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Abstract

In this paper, from the excess utility function we obtain a binary relation in the social
weights space and then, for an infinite dimensional economy, we prove the existence of equi-
librium, in our approach we don’t suppose the existence of a demand function. Finally, we
obtain a condition for the uniqueness of equilibrium, and we give some examples of economies
that satisfy this condition.

Introduction

In this paper without assuming the existence of the demand function, we prove from the excess
utility function an existence of equilibrium theorem, and we obtain a condition to uniqueness of
equilibrium. The introduction of the excess utility function, allow us to transform an infinite
dimensional problem in a finite dimensional case.

In the first section we characterize the model, and we introduce some standard definition in
general equilibrium theory. In the second section we introduce the excess utility function and
we show some of its properties. In the third section from the excess utility function we prove
that there exists a bijective relation between the equilibrium allocations set and the set of zeros
of excess utility function. In the fourth part from the excess utility function we obtain a binary
relation in the social weights space, we prove that the equilibrium set is not empty. Our main
tool is the Knaster, Kuratowski, Masurkiewicz lemma.

In the next section we define from the excess utility function the weak axiom of the revealed
preference. So defined, this axiom, is only formally similar with the classic one. It has the same
mathematical properties that the classic axiom of revealed preference but it has not the same
economical interpretation. We prove that if the excess utility function has this property then

uniqueness of equilibrium follows, that is there exists only one zero for this function. Finally
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examples of economies with weak axiom of revealed preference in the excess utility function are

giving.

1 The Model

Let us consider a pure exchange economy with n agents and [ goods at each state of the world.
The set of states is a measure space : (2, A, v).

We assume that each agent has the same consumption space, M = Hé-:l/\/lj where M; is
the space of all positive measurable functions defined on (€2, .4, v).

Let be Rﬂr+ = {z € R! with all components positives}.

Following [MC] we consider the space A of the C? utility functions on R{F ., strictly monotone,

differentiably strictly concave and proper.

Definition 1 A C? utility function u is differentiably strictly convez, if it is strictly convex and
every point is regular; that is the gaussian curvature, C, of each level surface of u, is a non null

function in each x.

For =,y € R! we will write x >y if &; > y;i=1...land x # y.

Definition 2 A wutility function is strictly monotone if x >y = u(x) > u(y).

Definition 3 We say that u € C? is proper if the limit of |u/(x)| is infinite, when x approach to
the boundary of RfH_, i.e: the set B={x:x; =0 for somei=1,...,n}.

We will consider the space U of all measurable functions U : € x RlJr + — R, such that
U(s,-) € A for each s € Q.
We introduce the uniform convergence in this space: U, — U if ||U, — U||x — 0 for any
compact K C B!, where |U, — Ul|x =
ess 21618;116&[)% {|Un(s, 2) = U(s,2)| +|0Un(5,2) — QU (s, 2)| + |0*Up (s, 2) — 0*U (s, z)]} .
Each agent is characterized by his utility function u; and by his endowment w; € M.

From now on we will work with economies with the following characteristics:

a) The utility functions u; : M — R are separable. This means that they can be represented
by
wil@) :/ Us(s, 2(s))du(s) i =1,....n (1)
Q
where U; : Q x Rﬂr 4+ — R and U(s,-) is for each agent his utility function at every state
se Q.



b) The utility functions U;(s,.) belongs to a fixed compact subset of A, for each s € Q and
U, elU.

c) The agents’ endowments, w; € M are bounded above and bounded away from zero in any

component, i.e. there exists, h and al H with h < w;;(s) < Hforeachj=1...1, and s € Q.

The following definitions are standard.

Definition 4 An allocation of commodities is a list x = (21,...,T,) where x : Q — R™ and

Dh=17k(8) < Xgpog wi(s)-

Definition 5 A commodity price system is a measurable function p: Q — Rl_H_, and for any
z € R! we denote by (p, z) the real number [ p(s)z(s)dv(s). (We are not using any specific symbol

for the euclidean inner product in R'.)

Definition 6 The pair (p,x) is an equilibrium if:
i) p is a commodity price system and x is an al location,
it) (p,zi) < (pw;) < oo Yie{l,...,n}

iii) if (p,z) < (p,w;) with z:Q — R, then
/U s, x;i(s))dv(s /U s,z(s))dv(s) YV ie{l,...,n}.

2 The Excess Utility Function

In order to obtain our results we introduce the excess utility function.

We begin by writing the following well known proposition:

Proposition 1 For each X in the (n—1) dimensional open simplez, A"~ 1 = {\ € R ;3" \; = 1},
there ezists T(A) = {Z1(A\), -+, Zn(N)} € R, solution of the following problem:

maxxeRzn Zz )\iUi (m,) (2)
subject to Y, x; <Y, w; and z; > 0.

If U; depend also on s € 2, and U;(s,-) € A for each s € Q, and A € AL there exists
Z(s,A) = Z1(8, A), ..., Tn(s, A) solution of the following problem:

maxx(s)eRzn Zl )\Z'UZ'(S, xz(s)) (3)
subject to Y, zi(s) < >, wi(s) and x;(s) > 0.



If v9(s, \) are the Lagrange multipliers of the problem (3), j € {1,...1}, then from the first
order conditions we have that
oU;(s,z(s,N))
2 S IS A)
oxJ

Then the following identities hold

=19 (s,\) withi € {1,...,n} and j € {1,...,1}

NiOU;i(s,xz(s,\)) =7(s,A) Vi=1,..,n; and Vs € Q. (4)

Remark 1 From the Inada condition of “infinite marginal utility” at zero (Definition 3), the
solution of (8) must be strictly positive almost everywhere. Since U(s,.) is a monotone function,
we can deduce that Y i T;(s) = D wi(s).

Let us now define the excess utility function.

Definition 7 Let x;(s,\);i € {1,...,n} be a solution of (3).
We say that e : A"t — R™ e()\) = (e1(\), ..., en(N)), with

1
) =1 [ (s Nlai(s0) = wilo)ldv(s), i = 1,...on. (5)
i JQ
1s the excess utility function.

Lemma 1 The excess utility function is bounded for above, that is, there exists k € R such that

e(\) < k1, where 1 is a vector with all its components equal to 1.
Proof: To prove this property, note that from definition we can write
ei(N) = /QaUZ-(s,:L‘i(/\))[a:i(s,)\) — w;(8)]dv(s).
From the concavity of U; it follows that:
Ui(s,z(s,\)) — Us(s,w(s)) > OU;(s, z(s, N))(zi(s,\) —w(s)).

Therefore,

ei(N) §/QUi(s,xZ-(s,/\))—Ui(w,;(s))du(s) S/QUZ-(iwj(s))du(s), VA,

If we let "
k; :/ Ui(Zwi(s))du(s) and k= sup k;
& =

1<i<n

Property follows.

Remark 2 Since the solution of (3) is homogeneous of degree zero: i.e, T(s,\) = T(s,aN) for

any a > 0, then we can consider e; defined all over Rl by e;(aX) = e;(X) for all XA € A’f;l.



3 Equilibrium and Excess Utility Function.

Let us now consider the following problem:

maxgzem Zz 5\1 fQ Ui(S, xi(s))d’/(s) (6)
subject to Y, xi(s) < >, wi(s) and x;(s) > 0.

Is a well known proposition that for an allocation Zz, is Pareto optimal if and only if we can
choose a A, such that Z solves the above problem, with A = A. Moreover, since a consumer with
zero social weight receive nothing of value at a solution of this problem, we have that if T is a
strictly positive allocation, that is {z € Rﬂr +}, all consumption has a positive social weight. See
for instance [Ke]. Reciprocally if ) is in the interior of the simplex, then from remark (1) the
solution z(.,\) of (6) is a strictly positive Pareto optimal allocation. (This is guaranteed also by
the following boundary condition on preference: {v(s) € RL : v(s) =; w;(s)} is closed for a.e.s,
for all ¢ and w;(s) strictly positive.)

From the first theorem of welfare, we have that every equilibrium allocation is Pareto optimal.

Let (%) be an equilibrium allocation, then there exists a A such that = {21, ...,2,} : @ — R",
is a solution for the problem in the beginning of this section.

In the conditions of our model, the first order conditions for this problem are the same that for
(3). Then if a pair (p, Z) is an price-allocation equilibrium, there exists a A such that z(s) = #(s, \);
solves (6) and p(s) = (s, \) , solves (4) for a.e.s.

Moreover we have the following proposition:

Proposition 2 A pair (p, %) is an equilibrium, if and if there exists X € A" such that T(s) =
Z(s,\); solves (6), and p(s) = v(s,\) , solves (4) for a.e.s and e()\) = 0.

Proof: Suppose that Z(-,\) solves (6) and (s, A) solves (4). If for A € A""! we have that
e(A) = 0, then the pair (p,z), with p = (-, \) and Z = z(-, \), is an equilibrium.

Reciprocally, if (p, z) is an equilibrium, then is straightforward from definition that e(A) = 0.
From de first welfare theorem, there exists A € A™~!, such that Z is a solution for (6). Since p is a
equilibrium price, it is a support for Z, i.e. if for some x we have that u;(z) > u;(%),i = {1, ...,n},
strictly for some i then (p,z;) > (p, w;) and from the first order conditions we have that: p(s) =
v(s). The proposition is proved.

Let be A" ' ={ e A" 1N >0Vi=1,---,n}.

We will now the definition of the equilibrium set.

Definition 8 We will say that X is an equilibrium for the economy if X € E, where E = {\ €
A" e(N) = 0}. The set E will be called, the equilibrium set of the economy.



4 A Binary Relation In The Social Weights Space

Let e : R® — R™ be a excess utility function.
Let us define > in A?™! = {A € R? : 71 A" = 1; \; > €} a subset of the social weights space.

Definition 9 We define > as:
()\1,)\2) e~ iff )\16()\2) < 0.
We will write A1 = Ao.

Properties of the Binary Relation .

= is irreflexive, convex, and upper semi-continuous.
e irreflexive A ¥ X because \.e(\) = 0.
o conver if A' = Xand A2 = X, then a A! + BA? = X with a + 8 = 1.

e upper semi-continuous, A= {a € AP’ 1; X = a} is open

Proof:
A= {a € A" Ne(a) < 0},

by the continuity of A.e(.), exist an open neighborhood V,, of «, such that A.e(V,) < 0.
Then A is open.

5 Existence of Equilibrium.

Definition 10 We say that v is a mazimal element of > if there does not exist A such that a

A=y
Lemma 2 The set of mazimal elements in A"~ is non-empty.

Proof: Note that

F(\) = A1 — {a e A" P such that A = o} = {a € A" such that \.e(a) > 0}

is a compact set.
We can also see that the convex hull of {\1,---,\} is contained in U¥_; F()\;) for all finite

subset Ap,---, A\, € AP7L To this end let be Ap,...,\p € AL If v = Zle a;\; is a convex



combination and « is not in U¥_; F();), then \; = ~ for every i = 1,...,n, and so, since > is
convex value, we must have « > ~. This is not possible because > is irreflexive.

Then from Fann-Theorem, (see for instance [BC]) it follows that N, zn-1F(A) # (. It is easy
to see that the set of maximal elements in A?~! is equal to Myean-1F(A).

Then the theorem follows.

Theorem 1 Let £ be an economy with infinite dimensional consumption space, with differentiable

strictly convex C? and separable utilities. Then € has a non-empty, compact set of equilibrium.

Proof: From lemma 2 we know that there exists 7, a maximal element in A?nfl. The collection
{A"=1} may be directed by inclusion. Consider e, — 0, and 7, € A?! € A1, since A"
is a compact set, there exists v € A"! = {\ € R?. Y% | \; = 1} and a subnet {y. } such that
Yer. — 7. If we prove that: v € AH={\ e A"t and A >> 0} and that e(y) = 0, then the
theorem follows. Suppose that v € A" ™! = {\ € A" land at least one \; = 04 € {1,---,n}}.
Is straightforward from the definition that lim,  5zn-1 ||e(A)|| = oo since e is bounded above,
see lemma 2), then there exists { € Aﬁ;l and € such that e(y) < 0,Ve < €. Since € €
AZ;l,Vem < ez) < €9, the last inequality contradicts the maximality of ~y .

Suppose now there exists a e;(y) < 04 = {1,---,n, } then for same £ € Aﬁﬁl we have that
¢e(y) < 0. From the continuity of e(-) we obtain that 56(766) < 0,Ve( > €p, this contradicts the
maximality of v, . Then e(y) = 0 follows. Since v € S and ve(y) = 0, then e(y) = 0.

The theorem is proved.

Then the set £ = {\ : e(\) = 0} is non empty. That is, there exists at least one equilibrium

(z(s,\),p(s,A)) for €. .

6 Uniqueness From W.A.R.P.

Let us now to define the weak axiom of revealed preference (W.A.R.P.) from the excess utility

function.

Definition 11 We say that the excess utility function satisfies the weak axiom of revealed prefer-
ence (WARP) if
)\1.6()\2) > 0 then )\2.6()\1) <0

Theorem 2 WARP implies uniqueness of equilibrium.

Proof: We argue by contradiction. Suppose that A1 and Ay are two equilibria.



From Proposition 6) we have that e(A;) = e(A2) = 0.
Then Aje()j) = 0, thus W.A.R.P. yield the following inequality Aje()\;) < 0,7 = {1,2},j =
{1,2}.

Uniqueness follows.

Definition 12 Let e be a excess utility function, then e is monotone on T\ = {\ € R™ : A\ = 0}
if (A1 — A2)(e(A1) —e(N2)) > 0, whenever (A — X\2) € Ty, e(A1) # (A2).

Proposition 3 If (e(-)) is a monotone function, e(-) has W.A.R.P.

Proof: Suppose that Agee(A;) > 0. Since \;A > 0;4 = 1,2, there exists a > 0 such that
A1—aXy € T). Hence (A —adz2)(e(A1)—e(ad2)) > 0, follows, and then —Aje(als) > alze(A) > 0.

Since e is a homogeneous degree zero function, Aje(Ay) < 0. We have concluded our proof.

6.1 Some Applications

Proposition 4 If the central planner chooses A using the rule >, and if the excess utility function

has WARP, then the \ selected by the central planner is an equilibrium.

From WARP we have that Ae(\) < 0. That is A = \.
Economies with WARP in the Excess Utility Function

Example 1 Suppose an economy with the following utility functions:
Ui(x) :x(s)%, endowments wi(s) = as and wa(s) = (1 —a)s, with0 < a < 1,s € (0,1)
and p the Lebesgue mesure.

The excess utility function is,

1 -1 1 -1
o) ={ [ 5o @ — wnduts), [ G (w2~ wa)du(s) |
From the first order condition:
A
EPVESYE

Substituing in the above equation we obtain that:

Vva V1—a
Va+vli—a Va+v1—al’

zi(s)

e(A) =0, zﬂ)\:{

Is ease to see that :
Ae(A) <0V A, e A=\

Example 2 For economies with utilities U;(x) = Lgz,i = (1,2) we obtain WARP in the excess

utility function.



7 Concluding Remarks.

In economies with infinite dimensional consumption spaces, the agent’s budget may not be com-
pact. Hence the existence of demand function need not be a consequence of the utility maxi-
mization problem. In our approach without assuming its existence, with a simple proof, we have
obtained the existence of the competitive equilibrium. So the excess utility function appears as
a powerful tool in order to obtain a deeper insight in the structure of the equilibrium set. Some
additional assumptions about the behavior of the excess utility function allow us to obtain a
sufficient condition for uniqueness of the Walrasian equilibrium. Unfortunately its economical
interpretations are not straightforward.
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