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Generalized BMS charge algebra
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It has been argued that the symmetries of gravity at null infinity should include a

Diff(S2) factor associated to diffeomorphisms on the celestial sphere. However, the

standard phase space of gravity does not support the action of such transformations.

Building on earlier work by Laddha and one of the authors, we present an extension

of the phase space of gravity at null infinity on which Diff(S2) acts canonically. The

Poisson brackets of supertranslation and Diff(S2) charges reproduce the generalized

BMS algebra introduced in [1].
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I. INTRODUCTION

Since the work of Bondi, van der Burg, Metzner [2] and Sachs [3] it is known that the
asymptotic Killing symmetries of asymptotically flat spacetimes at null infinity are generated
by supertranslations ξf (labeled by functions f on the sphere) and Lorentz rotations ξV
(labeled by conformal Killing vector (CKV) fields V a on the sphere), forming together the
BMS algebra

[ξf , ξf ′] = 0, [ξV , ξf ] = ξV (f), [ξV , ξV ′ ] = ξ[V,V ′]. (1.1)

Here [V, V ′] is the Lie bracket of sphere vector fields and

V (f) := V a∂af − 1

2
DaV

af. (1.2)

This algebra can be thought of as a generalization of the Poincare algebra, with translations
replaced by the infinite dimensional abelian algebra of supertranslations.

As described by Ashtekar and Streubel (AS) [4, 5], the gravitational field at null infinity
has a natural phase space structure that allows to associate canonical charges to BMS
symmetries.1 These are the supermomenta Pf and angular momenta J̊V , with Poisson
brackets (PBs) reproducing the BMS algebra

{Pf , Pf ′} = 0, {J̊V , Pf} = PV (f), {J̊V , J̊V ′} = J̊[V,V ′]. (1.3)

Many years after these foundational works, the subject of gravitational symmetries at
null infinity experienced two major revisions. Firstly, Barnich and Troessaert (BT) [7]
studied an extension of the BMS algebra in which the vector fields V a are allowed to have
poles, thus enlarging the 6 dimensional algebra of global CKVs on the sphere into the
infinite dimensional algebra of local CKVs. Whereas the BT extended BMS algebra has the
same form as (1.1), its associated charge algebra exhibits an extension term in the bracket
between Pf and JV [8]. Secondly, Strominger and collaborators [9, 10] showed how BMS can
be understood as a symmetry of the gravitational S-matrix, identifying the corresponding
supertranslation Ward identities with Weinberg’s soft graviton theorem [11]. These two
fronts came together in the work [12], where a subleading soft graviton factorization [13]
was identified as a Ward identity of BT superrotations. Since then, there appeared many

1 In this paper, we use the word ‘charge’ as a synonym of canonical generator on the gravitational phase

space at null infinity. This differs from other common usage of ‘charge’ as a boundary term associated to

a Cauchy slice that ends at null infinity, see e.g. [6].
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further developments on soft factorization and asymptotic symmetries, see the reviews [14–
17] and references therein.

In [1], Laddha and one of the authors argued that, from the perspective of the subleading
soft graviton theorem, it is more natural to consider a different generalization of the BMS
algebra, one in which V a is allowed to be an arbitrary smooth vector field on the sphere. The
defining relations for this Generalized BMS (GBMS) algebra are again given by (1.1), and
from the subleading soft graviton theorem one can identify a candidate for ‘super angular
momentum’ JV .

It is then natural to ask if there exists an underlying phase space on which JV acts. A
first step in this direction was taken in [18], where an extension of the Ashtekar-Streubel
phase space was identified and JV obtained using covariant phase space techniques. The
treatment in [18], however, had certain limitations that forbid an evaluation of PBs between
charges. The objective of the present work is to show that such limitations can be overcome.
We will obtain a phase space on which GBMS acts canonically with Poisson brackets
reproducing the GBMS algebra.

We proceed as follows (see next subsection for further details). Our starting point is the
observation that a Poisson bracket between Pf and JV should satisfy

{JV , Pf} = δfJV = −δV Pf , (1.4)

where δf and δV are the infinitesimal transformations associated to supertranslations and
superrotations respectively.

It turns out that δV Pf can be evaluated from well-established expressions of supermo-
mentum yielding

δV Pf = −PV (f), (1.5)

from which it follows JV should satisfy

δfJV = PV (f). (1.6)

Unfortunately, the expression for JV given in [1] does not satisfy (1.6) (as discussed later,
this is directly related to the non-closure of BT charges). Our main observation is that it
is possible to correct JV so that (1.6) holds. The corrected JV is such that (i) it reduces to

the angular momentum J̊V when V a is CKV and (ii) its Ward identity with the S matrix
reproduces the subleading soft graviton theorem.2 It thus satisfies the same conditions as
the charge proposed in [1], with the advantage of being compatible with (1.4).

We will then verify the corrected JV satisfies the remaining algebra relation,

δV JV ′ = −J[V,V ′]. (1.7)

Finally, we will see that conditions (1.5), (1.6) and (1.7) can be used to determine an ex-
tension of the Ashtekar-Streubel phase space on which GBMS acts canonically, with Poisson

2 The old and new versions of JV lead to the same Ward identities if evaluated between finite energy states.

To see their difference, one needs to evaluate Ward identities on states with zero energy gravitons [19] or

study the charge algebra on the S matrix [20]. Both calculations require double soft graviton formulas

[21–24] and it is here where one can distinguish the new and old versions of JV [25].
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brackets reproducing the GBMS algebra.
A key technical tool we will rely upon is a novel ‘superrotation-covariant’ derivative

which greatly facilitates some of the computations.

We conclude the introduction by describing recent literature that relates to our work.
Compere, Fiorucci and Ruzziconi [26] improved the treatment in [18] in several directions,

in particular by controlling radial divergences and defining renormalized surface charges. Al-
though their resulting GBMS charges and algebra are different from what we find here (in
particular they exhibit extension terms), their analysis was indispensable for the develop-
ment of the present work.

Flanagan, Prabhu and Shehzad [27] present a no-go theorem for a symplectic structure
supporting GBMS charges. Our symplectic structure violates at least one the assumptions
in their theorem and so there is in principle no contradiction with their result, see section
V for details. Further subtleties in the construction of a phase space at null infinity are
discussed in [28, 29].

Adjei et.al. [30] provide an interpretation of BT superrotations that leads to GBMS. Po-
tentially observable consequences of superrotation charges are described in [31–36]. GBMS-
like symmetries on null surfaces other than null infinity are discussed in [37–40].

A. Strategy and outline

Recall that gravitational radiation at null infinity is encoded in a 2d tensor Cab that
captures the subleading (in r) angular components of the spacetime metric. On the other
hand, the leading angular components define a 2d metric qab that is usually kept fixed. From
the perspective of GBMS, however, one needs to allow for variations of qab and it is here
where difficulties appear.

Let us for a moment forget about such difficulties and consider Eq. (1.6), which, as
argued, is a necessary condition for the existence of PBs. Since Eq. (1.6) does not involve
variations of qab (supertranslations do not change the 2-metric) we may try to solve it for
JV with qab given. The equation simplifies considerably when qab is the unit round sphere
(referred to as ‘Bondi frame’ [41]), and so we first focus on this case in section II.

To discuss Eqs. (1.5) and (1.7) we need expressions for Pf and JV on a general qab. The
former is well known in the literature, whereas the latter requires a generalization of the
results in section II. To do this generalization we revisit in section III the description of non-
Bondi frames. Using the ‘superboost’ field introduced in [26], we define a ‘Diff(S2)-covariant’
derivative that is covariant under the action of Diff(S2) ⊂ GBMS transformations. We will
find that several non-Bondi frame formulas acquire a simple geometrical meaning when
written in terms of this derivative. Some of the results in this section rely on appendices A
and B.

Using the tools of section III, in section IV we obtain a general-frame formula for JV
by ‘covariantizing’ the expression obtained in section II. We verify the resulting JV satisfies
Eqs. (1.6) and (1.7). Some of the results in this section rely on appendices C and D.

Finally, in section V we determine the symplectic structure on the space of pairs (qab, Cab)
by demanding compatibility with the GBMS charges.

In the remainder of the section we describe our conventions and specify the assumed
|u| → ∞ fall-offs at null infinity. We also present a brief review of GBMS transformations
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and BMS charges.

B. Conventions and spacetimes under consideration

We work in units such that 32πG = 1. We consider asymptotically flat metrics at (future)
null infinity in Bondi gauge (see e.g. [42]). The spacetime coordinates are given by a radial
coordinate r, an advanced time u, and angular coordinates xa, a = 1, 2. The angular part
of the spacetime metric has a r → ∞ expansion of the form3

gab(r, u, x)
r→∞
= r2qab(x) + r [Cab(u, x) + uTab(x)] + · · · (1.8)

The leading part of the angular metric, qab, is usually regarded as kinematical and fixed once
and for all. The simplest choice, referred to as Bondi frame, is to take qab the unit round
sphere metric. Cab satisfies q

abCab = 0 and encodes outgoing gravitational waves at future
null infinity I. The tensor Tab(x) is constructed entirely from qab and vanishes in Bondi
frame (see section III and appendix A for further details).

We consider u→ ±∞ fall-offs in Cab(u, x) compatible with aO(1) subleading soft theorem
(see e.g. [43])

∂uCab(u, x)
u→±∞
= O(1/|u|2+ǫ), ǫ > 0. (1.9)

These are compatible with tree-level scattering but are too restrictive for a generic gravita-
tional scattering where fall-offs are given by (1.9) with ǫ = 0, corresponding to a logarithmic
subleading soft theorem [43, 44].4

We also require that Cab(u, x) is asymptotically flat as u → ±∞. In Bondi frame, this
corresponds to the vanishing of the magnetic part of Cab(u, x) at u = ±∞ (see e.g. [9]):

lim
u→±∞

D[aD
cCb]c(u, x) = 0. (1.10)

The non-Bondi frame version of (1.10) is described in section IIID.
GBMS is generated by vector fields that preserve the Bondi form of the spacetime metric

but are not necessarily Killing, thus allowing for changes in the leading order angular metric
qab. The GBMS vector fields are parametrized by functions f(x) (supertranslations) and
arbitrary smooth vector fields V a(x) (which, borrowing the BT terminology, we will call
superrotations). They act on qab and Cab according to (see [18] and section III for details)

δfqab = 0, δV qab = LV qab − 2αqab (1.11)

δfCab = f∂uCab − 2DaDbf
TF + fTab, δVCab = LVCab + αu∂uCab − αCab, (1.12)

where Da is the covariant derivative of qab, TF stands for Trace-Free part, α = DaV
a/2, and

LV is the Lie derivative on the sphere.
Note that the action of superrotations on the 2-metric qab is such that it preserves the area

element, δV
√
q = 0. We will work in the space of metrics that can be reached from Bondi-

frame metrics by finite GBMS transformations (see appendix A), so that the area element of

3 We follow the parametrization used in [26] with (Cab)here = (ĈAB)there and (Tab)here = (Nvac
AB)there.

4 We thank Biswajit Sahoo for correcting a wrong statement in the first version of the manuscript.
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all qab’s coincides with the unit round sphere area element. In particular, α ≡ 1√
q
∂a(

√
qV a)/2

is independent of qab.
We conclude with a comment regarding the description of asymptotically flat spacetimes

at null infinity. There are two main approaches: The original due to Bondi and Sachs that
we follow here, and the Penrose approach [45] that uses a rescaled, compactified spacetime.
We expect the results presented here admit a direct translation into the second description.
See [1, 27] for a discussion of GBMS in the Penrose approach.

C. Review of BMS charges in Bondi frame

In Bondi frame (qab = unit sphere metric, Tab = 0) the asymptotic BMS Killing symme-
tries act on Cab(u, x) according to

δfCab = f∂uCab − 2DaDbf
TF, (1.13)

δVCab = LVCab + αu∂uCab − αCab, (1.14)

where V a are global CKVs of qab (i.e. they satisfy δV qab = 0).
As shown by Ashtekar and Streubel [5], the transformations (1.13) and (1.14) are canon-

ical with respect to the symplectic structure of gravitational radiation at null infinity,

Ω =

∫

I
dud2x

√
q(δ∂uC

ab ∧ δCab). (1.15)

This allows one to find canonical charges associated to BMS symmetries: the supermomenta,

Pf =

∫

I
dud2x

√
q∂uC

abδfCab (1.16)

and angular momenta

J̊V =

∫

I
dud2x

√
q∂uC

abδVCab. (1.17)

As mentioned in the introduction, these charges close under PBs, reproducing the BMS
algebra.

II. SUPER ANGULAR MOMENTUM IN BONDI FRAME

The proposal [1, 18] for an asymptotic GBMS symmetry provided the following candidate
for super angular momentum:5

J ′
V =

∫

I
dud2x

√
q ∂uC

abδVCab+

∫

I
dud2x

√
q u∂uC

ab(−4DaDbα+DaD
cδV qbc−δV qab), (2.1)

5 In [18], strong u→ ±∞ fall-offs where assumed such that the soft part of J ′
V was written as in (2.1) with

the replacement u∂uC
ab → −Cab. The soft charge as written here was introduced in [26] and is valid for

the more general fall-offs (1.9).
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with δVCab and δV qab given in Eqs. (1.11), (1.12).
Compared to the BMS angular momentum (1.17), J ′

V has an extra ‘soft’ term that van-
ishes when V a is a global CKV. We recall from [18] that if J ′

V is written in terms of holo-
morphic coordinates on the sphere, the resulting expression coincides with the BT charge
used in [12] to compute BT superrotation Ward identities.

As motivated in the introduction, it is of interest to evaluate the action of a supertrans-
lation on J ′

V . To organize the calculation, we introduce the following notation:6

0

Sfab := −2DaDbf
TF (2.2)

1

SVab := [−4DaDbα +D(aD
cδV qb)c − δV qab]

TF (2.3)
0

Nab(x) :=

∫ ∞

−∞
∂uCab(u, x)du (2.4)

1

Nab(x) :=

∫ ∞

−∞
u∂uCab(u, x)du, (2.5)

and write the supermomentum (1.16) and super angular momentum (2.1) as

Pf = P hard
f +

∫

S2

d2x
√
q

0

Nab
0

Sfab, (2.6)

J ′
V = Jhard

V +

∫

S2

d2x
√
q

1

Nab
1

SVab, (2.7)

where the ‘hard’ piece is the part of the charge that involves an integral over I of terms
quadratic in Cab. To evaluate δfJ

′
V we note the following identities

δfJ
hard
V = P hard

V (f) +

∫

S2

d2x
√
q

0

Nab(LV − α)
0

Sfab (2.8)

δf
1

Nab = −f
0

Nab, (2.9)

from which we arrive at
δfJ

′
V = PV (f) +K(f, V ) (2.10)

where

K(f, V ) =

∫

S2

d2x
√
q

0

Nab((LV − α)
0

Sfab −
0

S
V (f)
ab − f

1

SVab). (2.11)

K(f, V ) may be thought of as a non-CKV generalization of the BT extension term [8]; see
subsection IIB for further comparison with BT charges.

We now make use of a non-trivial identity, shown in appendix C, which expresses K(f, V )

6 The notation is inspired from the role of charges on soft theorems.
0

Nab(x) and
1

Nab(x) are the leading

and subleading soft modes [46] of the news tensor Nab(u, x) = ∂uCab(u, x).
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as a total δf term plus a ‘magnetic’ piece,7

K(f, V ) = −δfJ∂IV +mag(f, V ), (2.12)

where

J∂IV =

∫

∂I
d2x

√
q(V aCbcDcCab +

3

2
αCabCab) (2.13)

mag(f, V ) = −4

∫

S2

d2x
√
q

0

NabDaD
c(D[bfVc] −

1

2
fD[bVc]) = 0. (2.14)

In (2.13)
∫

∂I ≡
∫

∂I+ −
∫

∂I− is a difference of integrals over the u = ±∞ boundaries of I.
The vanishing of (2.14) is due to condition (1.10) which implies

D[cDa

0

N b]a = 0. (2.15)

Thus, if we redefine the super angular momentum as

JV = J ′
V + J∂IV , (2.16)

it will satisfy
δfJV = PV (f). (2.17)

Let us make a few comments about the proposed expression for super angular momentum:

1. J∂IV vanishes when V a is a global CKV thanks to condition (2.15). (This vanishing is
not obvious at first sight, see next subsection for an explicit demonstration). Thus,

JV reduces to the standard BMS angular momentum J̊V when V a is a global CKV.

2. One can formally write an operator expression for J∂IV in terms of graviton Fock
operators [25]. The resulting expression has a trivial action on finite energy states and
thus has no effect on the usual computation of single-charge Ward identities [1, 12].
It can, however, affect the evaluation of double-charge Ward identities [20], or single-
charge Ward identity if one of the external states is in a shifted vacuum [19]. The
consequences of such term on Ward identities will be discussed elsewhere [25].

3. Eq. (2.12) defines J∂IV modulo terms that are annihilated by δf . Such terms can

be constructed from the leading mode
0

Nab and its powers. We discard such possible

contributions since (i) linear terms in
0

Nab would spoil the S matrix Ward identities

and (ii) higher powers in
0

Nab are non-local in u (they cannot be written as an integral
over I of a density local in Cab).

7 We become aware of identity (2.12) from the expressions of δfNa in [42] (Na = angular momentum

aspect). The improved super angular momentum (2.16) corresponds to JV = −4
∫

dud2x
√
qV a∂uN

HPS
a

where NHPS
a is, modulo the soft piece, the angular momentum aspect as defined in [47]. See [26] for a

comparison of the different conventions for Na.
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In the remainder of the section we will present an alternative form of J∂IV that will be of
later use. We will also make contact with the BT treatment by describing how expressions
simplify in the case of local CKVs.

A. Alternative form of J∂IV

Let
C±
ab(x) := lim

u→±∞
Cab(u, x) (2.18)

be the asymptotic values of Cab at u = ±∞. The vanishing of their magnetic part (1.10)
implies they can be written as

C±
ab = −2(DaDbC

±)TF ≡
0

SC
±

ab (2.19)

for some functions C±(x). Below we use (2.19) to provide an alternative expression for J∂IV .

We start by writing the soft mode
0

Nab as

0

Nab = C+
ab − C−

ab. (2.20)

Substituting (2.20) in the definitions of K(f, V ) and J∂IV we find they can be written as

K(f, V ) = K+(f, V )−K−(f, V ) (2.21)

J∂IV = J
∂I+
V − J

∂I−
V (2.22)

where ± indicate the terms that depend on C±
ab.

We next observe that identity (2.12) holds for each piece separately:

K±(f, V ) = −δfJ∂I±V (2.23)

(mag±(f, V ) = 0). Finally, since J
∂I±
V is quadratic in C± and

δfC
± = f (2.24)

we have

J
∂I±
V =

1

2
δfJ

∂I±
V |f=C± = −1

2
K±(C±, V ), (2.25)

where in the last equality we used Eqs. (2.23).
Collecting the above results, we conclude J∂IV can be written as

J∂IV = −1

2
(K+(C+, V )−K−(C−, V )). (2.26)

This form makes it manifest that J∂IV vanishes for global CKV (see also next subsection).
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B. Holomorphic coordinates and local CKVs.

In holomorphic coordinates (z, z̄) such that qzz = 0 = qz̄z̄ one has

1

SVzz = −2∂3zV
z (2.27)

(LV − α)
0

Sfzz −
0

SV (f)
zz = −2δV (D

2
z)f (2.28)

and (2.26) becomes

J∂IV =

∫

∂I
d2z

√
qCzz(δV (D

2
z)C − C∂3zV

z) + c.c. (2.29)

If V a is a global CKV then δV (D
2
z) = 0 = ∂3zV

z and J∂IV vanishes as stated before.
If on the other hand V a is a local CKV (i.e. ∂z̄V

z = 0) one can show that

δV (D
2
z)C =

1

2
∂3zV

zC. (2.30)

In this case J∂IV and K(f, V ) reduce to

J∂IV = −1

2

∫

∂I
d2z

√
qCzzC∂3zV

z) + c.c. (2.31)

K(f, V ) =

∫

d2z
√
q

0

N zzf∂3zV
z + c.c. (2.32)

Expression (2.32) corresponds to the BT extension as written in [20]. We see that J∂IV is
non-trivial for BT superrotations, and may also be used to cancel the extension term as in
the smooth vector field case.

III. NON-BONDI FRAMES

In the case where qab is not round sphere metric, one needs an additional u-independent
tensor Tab to appropriately describe the gravitational field at null infinity [26, 48]. This
tensor was introduced by Geroch [48] in order to have a conformally invariant notion of
gravitational radiation in the Penrose description of asymptotically flat spacetimes. Here,
following [26], we introduce Tab in the definition of Cab as given in Eq. (1.8),

gab
r→∞
= r2qab + r [Cab + uTab] + · · · (3.1)

so that Cab = 0 represents a flat metric in a non-Bondi frame, see appendix A for details.
With this definition, the action of supertranslations and superrotations on Cab is given

by

δfCab = f∂uCab − 2DaDbf
TF + fTab, (3.2)

δVCab = LVCab + αu∂uCab − αCab. (3.3)

We see that supertranslations acquire an extra term with respect to the Bondi-frame ex-
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pression (1.13). The new expression generalizes to non-Bondi frames the fact that the
inhomogeneous piece of δfCab vanishes for spacetime translations [48]:

− 2DaDbf
TF + fTab = 0 ⇐⇒ f = spacetime translation. (3.4)

Regarding superrotations (3.3), we note they lack an inhomogeneous term that appears
with the usual definition of Cab [18, 42]. From this perspective, the role of Tab in (3.1) is to
eliminate such inhomogeneous term, see section 4 of [18].

In the original literature of BMS in the Penrose approach, special care is taken to ensure
frame-independence, see e.g. [48, 49]. In particular, the Ashtekar-Streubel expression for
supermomenta is valid in any frame. When written in terms of the physical spacetime metric
(1.8), the AS supermomentum takes the form

Pf =

∫

I
dud2x

√
q∂uC

abδfCab (3.5)

with δf given in (3.2). Given the transformation rules of Cab and qab under superrotations,
we can compute δV Pf resulting in (see appendix D)

δV Pf = −PV (f). (3.6)

In the next section we will obtain a general-frame expression of super angular momentum
compatible with (3.6) in the sense of Eq. (1.4). A main tool we will use to this end is a
‘superrotation-covariant’ derivative that can be defined with the help of a potential we now
introduce.

A. ψ-potential

In [26] a ‘superboost’ field ψ was introduced that serves as a potential for Tab in the sense
that8

Tab = 2(DaψDbψ +DaDbψ)
TF. (3.7)

Under superrotations ψ transforms according to [26]

δV ψ = LVψ − α, (3.8)

which can be verified to be compatible with the transformation of Tab induced by δV qab[18]

δV Tab = LV Tab − 2DaDbα
TF. (3.9)

One aspect of ψ we would like to bring attention to is that, unlike Tab, it is not invariant
under CKVs. In other words, qab fixes ψ modulo an ambiguity parametrized by the con-
formal isometries of qab.

9 We will later see that all quantities of interest such as charges

8 We are deviating from the notation in [26]: ψhere = −Φthere/2.
9 This ambiguity can be fixed by defining ψ with respect to a reference 2d metric from which all other qab’s

are obtained by finite superrotations. Here we do so by considering a reference unit sphere metric, see

appendix A. Another natural choice is to consider the Euclidean plane as a reference metric [26].
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and symplectic structure depend on ψ only through the combination (3.7). That is, our
expressions will in fact be independent of the ambiguity in ψ. This property will not always
be manifest and in some cases it will require some work to establish it. Further details on
ψ and its relation with the Geroch tensor are given in appendices A and B.

We now use ψ to construct a ‘superrotation-covariant’ derivative.

B. Diff(S2)-covariant derivative

Let us first define the notion of covariance of a tensor with respect to superrotations. We
say a (u-independent) tensor tb1...a1...

on the celestial sphere is covariant under superrotations
if it satisfies the transformation rule,

δV t
b1...
a1...

= LV tb1...a1...
+ kαtb1...a1...

(3.10)

for some constant k. For instance, the metric qab is a covariant tensor with k = −2. Other
examples are the leading and subleading soft modes of the news tensor introduced in Eqs.
(2.4), (2.5), whose transformation properties obtained from (3.3) are:

δV
0

Nab = LV
0

Nab − α
0

Nab (3.11)

δV
1

Nab = LV
1

Nab − 2α
1

Nab. (3.12)

On the other hand, the potential ψ and the tensor Tab are examples of non-covariant tensors.

Given a covariant tensor as defined above, its regular covariant derivative will not be
covariant under superrotations. For example, consider a scalar ϕ such that δV ϕ = (LV +
kα)ϕ. Then,

δV (Daϕ) = Da(LVϕ+ kαϕ) = (LV + kα)Daϕ+ kDaαϕ 6= (LV + kα)Daϕ. (3.13)

The ‘extra’ kDaαϕ term can be canceled if we instead consider

D̄aϕ := Daϕ+ kDaψ ϕ, (3.14)

which, thanks to, (3.8) satisfies

δV (D̄aϕ) = (LV + kα)D̄aϕ. (3.15)

Expression (3.14) is the desired definition of Diff(S2)-covariant derivative for scalars. For
arbitrary tensors we can generalize the above reasoning by taking into account the variation
of the Christoffel symbols of Da. For example, the Diff(S2)-covariant derivative of a covector
ωa is found to be given by

D̄aωb = Daωb −
ψ

Γcab ωc + kDaψ ωb (3.16)

where
ψ

Γcab := −2D(aψδ
c
b) + qabD

cψ. (3.17)
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For general tensors, expression (3.16) generalizes with the appropriate inclusion of
ψ

Γcab sym-
bols for each tensor index, see Eq. (3.19) for another example.

To summarize, given a general tensor that is covariant with respect to superrotations as
in (3.10), its Diff(S2)-covariant derivative also transforms covariantly:

δV D̄at
b1...
a1...

= (LV + kα)tb1...a1...
(3.18)

With the above definitions one can verify D̄a satisfies Leibiniz rule with the ‘weight’ k of
the product of tensors given by the sum of the weights of each tensor.

The D̄a derivative has a number of useful properties we now describe.

1. Its action on qab is zero:

D̄cqab = −
ψ

Γdcaqdb −
ψ

Γdcbqad − 2Dcψqab = 0. (3.19)

2. The commutator of D̄a derivatives satisfies the same formulas as for ordinary covariant
derivatives but with a ‘covariantized’ curvature tensor. For instance:

[D̄a, D̄b]ωc = R̄ d
abc ωd (3.20)

where10

R̄abcd = R̄qa[cqd]b, with R̄ = R + 2D2ψ, (3.21)

R being the scalar curvature of qab. Notice that R̄ d
abc is independent of the ‘weight’ k

of ωc.

3. Finally, one can show the remarkable property (see appendix B):

D̄aR̄ = 0. (3.22)

Eq. (3.22) can be thought of as a ‘covariantized’ version of the constant 2d curvature
in Bondi frame. It can also be understood as a rewriting of the Geroch identity [48]
D[aρb]c = 0 where ρab =

R
2
qab − Tab. See appendix B for further details.

C. Supermomentum revisited

Let us briefly revisit the expression for supermomentum in light of the previous discussion.
We start by noting that a supertranslation function f(x) should be treated as a covariant

scalar with k = −1, since V (f) = LV f − αf . We can then compute its Diff(S2)-covariant
derivative according to the rules of the previous section. Doing so one finds

− 2D̄aD̄bf
TF = −2DaDbf

TF + fTab. (3.23)

10 In establishing (3.21) one needs to use algebraic identities of 2d tensors that may not be manifest in

an abstract index notation. These identities are easily seen in holomorphic coordinates (z, z̄) such that

qzz = qz̄z̄ = 0.
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The right hand side of (3.23) matches the inhomogeneous term of a supertranslation (3.2),
and so this identity allows us to reinterpret the expression of supermomentum (3.5) as a
‘Diff(S2)-covariantization’ of the Bondi-frame expression (1.13), (1.16).

In the next sections we use this covariantization idea to extend to non-Bondi frames (i)
the zero magnetic condition (1.10) and (ii) the super angular momentum of section II.

D. Asymptotic magnetic condition

Give the superrotation transformation rule of Cab(u, x) (3.3) and the u±∞ fall-offs (1.9),
it is easy to see that C±

ab(x) = limu→±∞Cab(u, x) is a k = −1 covariant tensor. Applying
the rules of D̄a differentiation one then finds11

D̄[aD̄
cC±

b]c = D[aD
cC±

b]c −
1

2
T c[aC

±
b]c. (3.24)

The vanishing of (3.24),
D̄[aD̄

cC±
b]c = 0 (3.25)

is the non-Bondi frame generalization of condition (1.10) and imposes that C±
ab is a ‘pure

supertranslation’:

C±
ab = −2(D̄aD̄bC

±)TF for some function C±. (3.26)

where C± is a k = −1 covariant scalar.

Comment:

Equation (3.24) illustrates a kind of complementary for writing expressions, either in terms
of D̄a or in terms of Da and Tab. Some properties are more transparent in the first version
but obscure in the second version and vice versa. For instance, the fact that C±

ab in (3.26)
satisfies (3.25) is easily seen in the first version, the proof being identical to the one for the
round sphere case. On the other hand, to see that condition (3.25) is independent of the
ψ-ambiguity, we use the second version.

IV. SUPER ANGULAR MOMENTUM IN A GENERAL FRAME

We now construct the general-frame candidate for super angular momentum JV by ‘co-
variantizing’ the Bondi-frame expression of section II. The charge is a sum of three terms,

JV = Jhard
V + J soft

V + J∂IV , (4.1)

11 The same comments as those in footnote 10 apply here. In the present case, the identity D[aψD
cCb]c −

DcψD[aCb]c = 0 was used to obtain (3.24) .
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Jhard
V =

∫

I
dud2x

√
q∂uC

abδVCab (4.2)

J soft
V =

∫

S2

d2x
√
q

1

Nab
1

SVab (4.3)

J∂IV =

∫

∂I
d2x

√
q(V aCbcD̄cCab +

3

2
ᾱCabCab) (4.4)

where
1

SVab =
[

− 4D̄aD̄bᾱ + D̄(aD̄
cδV qb)c −

R̄

2
δV qab

]TF
, (4.5)

with ᾱ = D̄aV
a/2 (V a is treated as a k = 0 vector) and R̄ the ‘covariantized’ scalar curvature

defined in (3.21).12 Note that, as written, it is not obvious that JV is free from the ambiguity
in ψ described in section IIIA. We will later give alternative expressions for J soft

V and J∂IV
in which this property is manifest. For now, let us focus on establishing the identity

δfJV − PV (f) = mag(f, V ), (4.6)

where mag(f, V ) is the covariant version of the Bondi-frame magnetic term (2.14). This will
again vanish due to the zero magnetic condition D̄[aD̄

cC±
b]c = 0.

We start by evaluating the action of a supertranslation on each term of (4.1). The
calculation is essentially the same as that of section II and gives:

δfJ
hard
V = P hard

V (f) +

∫

S2

d2x
√
q

0

Nab(LV − α)
0

Sfab (4.7)

δfJ
soft
V = −

∫

S2

d2x
√
qf

0

Nab
1

SVab (4.8)

δfJ
∂I
V =

∫

S2

d2x
√
q

0

Nab(−D̄c(Va
0

Sfbc) + V cD̄a

0

Sfbc + 3ᾱ
0

Sfab), (4.9)

where
0

Sfab ≡ −2D̄aD̄bf
TF. (4.10)

Let us now look at the contribution in (4.6) coming from δfJ
hard
V − PV (f). The P

hard
V (f) terms

cancel while the soft terms can be combined as

(LV − α)
0

Sfab −
0

S
V (f)
ab = δV

0

Sfab. (4.11)

We thus obtain

δfJ
hard
V − PV (f) =

∫

S2

d2x
√
q

0

NabδV
0

Sfab. (4.12)

Since the remaining terms in Eq. (4.6) are also proportional to
0

Nab, it follows that Eq. (4.6)

12 The scalar curvature in the last term term of (4.5) also appears in [18] and is needed in order for this term

to have the same weight as the first two (k = 0), thus ensuring the correct superrotation transformation

properties of J soft
V , see appendix D .
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will be satisfied if and only if

[

δV
0

Sfab − f
1

SVab− D̄c(V(a
0

Sfb)c) + V cD̄(a

0

Sfb)c +3ᾱ
0

Sfab
]TF

= −4
[

D̄(aD̄
c(D̄[b)fVc] −

1

2
fD̄[b)Vc])

]TF
.

(4.13)
This identity is equivalent to (the covariant version of) identity (2.12) and can be proven by
direct evaluation of both sides, see appendix C.

A. Independence of the ambiguity in ψ

We here verify that JV depends on ψ only through Tab.
The term Jhard

V (4.2) is independent of ψ.
For J soft

V (4.3) we use the identity:

1

SVab =
[

2δV Tab +D(aD
cδV qb)c −

R

2
δV qab

]TF
(4.14)

which can be established by direct evaluation on both sides, noting that ᾱ = −δV ψ and
taking into account algebraic 2d identities as in earlier calculations. Eq. (4.14) shows that

all the ψ dependence of (
1

SVab)
TF, and hence of J soft

V , is in the term δV Tab in (4.14).
For J∂IV we use the covariant version of Eq. (2.26) to rewrite it as

J∂IV = −1

2

∫

∂I
d2x

√
qCab(δV

0

SCab −
0

SδV Cab − C
1

SVab), (4.15)

where C|∂I± ≡ C± as defined in (3.26). Since the ψ dependence of both
0

Sab and
1

Sab is
through Tab (Eqs. (3.23) and (4.14)), this form makes it manifest that J∂IV is independent
on the ψ-ambiguity.

Expression (4.15) can also be used to show that J∂IV vanishes for global CKVs, since all
terms depend either on δV qab or on δV Tab. We can see this explicitly by expanding the first
two terms in (4.15):

Cab(δV
0

SCab −
0

SδV Cab ) = Cab(2DcCDaδV qbc −DcCDcδV qab +D2CδV qab + CδV Tab), (4.16)

whereas the last term in (4.15) depends on δV qab and δV Tab according to (4.14).

Comment :
Identities (4.14), (4.15) and (4.16) show that J soft

V and J∂IV depend on V through δV qab and
δV Tab. This property will be crucially used in the next section.

V. EXTENSION OF THE GRAVITATIONAL PHASE SPACE AT NULL

INFINITY

In the previous section we constructed a super angular momentum JV that is compatible
with supertranslations in the sense that

δfJV = −δV Pf = PV (f). (5.1)
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On the other hand, the compatibility of JV with superrotations

δV JV ′ = −J[V,V ′], (5.2)

can be established from the ‘superrotation covariance’ of the expressions defining JV , see
appendix D. Finally, compatibility of supermomenta with supertranslations,

δfPf ′ = 0 (5.3)

is a well known result that can be easily checked from the expressions of supertranslations
and supermomenta.

As discussed in the introduction, we can think of properties (5.1), (5.2) and (5.3) as re-
flecting an underlying phase space. In this section we show these properties can be used to
determine an extension of the Ashtekar-Streubel phase space on which GBMS acts canoni-
cally. Let

Γqab := {Cab(u, x) : qabCab = 0, ∂uCab
u→±∞
= O(1/|u|2+ǫ), D̄[aD̄

cC±
b]c = 0}, (5.4)

be the space of allowed Cab’s for a given qab. Each Γqab provides a realization of the Ashtekar-
Streubel phase space, with symplectic structure given by

Ωqab =

∫

I

√
q(δ∂uC

ab ∧ δCab), δ ∈ Γqab. (5.5)

In the traditional interpretation, different choices of qab (or frames) are akin to gauge
choices. However, to implement superrotations we need to consider the larger space [18]

Γ :=
⋃

qab:
√
q=

√
q̊

Γqab, (5.6)

where
√
q̊ is the area element of the unit round sphere. Our aim is to find a symplectic

structure Ω on Γ such that:

(i) Pf and JV are the canonical charges of supertranslations and superrotations,

Ω(δ, δf ) = δPf ∀δ ∈ Γ, (5.7)

Ω(δ, δV ) = δJV ∀δ ∈ Γ, (5.8)

and

(ii) Ω reduces to Ωqab when restricted to Γqab,

Ω|Γqab = Ωqab. (5.9)

Our starting point is to write Ω as

Ω = ΩI + ΩS
2

, (5.10)
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with ΩI as in the AS expression (5.5) but allowing for arbitrary variations in Γ,

ΩI =

∫

I

√
q(δ∂uC

ab ∧ δCab), δ ∈ Γ, (5.11)

and ΩS
2

a reminder to be determined.
Next, we evaluate ΩI on supertranslations and superrotations. A straightforward calcu-

lation gives

ΩI(δ, δf ) = δP hard
f +

∫

S2

√
qδ

0

Nab
0

Sfab (5.12)

ΩI(δ, δV ) = δJhard
V . (5.13)

Using these expressions, conditions (5.7) and (5.8) translate into the following conditions on

ΩS
2

:

ΩS
2

(δ, δf ) =

∫

S2

√
q

0

Nabδ
0

Sfab (5.14)

ΩS
2

(δ, δV ) = δJ soft
V + δJ∂IV . (5.15)

The strategy now will be to use Eq. (5.15) to determine ΩS
2

and then verify Eq. (5.14).

We assume ΩS
2

is of the form

ΩS
2

= Ωsoft + Ω∂I , (5.16)

with
Ω···(δ, δV ) = δJ ···

V , (5.17)

where “· · ·” stands for either “soft” or “∂I”. We think of each Ω··· as defining a symplectic
structure on its own such that δV acts canonically with charge J ···

V .
It will be convenient to express Ω··· in terms of a symplectic potential θ···,

Ω···(δ, δ′) = δθ···(δ′)− δ′θ···(δ)− θ···([δ, δ′]), (5.18)

and consider a θ··· compatible with δV (see e.g. [50])

θ···(δV ) = J ···
V , (5.19)

so that Eq. (5.17) becomes13

δV θ
···(δ) + θ···([δ, δV ]) = 0. (5.20)

If we now look at the expressions for J soft
V and J∂IV as given by Eqs. (4.3), (4.14) and

(4.15), we can easily find candidates for θ···(δ) satisfying (5.19) by doing the replacement

13 Eq. (5.20) can be thought of as a δV -invariance condition on θ··· [50].
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δV → δ in such expressions. Defining

1

Sab(δ) :=
[

2δTab +D(aD
cδqb)c −

R

2
δqab

]TF
(5.21)

so that
1

Sab(δV ) =
1

SVab, we find the following candidates for symplectic potentials:

θsoft(δ) =

∫

S2

√
q

1

Nab
1

Sab(δ), (5.22)

θ∂I(δ) = −1

2

∫

∂I

√
qCab(δ

0

SCab −
0

SδCab − C
1

Sab(δ)). (5.23)

By construction, (5.22) and (5.23) satisfy Eq. (5.19). Condition (5.20) can then be shown
to be a a consequence of (i) the fact that θ···(δ) is only sensitive to variations of qab, (ii) the
fact that any variation δqab can be written as δqab = δW qab for some vector field W a and
(iii) the ‘superrotation covariance’ of J ···

V . Indeed, recall that Tab is fully determined by qab

and note that the term δ
0

SCab −
0

SδCab is independent of variations of C. Writing δqab = δW qab
condition (5.20) becomes

δV θ
···(δW ) + θ···([δW , δV ]) = 0. (5.24)

Using [δW , δV ] = −δ[W,V ] [18] and (5.19), Eq. (5.24) can be seen to be a direct consequence
of the superrotation covariance of J ···

W (see appendix D),

δV J
···
W = −J ···

[V,W ]. (5.25)

Summing the resulting Ωsoft and Ω∂I , we obtain ΩS
2

satisfying (5.15). It now remains

to verify that such ΩS
2

satisfies (5.14). This can be shown to be a consequence of the
supertranslation transformation properties of Jhard

V and J ···
V as follows.

Written in terms of the symplectic potential θS
2

= θsoft + θ∂I , condition (5.14) takes the
form,

δθS
2

(δf)− δfθ
S2

(δ)− θS
2

([δ, δf ]) =

∫

S2

√
q

0

Nabδ
0

Sfab. (5.26)

As before, we note that Eq. (5.26) is only sensitive to variations of qab. Writing δqab =

δW qab for some W a and using the fact that θS
2

vanishes if evaluated on variations with
δqab = 0 (first and third term in (5.26)), the condition reduces to

− δfθ
S2

(δW ) =

∫

S2

√
q

0

NabδW
0

Sfab, (5.27)

or, using (5.19), to

− δf (J
soft
W + J∂IW ) =

∫

S2

√
q

0

NabδW
0

Sfab. (5.28)

By writing −(J soft
W + J∂IW ) = (Jhard

W −JW ), Eq. (5.28) can be seen to be a consequence of the
supertranslation transformation formulas (4.12) and (5.1) for Jhard

W and JW respectively.
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A. Summary

We found a symplectic structure Ω on the space Γ (5.6) satisfying Eqs. (5.7) and (5.8).
Ω is written as a sum of ‘bulk’ and ‘boundary’ pieces:

Ω = ΩI + ΩS
2

, (5.29)

where ΩI (5.11) is the extension to Γ of the AS symplectic structure and ΩS
2

is given in
terms of a symplectic potential

θS
2

= θsoft + θ∂I , (5.30)

with θsoft and θ∂I defined in Eqs. (5.22) and (5.23) respectively.

By integration by parts on the sphere, one can bring θS
2

and ΩS
2

into a form

θS
2

=

∫

S2

√
q(pabδqab +ΠabδTab) (5.31)

ΩS
2

=

∫

S2

√
q(δpab ∧ δqab + δΠab ∧ δTab) (5.32)

where

pab = D(aDc

1

N b)c − R

2

1

Nab + (quadratic in C)ab|∂I (5.33)

Πab = 2
1

Nab +
1

2
CCab|∂I . (5.34)

The terms quadratic in C± in (5.33) can be obtained with the help of Eq. (4.16). Written

in this form, it is clear that ΩS
2 |Γqab = 0 and so condition (5.9) is also satisfied.

The terms linear in
1

Nab in (5.33) correspond to those found in [18, 26] by covariant
phase space methods. An important question we leave open is whether the full Ω can be
understood from a covariant phase space perspective. In this respect, we note the recent
work [27] which shows there cannot be a symplectic structure –constructed from a local and
covariant symplectic current– at null infinity that supports the action of GBMS. There is
in principle no contradiction with our results, since we do not assume a symplectic current
and furthermore our symplectic structure contains non-local terms due to appearance of Tab
(which depends non-locally on qab) and of C± (which depends non-locally on C±

ab). It would
be interesting to see if the analysis of [27] can be extended to include such non-local terms.

We conclude by noting that conditions (5.7), (5.8) together with (5.1), (5.2) and (5.3)
imply the PBs

{Pf , Pf ′} = 0, {JV , Pf} = PV (f), {JV , JV ′} = J[V,V ′]. (5.35)

VI. DISCUSSION

If the symmetries of gravity at null infinity are to include all diffeomorphisms on the
celestial sphere [1], one should be able to associate canonical charges to this Diff(S2) group.
A prerequisite for this is to have a phase space on which these symmetries act. It is clear
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that such phase space should include, in addition to gravitational radiation, the ‘kinemati-
cal’ 2-metric at null infinity [18]. Doing so, however, introduces several divergences in the
symplectic structure at null infinity that are notoriously difficult to control [18, 26, 27].

Here we have taken an alternative route. Rather than trying to obtain a finite symplectic
structure from the beginning, we started by noting certain conditions the GBMS charges
should satisfy if such finite symplectic structure exists. In particular, we noted that the
Diff(S2) transformation properties of supermomenta imply there should not be an extension
term in the Poisson bracket between supermomenta and super angular momenta.14 This led
us to consider a correction term in the expression of super angular momentum that cancels (a
non-CKV analogue of) the BT extension term [8]. The corrected super angular momentum
may offer a better understanding of the charge algebra at the level of the gravitational
S matrix [25]: The BT extension does not commute with the S matrix [20] and hence
appears to contradict the idea of (extended/generalized) BMS as a symmetry of gravitational
scattering [9, 10, 12].

We finally showed there exists a natural symplectic structure at null infinity that is
compatible with the expressions of GBMS charges described above. A by product of our
analysis was the introduction of a Diff(S2)-covariant derivative at null infinity that may be
of interest beyond the scope of this paper.

There are many directions this work should be improved upon. Whereas the finding of a
symplectic structure at null infinity supporting the Diff(S2) action is a non-trivial fact –there
was no guarantee of its existence– the question remains open as to whether this structure
can be obtained from covariant phase space methods. A related question is whether there
can be a 3+1 realization of GBMS as was recently shown to exist for BMS [51].

We have worked under the assumption of ‘tree-level’ u fall-offs in which the news tensor
decays faster than 1/u2. However, in generic gravitational scattering the news tensor has
a leading component falling exactly as 1/u2 [43, 44] that should be incorporated in the
analysis.

The GBMS group has a direct analogue in higher dimensions and one may ask if the
results presented here can be generalized to higher dimensions as in the BMS case [52–54].
Finally, one may wonder if there could exist an additional extension of the gravitational
phase space that supports large diffeomorphisms [55, 56] associated to the sub-subleading
soft graviton theorem [13, 57].
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Appendix A: Finite Diff(S2) ⊂ GBMS transformations

In this appendix, following [26, 58], we calculate the action of finite superrotations φ ∈
Diff(S2) on the asymptotic spacetime metric. Restricting to the case where the ‘initial’
spacetime metric is in a Bondi-frame, we will obtain a parametrization of various non-Bondi
frame quantities in terms of φ.

The idea is to proceed in the same way as for infinitesimal superrotations [18, 42] but for
finite diffeos. Namely, we look for spacetime diffeomorphisms that preserve the space-time
metric in Bondi gauge,

grr = 0 = gra,
√

det gab = r2
√
q, (A1)

with the standard 1/r fall-offs [42] . We express the diffeo as15

(r, u, xa) → (R,U,XA) (A2)

and assume an 1/r expansion compatible with that of the spacetime metric:

R(r, u, x) =
0

R(x)r +
1

R(u, x) +O(1/r) (A3)

U(r, u, x) =
0

R−1(x)u+O(1/r) (A4)

XA(r, u, x) = φA(x) +
1

r

1

XA(u, x) +O(r−2). (A5)

In the above expressions we have already fixed some of the u-dependence that is required
for compatibility with the Bondi metric [18, 42]. We have also excluded supertranslations,
which correspond to a u-independent term in the O(r0) part of U (see [58] for expressions
of finite supertranslations).

We proceed as follows. The ‘initial’ spacetime metric in (R,U,XA) coordinates is taken
to be in Bondi frame so that its angular components take the form

gAB(R,U,X) = R2qAB +RCAB(U,X) + · · · (A6)

with qAB the unit round sphere metric. Next, we compute the various components of the
pullback metric in the (r, u, xa) coordinates under the spacetime diffeo (A3, A4, A5). By
imposing the Bondi gauge conditions on the pullback metric we then determine the spacetime
diffeo coefficients in terms of φ ∈ Diff(S2).

The angular part of the pullback metric is found to be given by

gab(r, u, x) = r2qφab(x) + rCφ
ab(u, x) + · · · (A7)

15 In this appendix R denotes a radial coordinate and R the scalar curvature of qab. In the rest of paper R

is used for the scalar curvature of qab.
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where

qφab(x) =
0

R2∂aφ
A∂bφ

BqAB(φ), (A8)

and

Cφ
ab(u, x) =

0

R∂aφ
A∂bφ

B
(

CAB(
0

R−1u, φ) + 2
1

RqAB(φ) +
0

R
1

XC∂CqAB(φ)
)

+ 2
0

R2∂aφ
A∂b

1

XBqAB(φ) + 2
0

R−2∂a
0

R∂b
0

R. (A9)

In the RHS of the above equations it is understood that φ,
0

R,
1

R, etc. are evaluated at (u, x)
as in Eqs. (A3, A4, A5).

To leading order, the determinant condition (A1) implies det qφ(x) = det q(x), which fixes
0

R(x) to be
0

R(x) =
det1/4 q(x)

det1/4 q(φ(x))

1

det1/2 ∂φ(x)
. (A10)

To subleading order, the determinant condition implies

qabφ C
φ
ab = 0, (A11)

which fixes
1

R in terms of the other quantities. The remaining diffeo component to be

determined is
1

XA, which can be obtained from condition gra = 0. The pullback for such
metric components is found to be

gra(r, u, x) = u∂a ln
0

R−
1

XA∂aφ
B

0

R2qAB(φ) +O(r−1). (A12)

To solve gra = 0 it is convenient to write
1

XA as a pushforward of a vector field Y a,

1

XA = ∂aφ
AY a. (A13)

Eq. (A12) can then be written as

gra = u∂a ln
0

R− qφabY
b +O(r−1), (A14)

from which we obtain

Y a = uqabφ ∂a ln
0

R. (A15)

We now have all elements to express Cφ
ab in (A9) in terms of φ. The expression simplifies

when written in terms of the covariant derivative Dφ
a compatible with the metric qφab. After

some work, it can be expressed as

Cφ
ab(u, x) =

0

R∂aφ
A∂bφ

BCAB(
0

R−1u, φ) + uNvac
ab (A16)

where

Nvac
ab = 2(Dφ

a ln
0

RDφ
b ln

0

R +Dφ
aD

φ
b ln

0

R)TF. (A17)
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This result is essentially that of section 3 of [26], except that here our ‘initial’ 2d metric is
the round unit sphere, whereas in [26] it is the Euclidean plane.

The above expressions can be used to identify the potential ψ of section IIIA in terms of
φ. From (A16) and (A17) we see that

Tab = Nvac
ab , ψ = ln

0

R, (A18)

where
0

R in terms of φ is given in Eq. (A10).
After this identification, we can write Eq. (A8) as

qφab(x) = e2ψ∂aφ
A∂bφ

BqAB(φ). (A19)

From this perspective, ψ appears as a conformal rescaling that makes qab diffeomorphic to
the unit sphere metric. We finally use Eq. (A19) to obtain a formula for the scalar curvature

R of qφab in terms of ψ:
R = 2(e−2ψ − (Dφ)2ψ). (A20)

This is the analogue of Eq. (3.11) in [26].

Appendix B: Geroch tensor

In the Geroch approach [48], Tab is (minus) the trace-free part of a tensor

ρab =
R

2
qab − Tab, (B1)

that satisfies
D[aρb]c = 0. (B2)

Geroch shows there is a unique tensor ρab satisfying the above conditions. We here verify
our Tab satisfies Eq. (B2).

Inserting B1 in B2, the Geroch condition becomes

D[aRqb]c = 2D[aTb]c. (B3)

Using 2d algebraic relations, this can be shown to be equivalent to16

DaR = −2DbTab. (B4)

Eq. (B4) corresponds to Eq. (3.12) of [26] and can be shown to follow from the expressions
of R (A20) and Tab (3.7) in terms of ψ:

R = 2(e−2ψ −D2ψ) (B5)

Tab = 2(DaψDbψ +DaDbψ)
TF. (B6)

We conclude by discussing the implications of these identities on the ‘covariantized’ scalar

16 As for similar identities used in the paper, this equivalence is easily seen in holomorphic coordinates.
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curvature R̄. We first note that R̄ given in Eq. (3.21) can be rewritten, using Eq. (B5), as:

R̄ = 2e−2ψ. (B7)

In this form, the superrotation covariance of R̄ appears as a direct consequence of the
transformation property of ψ (3.8), from which one obtains

δV R̄ = LV R̄ + 2αR̄. (B8)

Finally, if we compute D̄aR̄ with the rules of section IIIB one can verify

D̄aR̄ = DaR + 2DbTab, (B9)

which vanishes due to the Geroch identity (B4).

Appendix C: Main identity

Let us first recall that δfJ
∂I
V and mag(f, V ) can be written in terms of

0

Nab as

δfJ
∂I
V =

∫

S2

√
q

0

NabBab (C1)

mag(f, V ) =

∫

S2

√
q

0

NabMab. (C2)

where

Bab =
[

− D̄c(Va
0

Sfbc) + V cD̄a

0

Sfbc + 3ᾱ
0

Sfab
]STF

, (C3)

Mab =
[

D̄aD̄
c
(

−2D̄bfVc + 2D̄cfVb + fD̄bVc − fD̄cVb
) ]STF

, (C4)

where STF stands for symmetric, trace-free part in the indices (a, b).
Equation (4.6)

δfJV − PV (f) = mag(f, V ) (C5)

then becomes
∫

S2

√
q

0

Nab(δV
0

Sfab − f
1

SVab +Bab) =

∫

S2

√
q

0

NabMab (C6)

which is satisfied if and only if

[

δV
0

Sfab
]TF − f

1

SVab +Bab =Mab. (C7)

This is the identity we wish to prove, which corresponds to Eq. (4.13) of section IV.17

We start by evaluating Bab. Expanding the derivatives in (C3) and using the properties

17 Alternatively, in the version of section II, Eq. (2.12) corresponds to
[

δV
0

Sf
ab

]TF − f
1

SV
ab = −Bab +Mab.
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listed at the end of section IIIB one finds

Bab =
[

2D̄cVaD̄bD̄cf+R̄VaDbf+2VaD̄bD̄
2f−1

2
γabD̄

2f−2V cD̄aD̄bD̄cf−6ᾱD̄aD̄bf
]STF

(C8)

where we have introduced the notation,

γab = 2
[

D̄aVb
]STF

= δV qab. (C9)

Notice that the second equality in (C9) involves a non-trivial identity
[

D̄aVb
]STF

=
[

DaVb
]STF

. We will use the notation (C9) in all remaining expressions.
Expanding now (C4) and comparing with (C8) one finds

Bab −Mab = f
[

− 2D̄aD̄bᾱ + D̄aD̄
cγbc −

R̄

2
γab − D̄aR̄Vb

]STF

+
[

D̄afD̄
cfγbc − D̄cfD̄aγbc + D̄aD̄

cfγbc −
3

2
γabD̄

2f
]STF

, (C10)

where we note that the last term in the first line is actually zero since D̄aR̄ = 0.
Finally, we evaluate the first term in (C7)

[

δV
0

Sfab
]TF

=
[

− 2fD̄aD̄bᾱ + 2D̄cfD̄aγbc − D̄cfD̄cγab + γabD̄
2f
]STF

, (C11)

and recall the definition of
1

SVab (4.5)

1

SVab =
[

− 4D̄aD̄bᾱ + D̄aD̄
cγbc −

R̄

2
γab

]STF
. (C12)

Collecting (C10), (C11) and (C12) we finally arrive at

[

δV
0

Sfab
]STF − f

1

SVab +Bab −Mab =
[

D̄cfD̄aγbc − D̄cfD̄cγab + D̄afD̄
cγbc + D̄aD̄

cfγbc −
1

2
γabD̄

2f
]STF

. (C13)

One can now check that the right hand side of (C13) is trivially zero. As for similar 2d alge-
braic identities, this can be easily seen by writing the expression in holomorphic coordinates.
This concludes the proof of identity (C7) and hence of (C5).

Appendix D: Superrotation covariance of charges

In this appendix we show the relations

δV Pf = −PV (f) (D1)

δV JV ′ = −J[V,V ′], (D2)

which express the superrotation covariance of charges.
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Let us first verify the ‘hard’ parts of (D1), (D2). For the supermomentum we have

δV P
hard
f =

∫

I

√
qf

(

∂uδV C
ab∂uCab + ∂uC

ab∂uδV Cab
)

(D3)

=

∫

I

√
qf

(

(LV Ċab + αuC̈ab + 4αĊab)Ċab + Ċab(LV Ċab + αuC̈ab)
)

(D4)

=

∫

I

√
qf(LV Ċ2 + αu∂uĊ

2 + 4αĊ2) (D5)

=

∫

I

√
q(−LV fĊ2 + fαĊ2) = −P hard

V (f), (D6)

where in the last step we integrated by parts and used that LV
√
q = 2α

√
q. To simplify

notation we denote u-derivatives with dots and Ċ2 ≡ ĊabĊab.
Similarly, for the super angular momentum we have

δV J
hard
V ′ =

∫

I

√
q(∂uδV C

abδV ′Cab + ĊabδV δV ′Cab (D7)

=

∫

I

√
q
(

(LV Ċab + αuC̈ab + 4αĊab)δV ′Cab + ĊabδV δV ′Cab

)

(D8)

=

∫

I

√
q
(

Ċab(−LV δV ′Cab − αu∂uδV ′Cab + αδV ′Cab) + ĊabδV δV ′Cab

)

(D9)

=

∫

I

√
qĊab(−δV ′δVCab + δV δV ′Cab) = −Jhard

[V,V ′], (D10)

where in the third step we integrated by parts and in the fourth we recognized the combina-
tion −δV ′δVCab in the first term of the third line. Finally we used [δV , δV ′]Cab = −δ[V,V ′]Cab
[18].

We now discuss the remaining, u-independent terms of the charges. We will use the
notion of superrotation covariance of section IIIB to facilitate the calculation. Let us start
by noting that a ‘covariant’ scalar ρ(x) with k = +2 has a superrotation invariant integral
over the sphere,

δV

∫

S2

√
qρ =

∫

S2

d2x
√
qδV ρ (D11)

=

∫

S2

√
q(LV ρ+ 2αρ) = 0 (D12)

where in the last equality we integrated by parts and used LV
√
q = 2α

√
q. Next, we note

that eventhough f and V ′a are parameters and hence do not transform under the action of
δV , they can be thought of as ‘covariant’ tensors with k = −1 and k = 0 respectively, due to
the GBMS algebra relations (1.1). One can then check that all the integrands of P soft

f , J soft
V ′

and J∂IV ′ have k = 2. However because f and V ′a are parameters that do not change under
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δV one gets

δV P
soft
f = −P soft

V (f) (D13)

δV J
soft
V ′ = −J soft

[V,V ′] (D14)

δV J
∂I
V ′ = −J∂I[V,V ′] (D15)

rather than zero.
Let us do the calculation in detail for (D13), the others following along the same lines:

δV

∫

S2

√
q

0

Nab
0

Sfab =

∫

S2

√
q(δV

0

Nab
0

Sfab +
0

NabδV
0

Sfab) (D16)

=

∫

S2

√
q(−

0

Nab(LV − α)
0

Sfab +
0

NabδV
0

Sfab) (D17)

= −
∫

S2

√
q

0

S
V (f)
ab = −P soft

V (f), (D18)

where in the second line we integrated by parts on the sphere and in the last line we used
Eq. (4.11).
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