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1 Introduction

The role of BMS group [1, 2] for quantum gravity in asymptotically flat spacetimes was
extensively studied in the eighties by Ashtekar et al. [3-7] (see [8] for a recent review).
The subject experienced a renaissance recently due to seminal work by Strominger and
collaborators [9, 10] that relates this asymptotic symmetry group with Weinberg’s soft
graviton factorization theorem [11]. The new insight led to further developments in which
groups larger than BMS have emerged as candidate symmetries of quantum gravity. On the
scattering amplitude side, Strominger and Cachazo [12] showed how Weinberg’s theorem
can be extended to sub and sub-sub leading order in the soft graviton energy. (For beautiful
and alternative derivations of these theorems we refer the reader to [13, 14]). The subleading
factorization was identified in [15] with Ward identities of the ‘extended’ BMS group of
Barnich and Troessaert [16, 17]. In [18, 19] we proposed that the subleading relation is best
understood in terms of a different extension of BMS referred to as ‘generalized” BMS group.

Following this line of reasoning, it appears that each factorization theorem is nothing
but a Ward identity of certain (spontaneously broken) symmetries of semi-classical grav-
ity. For tree-level quantum gravity amplitudes, three factorization theorems are known
so far (and there are good reasons to believe that even at tree level, there may not be
anymore [20]). As we have an understanding of the symmetries which give rise to the first
two of these theorems, a natural question to ask is, if the sub-subleading soft theorem is
also equivalent to certain Ward identities in tree-level quantum gravity.

Drawing on our previous work regarding symmetries associated to Low’s theorem in
massless QED [21], in this paper we provide strong evidence that such a symmetry exists
and is generated by vector fields on the conformal sphere at null infinity, which vary
linearly along the null generators. The main ideas and results were already presented
in [22]. Here we provide all the details of the analysis that were alluded to in [22]. An
outline summarizing the conceptual line of thought that we employ here is summarized in
the next section.



2 Outline

We begin by presenting by now the well established relationship between Ward identities
of the so called generalized BMS group (henceforth denoted by G) and leading as well as
sub-leading soft theorems from a different perspective. The seminal work of Strominger et
al. [10] established the equivalence between Ward identities associated to supertranslation
symmetry and Weinberg’s soft graviton theorem using charges associated to supertransla-
tions which were (a) derived in Bondi gauge and (b) there was one charge associated to
each supertranslation generator. At the outset there are two aspects of this equivalence
which warrant further investigation. The first one being that the soft theorems are them-
selves derived in de Donder gauge and hence we can ask if it is possible to also compute
the charges associated to asymptotic symmetries in de Donder gauge. Second and perhaps
more serious issue arises from the fact that there are “2 x oo” number of soft theorems
due to 2 polarizations of the soft gravitons (the infinity stands for the soft momentum
direction) whereas there is only one charge for each supertranslation generator. The first
issue is simply a technicality as the asymptotic charges are expected to be gauge invariant
and can be derived in any gauge (Bondi or de Donder) that one desires. The second dis-
crepancy was resolved by Strominger [9] using an ingenious idea. As far as perturbative
gravitational scattering processes are concerned, there exists a constraint which relates
positive and negative helicity soft gravitons referred to as Christodoulou-Klainerman (CK)
condition. This constraint is naturally obeyed by all asymptotically flat geometries which
are “in a neighborhood of Minkowski space”. CK condition implies that the soft theorem
for positive helicity soft graviton implies soft theorem for negative helicity graviton and
vice versa. Hence there remain 1 x co number of independent soft theorems, in accordance
with the number of Ward identities.

In this work we first revisit these two aspects of the equivalence. Namely, we show
that one can derive the charges associated to G in de Donder gauge, there by placing
both, the Ward identities and soft theorems on an equal footing. We also show that
the so-called CK condition can be understood as the vanishing of a particular “magnetic
charge” associated to supertranslations. Thus for each generator of supertranslation there
really are two charges. One is the charge derived and used in [10] and the other is a
magnetic charge which when set equal to zero is precisely the CK condition. Our analysis
of deriving asymptotic charges in de Donder gauge is predicated upon an understanding
of BMS symmetry as residual large gauge transformations (of perturbative gravity) in de
Donder gauge. That is, we consider vector fields which satisfy

0g = 0, (2.1)

and which do not fall off to zero at null infinity. As we demonstrate in section 4, all the
generators of G can be understood as large diffeomorphisms with different asymptotic con-
ditions on various components of £* at null infinity. (This idea first appeared in a paper by
Avery and Schwab [23]). In section 4 we also compute the asymptotic charges associated
to these large gauge transformations via covariant phase space methods in perturbative
gravity (reviewed in section 3) . We show how the asymptotic charges one computes using



this method match precisely the asymptotic charges associated to G [4, 10, 15, 19]. This
resolves the first less analyzed aspect of the equivalence we mentioned above. The reason
we go through all this trouble is however not to merely recycle known results from a differ-
ent perspective. The main reason is the following: our goal is to see if the sub-subleading
theorem of perturbative gravity can be also understood as Ward identities associated to
certain symmetries. As all the charges corresponding to G generators are equivalent to the
leading and subleading theorems, it is clear that such a symmetry, if it exists has to be an
extension of G. It turns out such extensions are easier to probe in de Donder gauge. A back
of the envelope computation indicates that a charge associated to a vector field will cor-
respond to a sub-subleading soft graviton if the non-trivial sphere vector field component
at null infinity €4 is linear in u (for G generators such components are independent of u).
Hence we seek solutions to the wave equation (2.1) whose O(r?) sphere vector field compo-
nents are linear in u. We will show how there exists a class of such vector fields for which
the associated asymptotic charge, as computed through covariant phase space methods are
such that the corresponding Ward identities are precisely equivalent to the sub-subleading
soft theorem for a specific combination of positive and negative helicity gravitons. The
missing ingredient in proving a complete equivalence between sub-subleading theorem and
the asymptotic symmetries is that so far we do not have a first principle derivation of the
charges whose associated Ward identities are equivalent to the soft theorem for a graviton
of orthogonal helicity. Trying to hunt down this “missing charge” leads us to yet another
perspective on the asymptotic charges in terms of electric and magnetic parts of the Weyl
tensor. This perspective was already known and investigated by Ashtekar and Sen in [7]
in which each supertranslation generator yields two type of charges. The charge obtained
by integrating the electric part of the Weyl tensor is the supermomentum flux which was
used as asymptotic charge by Strominger et al. in [10]. The other, lesser known charge
—referred to as NUT supermomentum-— is precisely the charge obtained from the magnetic
part of the Weyl tensor. In section 7 we revisit these ideas from a covariant phase space
perspective and by considering such magnetic charges for G generators and elaborating on
their roles in soft theorems, conjecture that the magnetic charges associated to the new
symmetries provide the “missing charge”.

Throughout the paper (except in section 7) we work in the context of gravity coupled
with massless scalar field. The massless scalar particles will play the role of external ‘hard’
particles in the soft theorems. The reason for this choice is that computations become
simpler. It should however be straightforward to extend the analysis to gravity coupled to
other fields or to pure perturbative gravity.

3 Linearized gravity coupled to massless scalar field

The system we will be studying in this paper is perturbative gravity coupled to a massless
scalar field ¢. In de Donder gauge, the field equations for the metric perturbation hg, are
given by,

Ohay = —2Tap (3.1)



where hgp = hgp — %nm”hmnhab, T.p the stress tensor of the scalar field and O the flat
space wave operator. hgp satisfies the de Donder gauge condition

Vhay = 0. (3.2)

Indices are raised and lowered with the flat metric 7, and V, is the flat deriva-
tive, Vanpe=0.

We will study these equations in retarded coordinates (u, 7, ) as they are most suitable
for massless fields. In these coordinates, we specify “radiative free data” at future null
infinity and solve the equations recursively in 1/r. The matter free data is given by a
function ¢(u, &) at null infinity that specifies the leading r — oo term of the scalar field,

¢(u, )

r

o(u,r, ) = +0(r7?). (3.3)

The gravitational free data C4p(u, ) is given by the leading angular components of the
metric perturbation:
hap(u,r,@) =rCap(u,z) + ... (3.4)

(capital indices denote sphere components). A solution to the wave equation (3.1) can then

be written as hgp = h((lf) + h((;z) where h((lf) , hgg) satisfy,
— C —
or =0, O = 27, (3.5)
The metric perturbation h((g) is determined by the gravitational radiative data C'ap and

the metric perturbation hgz) is determined by the radiative matter data ¢. The detailed

asymptotic form of hgf) and h%) are given in appendices C and E respectively.

3.1 Asymptotic charges
The symplectic potential density of gravity coupled to a scalar field is given by:

0(1(5) = egrav(a) + egnatt(d) (36)
where
O besTe [g] — g2PoT¢ 3.7
grav( ) 2\/.5 g bc[g] g cb[g] ) ( . )
Ot (6) = —v/99" Opipdip. (3.8)

Given a vector field £%, the covariant phase space charge [24, 25] at null infinity is deter-
mined by the condition:

5Qe = Jim /Z dSa(660°(3¢) — 0¢0°(9)), (3.9)

where Y; is a t = constant surface that approaches null infinity as ¢t — oo. It is understood
that in this limit the integrand of (3.9) is evaluated by keeping u = constant, as appropriate
for massless fields (see [26, 27] for how this changes in the presence of massive fields). For



the purposes of making contact with the tree-level soft theorems, we are interested in
keeping terms in the charge that are quadratic in the scalar field radiative data ¢ (referred
to as ‘hard’ part) and linear in the gravitational radiative data Cap (referred to as ‘soft’
part of the charge). From the splitting (3.6) we can write

Qe = Q™ + QP (3.10)

where each part is defined as in (3.9) with 6 replaced by 6 0% at- One can verify

grav or
that the matter contribution is given by:

t—o00

QE™ = — lim : dSa\/g T4 €. (3.11)
t

In the limit and setting of interest, the metric g, in (3.11) can be replaced by the flat
metric 745, and QP becomes quadratic in the scalar field. It thus contributes to the
‘hard’ charge.

For the limit and setting of interest the gravitational part Q?rav can be computed by

keeping terms that are linear in the metric perturbation hg,,. That is, it suffices to work

a

with the symplectic potential 6 of linearized gravity. From (3.7) one finds it is given by

(after dropping total variation terms):

_ 1 . -
o — g <5hbcrgc + 25h“”8bh>, (3.12)

where I'j refers now to the linearized Christoffell symbols:

1
o 5W(vbhcd YV ohyg — thbc). (3.13)

When condition (3.9) is written for the linearized gravity symplectic potential, the resulting
expression is automatically the total variation of a charge given by:

1 . S T, _
QE™[n) = Jim o | dSay/n < o che — 5T hbe + iégh“b(?bh - 2hal’8b6§h>. (3.14)
3t

The charge is linear in the metric perturbation h,;. But from the previous section we have
that hgyp, is a sum of two components,

hay = 1S 4 12 (3.15)

ab

with hfg) the ‘free’ metric perturbation that depends (linearly) in the gravitational data

Cap and h((;i) the ‘sourced’ metric perturbation that depends (quadratically) on the scalar
field data ¢. Accordingly, the charge (3.14) takes the form of a sum:

QgraV[h] _ Q?av{h(C)] + Q%ra"[h(‘b)]' (316)

It then follows that Qg™ [R()] yields the soft part of the charge, whereas Q™ [R(9)]
contributes to the hard part of the charge. In summary, the total charge can be written as:

Q{ — Q?ard + onft (317)



with

onft _ Qgra\'[h(c)] (3.18)
Q}gard _ anatt + Qgrav[hw)]. (3.19)

As we will see in section 4, Qgrav[h(@] is zero for G vector fields but will be non-trivial for
the symmetries which lead to sub-subleading theorem.

We conclude the section by introducing notation for later reference. Taking >; as a
t = u + r=constant surface, we write the total charge as

T 9 A
where the density being integrated is a sum of five terms:

p = pr+p1+ p2+ p3 + pa, (3.21)

corresponding to the terms appearing egs. (3.11) and (3.14), namely:

pr = —r?TE" (3:22)
pL = T;Fflbdgh“b (3.23)
p2 = —T;égl“zbh“b (3.24)
p3 = ifagﬁtbabﬁ (3.25)
pi = TR0, (V.0 (3.26)

(above we used that n°T'¢, = 0 and §¢ch = —2V.£°).

4 Generalized BMS in de Donder gauge

In this section we show how the generalized BMS group (which is naturally defined in
Bondi gauge) and its associated asymptotic charges can be analyzed from the de Donder
gauge perspective. That is, we consider certain generators of residual diffeomorphisms for
linearized gravity in de Donder gauge which are (a) asymptotically divergence-free and
(b) have the same fall-off behaviour as the G generators, and show that the corresponding
charges coincide with the known charges associated to supertranslation and Diff(S?) vector
fields of G. The analysis of BMS algebra (in arbitrary dimensions) in de Donder gauge was
first given in the seminal work of [23].

We compute the charges associated to such “large” diffeomorphisms using covariant
phase space techniques. We show that these charges contain terms that diverge logarith-
mically with r. However the fact that the vector fields satisfy the wave equation implies
that this logarithmically divergent term vanishes. The finite part of the charge turns out to
be precisely equal to the charges associated to generalized BMS algebra.



The analysis in this section will set the stage for exploring a new class of symmetries
which give rise to sub-subleading theorem.
In the de Donder gauge, the residual gauge transformations are given by vector field
&% which satisfy
0ér = 0 (4.1)

and which do not vanish at null infinity. In order to understand G as residual symmetry in
de Donder gauge, we consider the following ansatz for £% in retarded coordinates (u,r, &):

(1)
& =& +0(1)

g = (gz +0(r ) (4.2)
(0) (-1
gA — £A + T‘_l £A + O(r—l—e)

(1) (0) (0)
The leading terms of the wave equation (see appendix B.1) implies that £, £* and ¢4 are

all u-indepedendent. Next we impose the defining condition of generalized BMS group G,
namely that £ is asymptotically divergence free [18]:

lim V&% = 0. (4.3)
r—00
This condition implies that:
(1) (0) (0)
3E" + 0, + Dyt =0. (4.4)

On the other hand, the vanishing of (J¢* at order r~! yields (see appendix B.1):

©) (1) 0)
— 0+ &+ DAt =0. (4.5)

From equations (4.4) and (4.5) one finds:

© 1 © W 1 O
0" = 5Dag", & =2 Dag” (4.6)

The first condition yields
© 4 O
€ = S DAt + f(), (47)

with f an arbitrary function on the sphere that appears as an integration ‘constant’. Calling

(0) 1
A=v4 a= 5DAVA, (4.8)

the vector field takes the form:

£ =VA94 + (ua + )y — ard, + ..., (4.9)



where the dots represent subleading terms as in (4.2). This is precisely the form of the
generalized BMS vector field given in [18]. Setting VA = 0 one obtains a supertranslation
vector field and setting f = 0 one obtains the sphere vector fields associated to subleading
soft graviton theorem.

We now proceed to compute the associated charges along the lines presented in the
previous section. It will be convenient to discuss separately the supertranslation and sphere
vector field cases, particularly as they require different u — oo fall-offs on the radiative data.

4.1 Supertranslation charges

For supertranslation charges one can use standard radiative phase space fall-offs at u —
+oo [4]:
Cap(u,&) = Cip(#) + O(lu|™),  ¢(u, &) = O(|u| ™). (4.10)

We now consider the general charge formulae given in section 3.1 for the case of a super-
translation vector field

§f = f(2)0u+ ... (4.11)

where % = O(1) and 5}4 = O(r~!). Given the r — oo fall-offs described in the appendices,
one finds the densities (3.22) to (3.26), in the » — oo limit, are given by:

()2 o
T = f Tuu = f¢ (4‘12)
p2 = p3 = ps = 0. (4.13)
(-1) (—I)A 1 M (—?B A(—é)
p1 =L 0ch™ + §Ff435§h = 5au(CABD £, (4.14)

(1)

where in the last equality we dropped a total sphere divergence. The component &4
is determined by the preservation of the metric perturbation fall-offs. Specifically for a
supertranslation vector field one finds:

(1)
Schar = O(r™1) «— ¢4 = —D4f. (4.15)

Thus the total charge is given by:
. 1
Qe; = / dud%\/a( fo? — 5DADB faucAE;), (4.16)
which corresponds to the well known expression of supertranslation charge [4, 10].

4.2 Sphere vector field charges

For the sphere vector fields

€L = VA9 + uady — ardy, + ..., 4.17
14



the charges are defined on a subspace of radiative data where C4p satisfies the stronger
fall-offs [19]:
Cap(u, &) = O(ju|7179), (4.18)

(for ¢ we keep the same fall offs as before). To simplify the analysis, we discuss separately
the ‘hard’ and ‘soft’ part of the charge.

4.2.1 Hard part

From the  — oo fall-offs described in the appendices, one finds that for a vector field (4.2)
there is a potential logr divergence in the hard charge density. The divergent term arises
in the piece p; (3.23) and is given by:

w (2@ g (2
pl = It 55hm+§r’;1355h B (4.19)

OO ©)
= S(E" = 08" + Dagh). (4.20)

However, this term vanishes by virtue of the wave equation, eq. (4.5). Hence it turns out
that the vector fields satisfying the wave equation and having fall-offs given in eq. (4.2)
yield finite charges.

The remaining contribution to the hard charge are finite. From the fall-offs described in
the appendices, one finds the following limiting expressions for pp and (hard part of) (3.23)
to (3.26):

(0)_2 0) _o (0) (0)

pr=E"Tuu + & T un = $(£20a0 + £9), (4.21)
—2 0 1 0 -2
p1 = T8, 6ch™ + §Ff435§h‘43 =0 (4.22)
1 (9) -2
p3 = Zéﬁhma“h =0 (4.23)
and
P2 = P4 = 0. (4.24)

The vanishing of p; and ps is due to the fact that for generalized BMS vector field
0 (Q) -2 0
Seh™ = d¢h™ = 0 and qABéghAB = 0, together with the fact that I'y; o gap (see

appendices). Thus, as anticipated in the previous section, there is no hard contribution
from the gravitational part of the charge. The hard charge is then given by:

P = pr = G(VA04 + uag), (4.25)

which represents the scalar field contribution to the hard charge computed in [19] for
pure gravity.



4.2.2 Soft part
For the soft part one finds

p3 = ps =0, (4.26)
1 @ (;132 1 N B(l)
pr= = S0lyph™? = =S CapD DPE’, (4.27)
and
(1), (0)
p1 = Tp1+ p1 (4.28)
m_ 1P A 1 AL
@ CEDEL @ B0 (2
pi = T 0ch™ + 5Ffwaghf‘“? + §ri,BaghAB (4.30)
1 (-1 1 o 1 © (0)
= 50u (CapDAEP) — ECABDADBg’“ + 5auiuBDAgB (4.31)

(in the last line we discarded a total sphere divergence). To obtain the charge we write

1
r =t —u and take t — oo with u fixed. The O(t) term given by 5)1) integrates to zero by
(-1)
virtue of the fall-offs (4.18). These fall-offs also imply the part proportional to ¢4 in (4.31)

integrates to zero. Thus, the total soft charge is given by:

s (1), (0 (0)
P = —upi + pi + po (4.32)
1 (0) (1) 1 (0 (0)
= 5Can (DAgB —2DADB > + 5auhABDf“gB (4.33)

where in the last line we discarded a total u-derivative terms by virtue of (4.18). Writing
the vector field as in section 4:

(0)

(1)
¢A=vAa ¢

1
= —§DAVA, (4.34)

(0)
and using the expression of hap in terms of Cyp (eq. (C.4)), we arrive at (discarding total

sphere divergences)
1 1
Pt = 5cm_a(wf“vl-f‘ + DADEDVE — 5ADAVB) (4.35)
1 1 1
5Can <2DAVB +DADBDVE — 2DAAVB> (4.36)

where in the last equality we used the identity: ADAVE) = 3DAYE) L DAAYVE) | Ex-
pression (4.36) precisely coincides with the soft charge computed in [19] in Bondi gauge.
When written in stereographic coordinates (z, z), it takes the form of the soft charge first
presented in [15]:

1
Pt = iCZZDSVZ + c.c. (4.37)

~10 -



5 Extracting charges from the sub-subleading theorem

The sub-subleading soft theorem takes the form [12]

[ lim w_an+1(WQ,p1, s 7pn)] = S(z)Mn(pla s 7pn) (51)

w—0 finite

where we are discarding divergent O(w™2) and O(w™?!) terms, keeping only the finite piece.
The factor S@) is described below. Since in Fourier space dividing by frequency amounts
to an integral over time u,

oo u

wlF(w) = —i/ due“’“‘/ Fu)du/, (5.2)
— 0o —0o0

we are motivated to define the prospective soft charge corresponding to sub-subleading

theorem as follows. Given a symmetric, trace-free sphere tensor YA let us define the soft

charge as [22]:

o5t .= / du / du' / w5 Y D, C (U, §) + c.c., (5:3)

where (w, @) are stereographic coordinates for § and /7 = 2/(1 4+ ww)? the area element.
To simplify the discussion we now take Y“? = (0 and discuss the general case towards the
end of this section.

Using the relation between gravitational free data and Fock graviton operators [10],
Cow (w,q) = ﬁa_(w, G), and taking into account the tensorial structure of sphere deriva-

T 2m
tives, the proposed charge can be written as:

2w

1
soft . 1 2 ww 4 3 ~
=_] — Y + 0 _(w,q). 4
oy lelow 5 /dw (&u 1 + w w)a (w,4q) (5.4)

The insertion of this operator in a scattering amplitude can be evaluated with the sub-
subleading soft theorem:

. -1 ~ . . (2) ) .
lim o™ outlas (w0, )S[n)| =7 5 (g.pi) (ot]S|m) (5.5)

where the sub-subleading soft factor is the second order differential operator,
$P(a.p) = 2p- @) e Tw)? (5.6)

One can check that when (92 + 22-92) acts on the soft factor (5.6) the result is pro-

1+ww ~w
portional to Dirac deltas and its derivatives. The sphere integral can then be evaluated,

resulting in:

1 2 vuwlad | 2W o3\ o(2) _
27T/cz wY <3w+ wa8w>5_ (¢,p) =

1
- 5ED?YZZ@?E +2D,Y**0p0, — 3E"'Y*D,0, — 2E7'D, Y0, =: Yy, (5.7)

- 11 -



where E = [p] is the energy of the hard momentum p and (z, z) are stereographic coordi-
nates for the hard momentum direction p = p/FE.

As in [28], in order to interpret the soft theorem as a Ward identity we now seek for a
hard charge Q424 that generates the action (5.7) via Poisson brackets:

{b, Qhardy — Yy, (5.8)

where b is the mode function of the external (scalar) hard particles,
b(E, &) = 4mi / du eFp(u, 7). (5.9)

—00

In terms of the mode functions, the symplectic product of the scalar field reads:

21 *© dFE
Q(5,0") = d2v/ —E6&b b, 1
(6,0°) (4m)?2 / oo 2m (5.10)
Since 1Yy b is homogenous in b, the candidate charge can be computed by:
1
Qhard — S Uiy b, b). (5.11)

There are three types of terms appearing in (5.11) of the form:

(4m) 2 /_ Z %Ab(E) bV (E) = — /_ Z duAe(u) d(u) (5.12)
am) 2 [ SE ABOGEW (B) = - [ duudsw.o) (5.13)
(47)~2 /_ - %AEQ('?%I)(E)I)*(E) = — /_ - duu®Ap(u)02p(u) (5.14)

where A denotes a sphere differential operator. Using these identities, one finds, after some
integration by parts:

. 2 .
Qhard —/dQV/du <3YZZ@Z¢8Z¢ + 2uD,Y*0,0 ¢ + DﬁYZZ( — ¢ + “2¢2>>.
(5.15)
One can then explicitly check that the Poisson bracket between b and Qb4 satisfies (5.8)
as desired.
It is straightforward to extend the previous analysis to the case of a general real YA,

The associated hard charge is then given by expression (5.15) plus its complex conjugate.
In covariant notation, it takes the form:

. 2 .
ohrd = — / d3v<3YABaA¢>aB¢ +2uDAY*P0pp ¢ + DADBYAB< —¢* + “2<z>2>
(5.16)
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By the standard reasoning (see e.g. [26-28]) one concludes that the sub-subleading soft
theorem (5.1) implies the S-matrix commutes with the charge

QY — Ql}l/ard + Qsoft’ (517)

with Q4 given by eq. (5.16) and Q™ given by eq. (5.3). Conversely, one can read-off
from S (2)(q, p) the tensor Y48 associated to a positive or negative soft graviton insertion.
For a negative helicity soft graviton with direction (zs, Zs) this is given by:

_lltww (w=-2) e, (5.18)

ww

614 2425 W — Zs

which satisfies!
L dvww _ 5(2)

From relation (5.19) one can show that the Ward identity (out|[Qy, S]in) = 0 associated to
the tensor (5.18) reproduces the (negative helicity) sub-subleading relation (5.1). Choosing
the complex conjugate of (5.18) leads to the positive helicity soft theorem.

We will later identify the tensor Y48 with a vector field X4 by:

YAB — (DA XBNHTE, (5.20)
The following identities will then be useful:
1
D*V** 4 cc.=DaDpY*P =D . X + JAD-X (5.21)

and
1
D.Y**9, + cc = DgY4B9, = 5(AXA + XN, (5.22)

6 Looking for new symmetries in de Donder gauge

As shown in the previous section, the charges in perturbative gravity whose Ward Identi-
ties can be derived from the sub-subleading soft theorem are parametrized by symmetric,

Y4B on the conformal sphere. This may tempt us to associate these

trace-free tensor fields
charges to certain generalized symmetries arising perhaps from asymptotically Killing ten-
sor fields. This line of reasoning, while certainly intriguing is made complicated by the
fact that there is no natural method to compute charges associated to asymptotic Killing
tensors in field theory. (However there is a possibility that by carefully analyzing and
extending the methods developed by [29], one may be able to derive such charges.) There
is a natural analogue of this conundrum in QED. In that case, working backwards from
Low’s sub-leading theorem, one obtains asymptotic charges parametrized by vector fields
on the sphere [28]. However, as shown in [21], these charges could be derived from first
principle by parametrizing them by u-dependent large gauge transformations. Inspired by
this, we will now like to attempt something analogous in the current scenario.

The tensorial structure now is such that D2 acts as the ‘integrated by parts’ version of the differential

operator in eq. (5.4), namely: DLY™Y™ = 9oy ™ — 85’,(1_35@ Y.
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That is, we would like to find vector fields whose asymptotic charges reproduce the
charges obtained in the last section. As discussed briefly in the outline section, given the
form of both hard and soft parts, one is lead to conclude that the vector fields should have
an extra power of u with respect to generalized BMS vector fields &y, or two extra powers
of u with respect to supertranslations vector fields £; (or both). Requiring that the vector
field satisfies the wave equation, one is lead to an ansatz of the form (see appendix B.1):

@2 @

& =12 4 re" +0(r)
@ @O (©

€ =P gt + &+ 007 (6.1)
1 ()

A =ref et o).

(2) (2 )
The wave equation implies the leading terms &, £% and ¢4 are u-independent. These

leading terms play the role of ‘free data’ in terms of which subleading terms are determined
by solving the wave equation (see appendix B.1).

In general such type of vector fields will lead to divergent charges. As we will see, the
charges will have a t — oo expansion of the form:

, em @ (tm) (1) () (0) B
ngt Int Q g‘{'t Q£+t1nt Q £+tQ£+lnt Q£+Q£+O(t 6). (62)

In order to have meaningful finite charges, we need to add counterterms to subtract the
divergent terms. Such a procedure is necessarily ambiguous. However in our case such
a “counterterm subtraction” prescription is rendered unambiguous due to the nature of
divergent terms. As we will see below, the divergent terms turn out to have definite
physical interpretation:
() (1)

Q¢ o< Supertranslation charge, Q¢ < Diff (5?) charge

(6.3)

(21n) (11n) (In)
Qe= Qe=0Qe=0

The first two conditions are interpreted as subtracting terms due to leading and subleading
soft gravitons, and it is inspired by an analogous procedure in the case of subleading soft
photon charges in QED [21]. The terms with logarithms have a time dependance that is not
related to such soft gravitons. We thus require them to vanish. They thus translate into
restrictions on the vector field (6.1). We will find this restricts three of the four independent
data in (6.1). The resulting vector field will be found to be given by:

¢ =rX29,+..., DaX=0, (6.4)

where the dots indicate subleading terms that are determined by the ‘free data’ X“ by
solving the wave equation [J6* = 0. Notice that since X4 is restricted to be divergence-
free, the free data counts as one function on the sphere. Hence just like in the case of
supertranslation versus Weinberg soft theorem, we will have Ward identities associated to
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symmetries that are parametrized by one function on one hand and two sub-subleading
theorem associated to positive and negative helicities respectively on the other. We will
return to this point at the end of the section.

In the following we compute the divergent and finite contributions to the charges. We
focus on the r — 0o expansion of the charge density (3.21) which will take the form:

1 1 1
p= r21nr2pn+r2/2)+rlogr l,on+logr /;l—i-r,z% +,9)+O(r’6). (6.5)

Setting r = ¢ — u yields then the desired t{ — co expansion.

We start by looking at the logarithmically divergent terms. The condition that they
vanish will yield the form of the vector field (6.4). We will then check that polynomially
divergent terms satisfy the condition (6.3), and finally study the finite charges. To simplify
expressions, the dependance on the scalar field will be parametrized in terms of the following
quantities:

. -3 -2 -2
= fuqﬁz, &, Tuww, Tur:= Tua, Tap:= (T ap)™F (6.6)
where for the benefit of the reader we recall that ¢ is the free data for massless scalar field
at null infinity.

6.1 Log divergent terms

It is clear that due to the power law falls off of ¢ and £* with r, only the gravitational hard
part contains logarithmically divergent terms. Given the general expression (3.21) and the
fall-offs described in the appendices, one finds that the most divergent term associated to
the vector field (6.1) is proportional to r%In7:

em) 1 m g (2)
P = ) Ftuu ogh™ = §¢2§ . (6.7)
Thus, demanding this term to vanish imposes
(2)
& =0. (6.8)

From now on we restrict attention to vector fields satisfying this condition.

6.1.1 rlogr

The term proportional to r1lnr in (3.21) are:

amy (22 (@) (1) (0) (=11n) (0) (In) (=1

p1 = Tt 6eh™ + 3 T, 0ch™ 4 T, 6eh"A + §Ff435§hAB (6.9)
D = —éég(?ir(hw (6.10)
o) = ié;;l)tu ((_912)’?) (6.11)
Con) = ;(Blt}"n)v(i)fa (6.12)
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Using the expressions from the appendices we get (in what follows we drop total sphere
divergences)

(11n) 1 ® 1.,

p1 = oh 0u8" + 5452 3 (6.13)
(11n) 2)

p2 = —p (6.14)
G — 0 (6.15)
(i) 1 @ () O

pi- = SH(AE" + OuE" + Dag™) (6.16)

Bringing all terms together, one finds:

o 2) O\ 1,0
= /J({T + 2DA§A) + 5% (6.17)

Since dyp = $2, one may be tempted to further simplify the expression for the correspond-
ing charge by integrations by parts in u. This however introduces a boundary term since
f J_rzgiﬂdu # 0. Thus, in order for (6.17) to vanish we need each term to vanish separately,

@2 1 O (1)
&+ §DA§A =0, £'=0. (6.18)

Combining (6.8), (6.18) with J¢* = 0 one finds the vector field takes the form (see ap-
pendix B.1)

£ = (rXA + %(A + 5)XA> 0a+O(r™°) (6.19)
with X4(1) satisfying Dy X4 = 0 playing the role of ‘free data’. The vector field (6.19)

will be the candidate vector field associated to sub-subleading charges. Below we show
that the associated divergent and finite pieces satisfy the requirements (6.3).

6.1.2 logr

Repeating a similar analysis as in the r Inr case, the terms proportional to In 7 for a vector
field with leading components as in (6.19) are:

20 @ (2 (@ - (=2m) @ g () (=) (1) (-])
pi = Tty 8ch™ + Tty 6eh™ 4 T, 5ch + §Ff435§hAB +3 T 6:h P (6.20)

and

In In In)
(Pz) = (/)3) = (P4 =0 (6.21)

Using the expressions from the appendices, one finds that all terms in (6.20) are actually
zero (up to total sphere divergences) due to Dy X A4 = (. Thus, there are no logarithmic
divergences associated to the vector field (6.19).
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6.2 Polynomially divergent hard terms

For the vector field (6.19) one finds there are no O(r?) terms in the charge. For the O(r)
piece the only contribution comes from the stress tensor part and is given by:

—2
(}a)T = Tua X4 (6.22)

This has precisely the form of a Diff(S?) hard charge ph#*d (4.25) (recall D4 X“=0), thus
satisfying the required condition (6.3).

6.3 Finite hard charge

We finally come to the finite part of the hard charge. Here one finds contributions from
the stress tensor (3.22) and from the p; term of the gravitational charge (3.23). It will be
convenient to express the charges in terms of

_2 .
Toua = TuA = ¢8A¢ (623)
—2
Tap = (T ap)"" = (0400p0)"". (6.24)
and of
yAB .— (DA XBNHTE, (6.25)

We start with the stress tensor part. It has a » — oo expansion of the form

1) (0
pT = TPT + PIT- (6.26)

Since the charges are defined by the limit ¢ — oo with u = ¢ — r = constant, this gives a
finite contribution of the form (see appendix D):

finite m o -2 9 !
T

_3 1
P = —upp + pp = T ya (€ — ué?) + Tl (6.27)

Up to total derivatives the last term can be evaluated as (see appendix D.1):

3 1 1
Tuag" = DD (040050) ™" (6.28)
and so we write pitite as
. 0 1
phinite — (¢4 eMTyp + YABT . (6.29)
For p; we have:
-2 0 -2 0 1.0 -2 g -1 —1
p1 =Tl 6ch™ + T8, 5ehd + §r§13 5¢hAB + 5rfw 5eh AP (6.30)
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From the expressions of the sourced metric perturbation given in appendix E one finds:

) -2

M= gan() (6.31)

! 1 1

1) (0)
Due to the divergence free property of £¢4 and &4, only the terms explicitly shown in (6.31)

give nonzero contribution (up to total sphere divergences). One then finds (after some
integration by parts in w and in the sphere):

1 0
1 U
pr=(ug =N — Y Tap + DAY P Tp. (6.32)
Combining this term with the stress tensor contribution (6.29) one finds the total charge
is given by:
- 3 U
phard — (pT)ﬁmte +p1 = ZYABTAB + §DAYABTUB- (633)

Comparing with (5.16) and noting that DoDgY 45 = 0 for divergence-free X4, we see
that (6.33) reproduces (-1/4 times) the charge (5.16) obtained from the soft theorem.
6.4 Soft charge

We now compute the soft charge. In the notation of eq. (3.21) it is a sum of four terms,
egs. (3.23) to (3.26), with hgyp, the ‘free’ linearized metric perturbation associated to Cyp.
The last two terms however do not contribute: the third one vanishes because h = 0
and the fourth was already discarded since the vector field was found to be spacetime
divergence-free. Thus, only the first two terms contribute:

P = p1 + pa. (6.34)

We will find an r — co expansion of the charge density as:
2 H (0
oot =2 10 B o), (6.35)

which, upon setting r =t — u yields the expansion in ¢:

2 2 1 2 1 0
psoft _ t2 (p) + t( N 2U(p) + (p)) + (U2(p) o U(p) + (p)) + O(tfe) (636)

As we will see, in order for the finite charge to be well defined we will need to restrict
attention to C'yp satisfying

Cap(u,z) = O(Ju| 7279 (6.37)

as u — too. It will also be convenient to express the charge density in terms of:

Cap(u,z) = / Cap(u,z)du’. (6.38)
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Given the fall-offs described in the appendices, for the vector field (6.19) one finds
p2 =0, (6.39)

and we are only left with p;. The computation of p; is simplified due to the radiation
gauge, the only terms contributing being:

1 1
o = o = 2 <2P£T5§h““ + T 48eh™ + 2Ff4365h‘43>. (6.40)

From the expansions given in the appendices, one finds the 7% and r terms are:

1)
1
- 50.CapDAE? (6.41)
W1 (1) /(1) (0) (0) (0) 1)
p=5 ((%hm (5/* - ausA) +0uCapDAEP + auhABDAgff) (6.42)

With the fall-offs (6.37) these yield vanishing contributions to the O(¢?) and O(t) charges.?
Using eq. (C.4) the finite contributions of (6.41), (6.42) are found to be (discarding
total derivatives in w and in the sphere):

(2) (1) (1) 1 (0) 1 (1)
Wy —up =%an (DAgB — 51)“0”53 — 4ADA53>, (6.43)

(1 (0)
where we used that 9,64 = 0 and that & is linear in u.

It remains to compute the O(r°) part of p. This is found to be:

(-1 (=1 (=2) (1) (0)

(0) 1
p = 2( — Dyl p Dy €Y+ Oyhpa (€4 — 0,67

(1) (0) (0) - @
+8,C 4D 8 + 8,hapDAEP + 0,h ABDA§B>

1)) (0) ) 1 (=n @
; )

(
1 1
= %AB( — DB + —D19,8 + ZADf‘gB + §8uhABDA§B (6.44)

where in the last line we discarded total derivative terms. Here we used eq. (C.4) for all
(-1)
metric components except for hapg. The total finite charge is then:

ot = 28 WO (6.45)
1 (=1 (1)

= §8uhABDA£B (6.46)

= Caps?B, (6.47)

2Tt is interesting to note that with the weaker fall-offs Cap(u,2) = O(|u|™' ) one obtains a nonzero
O(t) charge that corresponds to the ‘soft’ part of the O(t) hard charge found in eq. (6.22). This is in
compatibility with the prescription of eq. (6.3).
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where
. O O RN ()
SAB :TGAQDAfogADAgB‘FiDA&-B- (648)

(1)
In the last equality we used (C.4), D464 = 0 and performed a few integrations by parts.

When (6.48) is expressed in (z, z) coordinates, one finds (see appendix F):

1 4 z(lz)
Sy = _ZDZD &, (6.49)
The soft charge can then be written as:
Pt = €75, +c.c. (6.50)

With the identification (6.25), this is precisely (-1/4 times) the soft charge proposed in
eq. (5.3).

6.5 Summary

As the previous discussion was rather dense with some tedious computations, here we
summarize the main findings. We have shown that if we consider the new class of large
diffeomorphisms (6.4) which are parametrized by sphere vector fields X A£0,DaXA =0,
and compute the associated (finite) charges via covariant phase space techniques, the cor-
responding Ward identities are implied by the sub-subleading soft theorem. We have thus
reproduced “one side of the equivalence” between such symmetries and the soft theorem
by showing that (sub-subleading theorem) = (new symmetries Ward identities). The
reason we do not yet have the converse (Ward identities = sub-subleading theorem) is
the following: There are two sub-subleading theorems (for each angular direction at null
infinity) associated to positive and negative helicity gravitons. However as the number
of independent generators associated to new symmetries is only one (due to X 4 being
divergence-free), naively we have half the required number of charges/symmetries needed
to reproduce the entire content of sub-subleading theorem.

This tension has its antecedents in the equivalence between Weinberg soft theorem
and Ward identities associated to supertranslation charges. Even in that case, one has
two Weinberg soft theorems (for two polarization of soft gravitons) but only one charge
associated to supertranslation vector fields which are parametrized by a single function.
This tension was resolved by Strominger by using a remarkable condition [9] which equated
the amplitude for emitting a positive helicity soft graviton with amplitude for emitting a
negative helicity soft graviton, thereby reducing the number of soft theorems to one. In [9]
this condition arose from the fact that the perturbative gravity scattering processes can be
thought of as weakly gravitating processes which preserve certain asymptotic conditions of
the spacetime metric (originally derived by Christodoulou and Klainerman). However this
condition only pertains to leading soft insertions and do not equate positive helicity inser-
tions with negative helicity insertion, when the gravitons are sub-leading or sub-subleading.
For the sub-leading theorems this is precisely what is desired as the associated Ward iden-
tities are generated by “sphere” vector fields which have two independent components.
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Thus the questions remains, how does one derive two independent charges associated to
the large diffeomorphisms considered in this paper which are parametrized by one function
(divergence free vector field on the sphere). We do not answer this question in this paper
but give a hint as to where the answer may lie. This hint itself presents a new perspective
on the asymptotic charges by thinking of them in terms of electric and magnetic part of
the Weyl tensor.

In a nut-shell, in the following section we show how as far as supertranslation charges
are concerned, for each supertranslation generator one has two independent charges! One
is analogous to the electric charge in QED and the other one analogous to the magnetic
charge. It is the gravitational electric charge, which is the supertranslation charge used
in [9], whereas the vanishing of the magnetic charge precisely gives the Christodoulou-
Klainerman condition that we alluded to above.

7 Electric and magnetic charges for BMS

The structure of ‘soft photon’ charges in QED [21] suggests there should be ‘magnetic’ dual
charges to the canonical charges computed above. To support this idea, in this section we
present a new way of interpreting generalized BMS charges as ‘electric’ quantities with
associated magnetic duals. We here departure from the main body of the paper in that the
analysis is performed in the context of vacuum (non-linear) gravity in Bondi gauge. Even
though we expect the results should be derivable in de Donder gauge, we do not attempt
to do so in this paper.

The analysis presented in this section, together with the structure of ‘subleading’
soft photon charges in QED suggests that the charges Qy found in section 5 should be
interpretable as ‘electric’ and ‘magnetic’ charges associated to £* ~ rX“494. We hope to
be able to confirm this expectation in future investigations.

7.1 Electric charges

In electrodynamics, the covariant phase space charges that generate gauge transformations
can be written as [25]:

Qs = /Z Du(AE®), (7.1)

where ¥ is a space-like Cauchy surface with normal n® and E* = /g I’ @b, the correspond-
ing electric field. In [21] we used (7.1) to obtain charges at null-infinity by taking the limit
where ¥ approaches null infinity Z,

Qz[A = lim Qx[A], (7.2)

Y—T

and in this manner recovered the charges associated to the soft photon theorems. Here we
would like to find an analogue of (7.2) in gravity.

The standard definition of gravitational electric field (associated to the hypersurface
Y)) is defined in terms of the Weyl tensor as:

Eab == —\/gcacbdncnd. (73)
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Based on how Poincare charges are expressed at spatial infinity [30, 31], a first naive guess
that generalizes (7.2) to gravity is then:

Qzl¢] = Jimy | 0u(E%¢"). (7.4)

As explained below, this first guess needs two modifications in order to reproduce the
required charges.

The first modification is well known: in order to get a non-trivial limit at null infinity
one needs to rescale the Weyl tensor by an appropriate conformal factor [8]. For our
purposes, this will be achieved by including in (7.3) a factor of . The second modification
has to do with the null signature of the limiting surface Z: since we are looking at vector
fields £* that in the limit are tangent to Z, we want the index b in (7.3) to project along a
direction that is transversal to Z. It is then natural to consider projections along outgoing
null directions. Thus, we will consider the contraction: C’acbdncld where [* is an outgoing
null vector. In Bondi gauge [* = 9, and so we propose a definition of electric field that in

Bondi coordinates reads:

EY = —1\/gC%,, (7.5)
where we are considering ¥ to be a t = u+ r = constant hypersurface. One can verify (see
appendix G) that £9 = O(1) as » — oco. Thus, the ‘corrected’ proposal takes the form:

Qzlé] = Jim | 0u(€%¢") (7.6)
© () (0 ©)
— / Ou <5uu§“+guA§A) (7.7)
T

where in the last line we discarded a total sphere divergence. We now show that indeed (7.7)
reproduces the generalized BMS group charges.

In Bondi gauge, the electric field component at null infinity are found to be (see
appendix G):

(0) 1

&y = \/5( —2M + 48uﬁ> (7.8)

(0) .

A= \/6( — Na+ 3@;5) (7.9)
where Ny and M are the momentum and mass aspects and ﬁ = —3—1QCABCAB. For a

supertranslation vector field {} = f0, expression (7.7) becomes:

Qsles] = 2 /I VifouM, (7.10)

where the piece associated to the second term in (7.8) integrates to zero with the standard
fall-offs Cup(u) = C%y + O(Ju|~¢). The expression coincides with the radiative space
supertranslation charge [4]. One can also check (see appendix G.3) that for generalized
BMS vector field &}, = VA9, + uad, the charge coincides with the one obtained in [19] by
covariant phase space methods.
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7.2 Magnetic charges

In analogy to the QED case, we propose to define the magnetic ‘dual’ charges of (7.6) as

* R T a &b
Qe = Jim [ 2.(81) (7.11)
where
B% = —r\/g x C%, (7.12)

and xC%, = 1e¥“Cy, (see e.g. [33] for electric and magnetic decomposition in gravity).
The leading components of the magnetic field are (see appendix G.2):

(0) 1.
B, = ga“f’ (DBDMCAM + 5CAMCJBVI > (7.13)
(0) 50

A= —GA g B- (714)

Thus, for a supertranslation vector field the charge (7.11) becomes

Qzlér] = ;/I\/affABDBDMCAM (7.15)

(the contribution coming from the second term in (7.13) integrates to zero). The vanishing
of the magnetic charge corresponds to the Christodoulou-Klainerman (CK) condition [9)].
Hence for each supertranslation generator, there are two charges, one arising from electric
part of Weyl tensor and the other from the magnetic part of Weyl tensor. The vanishing of
magnetic charge implies that positive and negative soft insertions are equal to each other,
and then the Ward identities associated to electric charge implies Weinberg’s Soft theorem.

In appendix G.3 we comment on the magnetic charges associated to sphere vector fields.

8 Summary and open issues

In gauge theories as well as gravity, we have a hierarchy of soft theorems, many of whom
have been interpreted as Ward identities asssociated with spontaneously broken symme-
tries. Up until this point, the sub-subleading soft graviton theorem was lacking such inter-
pretation. In this work, we have proposed just such an interpretation to the sub-subleading
soft graviton theorem.

We started by ‘reading off’ candidate charges from the soft theorem expression, fol-
lowing [10, 28]. From this analysis, given in section 5, one concludes that the sub-
subleading soft theorem is equivalent to statement that the S matrix commutes with certain
charges Qy,

[Qy,S] =0 <= sub-subleading CS soft theorem, (8.1)

where the charges are parametrized by symmetric, trace-free tensors on the 2-sphere Y45,
They are the gravitational analogue of the charges found for QED in [28], which were
parametrized by vector fields on the sphere. Having found the charges from the soft

theorem, our next goal was to derive them from first principles. Based on an analogue
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derivation in QED [21], we set out to explore asymptotic charges associated to vector
fields that are more general than the so far considered generalized BMS. By demanding
IR divergences to be controlled in the way spelled out in section 6, we found a new set of
vector fields with asymptotic form

£~ X404, DX =0, (8.2)

whose associated (finite) charges @ x correspond to the charges Qy . Specifically, we showed

1

QXA — —ZQ(DAXB)STF. (83)

However, due to the divergence free condition of X4 (8.2), the charges Qx do not exhaust
all possible Qy charges. To see what is missing, recall every symmetric, trace-free tensor
can be decomposed as

YAB — (DAXB _|_ EBcDAX/C)STF, DAXA — DAX/A — 0 (84)

From this decomposition it becomes clear that we have only recovered ‘half’ of the charges
Qy. We expect that the ‘remaining half’ is associated to a ‘magnetic-dual’ charge, in
analogy to the QED case [21]. To support this idea, we showed in section 7 how there
exists a natural casting of supertranslation charges in terms of the electric part of the
Weyl tensor. We then saw how, upon dualizing the Weyl tensor, the resulting expression
yields the ‘magnetic supermomentum’ charge [7] that appears implicitly in the analysis of
asymptotic symmetries and Weinberg’s soft graviton theorem [10] (see [22] for a lengthier
discussion). However, extending this analysis to the current ‘sub-subleading’ is left for
future investigations.

There are many open issues that arise out of this current work in addition to the one
mentioned above. We outline some of them below.

(a) Perhaps the most pertinent question is the precise meaning of these large gauge
transformations. Whereas generalized BMS can be understood as a group that maps
an asymptotically flat spacetime to another asymptotically flat spacetime, here we do
not even have a group to begin with! (the vector fields (8.2) do not close under vector
field commutator). Is there any sense in which they can be thought of as (classical)
symmetries of Einstein’s equations?

(b) Is there any physical/geometrical interpretation of the charges Qy?

(c) From the scattering amplitude side, it seems that the soft graviton factorization
stops at sub-subleading order [20]. Can this be understood from the covariant phase
space perspective (as for instance argued in [21] for the absence of sub-subleading
factorization in QED)?

(d) As the fate of both the sub and sub-subleading theorems is not settled once loop
corrections are taken into account, at most the diffeomorphisms we have considered
in this paper are symmetries of tree-level (semi-classical) gravity. It is unclear what
their fate will be in quantum gravity.
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(e) Whereas we have focused on O(hy,) and O(¢?) contributions to the charges, it is
important to determine terms of higher order in perturbation theory. The O(h?)
term will give the contribution associated to ‘hard gravitons’. We also expect non-
trivial cubic contributions as in the analogue QED charges [21].
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A Minkowski metric and differential operators in retarded coordinates
Minkowski metric in retarded coordinates u =t — r,  and 2z, A = 1,2 is given by
ds? = —du® — 2dudr + r*qapdz’dz? (A1)
with gap the unit sphere metric. The nonzero Christoffel symbols are:
Tl =195, Thp=-rqas, T4p=ras. (A.2)

For sphere derivatives we use the covariant derivative D, compatible with ¢4p and so the
Christoffel symbols ch do not appear explicitly.
The wave operator acting on a vector field takes the form:

rO¢ = 07(re") — 20,0, (r&") + r~ (A — 2)¢" — 2D "
rO¢" = 0F(re") — 20,0, (r€") + 17 AL + 2r ¢ + 2D 4" (A.3)
r?0¢4 = 2(r¥et) — 20,0, (r2¢h) + (A = )¢ + 20 DAY

where A = D4D* is the Laplacian on the sphere.

B Vector field and related expansions

B.1 Vector field

The wave equation (A.3) applied to the ansatz (6.1) yields the equations to be satisfied by
the coefficients of the r — oo expansion. The vanishing of the leading term yields:

) 2) 1)
0. =0,  0,"=0, 91 =0. (B.1)

For the next terms one finds:

1) (2) 1)

rOE = r(—40,€" + (A +4)€7 — 2D ¢4 + 0(1)
o @ (2) 1)

rOEY = r(—40,6" +2€" + (A + 6)E" 4+ 2D 4£4)

o (1) (0)
H(—20,E" + 267 + (A +2)% + 2D 4E") + O(r™°)
(0) (1) 2
r20&A = r(—40,64 + (A +5)¢4 + 2DA(§T)) +0(1)

(B.2)
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Conditions (6.8), (6.18) together with the O(r) condition of r0&* = 0 impily

(2) (1)
€ =0, Da*=0.

1)
This in turn implies 9, " = 0. Let us set this ‘integration constant’ as:

1)
& = —a(?)

(0)
The equation for &4 gives
© 1
¢t =2 (A+5)et + V@)

with V4 an ‘integration constant’. Finally, the O(1) condition for r¢* = 0 gives

(0)
€ = u(—a+ DaVA) + f(i)

(B.4)

(B.5)

(B.6)

with f an ‘integration constant’. f is associated to supertranslations and o and V4 to
‘subleading’ vector fields. Hence for the purpose of the sub-subleading charges, we set all
these integration ‘constants’ to zero. The resulting vector field has the form given in (6.19).

B.2 Jghab, etc.

In retarded coordinates, 55h“b = Vb + V¢ is given by:
deh™ = 2(0, — 0u)€"
och™ = 0p (" — &) — Dug"
deh"™ = —20,£"

Sch™ = (9 — 0, +r2DALT
ch'A = —0,6% + 172 DA™
5€hAB — T_Q(DAEB + DBfA) + 27"_3qAB£T-
For the vector field (6.1) this gives the following leading r — oo terms:
(1) (2 1)
Seh'™ = 4E" — 20,
1) (2 (2) ) (0) O REE)) (0)
5§hru = 2L —9¢m — au§u7 5£hru R e augu
(1) (2) (0) (1)
Seh™t = —2¢u, Sehtt = —2¢u
(0) 1) (0) (2) (-1) (-1 (1)
55hTA — é-A o 8u§A + DA£T7 5§h'rA —_ _au €A + DAfr
(0) 1) (2) (=1 (1)
5§huA —_ _£A + DAgu’ 5§hUA _ DAgu
(-1) ) (1) @) (-2) (0) (0) (
(SghAB — DAgB +DB§A + 2qAB§r’ 5£hAB — DAfB + DBfA + 2qAB§r
(=3) (-1 (=1) (0)

5§hAB — DA é—B +DB é—A _|_2qAB€7‘
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The divergence of the vector field has the expansion:

(1) (0)

Val® = 1Vaf" + Vol + 0(r™) (B.13)
with
(1) @ )
Vol = 4€" + 9,8% + D&? (B.14)
(0) 1) (0) ©)
Vol® = 36" 4 8,% 4+ D& (B.15)

For p3 we need the following components of 5§B“b = 5§hab — V£

5§Btr = 5€hw + 5§hur (B.lﬁ)
Sehl™ = Geh™ 4 Seh™ 4V £° (B.17)
(55]_“LtA = (5£hrA + (SghuA (B.18)

B.3 55]._‘21)

From the expression of the Christoffel symbols one can verify the identity I, = V,V,¢".
In components this gives:

2

BT, = 026! = 2 + €1 + 02 (B.19)
@
5§F£u = 0,0uE" = 0u(& +£%) + O(r='79) (B.20)
eI, = 026" = O(1) (B:21)
2
0Ty = 10x(r Dag’) = rDa(§" +€") + O(r™) (B.22)
0¢Tl 4 = Dadul' = O(r) (B.23)

(2) (2) (1)
6T p = DaDpE" +rqap(0, — 0,)" = r*(DaDEE" + qap(2€' — 0,&")  (B.24)

1) (1) (0)
+7(DaDpE&" + qap (& — 0,€")) + 0(1)

where we used that £ = £" + % and considered a general vector field of the type (6.1).

C Free metric perturbation

For the free metric perturbation, we seek for an asymptotic solution to the linearized vac-
uum Einstein equations with given free data C'4p. After imposing de Donder gauge one can
still use residual gauge transformation to further restrict the metric components. Here we
will use ‘radiation gauge’ (see e.g. section 4.4b of [32]) which in retarded coordinates reads

hauw =0, 1%hg, = 0. (C.1)
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Thus, we seek for asymptotic solutions to
Ohagy =0, VPhg =0 (C.2)

with metric perturbations of the form (C.1). Assuming standard 1/r expansion and im-
posing compatibility with (C.2) one is lead to the following fall-offs:

hop = O ™3), hoa=0@"1), hap=71Cap+O(1). (C.3)

Assuming a 1/r" expansion, equations (C.2) can then be solved iteratively. The leading
terms relevant for this paper are found to be:

(=1) (0) 1
Ouhar = DBCAB Ouhap = <— iA + 1>CAB

(-2) (=1) (0) (=1) 1 (0 (-1
auhAr — hAr + DBhAB authB == —ZA}LAB — D(AhB)r (04)

(=3) (=1)
Ouhrr = DBhp,

From these expressions one can obtain the components of the contravariant metric pertur-
bation and linearized Christoffel symbols. The nonzero components are:

AT = R — 7Y — hrr — O(T'_g),
WA= —nt =r2¢"Php =0(r?), (C.5)

hAB — 7,74qAMqBNhMN — O(TﬁS)

and
Ity = 20uher = 06
I, = %auh,,A =0(r ™) (C.6)
T, — %BuhAB — OW).

D Stress tensor expansion

The free scalar field ¢ has an expansion

2(=2)

-2
© :r_1¢+7‘_ © —I—O(T_3) (D.1)
where ¢ is the free data. In particular from Cl¢ = 0 the subleading term is determined

according to
1
Oy @ = _§A¢- (D.2)

The stress tensor 1
Tab = apOpip — 5| Vepl*. (D3)
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is then found to have the following fall-offs

7;1“ - O(T74>, 7;1" - O(T74), nu - 0(7'72)

The leading components can then be easily computed. For instance:

—2

Tua = 0ad (D.6)
=3 (-2)  , (-2
TuA = aAd)au 2 +6A 2 au¢ (D7)

For the most divergent vector fields used in the paper, where ¢4 = O(r), " = O(r) and
€4 = O(r"), the stress tensor contribution to the hard charge, (3.22), is given by:

(1) _9 1) _3 0) _o (0)—2
pT = —7’27—2§a = T<§ATuA) + (gATuA + gATuA + fu Tuu) + O(rie) (DS)
D.1 Eq. (6.28)

Using (D.7) and (D.2), and discarding total u and sphere derivatives one finds:

1 _3 1 1 1
T un = 6" Dad Mo — S D" Ag ¢ (D.9)
Now using the identities:

VADAA¢ = —DUAVE)(D4éDpd)"™ + Dp (VADA¢DB¢ - ;|D¢|2VB> (D.10)

FAG6 = yAF* =~ DO + Da( foD — 3D fe?) (D.11)

one can express (D.9) in terms of factors that only contain single derivatives of ¢ plus total
derivatives. For the case of divergence free vector field the only term that survives is the
one given in eq. (6.28).

E Sourced metric perturbation expansion

In this section we describe the asymptotic solution for the sourced (trace-reversed) metric

perturbation Ay,
Ohay = —2Tap,  VPhey =0 (E.1)

with T, as given in the previous section. By looking at these equations for r — oo one is
led to consider the following leading nonzero orders:

hep = O(r3Inr), hp= O 2Inr), hy = O@r 'inr),
(E.2)

hea= O(r~2Inr), hya= O(r~'lnr), hap= O(lnr)
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Assuming an expansion in 1/r™ and logr/r™, one can solve the equations (E.1) at each
order. It is convenient to express the solution in terms of:

-3 —2 -2
pi="0u0)% % Tuuw Tua:=Tua, (Tap)™ = (T ap)™. (E.3)

The leading terms are found to be:

—3In , -3 , -1

her =2[" [ 1, hop = U7 (31t + 2hu) — [

—21In —2 —1 —31n

hpw = — fu,ufa hpw = — fu(,u + huu)a hpu = qu/«L

—1Iln —2In 1 =2 1 —1 _3
huuw = 1, huww = — 5 UA,U huy = §fu (,U/_AM_Ahuu_Qﬁu)
—2In , =2 , —1 .

hra = _QIUIU DA,U, hya = fufu (DA(_3IU_2huu+¢¢)+TuA)

—1In —1 —1

huA = quAM, huA = fu (DA(H + huu) - T, )7

—2In 1 ,

huA:_ifuquAAM

—2

}_LuA = fufUI<i(A +1)Tyua — ;EA> + Dy(...)

In 0 1 u —1
hap = — pqas, hag = qaB <2¢2 -/ (,u + huu))
—1In

u ru’ 1
hap=["[ (DADBM+QAB <2AM—M>>
1 . 1
hAB:_f D(ATB)U_§TAB+(]AB('--)+DADB('-->

From here one can obtain all the relevant metric dependent quantities. For the trace

h = n®hg one finds:
—2In -2 —3In
h =0, h=¢> h =0 (E.4)

-1
We note that the term h,,, is undetermined by the equations and corresponds to a ‘pure

gauge’ solution. As expected, this term does not feature in the charges.

E.1 Christoffel symbols I‘flb sourced metric

In terms of the traced-reversed metric perturbation hyp, the linearized Christoffel symbols
rt, =17, + T read:

_ 1. - -
Fir = — 8rhru + iauhrr - 787”h)
1. - 1. - - L
]._‘t = —z rhuu I rh Pt =35 uhuu 7 uh
b= =50 100, w = 50 19
; 1 = 1 L oog o7 L,
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t
FuA

1 - 1-
— =Dal hyu + =h
2 A( *3 >
" - 1. - - - 1 455
FAB: _D(AhB)u+§auhAB+QAB T(huu—hru)—?“ Ouh |-

From the metric perturbation expansion given in the previous section we find the following

leading nonvanishing terms:

,Z‘)tln " }3 " (=1) 1 1 ,
Frrz_f:u’ Frr:f <_huu+2’u)+2¢
—2In ) (-1)
1 1\
Fi“ - E'u” Ff‘u = i(huu — )
—1ln
1
FZu = = 5 ulb
T, = [“Dap, Tty = [“(=Tua + Dahu) (E.6)
—1ln 1 —21n 1 -1 (-1)
u v
L= — §DAM7 L4 = Zf DaAp, Ity =—3Dahyy
In 1 —1Iln " 1 1 1
P = 504n1; Tap = [ < —5DaDpu+ Saas ( —5An+ M))
o1 b
1—‘AB = §QAB(huu - ,LL)
F Eq. (6.49)

By expressing derivatives of X? in terms of divergences and laplacians, one can show

the identity:

1 1
DiD*X* = D? <2AD -X+D- X) — ZAQDzXZ + SADZXZ —2D.X, (F.1)

for any sphere vector field X4. For divergence-free X4, the first term vanishes and the

expression corresponds with what is found in (6.48).

G Electric and Magnetic parts of Weyl tensor at infinity in Bondi gauge

G.1 Electric part of Weyl
We follow [16, 17] for the expression of the metric and Christoffel symbols in Bondi gauge.

Rearranging indices and using
V=G, g = e (G.1)

we have

£ i= —r GO =1 /GCp, (G2)
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Given the expressions of Christoffel symbols in Bondi gauge [16, 17], one finds:

Coe” = 0,17, — O,T7, + TETG, (G3)
= r73(=2M +48,0) + O(r ™) (G.4)
where ] e
B = —3—20 CaB (G.5)
and M the Bondi mass aspect that satisfies [16, 17]:
DM = _éogof + %DADBCAB (G.6)

0)
Multiplying (G.4) by r®,/q we obtain £, as given in eq. (7.8). For a = A one finds:

CAT‘T‘T = TﬁlaT(rFrAr) - 8AF77:7" + Pgr :B (G7)
= 773(=Na +3048) + O(r™%), (G.8)

which upon multiplying by 7“3\/@ gives eq. (7.9). Here N4 is the ‘angular momentum aspect’
that satisfies [16, 17]:

— OuNg +3040,8=—04M + Hp + Sy (G.9)
with
Ha = = 0A(C" Caun) + CHDACK + 1Da(CHCY — Chic)  (Ga0)
Sy = %DB(DADMCBM — DB Dy 0l (G.11)
(the notation for these piece stands for ‘Hard’ and ‘Soft’).

G.2 DMagnetic part of Weyl

Our starting point is the ‘dual’ of eq. (G.2),

B =3/qxC,,.,." (G.12)
Taking a = u we find
1
«C, "= 56WABCABT’" (G.13)
1 (=1
=10y, + 00T, (G.14)

where we used eq. (G.1) and €45 = e2Pr2e 4 g with esp the area form of the unit sphere.
Computing C,5," and substituting in (G.12) one obtains (7.13).
For a = A we use €4,y = €*’r%e4p and eq. (G.1) to obtain
*CA’I‘TT = _TQGABQBMCMT: (G15)
(-3)
= —r3e,PCE. T+ 00 (G.16)

Comparing with (G.2) we arrive at eq. (7.14).
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G.3 Sphere vector field charges

For &, = VA9, + uad, the electric charge takes the form:

(0) (0)
Qrlev] = /I oy with py = VADLEY + ad,(ul). (G.17)

As in [19], the charge is only well-defined in the subspace of free data satisfying the stronger
fall-offs Cap = O(u~'7¢). Substituting (7.8), (7.9) and (G.9) in (G.17) we have (in the
following we omit multiplicative /g factors):

pv = VA(—04M + Ha + Sa) — 2aM — 20ud, M + %au(uaué) (G.18)

The first and fourth terms add up to a total sphere divergence, and the last term is a total u
derivative that does not contribute to the charge. Separating ‘hard’ and ‘soft’ contributions
we have py = p?/ard + pSV‘?ft with

P = VAH, — 20u0, M, gt = VAS, — 20u0, M, (G.19)

where the ‘hard’ and ‘soft’ piece of 9,, M are the first and second term in (G.6) respectively.
Combining all terms and discarding total derivatives one finds

1. .
phard — Z(,*f“15’<£v(,yug + auCap) (G.20)

, 1 1

which exactly coincides with the charge given in [19].3
The magnetic charge has the form (G.17) with &€ replaced by B. Using (7.14) it is
given by:
5 a. D (0)
py = —V7Pep”0,E" + ady(uB",) (G.22)
With the fall-offs Cap = O(u~17¢) under consideration, the last term in (G.22) integrates
to zero. Let
WA= —vBe A, (G.23)

then the ‘hard’ and ‘soft’ pieces of pj, can be written as:
p*vha,rd WAHA + DAwAMhard p*soft WASA + DAwAMSOft (G24)

where we used eq. (G.9) and discarded total sphere divergences. Comparing with (G.19)
we see that the expressions coincide up to total u derivatives. Here however we face an

obstacle: whereas the boundary term vanishes in p}k/s"ft, for prhard

it contains a divergent
term: limy,_,_ o, uMPard (u). Thus, as it stands the ‘magnetic’ charges are ill-defined (except
for curl-free V4). We hope to clarify this and other aspects of ‘magnetic’ charges in

the future.

3Up to a total u derivative term —iaCABCAB that integrates to zero with the fall-offs underlaying the
definition of these charges [19].
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