 a)[fa f0; fb x0; �gg℄ b[fa f0; fb x0; �gg℄)(Emv2))E ((f0 a)[fa f0; fb x0; �gg℄ b[fb x0; �g℄)(Emv1))E ((f0 a)[fa f0; fb x0; �gg℄ x0)(Eapp))E ((f0[fa f0; fb x0; �gg℄ a[fa f0; fb x0; �gg℄) x0)(Evar))E ((f0 a[fa f0; fb x0; �gg℄) x0)(Emv1))E ((f0 f0) x0)4 Mixing expansion and redutionTraditionally maro expansion is ompletely done before evaluation. We explore the possibilityof mixing expansion and evaluation by adding the �{rule to relation )E .
9



Syntax:r ::= num j xn j a j (�x:r) j (�a:r) j (r r) j hLri j r[s℄ j r"xm;m0;b Exprss ::= � j fa r; sg j s"xm;b SubstRules:Substitution Introdution: hLri )E r[s℄, if 9 d = l df� r 2 D suh thatI?(hLri; d) and s = S(hLri; d) (Intro)Substitution Elimination:num[s℄ )E num (Enum)xn[s℄ )E xn (Evar)a[fa r; sg℄ )E r (Emv1)b[fa r; sg℄ )E b[s℄, if a 6= b (Emv2)(�x:r)[s℄ )E (�x:r[s"x0;f ℄) (E�var)(�a:r)[s℄ )E (�x:(r"x0;0;f )[fa x; s"xn;tg℄);if a[s℄)�Exn (E�mv1)(�a:r)[s℄ )E (�b:r[s℄); if a[s℄)�Eb (E�mv2)(r1 r2)[s℄ )E (r1[s℄ r2[s℄) (Eapp)Shift operator: �"xm;b )E � (Ssmt)fa r; sg"xm;b )E fa r"xm;0;b; s"xm;bg (Ss)num"xm;m0;b )E num (Senum)xn"xm;m0;b )E xn, if n < m (Sevar1)xn"xm;m0;b )E xn+1, if n > m (Sevar2)xn"xn;m0;t )E xm0 (Sevar3)xn"xn;m0;f )E xn+1 (Sevar4)yn"xm;m0;b )E yn, if x 6= y (Sevar5)a"xm;m0;b )E a (Semv)(�x:r)"xm;m0;b )E (�x:r"xm+1;m0+1;b) (Se�var1)(�y:r)"xm;m0;b )E (�y:r"xm;m0;b), if x 6= y (Se�var2)(�a:r)"xm;m0;b )E (�a:r"xm;m0;b) (Se�mv)(r1 r2)"xm;m0;b )E (r1"xm;m0;b r2"xm;m0;b) (Seapp)Figure 2: Expansion System10



Syntax: r ::= num j xn j a j (�x:r) j (�a:r) j (r r) j hLri jr[s℄ j r[t℄ j r"xm;m0;b j r#xn V Exprss ::= � j fa r; sg j s"xm;b Substt ::= �t j fxn  r; tg j t"x V arSubst)ER =)E [)RRules: VarSubstitution Introdution:((�x:r1) r2) )R (r1[fx r2; �tg℄)#x0 (�)Unshift Eliminiation: num#xm )R num (Uenum)xn#xm )R xn, if n < m (Uevar1)xn#xm )R xn�1, if n � m (Uevar2)yn#xm )R yn, if x 6= y (Uevar3)a#xm )R a (Uemv)(�x:r)#xm )R (�x:r#xm+1) (Ue�var1)(�y:r)#xm )R (�y:r#xm), if x 6= y (Ue�var2)(�a:r)#xm )R (�a:r#xm) (Ue�mv)(r1 r2)#xm )R (r1#xm r2#xm) (Ueapp)VarSubstitution Elimination:num[t℄ )R num (Vnum)xn[�t℄ )R xn (Vvar1)xn[fxn  r; tg℄ )R r (Vvar2)xn[fxm  r; tg℄ )R xn[t℄, if n 6= m (Vvar3)xn[fyn  r; tg℄ )R xn[t℄, if x 6= y (Vvar4)(�x:r)[t℄ )R (�x:r[t"x℄) (V�var)(r1 r2)[t℄ )R (r1[t℄ r2[t℄) (Vapp)Shift operator onVarSubstitutions: �t"x )R �t (Svmt)fxm  r; tg"x )R fxm+1  r"x0;0;f ; t"xg (Sv1)fym  r; tg"x )R fym  r"x0;0;f ; t"xg (Sv2)Figure 3: Expansion and Redution System11



[let x be v in B df� ((�x:B) v)℄ hlet x be 1 in ((�y:y) x)i 2 Pgm(Intro))ER ((�x:B) v)[fx x; fv 1; fB (�y:y); �ggg℄ Not. def. omited(Eapp))ER ((�x:B)[s℄ v[s℄)where s = fx x; fv 1; fB (�y:y); �ggg(Emv2))ER ((�x:B)[s℄ v[fv 1; fB ((�y:y) x); �gg℄)(Emv1))ER ((�x:B)[s℄ 1)(E�mv1))ER ((�x:(B"x0;0;f )[fx x; s"x0;0;tg℄) 1)(Semv))ER ((�x:B[fx x; s"x0;0;tg℄) 1)(Emv2))ER ((�x:B[s"x0;0;t℄) 1)(Ss))ER ((�x:B[fx x"x0;0;t; fv 1; fB ((�y:y) x); �gg"x0;0;tg℄) 1)(Emv2))ER ((�x:B[fv 1; fB ((�y:y) x); �gg"x0;0;t℄) 1)(SSsu))ER ((�x:B[fv 1"x0;0;t; fB ((�y:y) x); �g"x0;0;tg℄) 1)(Emv2))ER ((�x:B[fB ((�y:y) x); �g"x0;0;t℄) 1)(Ss))ER ((�x:B[fB ((�y:y) x)"x0;0;t; �"x0;0;tg℄) 1)(Emv1))ER ((�x:((�y:y) x)"x0;0;t) 1)(Seapp))ER ((�x:((�y:y)"x0;0;t x"x0;0;t)) 1)(Se�var2))ER ((�x:((�y:y"x0;0;t) x"x0;0;t)) 1)(Sevar5))ER ((�x:((�y:y) x"x0;0;t)) 1)(Sevar4))ER ((�x:((�y:y) x)) 1)(�))ER (((�y:y) x)[fx 1; �tg℄)#x0)ER . . . ontinuesFigure 4: Evaluation of a program4.1 Adding the �{ruleAdding the �{rule to relation )E is not trivial beause rules for manipulating new operationsare needed.The inlusion of the �{rule adds a new type of substitutions to the system (also existingin the ��{alulus): substitutions of variables by expressions. The elimination rules for thesesubstitutions fore the de�nition of a new renaming operation analogous to shift ("). When12



. . . (((�y:y) x)[fx 1; �tg℄)#x0 (ont.)(Vapp))ER ((�y:y)[fx 1; �tg℄ x[fx 1; �tg℄)#x0(Vvar2))ER ((�y:y)[fx 1; �tg℄ 1)#x0(V�var))ER ((�y:y[fx 1; �tg"y℄) 1)#x0(Sv2))ER ((�y:y[fx 1"y0;0;f ; �t"yg℄) 1)#x0(Vvar4))ER ((�y:y[�t"y℄) 1)#x0(Svmt))ER ((�y:y[�t℄) 1)#x0(Vvar1))ER ((�y:y) 1)#x0(Ueapp))ER ((�y:y)#x0 1#x0)(Ue�var2))ER ((�y:y#x0) 1#x0)(Uenum))ER ((�y:y#x0) 1)(Uevar3))ER ((�y:y) 1)(�))ER (y[fy  1; �tg℄)#y0(Vvar2))ER 1#y0(Uenum))ER 1Figure 5: Evaluation of a program, ontinuationa �{redution is done, a � operator disappears; therefore, the exponent of identi�ers must beupdated aordingly. The renaming unshift operator (#) performs this updating, dereasing theexponent of variables. The expression r#xm means rename every free ourrene of xn in r byxn�1 when n � m. Spei�ally, the �{rule in the extended system ()ER) is:((�x:r1) r2))ER (r1[fx r2; �g℄)#x0The omplete set of rules is in Figure 3. An example is in Figure 4.The new system, whih naturally mixes evaluation and expansion, has two advantages overthe traditional systems that expand maros and evaluate the expanded ode in two di�erentpasses. First, our system evaluates the program in one pass obtaining the same result. Thisequivalene an be stated:D p)�E e and e �!� v , D p �)ER vwhere !� is the relation that de�nes the semantis of �n. Seond, the expansion of someinstanes may be avoided by de�ning a strategy of rewriting where �{rules are applied �rst.13



The following example illustrates this optimization [3℄:(�y:((�x:y) hlet u be (�w:w) in (u y)i))�)ER (�y:(y[fx hlet u be (�w:w) in (u y)i; �g℄)#x0)Vvar4)ER (�y:(y[�℄)#x0)Vvar1)ER (�y:y#x0)Vvar3)ER (�y:y)Here, the expansion of let is avoided.4.2 Properties of the extended systemThe set of )ER{rules is not noetherian, sine !� is not noetherian in �n. But it is Churh{Rosser. Churh{Rosserness follows as a orollary of strong onuene. The detailed proof is inAppendix A.Lemma 1 (Strong Conuene) The relation )ER on orret programs is strongly onuent:8 xyz:(x)ER y ^ x)ER z)) 9u:(y �)ER u ^ z �)ER u)where the notation �)ER means zero or one steps of redution.Theorem 4 (Churh{Rosser) The relation )ER on orret programs is Churh{Rosser.5 Conlusions and related workWe present a language L for de�ning maros over the �{alulus with numerial onstantsand labeled variables (�n). A formal semantis of a maro proessor, whih maps L into �n, isde�ned using expliit substitutions. A rewriting semantis of L results from mixing expansion ofmaros and evaluation. This semantis has three advantages. First, it is an uniform frameworkfor �{redution and expansion of maro instanes. Seond, it is based on a well{known theory:the �{alulus. Third, it intuitive and losely models the pratie of maro expansion.We base our maro de�nition language on the work by Kohlbeker [7, 15, 16℄. It preservesthe expression struture of the ore language, as does Kohlbeker's, but it does not inludeellipsis or reursive maro de�nitions.Work has been done in designing powerful tools for de�ning maros and eÆient algorithmsfor their expansion [5, 6, 7, 15, 16℄. These works provide a good diagnosis on the problems thatmust be solved at maro expansion. Kohlbeker de�nes hygiene in maro expansion; that is,loally introdued identi�ers should not been aptured by expansion, and identi�ers global to themaro de�nition should not be renamed. Our systems are hygieni aording to these riteria.Clinger et al [5℄ developed an eÆient and hygieni expansion algorithm for maro expansion.Their algorithm also solves loal maros, a ase that we do not onsider. However, whereasClinger's algorithm renames all variables bound by proedure abstrations, our semantis keeps14



the same variable names in all ases, beause our renaming involves only the exponents. Thisfat orresponds to one of the priniples of notational de�nitions de�ned by GriÆn [9, 10℄ thatsays that names should be preserved.Our formal semantis of L is based on the ��{alulus of Abadi et al. Two types of sub-stitutions interat in the alulus: redution substitutions (introdued by the appliation of the�{rule), and expansion substitutions (introdued by the appliation of the Intro{rule). Weadapt Abadi's shift operator to work with names of identi�ers instead of de Bruijn notation andwe add rules for eliminating shift operators. Hardin et al [19℄ also eliminate them, althoughthey use de Bruijn notation.Formal semantis of maro expansion has been studied in depth by Kohlbeker [15℄ and Grif-�n [9, 10℄. Kohlbeker uses a denotational framework. Our work is loser to GriÆn's. He usesan extended typed �-alulus to enode a language omparable to our language L. Notationalde�nitions are enoded as new funtional onstants, that when applied produe the expansionof an instane. Thus, the resulting enoding also mixes expansion and evaluation. We expliitlymanipulate substitutions to model maro expansion. Our semantis diretly and dynamiallygenerates suh substitutions from notational de�nitions, avoiding the need of enoding the lan-guage. We believe our alulus that expands and evaluates expressions is loser to pratie andimplementation. In addition, expliit substitutions an be used for maro expansion on otherlanguages.We implemented a prototype of the )ER{system in Lazy ML where we experimented dif-ferent evaluation strategies. Our \lazy" prototype delays maro expansion as long as possible.Further work is to be done in sophistiating the maro de�nition language to inlude ellipsis,reursive notational de�nitions (we still need a restrition that guarantee �nite expansion), andloal maros. Our work provides a good basis for deepen the study of maros in programminglanguages.AknowledgementsThanks to Erik Crank for helping with the details of formal proofs and reading earlier draftsof this paper, and to Matthias Felleisen for providing helpful omments during the preparationof this work. We also thank Laurene Puel, who veri�ed the proof of noetherianity of the )Esystem. We are grateful to Juan Viente Ehag�ue, who read in detail omplete drafts of thisreport providing helpful insight into some appliation and formal aspets of this work.Referenes[1℄ M. Abadi, L. Cardelli, P.L. Curien, and J.J. L�evy. Expliit Substitutions. Tehnial ReportSRC 54, Digital Equipment Corporation, Palo Alto, California, 1990.[2℄ H. Barendregt. The Lambda Calulus, Its Syntax and Semantis. North-Holland, Amster-dam, 1981.[3℄ A. Bove. Una Sem�antia de Abreviaiones Sint�atias usando Sustituiones Expl��itas.Proyeto de Grado, Esuela Superior Latinoameriana de Inform�atia, 1990.15
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A ProofsTheorem 1 (Noetherian) The relation )E on orret programs is noetherian.Proof.Program orretness assures that the Intro rule is always appliable in the presene of amaro instane, and that the set of notational de�nitions follows the restritions de�ned in 3.2.We de�ne a positive measure funtion f on the expressions r 2 Exprs suh that for everyexpansion rule r)E r0, the following ondition holds:f(r)= f(r0)The funtion f is a pair de�ned as follows: f(r) = (fE(r); fS(r)) where the = relation is de�nedas: (fE(r); fS(r))= (fE(r0); fS(r0)) , fE(r) > fEor fE(r) = fE(r0) and fS(r) > fS(r0)The de�nition of the two auxiliary funtions is in the following table:r fE(r) fS(r)he1 . . . emiwhere I?(he1 . . . emi; l df� r) (Pmi=1 fE(ei) + 3) � fE(r) (Pmi=1 fS(ei) + 3) � fS(r)r[s℄ fE(r) � fE(s) fS(r) � fS(r)num 2 2xn 2 2a 2 2(�x:r) fE(r) + 2 fS(r) + 2(�a:r) fE(r) + 2 fS(r) + 2(r1 r2) fE(r1) + fE(r2) + 1 fS(r1) + fS(r2) + 1r"xm;m0;b fE(r) 2 � fS(r)� 2 2fa r; sg fE(r) + fE(s) fS(r) + fS(s) + 2s"xm;m0;b fE(s) 2 � fS(s)Observations:1. for all r, f(r) > (0; 0).2. f(s)w(2; 2); s 2 Subst.Rules Intro, E�mv1, and E�mv2 in Figure 2 are in an abbreviated form. For this proof, wewrite these rules in their extended form:(Intro) [l1 df� r1℄ . . . [li df� ri℄ . . . [ln df� rn℄hLri)Eri[S(hLri; li df� ri)℄; if I?(hLri; li df� ri)17



(E�mv1) (�a:r)[fb1  r1; . . . fa ra; . . . fbm  rm; �g . . .g . . .g℄)E(�x:r"x0[fb1  r1"x0; . . . fa x; . . . fbm  rm"x0; �g . . .g . . .g℄) where ra (�))ERxn(E�mv2) (�a:r)[fb1  r1; . . . fa ra; . . . fbm  rm; �g . . .g . . .g℄)E(�b:r[fb1  r1; . . . fa b; . . . fbm  rm; �g . . .g . . .g℄) where ra (�))ERbLet an arbitrary expansion rule be of the form r)Er0. It is easy to verify that:� For the Intro and the elimination (E) rules: fE(r) > fE(r0). For the rest of the rules (S):fE(r) = fE(r0).� For the shift (S) rules on expressions and substitutions: fS(r) > fS(r0).We present a detailed proof only for the ase of Intro; the other ases are straight forward. TheIntro rule is he1 . . . emi)E r[s℄, where I?(he1 . . . emi; l df� r), and s = S(he1 . . . emi; l df� r).fE(he1 . . . eni) = (Pmi=1 fE(ei) + 3) � fE(r)fE(r[s℄) = fE(s) � fE(r)= fE(S(he1 . . . emi; l df� r)) � fE(r)= fE([wj1  ej1; . . . ; wjh  ejh; �℄) � fE(r) , h � n= (fE(ej1) + . . . + fE(ejh) + fE(�)) � fE(r)= (fE(ej1) + . . . + fE(ejh) + 2) � fE(r)� (fE(e1) + . . . + fE(en) + 2) � fE(r)< (fE(e1) + . . . + fE(en) + 3) � fE(r)= fE(he1 . . . eni)Thus, for every rule r)E r0, f(r)= f(r0). Sine f is a positive funtion, the relation de�ned bythe )E{rules is strongly normalizing.2De�nition 3 (Critial pair) Let L1)E R1, and  L2)E R2 be two rules of )E, and let M bea subterm of L1 at position u suh that M is not a variable2. Then, hP;Qi is a ritial pair in)E i�:1. M and L2 are uni�able.2. The substitutions used for uni�ation are �1, and �2 suh that the term N = �1(M) =�2(L2) does not have variables in ommon with L1.3. P = �1(L1)[u �2(R2)℄2A rule is applied when its left hand side uni�es with an expression. In the uni�ation, rule variables mathsubexpressions of the given expression. 18



�1(L1)�������L1)ER1Q = �1(R1) HHHHHHjL2)ER2P = �1(L1)[u �2(R2)℄Figure 6: Critial Pairs.4. Q = �1(R1)This onept is best illustrated in the diagram of Figure 6. For a detailed explanation of ritialpairs, we refer the reader to [12, 13℄.Lemma 1 (Weakly Churh Rosser) The relation)E on orret programs is weakly Churh{Rosser, this is: 8 xyz:(x)E y ^ x)Ez)) (9u:x �)E u ^ y �)E u)Proof.The proof is based on the lemma that says that a term rewriting system with no ritialpairs is WCR [12℄. Two steps are needed.First, we must prove that )E is a term rewriting system. A term rewriting system is a setof rewriting rules suh that the appliation of a rule does not introdue new variables. The rulesthat may o�er doubts are Intro, E�mv1, and E�mv2. Observe their extended forms:� The Intro rule does not introdue new variables sine the expression r appears in the setof notational de�nitions, and the substitution s is built from metavariables appearing in rand expressions appearing in hLri.� For rule E�mv1, expression ra redues to xn. Thus x appears in ra and n may result fromrenaming operations.� For rule E�mv2, the metavariable b neessarily appears in ra.Seond, onsidering every possible pair of rules of )E , we easily verify that there are noritial pairs in )E .2Theorem 2 (Churh{Rosser) The relation )E on orret programs is Churh{Rosser.Proof.This theorem diretly follows from Theorem 1 and Lemma 1.2Theorem 3 (E{normal forms = �n) The set of E{normal{forms of orret programs is lan-guage �n. 19



Proof.Program orretness assures that every maro instane in the program orresponds to anotational de�nition appearing in the list of maro delarations.� ()) An E{normal{form of a orret program is in �n.Let r be an E{nf of a orret program.1. r does not ontain maro instanes beause if it had them, they would be eliminatedby the appliation of the rule Intro. If the Intro rule were appliable, r would notbe an E{nf.2. r does not ontain substitutions. Substitutions are generated by the Intro{rule.Suppose by ontradition that r ontains a subexpression of the form r0[s℄. If ametavariable appears in r0, it has a orresponding expression in s beause r derivesfrom a orret program and the set of notational de�nitions is well{de�ned. It is easyto show, by indution on the struture of r0, that s an be eliminated whether or notmetavariables appear in r0.3. r does not ontain " operators. By indution of the struture of r, we an prove thatany " operator an be eliminated.4. r does not ontain metavariables beause it does not ontain substitutions and derivesfrom a orret program.Thus, r does not ontain metavariables, maro instanes, substitutions, and " operators;r is in �n.� (() Every expression e 2 �n is an E{normal{form.An expression of �n (see �gure 2), never ontains a maro instane, a substitution, or a"{operator. Thus, no )E rule an redue it.2Lemma 2 (Strong onuene) The relation )ER is strongly onuent.Proof.The proof goes by strutural indution on V Exprs, Subst, and V arSubst.We want to prove that:8 rr0r00:(r)ER r0 ^ r)ER r00)) 9ur:(r0 �)ER ur ^ r00 �)ER ur)Notation: we use r0 and r00 for expressions that derive in one step from r, and ur for the termto whih r0 and r00 onverge (see Figure 7). Rule names may appear in the arrows as well; (A)and (B) range over rule names.Base Cases.When an expression is a number, an identi�er, a metavariable, or an empty substitution norule )ER is appliable. Thus, the theorem follows.For terms and subtitutions listed in the following table, only one rule is appliable. Thus,the theorem follows. 20



Notation: r�������r0 HHHHHHj r00HHHHHHj� ur ������� �
Figure 7: Strong onuene.Expression Rule�"xm;m0;b Ssmtnum "xm;m0;b Senumxn "xm;m0;b Sevar1, Sevar2, Sevar4, Sevar3yn "xm;m0;b Sevar5a "xm;m0;b Semvnum#xm Uenumxn#xm Uevar1, Uevar2yn#xm Uevar3a #xm Uemvxn[�t℄ Vvar1�t"x SvmtIndutive Cases.We present only the diagrams for appliation and maro instanes. For the rest of the ases,we reason in an analogous manner. We assume the theorem follows for expressions r1 . . . rn, andprove the theorem for expressions built up from these.
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Appliation. Case (1):(r1 r2)�������(A)(r01 r2) HHHHHHj (B)(r001 r2)HHHHHHj� (ur1 r2) ������� �
Appliation. Case (2):(r1 r2)�������(A)(r1 r02) HHHHHHj (B)(r1 r002)HHHHHHj� (r1 ur2) ������� �

Appliation. Case (3):(r1 r2)�������(A)(r01 r2) HHHHHHj (B)(r1 r02)HHHHHHj(B) (r01 r02) ������� (A)
Appliation. Case (4), rule �:((�x:r1) r2)��������(r1[fx r2; �tg℄)#x0HHHHHHj (A)((�x:r01) r2)HHHHHHj(A) (r01[fx r2; �tg℄)#x0 ������� �

Appliation. Case (5), rule �:((�x:r1) r2)��������(r1[fx r2; �tg℄)#x0HHHHHHj (A)((�x:r1) r02)HHHHHHj(A) (r1[fx r02; �tg℄)#x0 ������� �
Maro instane. Case (1):hr1 . . . ri . . . rj . . . rni�������(A)hr1 . . . r0i . . . rj . . . rni HHHHHHj (B)hr1 . . . ri . . . r0j . . . rniHHHHHHj(B) hr1 . . . r0i . . . r0j . . . rni ������� (A)
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Maro instane. Case (2):hr1 . . . ri . . . rni�������(A)hr1 . . . r0i . . . rni HHHHHHj (B)hr1 . . . r00i . . . rniHHHHHHj� hr1 . . . uri . . . rni ������� �
Maro instane. Case (3), rule Intro:hr1 . . . ri . . . rni������������9Intror[fx1  r1; . . . fxi  ri; . . . fxn  rn; �ggg℄XXXXXXXXXXXXz(A) hr1 . . . r0i . . . rniXXXXXXXXXXXXz(A)r[fx1  r1; . . . fxi  r0i; . . . fxn  rn; �ggg℄������������9 Intro

2Theorem 4 (Churh{Rosser) The relation )ER is Churh{Rosser.Proof.Diretly follows from Lemma 2, sine strong onuene implies onuene.2
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B A prototype in lazy MLA prototype has been implemented in lazy ML. The soure ode is listed below.Module \expand.m"module-- Expansion and evaluation of a program#inlude "lenguaje.t"#inlude "eliminst.t"export Expand;re-- Expands and evaluates a programExpand(program(D,e)) = Expand1(D)(e)(false)and-- Expands and evaluates an expression. If the third parameter is true,-- the funtion stops at an abstration of a variableExpand1(D)(exp)(bool) =ase exp innum(n) : num(n) ||var(x,n) : var(x,n) ||mvar(a) : mvar(a) ||vabs(x,e) : if boolthen vabs(x,e)else vabs(x,Expand1(D)(e)(false)) ||mvabs(a,e) : mvabs(a,e) ||apl(e1,e2) :ase Expand1(D)(e1)(true) invabs(x,e) :Expand1(D)(eunshift(tsust(e,t(tpar(x,0,e2),vt)), x,0))(bool) ||otherwise : apl(Expand1(D)(e1)(true),Expand1(D)(e2)(false))end ||sust(e,s) : Expand1(D)(ElimSust(D)(e)(s))(bool) ||tsust(e,s) : Expand1(D)(ElimTSust(D)(e)(s))(bool) ||eshift(e,x,n,m,b) : Expand1(D)(ExpShift(D)(e)(x)(n)(m)(b))(bool) ||eunshift(e,x,n) : Expand1(D)(ExpUnShift(D)(e)(x)(n))(bool) ||eerror : eerror ||ins(le) : Expand1(D)(ElimInst(D)(ins(le)))(bool)24



endand-- Elimination of an apliation of a substitutionElimSust(D)(exp)(st) =ase exp innum(n) : num(n) ||var(x,n) : var(x,n) ||mvar(a) :ase st invs : eerror ||s(par(b,e),s) : if a = bthen eelse sust(mvar(a),s) ||sshift(s,x,n,b) : ElimSust(D)(mvar(a))(SustShift(s)(x)(n)(b))end ||vabs(x,e) : vabs(x,sust(e,sshift(st,x,0,false))) ||mvabs(a,e) :ase Expand1(D)(sust(mvar(a),st))(false) invar(x,n) : vabs(x,sust(eshift(e,x,0,0,false),s(par(a,var(x,0)),sshift(st,x,n,true)))) ||mvar(b) : mvabs(b,sust(e,st)) ||otherwise : eerrorend ||apl(e1,e2) : apl(sust(e1,st),sust(e2,st)) ||sust(e,s) : ElimSust(D)(ElimSust(D)(e)(s))(st) ||tsust(e,t) : ElimSust(D)(ElimTSust(D)(e)(t))(st) ||eshift(e,x,n,m,b) : ElimSust(D)(ExpShift(D)(e)(x)(n)(m)(b))(st) ||eunshift(e,x,n) : ElimSust(D)(ExpUnShift(D)(e)(x)(n))(st) ||eerror : eerror ||ins(le) : ElimSust(D)(ElimInst(D)(ins(le)))(st)endand-- Elimination of the shift operator over substitutionsSustShift(sust)(x)(n)(bool) =ase sust invs : vs ||s(p,s) : s(ParShift(p)(x)(n)(bool),sshift(s,x,n,bool)) ||sshift(s,y,m,b) : SustShift(SustShift(s)(y)(m)(b))(x)(n)(bool)endand 25



-- Elimination of the shift operator over pairs of metavariables and-- expressionsParShift(pair)(x)(n)(bool) =ase pair inpar(a,r) : par(a,eshift(r,x,n,0,bool))endand-- Elimination of the shift operator over expressionsExpShift(D)(exp)(x)(m)(m1)(bool) =ase exp innum(n) : num(n) ||var(y,n) : if x = ythen if n < mthen var(x,n)else if n > mthen var(x,n+1)else if boolthen var(x,m1)else var(x,n+1)else var(y,n) ||mvar(a) : mvar(a) ||vabs(y,e) : if x = ythen vabs(x,eshift(e,x,m+1,m1+1,bool))else vabs(y,eshift(e,x,m,m1,bool)) ||mvabs(a,e) : mvabs(a,eshift(e,x,m,m1,bool)) ||apl(e1,e2) : apl(eshift(e1,x,m,m1,bool),eshift(e2,x,m,m1,bool)) ||sust(e,s) : ExpShift(D)(ElimSust(D)(e)(s))(x)(m)(m1)(bool) ||tsust(e,t) : ExpShift(D)(ElimTSust(D)(e)(t))(x)(m)(m1)(bool) ||eshift(e,y,n,n1,b) : ExpShift(D)(ExpShift(D)(e)(y)(n)(n1)(b))(x)(m)(m1)(bool) ||eunshift(e,y,n) : ExpShift(D)(ExpUnShift(D)(e)(y)(n))(x)(m)(m1)(bool) ||eerror : eerror ||ins(le) : ExpShift(D)(ElimInst(D)(ins(le)))(x)(m)(m1)(bool)endand-- Elimination of var-substitutionsElimTSust(D)(exp)(tst) =ase exp innum(n) : num(n) ||var(x,n) :ase tst invt : var(x,n) ||t(tpar(y,m,e),t) : if x = y26



then if n = mthen eelse tsust(var(x,n),t)else tsust(var(x,n),t) ||tsshift(t,y) : ElimTSust(D)(var(x,n))(TSustShift(t)(y))end ||mvar(a) : eerror ||vabs(x,e) : vabs(x,tsust(e,tsshift(tst,x))) ||mvabs(a,e) : eerror ||apl(e1,e2) : apl(tsust(e1,tst),tsust(e2,tst)) ||sust(e,s) : ElimTSust(D)(ElimSust(D)(e)(s))(tst) ||tsust(e,t) : ElimTSust(D)(ElimTSust(D)(e)(t))(tst) ||eshift(e,x,n,m,b) : ElimTSust(D)(ExpShift(D)(e)(x)(n)(m)(b))(tst) ||eunshift(e,x,n) : ElimTSust(D)(ExpUnShift(D)(e)(x)(n))(tst) ||eerror : eerror ||ins(le) : ElimTSust(D)(ElimInst(D)(ins(le)))(tst)endand-- Elimination of shift operator over var-substitutionsTSustShift(tsust)(x) =ase tsust invt : vt ||t(p,t) : t(ParTShift(p)(x),tsshift(t,x)) ||tsshift(t,y) : TSustShift(TSustShift(t)(y))(x)endand-- Elimination of the shift operator over pairs of variables and expressionsParTShift(pair)(x) =ase pair intpar(y,n,e) : if y = xthen tpar(x,n+1,eshift(e,x,0,0,false))else tpar(y,n,eshift(e,x,0,0,false))endand-- Elimination of the unShift operator over expressionsExpUnShift(D)(exp)(x)(m) =ase exp innum(n) : num(n) ||var(y,n) : if x = ythen if n < m27



then var(x,n)else var(x,n-1)else var(y,n) ||mvar(a) : mvar(a) ||vabs(y,e) : if x = ythen vabs(x,eunshift(e,x,m+1))else vabs(y,eunshift(e,x,m)) ||mvabs(a,e) : mvabs(a,eunshift(e,x,m)) ||apl(e1,e2) : apl(eunshift(e1,x,m),eunshift(e2,x,m)) ||sust(e,s) : ExpUnShift(D)(ElimSust(D)(e)(s))(x)(m) ||tsust(e,t) : ExpUnShift(D)(ElimTSust(D)(e)(t))(x)(m) ||eshift(e,y,n,m,b) : ExpUnShift(D)(ExpShift(D)(e)(y)(n)(m)(b))(x)(m) ||eunshift(e,y,n) : ExpUnShift(D)(ExpUnShift(D)(e)(y)(n))(x)(m) ||eerror : eerror ||ins(le) : ExpUnShift(D)(ElimInst(D)(ins(le)))(x)(m)endend
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Module \eliminst.m"module-- Elimination of an instane#inlude "lenguaje.t"export ElimInst;re-- Introdution RuleElimInst(ld)(ins(le)) =ase ld invd : eerror ||d(d,l) : if Inst(ins(le))(d)then CreoSust(ins(le))(d)else ElimInst(l)(ins(le))endand-- Returns true if the expression is an instane of the delaration,false otherwiseInst(ins(le))(de(lh,e1)) = Inst1(le)(lh)and-- Returns true if the list of expressions mathes a left hand side,false otherwiseInst1(le)(lh) =ase le invl : ase lh invlh : true ||otherwise : falseend ||l(e,l) : ase lh inlh(mv,lh1) : if Math(e)(mv)then Inst1(l)(lh1)else false ||otherwise : falseendend 29



and-- Returns true if the expression and the first parameter are both thesame identifier-- or if the seond parameter is a metavariable, false otherwiseMath(exp)(mv) =ase mv inv(x) : ase exp invar(y,0) : if x = ythen trueelse false ||otherwise : falseend ||m(x) : trueendand-- Creates the expression that results from the appliation of theintrodution ruleCreoSust(ins(le))(de(l,r)) = sust(r,CreoSust1(le)(l))and-- Creates the substitution that result from the instane and the lhsCreoSust1(le)(ld) =ase le invl : vs ||l(e,l) : ase ld inlh(v(x),ld1) : CreoSust1(l)(ld1) ||lh(m(x),ld1) : s(par(x,e),CreoSust1(l)(ld1))endendend
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Module \print.m"module-- Pretty printer funtions#inlude "lenguaje.t"export ProgPrint, EPrint;re-- ProgramsProgPrint(program(lde,exp)) = LDPrint(lde) � EPrint(exp)and-- List of delarationsLDPrint(lde) =ase lde invd : "" ||d(d,ld) : "{" � DPrint(d) � "}\n" � LDPrint(ld)endand-- DelarationsDPrint(de(l,r)) = LhsPrint(l) � " = " � EPrint(r)and-- Left hand sidesLhsPrint(lh) =ase lh invlh : "" ||lh(v(x),l) : "v(" � x � ")," � LhsPrint(l) ||lh(m(x),l) : "m(" � x � ")," � LhsPrint(l)endand-- ExpressionsEPrint(exp) =ase exp ineerror : "Error" || 31



num(n) : "n(" � itos(n) � ")" ||var(x,n) : "v(" � x � "," � itos(n) � ")" ||mvar(x) : "mv(" � x � ")" ||apl(e1,e2) : "(" � EPrint(e1) � " " � EPrint(e2) � ")" ||vabs(x,e) : "v(" � x � ")." � EPrint(e) ||mvabs(x,e) : "mv(" � x � ")." � EPrint(e) ||sust(e,s) : "(" � EPrint(e) � ")" � "[" � SPrint(s) � "℄" ||tsust(e,t) : "(" � EPrint(e) � ")" � "[" � TSPrint(t) � "℄" ||eshift(e,x,n,m,b) : "(" � EPrint(e) � "^" � x � "," � itos(n) � "," �BoolPrint(b) � ")" ||eunshift(e,x,n) : "(" � EPrint(e) � "v" � x � "," � itos(n) � ")" ||ins(le) : "<" � LEPrint(le) � ">"endand-- List of expressionsLEPrint(listexp) =ase listexp invl : "" ||l(e,le) : EPrint(e) � "," � LEPrint(le)endand-- Pairs of metavariables and expressionsPPrint(par(x,e)) = "{mv(" � x � ")" � "," � EPrint(e) � "}"and-- SubstitutionsSPrint(sust) =ase sust invs : "" ||s(p,s) : PPrint(p) � "," � SPrint(s) ||sshift(s,x,n,b) : "((" � SPrint(s) � ")^" � x � itos(n) �BoolPrint(b) � ")"endand-- Pairs of variables and expressionsTPPrint(tpar(x,n,e)) = "{v(" � x � "," � itos(n) � ")" � "," � EPrint(e) � "}"and 32



-- Var-substitutionsTSPrint(tsust) =ase tsust invt : "" ||t(tp,ts) : TPPrint(tp) � "," � TSPrint(ts) ||tsshift(ts,x) : "((" � TSPrint(ts) � ")^" � x � ")"endand-- BooleansBoolPrint(b) =ase b intrue : "TT" ||false : "FF"endend
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Module \lenguaje.m"module-- Definition of the language#define id (List(Char))export Prog, ListDe, De, lhs, MV, Exp, ListExp, Sust, Par, TPar, TSust;re-- Programstype Prog = program(ListDe # Exp)and-- List of delarationstype ListDe = vd +d(De # ListDe)and-- Delaration or Notational Definitiontype De = de(lhs # Exp)and-- Left hand side (lhs) of a delarationtype lhs = vlh +lh(MV # lhs)and-- Auxiliary definition used in lhstype MV = v(id) +m(id)and-- Expressionstype Exp = eerror +num(Int) +var (id # Int) +mvar (id) + 34



apl (Exp # Exp) +vabs (id # Exp) +mvabs(id # Exp) +sust (Exp # Sust) +tsust(Exp # TSust) +eshift (Exp # id # Int # Int # Bool) +eunshift(Exp # id # Int) +ins(ListExp)and-- List of expressions used in instanestype ListExp = vl +l(Exp # ListExp)and-- Pairs of metavariables and expressions used in substitutionstype Par = par(id # Exp)and-- Substitutions used in expansiontype Sust = vs +s(Par # Sust) +sshift(Sust # id # Int # Bool)and-- Pairs of variables and expressions used in var-substitutionstype TPar = tpar(id # Int # Exp)and-- Var-substitutions used in beta redutiontype TSust = vt +t(TPar # TSust) +tsshift(TSust # id)end
35
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