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1 Introduction

The goal of these notes is to provide a description of the optimal theory of control and its appli-
cations to the economy. These applications are analyzed mathematically. Mathematics provide
compact ways to express ideas and are long-range tools to analyze them. In order to obtain
these objectives a deep knowledge of the tool is necessary, therefore we will offer the proofs of the

theorems and the main subjects related to the applications.

e Consider the problem of shooting a guided missile to intercept an airplane. The problem
is to obtain an optimal trajectory that minimizes the time for the missile to reach the
airplane. Clearly this trajectory can be controlled by a number of variables. These variables
are represented as a vector in R™ and hence the problem is to obtain a trajectory (the states
of the system) by choosing a function (a control function) so as to maximize or minimize a

certain objective.

e The economy of a typical capitalistic country is a system made up in part of the populations
(as consumers and as producers) , companies, material goods, production facilities, cash,
credit available, and so on. The state of the system can be thought of as a massive collection
of data wages and salaries, profits, losses, sales of goods and services, investments, unemploy-
ment, welfare costs, the inflation rate, gold and currency holdings, and foreign trade. The
central government can influence the state of this system by using several controls, notably

the prime rate, taxation policy, and persuasion regarding wage and price settlements.

2 Some Examples of optimal control problems

Only continuous deterministic process are investigated in these notes. We shall here introduce the

concepts and methods of optimal control theory, we begin considering several particular examples:

Example 1 Control of a mechanism along a smooth track.
Consider a mechanism as a cart or a trolley, of mass m which move along a track with negligible

friction. The position coordinate at time t is determined by Newtons law:
ma = u(t),

where u(t) is the external controlling force. Suppose that initial position and velocity are (xg,yo).
We consider the problem of stopping the trolley at a prescribed target: x =y = 0 in minimal time

possible by means of (possibly discontinuous force) u(t) subject to the restraint |u(t)]| < 1.



For convenience choose m = 1 and we write the Newton equation:

or in matrix notation:
z ) (01 T + 0 u(t)
g/ 00 Y 1 '

Fix time ¢; and consider all the various possible controllers u(t) on 0 < ¢t < t; with |u(t)| < 1.

or ¢ = Az + bu.

By direct substitution we can see that the solution is:

x(t) = zo + yot + fot [f u(o)do] ds

y(t) =yo + [y u(o)do

or: x(t) = eMag + e [ e~ M5bu(s)ds.

Define the set K(¢1) in the phase plane, to be the totality of all end points of all responses
which initiate a xy, we will prove later that K(¢;) is a closed, bounded and a convex set, that
varies continuously with the end time ¢;.

The minimal time t = t* is determined as the first time at which K(t) contains the target
(0,0). It can be proved that (0,0) lies on the boundary of the set K (¢*). See subsection (9).

The optimal response Z*(t) = (x*(¢),y*(t)) leads to the origin at ¢ = t*. And the optimal
controller u*(t) is the controller that produce the optimal response.

Let n(t*) = (ni(t*),n2(t*)) be a unit vector at the origin that is an outward normal for the

convex set k(t*). Then for each response z(t) we must have:

n(t*)z(t*) <0,
that is, the vector z(t*), has no positive component along the direction of 7(¢*). , observe that
x*(t*) = 0, this means that:

m(E)21(t7) + )y (1) = max o (t)z +na(t7)y.
(zy)EK(t*)

This inequality is called the maximal principle

Using the explicit integral expressions we consider de maximal principle:

t* s
m(t*) |xo + yot™ + / / u(o)dods| + n2(t¥)
o Jo

Yo + /Ot* u(a)da] .



When we disregard all terms not involving u(t) the expression that must be maximized is:

m(t) [ ! | utoydods + ) [ / ; u(a)da] |

/Ot /OS u(o)dods = /Ot(t —o)u(o)do

m(s) = m(t"),ma(s) = m(E") (" — s) +na(t7)

From the equality:

and doing;

on the interval: 0 < s < t*, we must maximize:

/Ot* n2(s)u(s)ds.

It is clear that the maximun for the integral, recalling that |u(t)| < 1, is achieved only by the
controller:

u*(t) = sign n2(t) on 0 <t <t

Therefore the optimal controller u*(¢) assume only the values +1 and —1, except where it
switches between these, precisely at the zeroes of the unknown function 72(¢). Note that from the
definition of 7(¢) it follows that 7j2(t) = 0. Then n2(¢) is a linear polynomial in ¢. So, u*(¢) can
have at most one zero.

The optimal response from x( to the origin must follow an arc of a solution of the extremal
differential system

r=1Yy
(5-)
g=—1
and then an arc of a solution of the extremal:
T=y
(5+)
y=1

Let us construct all possible extremal responses. To do this we follows the method of backing

out of the target. Choose a unit vector 1n(0) = (71(0),72(0)) and use this as initial date to

determine the solution (backward on time) of:
T=1

§ = sgn ma(t)



If we consider 72(t) > 0 on t < 0 we obtain the curve trough the origin
I, :2zx=1vy% for y(=1)<0.
Similarly if we take: 12(0) < 0 we trace the response along
I_: -2z =19 for y(=i)>0.

For arbitrary n(0) we follow T'y or I'_ respectively if 7(0) is positive or negative, until ¢ :
n(t) = 0 then we follow the appropriate solution of S— or respectively S + .

The curve consisting of I'_ and I'} is called the switching locus W. In this example

_ _ —/2z for x>0
y—W@—{ V2% for @ <0

We define the synthesizer by;
—lify>W(x) or if (x,y)#(0,0) liesonT_
O(x,y) =< 0ifx=y=0

+lify<W(z) or if (x,y)#(0,0) liesonT'y

Then the optimal response from any initial state (zg,yo) to the origin is just the solution of

& = ®(x,y), and the optimal controller u*(t) = ®(x, ).

Example 2 Consider an economy that at any time has some amount of capital K(t), and labor
L(t), these are combined to produce output Y (t). Suppose that labor grows exponentially L(t) =
Loe™, where L(0) = Lo denotes the initial amount of labor. The production function takes the
form: Y (t) = F(K(t),L(t)), where t denotes time. Suppose that the production function has
constant returns to scale in its two arguments. That is: F(cK,cL) = ¢cF(K,L), ¢ > 0. Define
k = K/L the capital per unit of labor, the assumption of constant returns to scale allow us to work
with the production function in the form f(k) = +F(K(t), L(t)) = F(¥,1).

Suppose that output is divided between consumption and investment. The factor devoted to
investment is s 1s exogenously determined. One unit of output devoted to investment yield one
unit of new capital. In addition existing capital depreciates at rate §, where 6 < a. As usual,
capital stock increases with investments and decreases with depreciation. So, the dynamics of the
capital is given by the equation:

K(t) = sY(t) — 6K (t).



Suppose that F(K(t), L(t)) = aK (t)L(t) So, we obtain
k=sy(t)+ (6 —n)k
where y(t) = Y (t)/L(t). It follows that
k= (sa—0+n)k. (1)

Suppose that the central planner wishes to maintain the economy in an steady state: k(t) = k
and that any deviation of this value be corrected in minimal time. The political mechanism to

obtain this target is the saving rate 0 < s < 1.

The solution of 1 is k(t) = koe®¢T"=9! here ko is the value of capital at ¢ = 0. Consider the

case where n < §. Then if:

and

1. ko < k the planner choose s(t) = 1 until k(¢) = k this occurs at time t* = [logk%](ﬂﬂlm_(S
then the planner fixes s(t) = %*5 for all t > t*. We obtain that the optimal saving rate is

1 t<tr
a -

2. ko > k. Analogously:

Where t** = [logk%]ﬁ.

We define the synthesizer by:

k=k
0  k<k

<
3 A mathematical formulation

We now give a precise mathematical formulation of the type of control problem we will be dis-

cussing.



3.1 Some of notation

Let m and n be natural numbers, and let R stand for the real numbers. If z, is a vector in R"™,
we denote by i — th its component z;. We define 2" to be the transpose of z, and introduce a dot
product and two norms:

n
wy =2y =Yz,
=1

n ‘ L
x| = > |2, ||| = (zz)2.
i=1

Remark 3 We say that a property is fulfilled almost surely (a.s) or almost everywhere (a.e.), if
it fails in a set of null measurement
A set N € R" is called a null set , if N can be covered by a countable union of n-cubes whose

total n-volume is less than an arbitrarily prescribed € > 0.

Given a set C' we will denote its interior by int[C] and the points belonging to its frontier will
be denoted by Fr[C].

The most general control process considered here is described by the following dates:

3.2 The optimal control problem: a survey

1. The plant of the process. It relates the state or response x(t) to the input or control u(t) by
a ordinary differential system ;(t) = f;(¢t,z(¢),u(t)) i = 1,...n. If the variable ¢ does not
appear explicitly the process is called autonomous, otherwise it is called non-autonomous.
A measurable function u defined on an interval [tg,t;] with range in R™, is said to be a
control if there exists an absolutely continuous function = defined on [tg,t1] with range in

R™ such that is a solution of the system of differential equations :

T = f(t,z,u).
Fixed the initial position z(0) = z, each controller u(t), defines a unique response z(t) € R"™.

2. An initial point or state xg and a target set T are prescribed. The initial point zq is a known
vector in phase space. In a real physical process zy and the response x(t) describe position,
velocities or other dates that can be measured by appropriate instruments. In economics
these vectors describe the initial capital k£(0) and its evolution K (t), or initial consumption
of some good and its intertemporal evolution. In other cases they can describe prices or

other data that can be measured by the agents of the economy. The target set represents

10



the desirable states at the end of the process. Sometimes this is a moving set 7 (t) € R™ at
each t.

3. The class of admissible controllers A usually consists of measurable functions ' u(t) on
various time intervals ty < ¢t < t;. Various additional restrictions are often imposed on the
function comprising A. For example, the condition u(t) C 2, where €2 is a fixed compact
and convex restraint set in R™ is usual. Also the initial or final time for the duration of the

controllers is sometimes prescribed.

4. The cost functional or objective functional, is an accepted quantitative criterion for the

efficiency of each admissible controller u(t). Often the cost functional is described as: C'(u) =

ti)l fO(t, z(t),u(t))dt. The optimal control problem consists in maximizing or minimizing a

cost functional choosing for this an admissible control in such way that the response x(t)
verifies the initial state at t =t and z(¢1) € G(1).

Definition 4 A controller u*(t) in the admissible class A is called optimal in case C(u*) < C(u)
for all u(t) € A.

If fO(t,2(t),u(t)) = 1, then C(u) = t; — to and we have the minimal time problem.

Definition 5 Fach choice of the control, u(-) generates a response x(t) = x(t,zo,u(-)), if the

response reaches the target at some t1 then u(-) is a successful control. We define:
S(t1, o) = {u(-) € Q: there exists t; > 0: x(t1,zo,u(-)) € T(t1)}

Remark 6 Summarizing: We assume that the dynamic of the system, that is the evolution
of the state x(t) under a given control u(t), is determined by a system of ordinary differential
equation: ©(t) = f(t,z(t),u(t)), =x(ty) = xo, where xqo is the initial state, f € C'. Also restraint
set  and a target T are given.

In each optimal control problem our ultimate goal is to synthesize the optimal control by an ap-
propriately designed feedback loop. A feedback control can often correct for unpredictable variations

in the environment of the plant or irreqularities in the process.

'A real function h(t) on a real interval Z is called measurable in case for all real o and [, the set
{t €T and a < h(t) < B} is measurable in R'. If h(t) is measurable on Z we can define the Lebesgue integral,
H(t) = fI h(t)dt by considering appropriate limits of approximating sums. If h(t) is piecewise continuous the
Lebesgue integral is the same that the usual Riemann integral. The indefinite integral H(t) = fI h(t)dt defines an
absolutely continuous function. Recall that the measurable sets of R™ are defined as the members of the smallest
family of sets in R™ that contains all open and closed sets, the null sets of R™ and also every countable union and
intersection of its members and its complements.

11



As we shall show in the next example, given a system of state equations together with end
conditions and control constraints there is not guarantee that the set of admissible pairs, control

and its corresponding response, u(t), z(t), its not void.

Example 7 Let x be one dimensional. Let the state equation be & = wu(t). Let =(0) = 0, and
x(1) = 2 be the initial and final point. Let Q = {u : |u|] < 1} be the set of admissible controllers.

The trajectory is given by z(t) = fg u(s)ds. These pairs are no admissible, because we need
x(1) =2 but if u € Q then |u| < 1.

3.3 The controllable set

Definition 8 We define the controllable set, at time t1 as the set of initial states xqg that can be

steered, using a bounded measurable controller, to the target set in time t1.

C(:UO) == Ut1>OC(t17 xO)a

where
C(t1,z0) = {xo € R" : there exists u(-) € Qp : x(t1,zo,u(-)) € T(t1)}

where: Qy is the class of bounded measurable controls on [tg,t1]. In the case in that xo = 0 we will

use the notation C(t) for the controllable set at time t from 0.

An autonomous control process & = f(x,u) is said completely controllable in the cases in which
for each pair of points xp and =1 in R" there exists a bounded measurable controller u(¢) on some
finite interval 0 < ¢ < ¢; such that the corresponding response x(t) steers x(0) = xg to z(t1) = ;.

In some cases we will consider 7 (f) = 0 € R™. In these cases the controllable set is called the
set of null controllability.

The control problem is to determine those xo and u(-) € A such that the associated response

satisfies z(t1) € 7 (t1) for some t; > 0, we then say that the control u steers xg to the target.

3.4 The set of attainability

Consider a control process @ = f(x,u) with restraint set (2, initial state xg, Let x(¢) be the
corresponding responses initiating at z(¢g) = zo. The attainable set (or reachable) KC(t1,%0) is
the set of all end points x(¢1) from the initial point z¢ in time ¢;. When z is given we will denote
this set by K(t1).

12



3.4.1 Continuity of the set of attainability

Suppose that K(t) is a continuously moving set on 79 < ¢ < 71. That is, for each such instant ¢
we designate a nonempty set K (¢) in R™. The continuity of K(¢) as a function of the real variable

t is defined in terms of the following concept of the distance from K(t) to K (') :

. / _ . / . /
dist(K(t), K(t')) = max PI?IE?((t) dist(P, K (t')), P/rg}z%ﬁ/) dist(P', K(t)).

Thus, dist(K(t), K(t')) is a continuous function at ¢ if for each given € > 0 there exist § > 0
such that dist(K(t), K(t')) < € whenever |t — /| < 4.

Remark 9 Now we will prove that, if t* is the first time at which the attainable set K(t) contain
the target 0, then 0 € fr[K(t*)]. Where fr[K(t*)] denotes the frontier of K (t*).

Proof of the remak (9). Consider t; < t* < to and suppose that 0 & K(t) for all ¢; <t < t*,
and 0 € K (t) for all t* <t < t3. If there exists ¢ > 0 such that for each to >t > t* the family of
open balls {B(0,7)} for all » < € are in the interior of K (t) the function dist[K(t), K(t)] is not
continuous. Then for all € > 0 there exists ¢ and r(t.) < e such that B(0,r(t.)) N Fr[K(t¢)] # 0.
So, it is possible to choose a convergent subsequence {t,,} € [t*t5] such that r(¢,) — 0 let £ be the
limit of {¢,,}. Since 0 € K (t) for all t* < ¢ < t3, then 0 € Fr[K (t)]. Suppose now that 0 € intK (t).
Repeating successively the previous reasoning we found ¢* < ¢; <  such that 0 € Fr[K(t1]. So
repeating successively this reasoning we can construct a convergent sequence to t* of {th} So,
for the continuity of the distance function 0 € Fr[K (t*)].

4 The linear control process
Consider an autonomous system

&= A(t)z + B(t)u + v(t), 2)
where:

1. A(t) is an n X n matrix, B(t) is an n x m matrix, and v(¢) is a column n-vector of real

measurable functions on —oo < t < oo.
2. The norms |A(t)],|B(t)|, and |v(t)| are integrable on each compact interval of time ¢.

3. A controller u(t) is a real bounded measurable m-vector on some interval Z.

13



A response or solution z(t) is a real absolutely continuous n-vector on Z which satisfies (2),
t1
x(t) = ©(t)zo + P(t) ®(s) " B(s)u(s) + v(s)]ds.
to

Here ®(t) is the fundamental matrix solution of the homogeneous system dotx = A(t)z with
®(ty) = I. If A(t) = A is constant, ®(t) = eA(t—t0),

4.1 Controllable set’s properties.

Consider a linear control process, whose target state is 7 (¢) = 0. Control variables are restricted
to the restraint set {2 which is compact although it does not need to be convex, but in order to
get easier proves we assume in some cases its convexity. Some of the properties next properties

are true in more general cases than the linear one.

e 1. If zp € C and y is a point in the trajectory from x¢ to 7 (¢), then y € C. This means that

the whole of the successful path from xq to the target lies in the controllable set.

e 2. Cis arc wise connected. If xo and yg are in C there is a path from each point to the origin

lying wholly in C. This proves that C is not composed of a number of disjoint parts.

3. If t; < ts, then C(tl) - C(tg).

4. C is open if and only if 0 € int(C).

5. In the linear case, C(¢1) and C are symmetric and convex.

Remark 10 Some of the properties previously enunciated are verified under conditions more gen-

eral than the linearity of the process

e The property 1 is also verified for nonlinear autonomous process, © = f(x,u) whenever, for

example, f is a continuous function.

e Property 2 is verified if £(0,0) = 0; this ensures that once the target is reached, it is possible

to remain there by switching off all the controls. enditemize

Let z(t) be denote the response for the control system with restraint set 2, initial point z and

all controllers u(t) C Q. Proof of the claims.

14
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W

. Suppose that the trajectory is given by xz(t), with the control u(t) Assume that at ¢t =
t1,2z(t1) = 0. Suppose that y = x(7). consider now the control
v(t) = u(t + 1)
This is an admissible control. Thus y € C(¢; — 7) and then g € C

. Suppose that zy € C and yy € C, with z(t1) = 0 and y(t2) = 0. Consider the arc conformed

by this trajectory, it is a path that between these two points, then C is a connected set.

. Suppose t; < tp and consider xg € C(t1) with control u(t). Define

U(t):{ u(t) t <t

0 t1 <t <t
Since f(0,0) = 0,z(t) = 0Vt > t1. So xg € C(t2)

. If 0 € int[C], there exists € > 0 such that B(0,r) C C for all r < € where B(0,r) is the open
ball of radio equal to r. Let ¢(¢,to,zo) be the solution of the dynamical process & = f(z,u)
with 2(0) = 2o where f(z,u) € CL. It is well know that ¢(t,tg, xo) is of class C! in 2. We will
prove that there exists € > 0 such that for all r < e, B(xg,r) € int[C]. Let yo € B(zo,7). Let
y(t) be the solution of & = f(x,u) with y(0) = yo. Then for 7 small enough y(t1) € B(0,r).
So, there exists an admissible control v such that steer y(¢1) to the origin at time t2. Then

it is possible to steer yg to the origin in time t = t1 + t9 for this consider the control

o () t<t

o) = { w(t—t) t<t<ti+ty
So yp € C.
Since 0 is controllable, the reciprocal part is straightforward.

. The convexity of C is obtained from the following equality:

co1+ (1= )y = — Otl ®(s)"' Bleus + (1 — c)us)dr. (3)

Recall that z(t) = ®(¢t) [mo + [E®(s)" ' Bu(r) —i—v(r)dv'} is the solution of & = A(t)x +
B(t)u+ v(t) with zo = 2(0). So, z¢ € C(t1) if x(t1) = 0, then z( is controllable if and only if

70 = — /0 " o) Bu(r)dr.

So, if z1,x9 € C(t1) with controllers u; and wug its convex combination also belongs to C(t1)

with the control v = cu; + (1 — ¢)ug that is an admissible controller.
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Exercise 1 Consider a linear control process:
1. Show that the controllable set is symmetric.

2. Let t; < ta. Show that if zo € C(t1) and yo € C(t2) then zp = axo+ (1 — a)yo € C(t2).

4.2 The attainable set of a linear control

The main characteristics of the attainable set for linear control problems are summarizing in the
next theorem. We will give an idea of the demonstration of the theorem and we left for the reader

the task of completing it.

Theorem 11 The attainable set of a linear control process & = A(t)x+B(t)u+uv(t), with compact?
convex restraint set §, initial state xo and controllers u(t) on ty <t <ty is compact, conver and

varies continuously with t1 on t1 > to.

The proof of this claim follows from the properties of the variation of parameters formula

z(t) = ®(t)zo + P(t) " ®(s)"HB(s)u(s) + v(s)]ds.

to

See [Lee, E.; Markus, L.] 69.

Remark 12 [t is important to notice that if K(t) varies continuously and if P € int(K(t1)) then,
there exists 6 > 0, such that P € int(K (t2)) for all [ta — t1] < 0.

4.3 Examples
To illustrate these ideas let us consider the following simple examples.
Example 13 Consider the state equation

& = Ax + Bu,

where A(n x n) and B(n x m) are constant matrices.

2In order to show the compactness of this set, consider a sequence of admissible controllers un(t) and its responses
Zn(t). Since Q is a weakly compact set there exists a subsequence u,,; which converges weakly to @(t) € Q. So, zn,

the correspondent subsequence of responses converges to Z(t) = ®(t) {wo + fg ®(s) "' Ba(r) + v(r)dr
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It follows that .
x(t) = exp(At) <x0 +/ emp(—A7’)Bu(7’)d7’> .
0

We see that z¢ € C(t;) if and only if there exists a control admissible, u € 2 such that:
t1
xo = —/ exp(—At)Bu(T)dr.
0
e A point x; is in the attainable set K(¢1,z¢) when:
t1
x1 = exp(Atq) <:U0 +/ exp(—A7’)Bu(7’)d7’> ) (4)
0
for some u € €.
If we define the time reversed system where the state equation is:
T = —Ax — Bu.

e we can define C(t1,x1) as the set of points that are controllable to x; in time ¢, so xo will

belong to this set if:

t1
xog = exp(—Aty) (l’l —/ exp(—AT)Bu(T)dT) , (5)
0
for some control u € €.

There is obviously a reciprocal relationship between the two sets: if x1 € K(t1,xz0), then
xg € C(t1,x1). so the controllable set for the time reversed system is equal to the attainable set

for the original system. Analogously for the attainable set.

Remark 14 Although we showed the reciprocity for the linear system, as it is easy to see, the

same holds for the Non Linear Autonomous System, but not for non autonomous systems.
Example 15 Let us consider a very simple one-dimensional system,

. 1

T =2+ u, 0 = 3, lu| < 1.

Points in the reachable set at time ¢; are given by
1 h
x1 = exp(ty) (5 +/ emp(—r)u(7)dr>
0

and the bounds on the possible values u can take show that R(¢1, %) is the closed interval from:
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1 3
1— —exp(ty) to —exp(ty) — 1.

2 2
Similarly, points in the reachable set for the time-reversed system are given by:

1 t

71 = exp(—t1) (5 —/ e:):p(T)u(T)dT> ,
0
so this reachable set is the closed interval from:
3 1

ie:cp(—tl) —1 to 1— ie:rp(—tl),

this is the controllable set to the point % for the original system in the time ¢;.

Example 16 Let us now consider the case where: A and B are given by:
10 1

T =71 +ul, To= T2+ us,

So the state equations are:

and u; € Uy that is, —1 < u; < 1, from the general result we see that = € C(¢7) if:

t1
e f/ exp(—7)urdT = x2,
0

since exp(At) = exp(t)IL.
Because |ui| < 1, then |z1] < [i'exp(—7)urdr = 1 — exp(—t1), and equality is possible,
hence

C(t1) ={x1 =2, |x1|=1—exp(—t1)},

and C is the open interval:
C(t) = {1‘1 = X9, |$1| < ]_}

As part of R?,int(C) is empty and C is not open.
It is impossible to control initial states that do not lie on this interval. Next we shall see the

necessary conditions for a system to be completely controllable.
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4.4 The controllability matrix:

Consider the autonomous linear control process
i = Az + Bu,

for real an constant matrices A and B. Here we have assumed that 0 is an equilibrium for the
free system u = 0, more general autonomous linear systems can be considered in this form by
translation of the coordinates in both z and wu.

The n rows and mn columns matrix:
M = [B AB A’B...A"1B|

is the controllability matrix.

This matrix for the example 4.3 is given by:

and for the example 1 in section 2
010
M= l 100 1 ’
The results that we will establish will depend on the rank of this matrix and on the character-
istic of the eigenvalues of A. Observe that in the first case n = 2 and the rank of A rank[A] < 2.
Whereas in the second rank[A] = n.

It is clear that the system cannot be completely controllable when 0 ¢ int(C), for there would

be points close to the origin that are not controllable.

e 1) 0 € int(C) if and only if rank M = n This establishes that if the rank of M is less than
n, C lies in a hyperplane in R™ and the systems definitely are not completely controllable.
However, if the rank is equal to n, the system may or may not be completely controllable.

To obtain it we need additional conditions, these are established in the following items.

e 2)If rank M = n, and u € Q,, then C = R", where €, is the set of not bounded integrable

controllers.
e 3) If rank M = n, and Re \; < 0 for each eigenvalue \; of A, C = R"™ with u € Q.

o 4)If rank M = n, and Re \; > 0 for at least one eigenvalue of A, C # R".
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e 5) If rank M = n, and Re \; < 0 for each eigenvalue \; of A, C = R™ with u € Q.
Proof of the claims:

(1) Suppose that rank M < n, then there exists a constant row vector y € R™ such that
v[B AB ... A" 1B] = 0. By the Hamilton-Cayley theorem, each matrix A satisfies its own
characteristic equation:

A" = AV eI

for ceratin real numbers cy, ..., c,. So yA*B = 0 for all integer k. Then yexp(—AT)B = 0,
hence for all zg € C(t1),

t
yro = —/ ' yexp (—AT) Bu(t)dr = 0.
0

Therefore C(¢1) lies in an hyperplane with normal y for all ¢; and then C lies in the same

hyperplane. Thus 0 ¢ int[C].

Now suppose that 0 ¢ intC. This means that 0 ¢ int[C](¢1) for all ¢; > 0. But 0 € C(¢;) and
since C(t1) is a convex set, there exists an hyperplane trough 0 supporting C(¢1). If b(¢1) is
the normal to this hyperplane it follows that b(t;)xg < 0, for all zy € C(t1) since C(t;) is
symmetric, it follows that —z¢ € C(¢1), then b(t1)zo = 0. We obtain that

t1
b(t1)exp (—At) Budr = 0,
0
for all u € A. The vanishing of the integral implies that

b(t1)exp(—AT)B =0, VO <7 <t.

If we put 7 = 0 then b(t;)B = 0. Taking k derivatives, and setting 7 = 0, we obtain
b(t1)A*B = 0. It follows that b(#;) is orthogonal to all the columns of M. Thus the rank of

M is less than n.

(2) We have established that 0 is an interior point of C, so there exist an open ball By(r) C C.
Let zo an arbitrary point in R™. Then yo = czo where ¢ = 37/||2|| is in the ball, then there

exists a control v € €, and so with the control u = v/c € 2, we obtain that

t1
xo = —/ exp (—At) Bu(r)dr,
0

hence zy € C.
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3)

Let an initial point x1 € R™ be steered by the null control u(t) = 0 until the response x(t)
approaches 0 and enters C. But then z(t) can be steered to the origin in a finite time. Hence

z1 €C and C € R"™.

Note that we could not deduce this result directly from the asymptotic stability of the
system, because the definition of controllable set requires that the target can be reached in

a finite time.

Suppose that A is an eigenvalue of A and ReA > 0, and let y be the associated eigenvector,
then y*A = A\y! so that y"exp(—AT1) = exp(—A7)y!" and

t1
Yo = —/ exp(—=A7)y" Bu(t)dr.
0

Because u € ) this integral is bounded by p, say, as t; — oo, and so y‘zg < p. The

controllable points lie in a half space on one side of an hyperplane in R™ and so C # R".

Observe that, even in the case when rank(A) = n, Re A\; < 0 for each eigenvalue A\; of A

does not imply local stability of the solution

Suppose that C # R™ then there is an hyperplane with normal b separating y and C, such
that
bxog <p forall zo € C,and by > p.

We needed to show that for ¢; sufficiently large and for some control u € €

t1
brg = — bexp(—AT)Bu(T)dr > p
0

which will be a contradiction. Define z(t) = bexp(—A7)B. Because rank M = n, z(t) # 0, for 0 <
t < t1, and we choose wu;(t) = —sgnz;(t) so that

b = — /0 ()t (6)

Where v(t) = bexp(—AT)Bu(t). Each component of v is a combination of terms of the general

form q(t)exp(—A\;t), where ¢ is a polynomial and )\; is an eigenvalue of A (see appendix of this

section). It is clear that (6 can be made arbitrarily large for ¢; large. It grows exponentially if

the terms with Re()\;) < 0 are present ore they are polynomials in ¢ if Re(\;) = 0.

To clarify this point let us consider the following example:

21



Example 17 Let © = Ax + Bu be the two components system:

[s 4] [

The eigenvalue of A are: A\ =0, Ao = —2.

0 1
M = [ 1 -2 ]
whose rank is 2.
Lo 0 1 0 -2 t2 0 4 t3 1 M
—_ = - o1 3| - 2
exp(—At) [ 01 ] [ 0 9 t + 0 4 ] ol [ 0 -8 ] 3! + ... [ 0 exp(21))
1 —lmemt) 1 o —exp(2t) — 1
£) = [b1,b 2 = i + bpeap(2t).
z(t) = [b1, b [ 0 ecxp(2t)) 1 1 2 + boexp(2t)

finally we obtain : |v(t)| = |b171%‘fm2t) + baexp(2t)|.
Exercise 2 Consider examples 1 and 2 in section 2.
1. Show that every initial point can be steered to the origin.
2. Compute the controllable set C(t1) at time t; = 1.

3. Compute the attainable set K(t1) at time t; = 1.

4.5 Appendix:Exponential matrices and Resolution of differential equations

From a square real or complex n x n matrix A we define the matrix:
e:z:pA:eA:I+A+g—f+§—?+...+2—f+...
The convergence is defined by the convergence of each component.
The Jordan canonical structure. For every complex n x n matrix A, there is a nonsingular
complex matrix P such that
PAP™! = diag {Ay, As, ... A}

where each block
i 0o ... 0

Ao 1

[an}

o O
o O
o >
> -
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involves eigenvalue A; of A.

The following equality is straightforward: Pexp[A]P~! = exp[PAP™!].

If A(t) is integrable on each compact subinterval of Z, then for given initial data ty € Z, there
exists a unique, absolutely continuous fundamental solution matrix ®(t) (or ®(¢,tp)) on Z, with
®(ty) = I. The solution of

& = A(t)x, with x(ty) = xo
is
z(t) = ®(t)xp.
If A(t) = A is constant, then: ®(t) = eAt—to),

Now consider the non-homogeneous linear differential system
= A(t)x + B(t)

for a given prescribed initial data x(ty) = x, b(t) is a n-column integrable vector. The solution
x(t) is given by the fundamental formula:
t
x(t) = O(t)zo + ®(t) [ ®(s) ' B(s)ds
to

Here ®(t) is the fundamental matrix solution of the corresponding homogeneous system:
T =A(t)x.

A direct calculation verifies that this formula yields the required solution.

5 The time-optimal control. A first approach.

The Balancing problem. A tightrope walker seeks to maintain an upright position; any devi-
ation from the vertical will result in a catastrophic fall unless it is controlled, and the acrobat’s
objective is to regain the (unstable) equilibrium position as quickly as possible. The dynamic
of this system is multidimensional. We will consider a simple one-dimensional model where:
& = x + u. If u =0 the solution z; = 0 is possible, but any initial non zero value of x leads to the
exponential growth of x.

Suppose that we choose an initial value xo = ¢ > 0 and try to find a control u(t) that will steer
x1 to 0 in the shortest possible time. Suppose that U, = {u : |u(t)| < 1}. Is easy to see that the

solution of the state equation is:

z(t) =€ (c + /Ot C_TU(T)dT) :
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The reachable set from the initial point at time ¢; is the closed interval:
(c—Dexp(ti) +1 <z < (c+1)exp(t;) — 1.

The end points of this interval are reached by the application of control equal to —1 and +1

respectively, for 0 < t < t7.

e Provided that ¢ < 1 this set contain the origin when ¢; > —In(1 — ¢) and thus not contain

the origin when 0 < ¢; < —In(1 —¢).

Hence the equilibrium can be regained in the optimal time —In(1 — ¢)by application of
u(t) = —1.

e If ¢ > 1 the initial state is not controllable.

Suppose we repeat the problem, but with initial value ¢ = 2 and with target 1 = 3. The ex-
tremal control are u1(t) = 1 and u1(t) = —1, as before and the corresponding extremal trajectories
are:

x(t) = 3e' — 1 when uy = +1, z(t) =e' +1 when u; = —1

Both these trajectories reach at the target; the first at time ¢t; = ln%L and the second at t; = In2.
We have two acceptable candidates for the optimal solution, if we must pick the one with the
smaller value of ¢; thus t] = ln%, u*(t) = +1. The other extremal solution reaches the target as

long as possible.

6 The Maximun Principle for linear processes
In this section we shall establish the maximal principle for a linear process
(L) &= A(t)r + B(t)u +v(t)

where the coefficient matrices A(t), B(t), and v(t) are integrable in every finite interval.

This principle characterizes the optimal controller as an extremal controller that is: If a
control u* is optimal in the sense that the associated response x*(t) reaches the target in minimal
time, then u*(t) is an extremal control, i.e xz*(t*) € fr[K(t*)], where t* is the first time that
T(t)NK(t) #0.

Next we shall prove the fundamental existence and uniqueness theorems for optimal controllers

of linear process
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6.1 Extremal controllers and the maximal principle

Definition 18 Let u(t) C Q on tog <t <ty be a controllers for the linear process (E) with initial
state xo at time tg. If the corresponding response x(t) has an endpoint z(t1) in the boundary
fr(K(ty1)) of the set os attainability K(t1), then u(t) is called an extremal controller and x(t)

is an extremal response.

In order to express the extremal condition analytically we shall use the adjoint linear differential

System
(A) 0 =-nA(t)

to the linear differential system: & = A(t)x.

Here n(t) is an n—row vector and every solution of it, is of the form 7(t) = no®(t)~!, where
7o is a constant vector and ®(¢) is the fundamental matrix solution of & = A(t)x, with ®(t¢) = I.
This claim can be verified by direct differentiation. In the case A(t) = A where A(t) is a constant
matrix, it follows that n(t) = noe~ (104,

The following theorem, is the principal analytical device in the theory of time-optimal control
problem for linear processes, and it is equivalent to the Pontriaguin maximal principle for this

case.

Theorem 19 Consider the linear process in R™
&= A(t)x + B(t)u + v(t) (7)

with w in a compact restraint set ) and initial state xo at time to. A controller u(t) € Q on

to <t <ty is extremal if and only if there exists a nontrivial solution n(t) of
1= —nA(t)
such that

A B(E)u(t) = maxn(t) B(t)u.

for almost all t on tg <t <.

Proof: Assume that u(t) on tgp < t < ¢; is extremal and so steers z¢ to x(t1) € fr(K(t1))

where k(t1) is the attainable set on ¢; by the response:

x(t) = ®(t)zo + P(t) lt<I>($)_1[B(s)u(s) + v(s)]ds.

to
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Since K (t1) is compact and convex, there is a supporting hyperplane 7 to K (¢1) at the bound-
ary point z(t1). Let n(t1) denote the unit normal vector to 7 at x(¢1) in the direction opposite to

K(t1). Define the nontrivial adjoint response
n(t) =mo®(t)"" with n(t1) =no®(t) ",

then compute the inner product of n(¢) and x(t),

0)e(t) = moao + [ nBu(s) + ols))ds

Now suppose that:
n(t)B(t)u(t) < maxn(t)B(t)u

u€eS)

Define a controller u(t) € Q by:
WO B(E) = max () By
ue
We find that
n(t)z(tr) < n(t)z(t)-

But this inequality contradicts the construction of n(¢1). Therefore we conclude that:

n(t)B(t)u(t) = max n(t)B(t)u a.e.ty <t <tj.

Conversely: assume that for some non trivial adjoint response: n(t) = no®(¢t)~!, the control
u(t) satisfies:

() B(t)u(t) = maxn(t) B(t)u

almost everywhere in ¢y < ¢t < ¢;. We must show that the corresponding response z(t) ends at a
boundary point of K (¢1). Suppose that x(¢1) lies in the interior of K (¢1) then there exists a point
Z(t1) € K(t1) such that n(t1)z(t1) < n(t1)z(t1). Let u(t) be the control which yield the response
Z(t), our hypothesis states:

n(t)B(t)a(t) < n(t)B(t)u(t) = maxn(t)B(t)u

almost everywhere in ty <t < t;. Computing we obtain:

n(t1)z(t) < n(t)z(t1),

which is a contradiction, hence x(t1) € fr(K(t1)), as required.[.]
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Remark 20 This theorem states that the response x(t) leading to a boundary point of K(t1), go

in the appropriate direction at the greatest possible speed compatible with the restraint €.

The geometry of the solution of L is given by the following corollary, hose demonstration we
left for the reader.

Corollary 21 If u(t) € Q is an extremal controller for the process L, then u(t) is extremal on
each subinterval to < 7 < t1, that is (1) € K(7). Furthermore, n(7) is an exterior normal to a

supporting hyperplane to K (1) at x(T)

6.2 Extremal control for autonomous linear with constant coefficients pro-
cesses

Consider the autonomous linear process in R™ :
& = Az + Bu,

where A and B are constant matrices.
From theorem (19) it follows that the control u(t) is extremal if and only if there exists a non-
null vector 7(t) such that, n(t) B(t)u(t) = max,)eq n(t)B(t)v(t) for all t such that 0 <t <.
In the linear case we have
n(t) = nole=].
Observe that n(t) is a not trivial solution of the system 1 = —nA.
So

ui(t) = sgn[noe_AtBi].

When [noexp (—At) B, is zero the component u; of an extremal control is not determined, in

this case, since de function is analytical, there are only two possibilities:

e It has a finite number of zeros and the optimal control is uniquely determined except at a
discrete number of moments, and the trajectory is not affected if for instance we assign +1

to the control in these points.

Therefore there are only a finite number of switches for the extremal controller u;(t). So we

obtain a bang-bang solution everywhere.

e In the second case [noexp (—At) B, is identically zero, therefore u; is no determined.

Remark 22 Recall that a function is called analytical in a if there exists an absolutely convergent

power-series expansion about each point in a neighborhood of a.

27



1. If f is an analytical function in a and is not identically zero, then there exists some derivative
) (a) # 0. Observe that the function f(x) = e Y # 0 and f(0) = 0, is not analytical

function in 0.
2. If f is an analytical function and f"(a) =0, Vr then it is identically zero function.

3. If f and g are analytical functions such that, f(x) = g(x) in a set which has an accumulation
point, then f(x) = g(z). Soif f(x) = 0 in a set with an accumulation point, then is identically

ZETO.

6.3 The time-optimal controllers and the maximun principle (TOP)

In this section we shall establish that the maximal principle, characterizes the optimal controller
as an extremal controller. We shall study the minimal time-optimal control problem for the linear
process

= A(t)r+ B(t)u + v(t)

where the target G(t) is a continuously varying nonempty compact set on 79 < t < 71, the

coefficient matrices are integrable on every finite interval.
o (I) The existence of the optimal solution for the linear autonomous case.
Theorem 23 Consider the linear process in R™
&= A(t)r + B(t)u + v(t) (8)

with u in a compact restraint set Q and initial state xg at time tg, and continuously varying compact
target set G(t) on 19 <t < 11. If there exists a controller u(t) C Q on 19 <t < 71, steering g to
G(t1), then there exists a minimal time optimal controller u*(t) C Q on 7o't < t* < 71, steering
xo to G(t*).

Proof: Define t* as the greatest lower bound of all times ¢; such that K (¢;) meets G(¢1). By
the continuous dependence of K(¢1) and G(t1) on t; the set of times for which K (¢1) meets G(t1)
is a closed set on R'. Hence t* on 1y < t* < 71, is the first or minimal time at which K (¢) meets
G(t). Let u*(t) € Q on 79 < t < t*, be any controller steering z¢ to K (t*) N G(t*). Then u*(t) is

an optimal controller as required.
e (II)How can the optimal time and its associated control be founded?

In the following theorem we shall show shows that in the case of a linear process,
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(1) The associate response x*(t) to the optimal controlleru*(t) satisfy «*(t*) € fr[K(t*)]. Thus

and optimal control is an extremal control.
(2) Then, to obtain u* we use the maximal principle:
Theorem 24 Consider the linear process in R™
&= A(t)r + B(t)u +v(t) 9)

with w in a compact restraint set  and initial state xog at time tg, and continuously varying
compact target set G(t) on 19 <t < 7. Let u*(t) € Q on 19 < t < t* be a minimal time optimal

controller with response x*(t) steering xo to G(t*).
(1) Then u*(t) is extremal, that is

m(t) = maxn(t) B(t)u = () B(t)u (1),

here 7n(t) is a nontrivial solution of the adjoint system #(t) = —nA(t), and n(t*) is an
outwards unit normal to a supporting hyperplane at z(t*) € fr(K(t*)).

(2) Furthermore if

M(t) = maxn(t)[A(t)2"(¢) + B(t)u + v(t)] = n(t)[A(t)27(8) + B()u™(t) + v(t)]

and G(t) = G is constant, the normal 7(¢*) can be selected so that M (t*) > 0.

(3) If in addition, G(¢) is convex, then n(t*) can also be selected to satisfy the transversality

condition, namely 7(t*) is normal to a common supporting hyperplane separating K (¢*) and

G.
(4) For the autonomous linear process in R"
& =Ax+ Bu+v
M (t) is constant on 79 < t < 7.
Proof:

1. The associate response z* at any ¢ < t* is on the fr(K(t). Suppose that 2*(¢) belong to the
interior of K(t), then for ¢ < t sufficiently close of ¢, since K (¢) is continuous, there exists
a neighborhood of z*(¢) such that meet k(¢') then x*(¢) is reached in ¢ < t this contradicts
the optimality of u*. Since the response endpoint z*(¢*) must lie on the boundary fr[K(t*],

the optimal controller u*(¢) is extremal. So, item (1) follows.

29



2. Now let 7 (t) = G be a constant nonempty compact set in R™. At each instant of time ¢; < ¢*
there exists and midway hyperplane 7(¢1) perpendicular of the shortest chord from K(t) to

x*(t*). Choose a sequence of times
To <t <t <to <ty <. <th

At some time ¢}, on 19 < t, < t), < t* the velocity @*(t5) = A(tp)x*(tn) + B(tn)u* (tn) +v(ts)
must have a positive component along the unit normal 7(¢}) to 7(¢},) directed out of the

half space containing K (¢1). So,
1t )[A(tn) 2" (tn) + B(ta)u" (t) + v(tn)] = 0.

Taking limits when A — oo and using the compactness of 2 it follows from the continuity
of A(t), B(t),v/t) and x*(t) that

N )[AE)z" (") + B(t")u" (") + v(t")] = 0.
So M (t*) > 0 as required.
3. If G is a convex target, then we repeat the above argument, choosing the shortest chord from

G to K(t). Then the limit hyperplane 7(t*) separating K (t*) and G with the unit normal

n(t*) satisfyng the required transversality condition.

4. Tt can be proved that M(T) is absolutely continuous and has a derivative almost always.

Thus for ty > t; we have:

M(t1) — M(ta) _ n(tz) [Ax(t2) + Bu(ti) + o] = n(t1) [Az(t1) + Bu(ti) + v]
to — 11 - to — 11
Upon adding and subtracting 7(t2)Az(¢1) to the numerator and computing the limit to — ¢;
we find 42 (¢;) > 0. On the other hand:

M(t1) — M(tz) _ n(tz) [Ax(t2) + Bu(tz) + o] — n(t1) [Az(t1) + Bu(tz) + v]
to — 11 - to — t1

And a similar calculation shows that %(tl) <0.

e (IIT) The next problem is the problem of the uniqueness. If conditions for uniqueness of
the optimal control can be founded then, under these conditions the maximal principle
is a necessary and sufficient condition for optimality. Under conditions of normality, the
optimal controller is the unique extremal controller steering xg to the fixed target set G,

and satisfying the transversality conditions. This problem is the goal of the next section.
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Exercise 3 Suppose that the dynamics of an economy is given by the following system of equations
I=v
k=1-0k
here 0 < v <1 is the control variable, and 8 = §+n, where § is the depreciation rate of capital and
n is the rate of growth of the population. Also suppose that a central planner wishes to maintain
the per-capita capital constantly equal to k , as well as to correct any deviation of this objective in
the smaller possible time. Suppose that in order to attempt this objective , the central planer uses

the rate of variation of investment v, as a policy instrument.

1. Show that the problem is completely controllable.
2. For each pair (ko, Ip) of initial conditions, find an optimal control.

3. Show that the transversality conditions are verified.

Exercise 4 Consider the autonomous linear process in R™ & = Ax + Bu, with compact restraint
set Q C R™, initial state xg, and the origin as the fixed target set. Assume that v = 0 lies in
the interior of 2. Suppose that the process is controllable, and A is stable, that is each eigenvalue
A of A satisfies Re[\] < 0. Show that in these conditions, there exists a minimal time controller

u*(t) € Q on 0 <t <t* steering xo to the origin at time t = t*.

Exercise 5 If the target set T is compact, we know that there exists a minimal time t* in which
the target is reachable. There is an important difference with the case where the target is only one
point x1. We have proven only that the target is reached in a point of its border, but we do not
know exactly where.

Let t* be the minimal time for a linear optimization problem. Show that if K(t*) is strictly
convex, and if ui(t) and us(t) are optimal controllers, then x7(t*) = x5(t*) where x3(t) and x3(t)

are the respective associate optimal responses.

6.4 Normality: condition for uniqueness.

If there exists just one maximal controller steering x¢ to the target then the maximal principle is
sufficient, as well as necessary, for optimality. In this setion we analize conditions for uniquenes

of the optimal controller.
Definition 25 Consider the linear control process
&= A(t)r + B(t)u + v(t)
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with restraint set Q initial state xo at time ty. The problem defined by the data (L, ), xo,to,t1) is
called normal in case any two controllers ui(t) and ua(t) on tg < t < ty, which steer zq to the

same boundary point Py € Fr[K(t1)], are equal almost everywhere.

As we shall see in this section, this condition is strongly related with the geometry of the

attainable set.

We start this section with and example where there are infinitely many optimal optimal con-

trollers.

Example 26 Consider the two dimensional system & = u, (n =m = 2). Then

00 10 Y u
o[b2] o3 2] ero-[2].

and noe=*B =1y = (a, B). Thus
(¥)  wi(t) =sgna wua(t) = sgn B.

If either of o, [3 is zero, then (*) does not tell us anything about the corresponding component of
u(t).
Consider the initial point (—1,0). This state can be steered to the target (0,0) in the time
t; = 1. The time is optimal because we cover the shortest distance using maximun velocity. This
is not a bang-bang control, and we must have in this case a > 0, G = 0. Actually there are
infinitely many optimal controls steering from (—1,0) to (0,0) e.g., ui(t) = 1 and:
1, 0<t<a,

ug(t) = 0, a<t<l-—a
1, 1—a<t<l1.

The idea is to burst x5(t), and then bring it back to zero. This control will be bang-bang in

exactly one case (a = 3):

Analytically, in this example the difficulty stems from the fact that nge~4*B has a component

identically zero; geometrically, the problem is that K(¢,z() has flat spots on its boundary.
Exercise 6 With m =n = 2, consider & = u with zo = (—1,0),7(t) = 0.
1. Sketch the reachable cone RC, in (x1,x2,t)-space where
RC = {(t,z(t,zo,u(.))t > 0,u(.) € Up} = Ne>0 {t} x K(t;x0).

Show that the attainable set K(t;xo) = {(x(t,x0,u(.))t > 0,u(.) € Up} is always a square.
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2. Show that the control ui(t) = 1,us(t) = ¢(t), with ¢(.) any function such that fol ¢(s)ds =0,

is time optimal.

3. Show that if Q is a corner of fr[K(t,xo)], the the control steering to each Q is unique, but

the support hyperplane P and normal h are not unique.

4. Show that if Q is not a corner of fr[K(t,xzo)] the support hyperplane P and normal h are

unique, but the path to Q) is not unique.

Definition 27 We say that a linear autonomous process has the normality condition if for
each vector with constant coordinates, ng # 0 no component of noe*B can vanish on a set of

positive measure.

Of course this definition is of little practical use. We will show that this definition is equivalent
to the:

1. Geometrical definition. (LA) normal if and only if k(t, z¢) is strictly convex for all ¢. Recall
that y € K(t,z0) f and only if: y = e?wg + [5 €A~ Bu(s)ds. for some u(.) € Q. Show
that the convexity of K(t,z) is independents of z.

2. Analytical definition. Let b; be the ith column of B and define the n X n matrix Mj by:
M; = [b;, Ab;, ..., A" 1),

We say that a the problem is normal if rankM; =n; for i=1,2,...,m.

Clearly, if any one of these matrices has rank equal to n, M contains n independent columns
and also has rank equal to n. So, The conditions for uniqueness are more stringent than the

controllability.

In the following theorems we give explicitly verifiable hypothesis to uniqueness for autonomous

linear processes with convex target.

Theorem 28 If the process
T =Ax+ Bu+wv

is mormal, and if there exists a successful control (steering xo to 0) then there exists a unique

time-optimal control, which is bang-bang and piecewise constant.
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Proof: The existence of the solution and the fact that any solution is bang-bang (in all coordi-
nate) follows because the process is linear and uniqueness follows from the normality hypothesis
3. Suppose that u(t) and v(t) were two distinct time-optimal bang-bang controls. Then as the
process is linear w(t) = 1[u(t) + v(¢)] would also be time optimal, but not bang-bang, this is a

contradiction.

Theorem 29 Consider the autonomous linear process in R™
&t =Axr+ Bu+v
with compact and polyhedral convex restraint Q C R™ and initial state xg € R"™. If
1. The normality condition holds
2. G is a fired compact target set and
3. For each point & € G there is a controller u(t) with response T(t) € G, Vt:0 <t < 0.

Then any extremal controller ui(t) € Q on 0 < t < ty, steering xo to G and satisfying the
transversality condition, is equal to the unique optimal controller u*(t) almost everywhere, and
t = t*.

Proof: Suppose that there exist distinct extremal controllers u;(t) and ug(t) such that:
n(t) Bu (t) = n(t) Bua(t) = maxn(t) Bu

almost every where on [0, 71], where 1(t) = noe~4* and 1 (t) # ua(t) on a set S of positive duration
on [0,71]. Now as € is a convex set the function 7n(¢)Bu assumes for each ¢ € S its maximun in
a edge e; of ). Since 2 has only a finite number of edges, then there exists some positive time
duration S7 C S where the function assumes its maximal value on a fixed edge e;. Let w be a
parallel vector to e;. Since n(t)Bu = noe~A*Bu, then nge~**Bw = 0 then taking derivatives we
obtain
—At pk _ —
noe” A"Bw =0, k=0,1,...n—1.

At an the linearly dependent.

Then the vectors A*Bw k = 0,1,...,n — 1 are orthogonal to nge~
This contradicts the normality condition.

Conditions ( 2 ) and ( 3 ) imply that ¢; = t*. Suppose that ¢; > t*, condition (3) implies that
G meets K (t) for all t > ¢*, then K (t1) meets G and thus, K (¢1) can be separated from G. In this

case this is impossible, so t; = t*.

3 As counterexample see example (26).
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Thus: any extremal controller satisfying the transversality condition, in particular the optimal

controller w*(t) on 19 <t < t* must be equal ui(t) almost everywhere on 19 <t < t; = t*.
Example 30 Uniqueness does no imply normality. [Macky, J.; Strauss, A.] 66

Definition 31 Let xg be given. We say that the response from xg to a point y in K(t*,xg) is
unique if every control which steers from xq to y in time t* generates the same response function,

i.e., if u(.) and v(.) are successful controls for 0 <t < t* then x(t,zo,u) = x(t,xo,v) on [0,t*].

Corollary 32 Suppose that y € K(t*,x0). Then the control steering from xo to y at time t* is

unique if and only if y is an extreme point of K(t*,xo).

Example 33 In the balancing problem, (this problem was already considered above) we have a
simple one-dimensional model : & = x +u. If u = 0 the solution x1 = 0 is possible, but any initial
non zero value of x leads to the exponential growth of x. In this case exp(At) = e~ and B = 1. If
No = «, then

up = sgn(ae™).

As it is easy to see this is not a normal problem.
In this case there are no possibility of o = 0, there are only two possibilities for « : either
a>0and u; =41V, or a <0 and ug = —1 Vt.

Example 34 The position problem. Consider the problem of moving an object along a line
with a coordinate x1. The state of the system is determined by the position and the velocity of the

object, we need another state variable xo.
T =x2, T2 =uy

It is a two dimensional problem with a single control: n = 2, M = 1. The state equation is

efe ]

Suppose that the target is 1 = 0. Then from theorem (28) we know that there exists only one

given by the matrices:

This is a normal problem.

extremal controller steering xg to x1 and it is optimal.
Since A% = 0 so:
1 —t
At) =1+ At = .
exp (At) + At [ 0 1 ]
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Since, the solution of the adjoint system has the form n = ne??, if we suppose 179 = (a, ),

from the maximal principle:

ui(t) = sgn(B — at).

The linear function of ¢ has at most one zero, so u; has at most one switch from +1 to —1

or from —1 to +1. Since « and [ are unknown, we cannot be sure from the maximal principle if

and when such a switch will occur. If the initial and final states are given by: z(0) = (0, x() and
(t1) = (0,0).

(a)

Beginning with u; = —1 the initial section of the trajectory can be found by solving de

differential system. The solution is:

1
To = —t, 1 =Xy — §t2. (10)

In the space of phases the trajectory is given by the equation:
r1 = —x5 + xg.
1 9 2 0
At some time t; we switch the control to the value +1. At this time the initial conditions of
the system are given by: (10) with ¢ = ¢;.
Then we solve the differential system with u = +1. The solutions of this system are:

1
T = §t2 — 2ty + 20 + 13, T3 =1 — 2o,

In the spaces of phases the trajectory is given by the equation:

1
T = 51‘% —t%-FCU().

We now find values t1 and ¢, such that:
1
t1 — 2ty = 0, it% — 21ty + 20 + t3 = 0.

These values are: t; = (xo)%, to = %tl_

The extremal controls admits a second possibility, with start with u; = 1 and switch to
uy = —1. It is easy to verify that such control leads to an increase in the value of of 1 and
when zo = 0 we are further from the target than when we started. This sequence of controls

does not enable the target to be reached, and so can be dismissed.

So, the optimal time is t* = t1 + ¢ = %(a:o)%, and the optimal control is given by:

w(#) :{ "1 i (e

1 t> (xo)%
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6.5 The backing out of target technique.
e (1) Use the reversed time system:

& =—Ax — Bu(t) —v
1 =n4,

with initial conditions z(0) € fr(G) and n(0) being an inward unit normal to a supporting

hyperplane to 7 at x(0). Define u(t) by the maximal principle,

n(t)Bu(t) = maxn(t) Bu

e (2) Find the solution z(t),u(t) passing trough the prescribed initial state zy at some time
t* > 0.

e (3) Reverse the time sense again and define:
z*(t) = z(t* —t) and n*(t) =n(t*—1t) on 0 <t <t™

Then u*(t) defined by:

n*(t)Bu*(t) = max n*(t)Bu
ue

is the optimal controller and z*(¢) the corresponding optimal response.

Example 35 Consider the autonomous control process in R>

1 =To+Uu

L .
’ Lo = —To +u

with restraint Q : |u| < 1 in R'. We wish to steering to the line x1 = 0. This implies that 1(t) = 0
so xo(t) = u(t) then |ze| < 1. Thus the target is the set G = {x1 =0, |z2| < 1}

We note that each point in R? can be steered in 7 by a non extremal controllers u(t) =
—xge*%, t>0.

Using the coefficient matrices:

() ()

we can verify that the system is controllable and that the normality condition for uniqueness of

the optimal controller holds.
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From the controllability an normality of the system, it follows that each initial state in R? can

be steered to 7 by an unique optimal control satisfying the transversality condition. Since

(1)

condition (1) of theorem (29) is verified. To see that condition (2) of this theorem follows, consider
the control @(t) = Zape " where = (0, 220) where |z99| < 1.

Write the system and the adjoint system with time reversed

T = —x3 —u and u = sgn(n +n2)
x'gzxg—u

m =0

T2 =M — 1.

Note that along a solution where 7; = 0, it follows
m+n2=ci+ce

Then each extremal control has at most one switch on 0 < ¢ < co.
We examine all extremal controllers satisfying the transversality condition to obtain the switch-

ing locus W.

e For the time reversed system, take initial data: x1(0) = 0, |z2(0)| <1, 71(0) = %1, n2(0) =
0. Then 11 + 12 = £2 F e~ so there are no switches.

e Use the value u = —1 and start from x1(0) = 0, 22(0) = +1 to define the curve:

r,:{m1:—26t+2t+2, 2o =2 —1, for tzo}

e Observe that all hyperplanes through (x19, x29) = (0, 1) normal to n9 = (710, 720) = (cosb, sinf)
for each fixed 8 on 7w < 8 < 27 is a supporting hyperplane for the convex set G. The extremal

with data x190 = 0 and x99 = 1, follows I'_ as long as 1;(t) + n2(t) < 0. But
m(t) +n2(t) = (sind — cosf)e™" + 2cosh
Thus for each 6 on 7 < 6 < 37/2, we find
u(t) = sgn[m(t) +na(t)] = -1

For each 6 on 37/2 < 6 < 7w /4, there exists a t(f) positive zero for ni(t) + n2(t). It is

easy to show that () decreases monotonically from +oco to 0 as 6 increases. Thus there
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exists extremal controllers satisfying the transversality condition n(t1)z(t1) = 0 at G, which
switches from v = 1 to w = —1 at an arbitrarily prescribed point of I'_, and then follows for
IT_.

Define I' ;. reflecting I'_ trough the origin to obtain the complete switching locus: W =T, NI"_.
Note that the corresponding curve zy = W (z1) separates R? — G.

Define the synthesizing function:

a( )= -1 for x9>W(x1) andon zo =T_(x1)
THTITN 41 for ap < W(z1) and on z9 =T4(z1)

7 Optimal control for linear process with integral cost criteria.

We will consider now the Maximun Principle for the case where the control process is linear
& = A(t)x(t) + B(t)u(t) with an integral convex cost.

Clu) = Clu(t)) = Otl fa(t), u(®))dt, x(t) = 2(t,zo, u(t)).

This principle can be applied to a much wider class of optimal control problems, as we will show
there is no restriction to linear state equations.

A system in unstable equilibrium is one in which any deviation from equilibrium increases if
the system is left to itself. The application of a control aims to reduce the deviation to zero, but
at some cost depending on the size of the control that has to be employed. When there are several
successful controls, the choice of one over the other, may be dictated by a cost or performance
criterion. Our problem will then become an Optimal Control Problem.

The O.C.P. is to find a controller such that, xy will be steered to an state in the target, using
a control u(-) from the appropriate class A of the admissible controllers in such way that C(u) is
a minimun.

For each control u(t) € € there is a corresponding x(t) with z(0) at some fixed initial state z¢

that satisfies the state equation

w(t) = f(t, x(t), u(t))

Definition 36 A control u is said to be an admissible control if there exists a trajectory x

corresponding to u such that:
o (i) fO(t,x(t),u(t)) is integrable in [to,t1]
o (ii) u(t) €
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o (iii) x(tp) = xo and x(t1) € T.

The control v* € € if optimal if it is successful, i.e., if it is appropriate for the problem, and

there exists t; > 0 such that x(¢1, zo, u(-)) reaches the target, and is minimal that is:
Cu*) < C(u) forallue .

The first problem which we face is the one of existence of the optimal control. If the answer
to this problem is affirmative then, we face the following one: How can this optimal control be
found? We will see that the maximal principle is an answer for this question, but in most cases
it is not possible to find an analytical solution, computational methods are necessary, but this is
not easy matter. We shall not pursue these matters here.

In the differential calculus the minimun of a function of a real variable is located by examining
the critical points, those points at which the derivative is zero. In the theory of optimal control

we look for those points such that maximize the hamiltonian function:
H(x(t), u(t),t) = nof(x(t), u(t), t) + n(t)[A(t)x + B(t)u(t)]

which are called the maximal controllers.

Where 19 < 0 and 7(t) is the solution of the adjoint system 7 = —%—g.

Then we use the maximal principle: This principle establishes that: If a control is optimal
then it is a maximal control. (Note that u(t) is called a maximal controller even thought it yield
a minimun cost).

We start considering a criterium for a convex cost with a linear control process more general

problems will be considered later.

7.1 Existence of the optimal control for linear processes with integral convex
cost.

We now treat the linear control process in R™ :

= A(t)x + B(t)u (11)
with the integral cost functional:
T
C(u) =g(z=(T)) + t fo(t,z) + ho(t,u)dt (12)
0

where A(t), B(t), g(x), fo(t,z) and ho(t,u) are continuous in [tg,T] and z € R™ and u € R™.
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Remark 37 We also assume here that for each fized t
o (a)fo(t,z) and ho(t,u) are convez functions,
o (b)fo(t,x) >0 and ho(t,u) > alulP for some a >0 and p > 1.
Hence, Cp(u) = ftf fo(t,z) + ho(t,u)dt > ajg |u(t[Pdt.

As we will see in theorem (41), the conditions (a) and (b) stated above, assure the existence of
(minimal cost) optimal controller among the class of all measurable controllers with finite cost. If
we assume that the each controller u(t) on top <t < T lies in a given compact convex restraint set
), then we can eliminate any need for positivity or growth bounds on functions fy and hg, as we
will see in theorem (42).

If the class of admissible controllers and its associate responses is non empty, it does not nec-
essarily follow that an optimal control exists. The following example illustrate the non-existence

of optimal controllers.

Example 38 Non existence of optimal controllers

C(u) = [y tu?(t)dt
= u(t)
z(tp) =1 z(1)=0

Let §) the set of integrable functions.
The trajectory for each u € Q is z(t) = 1 + [ u(s)ds.
For each 0 < € < 1 define a control u, as follows:

0 ife<t<l1
Ue =
—e ! if0<t<e

Let z, the unique trajectory corresponding to u. satisfying z(0) = 1.
€
Clu) = / e 2dt = /3.
0

So, im0 C(u = 0. It is clear that C'(u) = 0 if and only i v = 0 but this is not admissible,
because ¢(0) = 1. So there does not exist optimal control.

The following example shows that there may be more than one optimal controller.

Example 39 Let C(u) = fol(l—ug(t))dt be the cost functional. Let the state equation be: & = u(t)
and £(0) =0, x(1) =0 and Q@ = {u: |u(t)] < 1.}.
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Exercise 7 Show that for each integer n = 1,2, ..., the controller u*(t) = (—1)¥ if £ <t <

%. k=0,1,2,...,2"—1 are admissible controllers, and C(u*) < C(u) for all admissible controller.

e For notational convenience we define:

2(t) = t fo(t,z) 4 ho(t,u)dt.

to

K = K(T;z0) C R"! is the set of all response endpoints,
2u(T) = (23(T), 2(T)) € R,

u

for all admissible control vectors u(t) on tg <t <T.

The response Z(T) can be computed from:

T
z(t) = ®(t)zo + ®(T) [ @(s)"'B(s)u(s)ds and, C(u) = g(z(T)) + z°(T)

to

Theorem 40 Consider the control optimal program given by (11) and (12) then: The set of

attainability K C R™ is closed and convex.

Proof: Let 1 = (29, 1) and Zo = (29, 22) be two points in K, corresponding to the controllers
ui(t) and ug(t) on 0 <t < T. Let

7= ("y) = Az1+ (1 — Nz, 0< A< 1.

To prove that K is convex we must construct a controller steering (0, x¢) to .
Define

a(t) = a1(s) + (1 — Naa(s).
with the corresponding response:
xg(s) = Az1(8) + (1 — A)Za(s).

SO, g (T) =Y.
Now from the convexity of h(t,-) it follows that:

O

(T) < AZY(T) + (1 — N)z)(T) = °.

T
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But if (23(T),7z(T)) € K and if y° > 22(T) then (yo, 7a(T)) € K *.
The proof that K is a closed set is given in [Lee, E.; Markus, L.] 209.

Theorem 41 If either g(x) is (a) bounded below or (b) is a convex function, then there exists a

(minimal cost) optimal controller.

Proof: Since each allowable control u(t) defines an end point (z°(T),z(T)) € K we need only

prove that the function g(x) + z° assumes its minimun in K.

(a) If the hypothesis in the remark (37) are satisfied and g(x) > a then lim,o_, . [g(x) +2°] = cc.
Thus, there exists a such that the minimun of [g(x) + 2°] on K is assumed on the compact

set K N[zg < al.

(b) Assume that g(z) is a convex function not bounded below. Then, for each real number c¢;
the set in R™"! defined by C = {z: g(z) +2° <1} is closed, has a non empty interior

(because g(z) is not bounded below) and it is also convex.

(b1) To prove the convexity of the set C' consider:
g(z1) +2) <1 and g(a2) + 2§ < ¢y,
it follows that
gAz1 + (1= N)wg] + Al + (1= Nafd < 1.

Now consider a constant ¢; such that the set g(x) + 2% < ¢; meet K. This intersection
is closed and convex. As we shall see, this intersection is also bounded and hence

compact. Then the existence of the optimal control follows.

(b2.) To prove the boundedness of this intersection:

e Consider the hyperplane 7 as the supporting hyperplane in R"*! to the convex set C such
that for (2%, x) below 7.

“To see this, construct 4(t) = @(t) + us(t) such that:
T
/ D(s ug(s)ds =0

T
:cg(T)—s—b:/ fo(t,x) + ho(t, @)dt.

and
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e We shall show that for points (z°,7) € K such that |z(7T)| is large enough then z%(T") >
k|x(T)| for a prescribed constant k& > 0. Such point must lie above 7 and hence satisfy
g(z) + 2% > ¢. Then C N K is bounded.

Upon this calculation, we obtain the require compactness then, the existence of the minimun is
proved.

We now prove the boundedness of C N K.

For points (zV,x) € K we have:

T
|2(T)| < |@(T)zo| + \ |@(T)®(s) ™" B(s)l[u(s)|ds

Using the assumptions on fO(¢, z) and h°(¢, u) if |2(T)| > 2|®(T)xo| and we write: M > |®(T)P(s) 1 B(s)|
then: ffg |u(s)|ds > |z(T")|/2M. By Schwarz’ inequality: ftig lu(s)|ds < ¢ Utf |u(3)|2d3}% for a
constant cs.

Then we obtain: |x(T)|P < 4MPcy ftf lu(s)|Pds < c32°(T). Hence for sufficiently large |z(T)|
we have: 2°(T') > |z(T)|, and (z°(T),z(T)) € K lies above the hyperplane 7.

Therefore the closed intersection of {z : g(x) + 20 < c1} and K is bounded, hence compact.

If we consider the linear control process in R™ : given by (11) and (12), where the matrices
of coefficient are continuous and g(x), fo = (x,t) and ho(x,t) are continuous for all values of this
argument, if in addition of the fo = (x,t) and ho(z,t) are convex in each ty < t < T we assume
that each controller u(t) on typ < ¢ < T lies in a given compact convex restraint set 2, then we can

eliminate any restriction of positivity or grounds bounds on the functions f°(x,t) and h°(z,t).

Theorem 42 Consider the control process in R™
= A(t)x + B(t)u

with cost functional
T

C(u) = g(x(T)) + t fo(z,t) + ho(t, u)dt

and compact convex restraint 2 C R™. Then there exists an optimal controller.

Proof: Wee seek the minimun of the real continuous function g(x) + z° on the bounded K C
R"1. s this function decreases monotonically with xo for each z fixed, the infimun of g(x) +
20 is just the minimun, on the lower boundary of K. The required minimun is assumed, see

[Lee, E.; Markus, L.].
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7.2 Necessary and sufficient conditions for optimality in the case of linear
processes

We shall prove in this section that an optimal control is necessarily extremal. We begin the section
characterizing the condition of extremal controllers, and then we obtain necessary and sufficient

conditions for extremality. Finally we obtain necessary and sufficient conditions for optimality.

Definition 43 Given a control problem in R™, with set of attainability K C R corresponding
to the cost functional C(u), a control u(t) onty <t < T, which steers (0, x¢) to a relative boundary

point of K is called an extremal control and the corresponding response Z(t) is also extremal.

7.3 The maximal principle for linear processes with convex cost functional.

Theorem 44 Consider the control process in R"™ given by (11) and with the integral cost func-

tional:

C(u) = ng(t, x) + ho(t,u)dt (13)

to
A controller u(t) with response Z(t) is extremal if and only if there exists a vector 7(t) = (no,n(t))
satisfying:

1o =0, no <0
(14)

0 =mo%ge (t,2(1)) — nA(t)

and such that the mazimal principle holds almost everywhere:
noho(t, u”) +n(t) B(t)u* = max[noho(t, u) 4+ n(t)B(t)u].

(z°(t), 2(t)) and adjoint response 7)(t) =

Proof: Let u(t) be a controller with response Z(t) =
z(to) = (0,z0), and also the system (14) and

=+
(7707 n(t)) Sa‘tiSfy: (11) ) and :1':.0 = f()(t,ﬂl‘) + hO(ta U)
the above maximal principle. We shall prove that

(t

(T)z(T) = 9(T)&(T),

]l
]l

where O(T) = (w%(t),w(t)) is the response to an arbitrary admissible controller u(t).
From this inequality it follows that (T lies on the boundary of K and that 7j(T) is an exterior
normal to K.

Use the equality:
d

)] = ot + fw + b,
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and compute: 7(T)w0(T) — 7(to)Zo

= Mo

fo(t,w) — —w(t,f)w} + [noho(t, u) + nBuldt.

Analogously for: n(T)z(T) — n(to)Zo,

= /tT 70 [fo(tai“) - ax(t@)f} + [moho(t, u) + nBuldt.

Using now the maximal principle and the convexity condition

folt, w) — Jo(t,7) > 201, 7)),

then the claim follows.

Conversely, assume that @(t) is extremal, so that the corresponding response z(t) = (2°(t), Z(t))
steers (0,z) to Z(t) on the boundary of K. Let #}(T') = (n9,7(T)) be an exterior normal to K at
Z(T). Clearly no < 0 then, we can assume that 7o = —1. Let () be defined as the solution of the
adjoint system A with the given data 7(7"). We must prove that

—ho(t,w”) +n(t) B(t)u" = max[—ho(t, u) + n(t) B(t)ul,

almost everywhere on tg <t <T.

Essentially, this method consists in adding an impulse perturbation, to @(t) over a short
duration ¢; <t < t; + ¢, where we suppose that @(t) fails to satisfy the maximal principle.
The perturbed controller w*(¢) yields an increment in the terms ﬁf[noho(t,u) + n(t)B(t)uldt in
the computation of 7(Y)w(T'), which contradicts the assertion that Z(T') lies on the boundary of
K.

The details of the proof are in [Lee, E.; Markus, L.] 213.

Remark 45 A comment on uniqueness. In the case where g(x) is convex and h(t,u) is
strictly conver, any two extremal controllers steering (0,z0) to the same boundary point of K

must coincide almost everywhere

Theorem 46 Consider the control process in R™ given by (11) and (12). Assume that g(x) € C*

is convez in R". Then there exists a solution x*(t),n*(t) of the system:

@ = A(t)x + B(t)u*(t,n)
0=t x(t) — nA(t)
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with xty) = xo, N(T) = —grad g(x(T')).
where u*(t,n) is defined by the maximal principle

—ho(t,u”) + 1) B(t)u” = max[—ho(t, u) +nB(t)u], (16)
An optimal controller is u*(t) = u*(¢t,n*(t)) with the corresponding optimal response x*(t).

o If ho(t,u) is strictly convex for each t, then the solution z*(t),n*(¢) is unique and u*(t) is
the unique optimal controller with the optimal response z*(t). Therefore, in this case the
principle of the maximum is also a sufficient condition for the optimality of the control and

its associate response.

e If ho(t, u) is merely convex we choose u*(t,n) selecting the point in R™ which has minimal co-

ordinates among all solutions of the maximal principle. That is choose u*(t,n) = (uf, ..., u},)

so that u] is minimal among all possible solutions of the MP., then choose u3 as minimal
among all solutions with designed value of u}, continue in this manner. The u*(t) = u*(t,n)

is an admissible controller.

We shall give the proof of the theorem, following several steps:
1. We first show that there exists a unique constant m such that the set
Sm = {:E e Rl g(x) +2° < m}

is tangent to K but is separated from the relative interior of K by a common supporting

hyperplane 7*.
2. We show that m is the optimal cost.
3. We find a solution x*(t),n*(¢t) for the nonlinear boundary-value problem.

4. If hO(t,u) is strictly convex for each fixed ¢, then the optimal control u*(¢) and its response

x*(t) are unique.
5. Then (z*(t),n*(t)) are unique.

Proof of the step 1. As we know, the intersection of K with S, is compact for large c. Hence

we define m as the infimun of all such numbers ¢ such that the corresponding intersection is
not empty. For ¢ > m the hypersurface S. meets the relative interior of K, and for ¢ < m, S,

does not meet K. Thus only for ¢ = m can S, be tangent to K.
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Proof of the step 2. It follows immediately from step 1.

Proof of the step 3. Let *(T) = (—1,n*(T)) be the normal to the tangent hyperplane to Sy,
at some point P € S, N K. Let u*(¢) be an extremal control, steering (0, zo) to P = z*(T)
by the response z*(t) = (z%*(t), z*(t)). Let 7%(t) = (—1,7*(t)) be defined as the solution of

i = (6" (0) — (),

with n*(T) = —grad g(z*(T)).

From the previous theorem, we find that u*(¢) satisfies the maximal principle with the adjoint

response 77*(t) thus z*(¢), n*(¢) is the solution of the nonlinear boundary-value problem.

Proof of the step 4. If hO(t, u) is strictly convex for each fixed ¢, then S,,, N K is just a single
point P. In other case, let P; and P, two points in K N.S,,, and thus in the relative boundary
of K.

Let u;i(t) and ug(t) be extremal controls with responses z;(t) and za(t) leading to P, =
(2)(T),z1(T)) and Py = (2(T), 22(T)) respectively.

Consider the control v’ = $[u1(t) 4 us(t)] with response 2’ (t) = (2°(t), 2'(t) then

#(T) = Sl (1) + ()]

and from the strict convexity of h(¢,u) for each t we obtain that

#(T) < Slaf0) + 2(0)].

The half line 2° > 29(T),z = z(T) lies in the relative interior of K, which implies that the
midpoint between P; and P» lies in the relative interior of K. This contradiction show that

Sy N K consists of a single point P.

Proof of the step 5. From step 4 it follows that z° + g(z) can assume its minimun at just

one single point P € K. Then, from the strict convexity of h°(¢, u) for each ¢, it follows that
there is one single optimal control w*(t) which steers (0,xo) to the point P. In other case,
consider the controller u’ = 3 [u;(t) +uz(t)] and then from the convexity of h° it follows that
RO(t,u') + n(t) B(t)u'(t) > m(t), whenever uj(t) # ua(t).

So the optimal control and its response x*(t) are unique. Also 1*(t) is uniquely determined

as the solution of a linear differential system with the data: n(T) = —grad g(z*(T)).
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7.4 Some remarks on restricted end point problems.

e Suppose that x; is the prescribed target, and suppose that the initial state xg is controlled
with minimal cost to z1. We also assume that ho(t,u) is strictly convex for each ¢. Under
this condition there exists a unique optimal controller u x (¢) In fact, let [ be the line z = x1,
in R"*! then I N K is a closed horizontal ray. The control u*(t) steers (0,z¢) to (x°(T),z1)
where 2°(T) is the lowest point in the ray I N K.

e If the target 7 in R™ is defined by a function ~, convex and C*
G={z:y(z) <0}

such that grad v # 0 on fr(G), the boundary conditions are: z(0) = xo, y(z(T)) =
recall that if u is extremal then the associate response x must satisfy (7)) € fr(G), and
n(T) = —k grad v(x(T)), for some k > 0.

e In the case where g(x) = 0 then C(u) = Co(u) then the minimal value 2% € G N K occurs

at just one common boundary point z*(T) = (x%*(T), z*(T)).

e In the special case where the optimal controller minimizing Cp(u) makes no reference to a

target, that is z(T') is free, then the corresponding value is n(7") = 0.
7.5 Examples
Example 47 A simple controlled dynamical system is modelled by the scalar equation
T =2x+u,
and we employ the cost functional:
Clu) = = / w(t)Adt.
4 Jo

The control problem consists in steering x(t) from an initial state x(0) = xo to the target (1) = 0,

with minimal cost.

The maximal principle states (16):

or:



Thus we must solve:
1
T=z+n3, 1=

with z(0) = zg, x(1) = 0. Since 7 = noe~* we have:

3 1
T =e'zg — 17703 [e_% —éf.
The boundary conditions yield:
g =5 (e73 1)

and the optimal controller is
u = %(6_% — 1)_16_§

Example 48 Consider the Fisener-Stroz model focused on net investment as a process that ex-
pands a firm’s plant size. Assuming that the firm has knowledge of the profit rate m associated
which each plant size, as measured by the capital stock K. We have a profit function w(K). To
expand the plant and adjustment cost C' is incurred whose magnitude varies positively with the

speed of expansion K (t). Then he have a increasing function C(K'). The derivative K (t) is the

net investment, I = K(t).

The objective of the firm is to choose an optimal path K(t) that mazimizes the total present

value of its net profit over time:
Mazimize fOT[ﬂ'(K) — C(I)]e~*tdt
subject to K =1

and K(O) = Ko, K(T) = KT.
We assume that both the m and C function are quadratic:

m=aK - BK? (a,3>0)

C=al?>+bl (a,b>0)

The maximal principle states:

v Tx) ,—pt — el —pt
C'(I")e " +n Oréllagl{ C'(I)e +77}

Taking derivatives and using(17), we obtain that:




Thus we must solve:
K=TI and n=7'(K)e "
: : : v (F2BK) —pt
Taking account of equation (17), it follows that: n = *===e™"" + ko

So the optimal controller is:

pt
gy = L2 b o
p2a 2a 2a

Substituting in the state equation it follows:

. b k
K—EK: {O‘_] + 20t
ap 2ap 2a 2a
The optimal path has a qualitative form given by:
K*(t) = AeP' + A
b

Where A = % [ﬁ — %} and A can be found from the initial conditions.

7.6 Regulation over an infinite interval
We next allow the time interval tg < ¢ < T to become infinite.

Theorem 49 Consider the controllable autonomous process in R™

&= A(t)xr + B(t)u (18)
with the integral cost functional:
Clu) = / £O(x) + hO(u)dt (19)
to

where fO(x) > 0 is convex, f(z) = 0 if and only if x = 0, ho(u) > alulP is strictly conver and
ho(0) = 0. Then there exists an unique optimal controllers u*(t) on 0 < t < oo with response
x*(t).

Assume that no eigenvalue of A has zero real part. Then a necessary and sufficient condition
that an admissible controller u(t) with response (t) on 0 <t < oo be optimal is that the maximal

principle obtains:
foho(u(t)) + n(t)Bu(t) = max[ioho(u(t)) + 7(t) Bu(t)]
where 7(t) = (7jo, 7(t)) satisfies the adjoint system:

o =10
9fo

i = %o (2(t)) — nA (20)

with Mo < 0 and 7(c0) = 0.
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Proof: Since (18) is controllable. the initial state zyp can be steered to the origin at t = 1,
and then kept fixed at the origin by the null control © = 0. In this way there exists an admissible
controller having finite cost M. Next we shall construct the optimal controller v*(7") on 0 < ¢ < o0
of the weak limit of the appropriate optimal controllers on finite time intervals.

Using the given initial state z¢ at t = 0 to obtain the optimal controller u*(¢) on each finite
interval 0 < ¢t < k, for k = 1,2,... with the cost functional Cy(u) = ft’; fO(x) + hO(u)dt, write
this minimal cost Cy(ur) = my and note my < myy1 < M, since uj,(t) cannot have a smaller
cost than uj(t). Since [5° |uj(¢|)Pdt < M/a ( we can define uj(t) = 0, for t > k), we can select a
subsequence uj, (t) which converges weakly to a limit u*() on each compact time interval ° For
each finite T' > 0,

T
A o) + hO(u*)dt < Jim inf A f“( )+ h0(up)dt < lim < M.

k;—00 k;—00
Therefore u*(t) is an admissible controller with finite cost C(u*) =m < M.
To show that m = limy_ . my and u*(¢) is the unique optimal controller on 0 < ¢t < oco. see
[Lee, E.; Markus, L.] 221.
We now show that 70 < 0 and 7*(c0) = 0. If n*® = 0 then n*(t) would be zero. Since
lim 7y, 00 () = 7*(t) and 7y, (k;) = 0. Using the uniform convergence on compact of (9f°/9z)(x})
to (0f°/0x)(x}), it follows that

n(t) = e / —n° 8f i z*(s))e” A9 ds,

If every eigenvalue of A has positive real part, then \e‘At] < ce[=At on 0 <t < oo for a constant
c. Using or —(z*((t)) — 0, it is easy to prove that n*(c0) = 0 and we omit the details.
After a linear change of variables on 7 we can suppose that

4 o
Sk

where every eigenvalue of A has positive real part (and hence the corresponding coordinates of
n(00), 03 (00) = 0), and every eigenvalue of A_ has negative real part. Now it is sufficient to prove
that the corresponding coordinates 1% (co) = 0. See [Lee, E.; Markus, L.] 225.

A sequence {u,(t)} n =1,2,3,... of real (or vector valued) integrable functions on a real interval J is called
weakly convergent to u*(t) in case, for each bounded measurable test function g(t), we have

limn—>oo/jg(t)un(t)dt=/Jg(t)u*(t)dt.

The collection of all vector functions u(t) which are measurable on a given finite interval J and have values in a
given compact convex set 2 C R™ is know to be (sequentially) weakly compact. That is, each such sequence of
functions has a subsequence that converges weakly on J to a function of the given collection.
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To prove that and admissible controller %(t) with response Z(t) and (7o, 7(t)) on 0 < t < oo,
such that the maximal principle holds and 7% < 0, 7j(c0) = 0 is the unique optimal controller, note

that x(o0) = w(oo) and use step 5 of the previous theorem to show that:

7°2%(T) +7(T)z(T) = 7"w’(T) + i(T)w(T)

for each finite 7' > 0. Since each of these terms has a limit as 7 — oo and 7° < 0 we find
C(a) < C(u).
Thus « is optimal.

Example 50 Supply of new homes.
Consider a representative firm in the housing market, that has to choose an investment level

I in order to maximizes its profits. The profits are given by:

/O TP — CI())e T dt

where C(I) denotes the industry cost corresponding to the gross investment I, and P(t) is the
competitively determined (stock) price of a standard unit of housing at time t. To simplify our
exzample We shall consider a quadratic cost function, C(I) = al?. Gross housing investment is

the output of the construction industry, defined in the usual way:
I=K+0K
assuming a exponential depreciation rate 9.
The optimization program is given by:
maxy [oC[P(t)I(t) — al(t)*le tdt
s.a. K=1-0K.

In this case: fo(K) = 0 and ho(I(t)) = P(t)I(t) — al(t)?. From the previous theorem we

obtain: that the optimal control I maximize:
w(1(t)) = mo[P(H)I(t) — al(t)*le™"" +l. (21)

where (7°,7) solves the adjoint system:



So; n(t) = noe®t. So; n(t) = noe® and taking derivatives in (21),
—[P(t) — 2ad]e™ 4 npe®t = 0
then:
I(t) = noe+t 1 P(t)
from the initial condition I(0) = Iy we obtain the value of 7.
P(t)

Observe that the transversality condition implies 79 = 0. So, I(t) = =5~

8 Necessary and Sufficient condition for an optimal control with
a non linear process: A particular case.

In the previous section the maximal principle was shown to be necessary and sufficient under
convexity assumptions, for the optimality of a controller for certain linear processes, we shall see
a similar result for particular processes in which the control es effected trough a convex function

and where the control process in R" is the following:

&= A(t)x + h(u,t) (S)

with initial state z:(tg) = x¢ and closed convex target set G C R™.

The cost functional is -
Cw) = [ @0+ K(ue), )t
to
or 2°(T) = C(u) where 2°(t) is defined by the scalar differential equation
i = fO>x,t) + h(u,t), and 2°(ty) = xo.

The admissible controllers u(t) are all bounded measurable m — vectors functions on the fixed

interval [tg, T steering xy to some point in 7 and lying in some nonempty restrain set @ C R"™.

Theorem 51 In the above conditions, let the coefficients f°,0f°/0x,h°, A, be continuous and
fO(x,t) is convex in x for each t such that to < t < T. Assume that u*(t) is a controller with
response x*(t) = (z%*(t), x*(t)) satisfying the mazimal principle:

—hO(u* (), 8) + n(t)h)u*(t),t) = mgg[hO(U(t)a t) +n(t)h(u(t),t)

for almost all t. Here n(t) is any nontrivial solution of

0
i= 2 (1), 0) ~ nAG).

satisfying the transversality condition:
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n(T) is inward normal of T at the boundary point ©*(T). (If G = R™ then n(T) = 0; if

G = x1 is a single point, the condition is vacuous.)
Then u*(t) is an optimal controller achieving the minimal cost:
C(u*) = 2%(T).

Proof: Let u*(t),z*(t), and n*(t) satisfy the maximal principle and transversality conditions,
and let u(t) be any admissible controller with response Z(t) = (z%(¢), z(t)) on to < t < T. We shall

first prove the basic inequality
—&*(T) +n(T)z*(T) = —2°(T) +n(T)x(T).

Compute the derivative:
d
dt

Use the differential systems for °(¢) and #(t) and integrate over the basic interval tg <t < T

[=a™(t) + n(t)a™ ()] = =" (t) + 0(O)z(t) + n(t)i(?).

to obtain:
[—2*(T) +n(T)2*(T)] — no(to)zo =

/ : [Wx = fO(u,t) = nh(u,t) — hO(u,t) + nh(u,t) | dt.
to

Next specialize this formula to the control u*(t) with the response Z(¢) and subtract these

inequalities to obtain:
[=2*(T) + n(T)2*(T)] — [2(T) + n(T)2(T)]

_ /tT {[hﬂ(u*’t) +nh(u*, 1)) — [=h°(u, t) + nh(u,t)] + fO(2,t) — fO(x*,t) + W(:C* N $>} o

But the integrand is almost everywhere positive because of the assumptions of maximal prin-
ciple for u*(t) and the convexity of f9(z,t). Thus the basic inequality is proved.

If G = R"™ the transversality condition asserts that n(T) = 0 and hence —z%*(T) > 2°(T), or
C(u) < C(u*(t), for every admissible controller u(t). Hence u*(¢) is optimal in this case.

Next let 7 be a closed convex set in R™ and let 7 be a supporting plane to 7 at «*(7") with

inward normal n(T") which could be zero. Then
2%(T) = 2™(T) Z () (=(T) — &*(T)).

But z(T) lies in G, hence z(T") lies on the inward side of 7 and n(t)(x(T) — x*(T)) > 0..Thus
2(T) < 2%(T) and u*(t) is an optimal controller.
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Corollary 52 In the conditions of the theorem and cost:
C(u) = g(x(T)) +2°(t)

where g(x) is a differentiable convex function. Let u*(t) satisfying the mazimal principle, and the

transversality condition:
n(T) = grad g(z*(T)).

Then u*(t) is an optimal control.

Proof: The basic inequality relating u*(¢) and its response z*(t) to any other admissible control

and response still holds,
~a*(T) +n(T)z*(T) = =2°(T) + n(T)a(T).
Using the transversality condition, and the convexity of 7 we conclude:
2%(T) = 2™(T) > —grad g(«*(T))(x(T) — 2*(T)) < ~[g(z(T) — g(a*(T))]

Therefore:
2)(T) + g(x(T) < 2*(T) + g(«*(T)).

9 The maximal principle and the existence of optimal controllers
for non linear processes

In this section we show, for the general case of a non linear non autonomous system with moving
targets with finite or infinite time durations, necessary conditions for the existence of an optimal
control. Next we shall restrict ourselves to the non-autonomous case and we shall see how to find
this optimal control.

The set of conditions that characterize an optimal controller is collectively known as the
Pontriaguin Maximun Principle (PMP). For many important problems, the conditions of the PMP
will only be satisfied by a small subset of our control class (perhaps only by a single control). In
this case there is a reasonable chance of our finding an optimal control if one exists.

We shall show that maximal principle together with the transversality conditions, are necessary
conditions for an optimal control, see theorem (54). The proof of the maximal principle (that is

the necessary condition for an extremal controller)is given further on, see section (14).
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9.1 The existence of the optimal control

In this section we shall discuss a theorem that guarantees the existence of optimal control when

Q is compact. The theorem covers an important class of problems that arise in applications.

Theorem 53 Consider the process in R™

'/'.B = f(l'7 t’ u)
where f is in C1 in R+ et the following hypothesis holds:

1. The initial and target sets Xo and X (t1) are nonempty compact sets varying continuously

in R™ for all t in the basic prescribed compact interval [o, 11]
2. The control restraint set Q(x,t) is a nonempty compact set in R"™ for (z,t) € R™ X [19,T1].

3. The state constraints are (possibly vacuous) h'(x) < 0,...,h"(x) < 0, a finite or infinite

r

family of constraints, where h',...,h" are real continuous function on R™.

4. The family F of admissible controllers consists of all measurable functions u(t) on various
intervals tg <t <ty in [19,T1] such that each u(t) has response x(t) on tg < t < t; steering
x(to) € Xo(to) to z(t1) € X1(t1) and u(t) € Q(z,t), bt (z(t) <0,...,h"(x(t)) < 0.

The cost functional for each u € A is

t1
C(u) = g(zo, to, x1,t1) — t fo(x,t, w)dt + maxiy<i<, y(x(t)).
0

Where f° € CY(R™™~ 1), and g(x) and v(x) are continuous in R".
Assume:
e (a)The family A of admissible controllers is non empty.

e (b)There ezists a uniform bond |x(t)| < b on tg < t; for all admissible response x(t)

e (c) The extremal velocity set V(z,t) = {fO(x, t,u), f(z,t,u) : u € Qz,t)} is convex in R™
for each fixed (x,t).

Then there exists an optimal controller u*(t) on ty <t <t} in A minimizing C(u).

The proof of this theorem is given for instance in [Lee, E.; Markus, L.] or in [Berkovitz, L.D.].
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9.2 The Pontriaguin Maximal Principle

Let us now consider an autonomous nonlinear process in R" :

L2t = fi(z',... 2%l .. u”), i =1,...n with f(z,u) € C!' in R" x w, where Q will

constitute a certain family of measurable m-vector functions.

2. Let Xp and X7 C R" be given as initial and target sets and let the nonempty control restraint
Q c RM.

3. The class A C Q is the class of all measurable controllers u with response z(t,z() which

steer xg to x(t1, o) = 1 € X;.
4. The cost functional is C(u) = Otl FO(x(t), u(t))dt where fO(x,u) € C' in R™ x Q.

An admissible controller 4(t) is minimal (optimal), if C(a) < C(u) for all u € Q.

Let us now define:

0%
t
e The augmented state z*(t) = ( 7 (?) ) as the response to the augmented system:

™ (t)

i = fO(x, u)
it = fi(z,u), i=1,..n.

(S)

e Let 77*(t) be a nontrivial solution of the augmented adjoint system ©:
B! )
Hi Of7 1 x .
i = = o mghs (@t () ur (1) i=1,.0m

Where the last n equations form the adjoint system (.A).
e And define the augmented Hamiltonian:
H (7, z,0) = nof°(z,u) + H(n,z,u)
and

NI(7,7) = max H(7,7
(n,7) max (7,2, w)

Here the Hamiltonian function is:

H(n,z,u) = nf(z,u) = g f'(z,u) + .o + 0 f"(2,0)

SObserve that this condition is equivalent to to the next one:(no,n(t)) # 0 Vt € [0, — 1].

58



Theorem 54 Consider the autonomous control process in R™

&= f(x,u) (S5)

o Let Xg and X1 C R™ be given the initial and target sets and let <7 be the set of all admissible

controllers that steer some initial point of Xo to a final point in the target set X;.

o The terminal time t1, the initial point xg € Xg and the terminal point x1 € X1 vary with

the control.

o [or each u(t) with response x(t) let us assign a cost

Cw = [ £, utt)a

o with f(x,u), fO(z,u), 0f /0z(x,u) and Of°/0x(x,u) continuous in R"T™.

Ifu*(t) on 0 < t < t* is a minimal optimal in <7, with augmented response T*(t) = x%*(t), x*(t))

then there exists a nontrivial augmented adjoint response 7*(t) = (ng,n*(t)) such that

H(i" (), 2" (t), (1) = M (7"(t), 2" (t))

and

M(7*(t),z"(t)) =0 and ny < 0 everywhere.

That is there exists a nontrivial adjoint response 7(t) of

= ol @0, 00) (A

such that the mazximal principle obtains, that is,

M (i, &) = max H(n,Z,u) almost everywhere.
ue

And the following transversal conditions:

9.3 Transversality conditions

Also if the if Xy and X (or just one of them) are manifolds with tangent spaces, Ty and T} at
x*(0) and z*(t*) then n*(t) = (n3(t),n*(t)) can be selected to satisfy the transversality conditions
at both ends, or just one end:

77°(0) orthogonal to Tp

7" (t*) orthogonal to T}
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Remark 55 If the target set Xy is the whole R™, then the control problem is known as the free-
endpoint problem. If the optimal control and its associate response satisfy the maximal princi-

ple, then the final transversality condition requires n*(t1) = 0.

Remark 56 If in the control problem the time interval is fixed, this problem is known as the
fixed-time problem, then there exists a nontrivial adjoint response 7 = (ng,n) on 0 <t < T
such that

H(ip" (), 2" (t), u(t) = M (7"(t), 2" (t))

almost everywhere, and M (i7*(t), *(t)) is constant and ng < 0. The transversality conditions are
verified, but as no time perturbations are allowed that is KT is replaced by K; we are unable to

maintain the vanishing of M (7*(t), z*(t))

Proof: Let u*(t) on 0 < t < t*, with response z*(t) steering from z*(0) = z§ € Xo to

x*(t*) = o1 € X3, be optimal in A. Consider the augmented system in R™*!
i’o = fo(xl, cees Ty u)

l"i = fi(ZL‘l, ...,IL‘n,’LL) 1= 1, 2, cey N

or

w0 = [ 50 ), ().

Each control u(t) € A determines some augmented response Z(t), leading from X¢ to X;. The
optimal controller steers the zg to the lowest possible point en R x x7. Then using the PMP, there

exists a nontrivial adjoint response 7*(¢) = (g, n*(t)) so,

almost everywhere, and

is constant everywhere on 0 <t < t*.
We now prove that M = 0. (Plan of the proof, the details in [Lee, E.; Markus, L.] 313. This
result follows as a consequence of the minimizing property of u*(¢). Define the perturbation cone

f(f, as the smallest closed cone at 7, 0 < 7 < t* in the tangent space at Z*(7) containing
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the perturbation tangent cone K7 and the two vector vy(7r) = f(z*(7),u*(7)) and v_(7) =
—f(z*(7),u*(7)). Any vector w in the interior of this cone, must define a line segment from
7*(7), which lies interior to No<;<+ K (t). In particular w, = (—1,0) does not lie interior to K,
other wise there exists an admissible controller of total cost less than C(u*) = 2%*(¢). So, KZ is
separated from w; from an hyperplane with a normal vector 7,(7). Let 7*(¢) the solution of the

adjoint augmented equation, Then from the maximal principle

H (1), 7 (t), u*(t)) = M7 ()T (t)) = M (constant)

almost everywhere. Since n;v+(7) < 0, and v(7) = v_(7), we conclude 7;v+(7) < 0 and thus,
M = 0. This construction is valid at each Lebesgue time, the almost everywhere. In order to see
that M = 0 everywhere we need to construe the limit cone K;. The details of this construction
are in the above cited reference.

Finally we must select 77* such that 7(t) satisfies the transversality conditions. Let T be the
tangent space of X at z¢ and let Ty be the linear space at (0,z) spanned by the vector of the
form (0,Tp). Similarly let 77 be all vectors (0,71) at (z%*(¢*),x%.) Let K; be the smallest closed
cone in the tangent space at Z*(t) generated by the displacement of Ty and K. Let 77 be the
cone in the tangent space generated by w; = (—1,0) and Ty. Suppose that the cones Ky« and
T; are separated by an hyperplane 7. In this case take a normal vector 7% = (n(0%), n*) at Z*(t*)
with ng < 0 and

'Ky <= 771 2 0.

The linear space T7 which lies in 77 must lies in the hyperplane 7. Thus the vector n* satisfies the
transversality condition. From parallel displaced AT} it follows that n*(0)Tp = 0.
The entire proof will be complete justifying the separation of 77 and ;. See above cited

reference.

9.4 A resource allocation problem

In this section we shall illustrate how the maximal principle and the existence theorem are used

to find the optimal control. Consider the following resource allocation problem

Example 57 Let Y denote the rate of production at time t of a certain commodity. Let I(t)
be the rate of investment of this commodity, and let C denote the rate of consumption. The
equilibrium equation is given by: Y =1+ C, I >0, C > 0. Assume that Y (t) = Yy + f(f I(s)ds.
The first equality say that all the commodity produced in a given period is allocated to investment

or consumption. The second equality, reflects the assumption that the commodity allocated to
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investment is used to increase the stock of the commodity. The constant Yy is the initial capacity
of production. Let T > 0 be given. The production planner is to choose at each instant t the
magnitudes I(t) and C(t) so that U(C) = fDT C(s)ds is mazimized.

Let us now formulate this problem as a control problem. Let u(t) denote the fraction of the
commodity produced in time ¢ that is allocated to investment. Thus: 0 < u(t) <1, and 1 — u(?)

is the fraction allocated to consumption. Hence

Ct) =1 —u()Y (@)
The preceding problem is equivalent to the following control problem: Minimize

T
C(u) =— [y (1 —u(s))Y(s)ds
subject to
% =u(t)r Y(0) =Yy
0<u(t) <1, Y >0.
where Yy > 0,7 is fixed, and the terminal state Y7 is non negative, but otherwise arbitrary.

In this case we have that:
Q= {u: is measur.and 0 < u(t) <1}  fOY,u,t) = —(1 —u)Y(t) and f(Y,u,t) = uY.

Exercise 8 1. Show that the hypothesis of the problem satisfy the hypotheses of the existence

theorem.

2. Show that Yy < Y (t) < Yye!, hence the condition y(t) > 0 is always omitted, and so it can

be omitted from further considerations.

3. From the mazximal principle determine the optimal pair (y*,u*). In order to do this observe

that the mazximal principle becomes:

[0 +n(®OY* ()] w*(t) = [no + n@)Y ()] w for all u € [0, 1].
Show that the transversality condition is n(T) = 0 (recall that the objective is Y (T') > 0.)

This implies ng < 0.
Show that w = sup {0, sgn(—1 +n(t))} Then u(T) = 0.

Consider 6 > 0 such that [T — 9§, T is the mazimal interval such that u(t) = 0 and show
that 6 = 1.
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<1 t>T—1—u(t)=0
o Consider T > 1. Show thatn(t)=¢ =1 t=T-1
>1 t<T—1—ut) =1

4. Finally:

Yoe! if 0<t<T-1 1 if 0<t<T-1
Y*(t) = and u*(t) =
YoeT =0 if T—1<t<T. 0 if T—1<t<T.

The procedure used in the preceding example is one that can often be used. In large scale

problems, obtaining an analytical solution is not easy, we use in these cases computational meth-
ods.

9.5 Infinite time duration

If the fixed time duration becomes infinite we obtain an interesting problem. Consider fixed
initial-point xp and end-point z1, measurable controllers u(t) on 0 < t < oo, bounded on each
compact time interval, satisfying the restraint 2 and each of which defines a response z(t) on
0 <t < oo, with limy_.oo = x1 in R"™. The set Ay of all admissible controllers consist of all such
controllers for which the cost is convergent.

The condition M (7*(t), z*(t)) = 0 is verified for all 0 < t < co as the following theorem assert.

Theorem 58 Consider the control process in R™

(&) = flzu).

The measurable controllers u(t) C Q on 0 < t < oo, with responses x(t) steering xo to x1, having

finite cost: .
Clu) = / O (t), u(t))dt,

belong to the admissible class Noo. Let u*(t), with augmented response T(t), be optimal in A .

Then there exists a nontrivial augmented adjoint response 7* = (n§, n*(t)) such that
H(n*(t),z*(t),u*(t)) = M(7"(t),2*(t)) everywhere on0 <t < oco,.

and

M(7*(t),z"(t)) =0 everywhere on 0 <t < oo,.

and 0 < 0.
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Proof: For each time interval 0 < ¢ < T consider the class A7 of bounded measurable con-
trollers in € that steer xg to (7). Then u*(t) is optimal in Ay, for otherwise any smaller cost
controller in Ap could be supplemented by u*(¢) on T' < t < oo, contradicting the optimality of
u*(t) in As.

Let 7*(T) = (722, 7%(t)) be an adjoint response to

= L @ 1), (1)
such that:
H(ny(t),z*(t),u*(t)) = M(n5(t),z*(t)) everywhere on0<t<T
and
M(77p(t),z*(t)) =0 and no <0 everywhere on0 <t <T.

Also n*® < 0, and we can choose 77(0) to be a unit vector. The convergence is uniform on compact
intervals.

Now let T'=1, 2, ... and select a convergent subsequence of a unit vector :

lim 77(t) =7"(t) on 0 <t < 0.

T—o0
Suppose
H(iy™ (1), 2(t), a"(t)) < M(7"(t),2"(t))
on some set of positive duration, then for sufficiently large T, we obtain a contradiction with the
last theorem. The proof of theorem (54), shows that

M(n1(t),z*(t)) =0 on 0 <t < oo.

9.6 Example: A capital accumulation model

Consider a firm that needs capital goods to produce commodities, which are sold on the output
market. The more capital goods the firm owns, the more commodities it can sell and thus more
revenue R is obtained. The firm can increase its capital stock K by investment, the investment
rate is denoted by I. We assume that there exist investment cost ¢(I) which are assumed to be
represented by a convex function. Changes in the investment imply changes in the organization of
the firm and these changes have costs.. Representing the changes in investment by v these costs
are equal to g(v); we assume that g is a convex function.

As usual the following equation for capital stock arises:

K=1-//K

assuming constant rate of depreciation 6. We assume that R(K) is positive.

64



Example 59 The firm’s objective is to maximize the discounted cash flow over an infinite plan-

ning horizon. Summarizing we obtain the following model:
min, — [ [R(K) — C(I) — g(v)]e "dt.
st. K=1-0K

R(K‘> 0, I(O):I(), K(O)ZK{).

In this case K and I are the state variables, and v is the control variable. The control process

K| | 1| |K L0 0
|70 of |I 1 o/[]o
That is © = Ax + Bu, where z = (K, I) and
-6 1 00
Here fO(K,I,t) = [R(K)— C(I)]le~" and h°(u,t) = (v)e " then the adjoint system associate

with our problem is:

can be written like:

So, we need to solve
max {g(v)e_rt + nBu} ,

v
where n = (n1,7m2) and u = (v, 0).
This problem is equivalent to the following one
max [g(v)e_” + 7721)} .
So, 72 = —¢'(v)e .
To analyze examples involving a discount factor, it is possible to use the current-value hamil-
tonian, H in lieu of H. By introducing the new variables m; = n;e", where r is the discount rate

we can introduce the current-value version of H as follows:
H = He™ =nofOx,t,u) + mf(z,t,u).

In this case we obtains, ng < 0 and
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H=[R(K)—C()—g)]+mi(I—05K)+ mav.

Maximization of the hamiltonian with respect to the control variable v is equivalent to the
following maximization problem:
maz, [g(v) + mav]

Assuming a quadratic cost function is quite common in the literature, so consider g(v) = %UQ.

Further application of Pontriaguin Maximun Principle leads to the following differential dy-

namic system:

K=1-0K
P (22)
my = —R/K(K) + (5 + r)ml
(23)

g = C(I) —my 4+ rms
The steady state. From K =0, I =0, it is straightforward to see why I = 6K and v = 0

is required for the steady state. Additional to these equations 11 = 0, 7hs = 0, imply that

/
mi = C}((SK) = RKT(IQ

Exercise 9 This exercise is inspired by [Haunschmied, J.; Kort, P.; Hartl, R.; Feichtinger, G.].
1. Is it a process controllable?

2. Show that in case of a convex cost function C(I) and a the revenue function R(K) that is

concave, there exists at most one steady state.

3. Analyze the possibility of the existence of more than one steady state depending on the
properties of R(K) and C(I)

4. Suppose that C(I) = al + bI?, and analyze the possibility that there exist more than one
steady state. Analyze the stability of the stationary states according to the properties of the
function R. In order to do this, it can be useful to analyze the behavior of the jacobian of

the differential system given by:

my = —Ry(K)+ (0 +7)my
Thg = C}(I) —mq +1rma
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5. Analyze the situation when C(I) = al +bI?, R(K)=—K?+ K + ¢ and g(v) = $v?, here
a,b,c and « are real numbers. Describe the optimal trajectories depending of the initial

conditions.

10 The maximal principle for nonlinear non-autonomous control
process

We now turn to the most general nonlinear non-autonomous control process. We shall show here
that the maximal principle is also in this case a necessary condition for optimality.

The maximal principle for such processes will be obtained as an immediate consequence of
the theorems for the existence in non-autonomous processes, by introducing the time a s a new
coordinate z" ! = t.

In the following analysis we assume:
1. (S) i = f(x,t,u) is a control processes in R" with f € C1(R"+1+tm),
2. The initial and target sets Xo and X; are nonempty in R".

3. The admissible controllers A are bounded measurable functions u(t) on various finite time
intervals tg < ¢t < t; satisfying some restraint, u(t) € @ C R", and each steering some point

xg € Xo to some point 1 € X].

4. The cost of controller u(t) on tp <t <t in A with response z(t) is:
t1
Cu)= [ fOx(t),t,u(t))dt
to

where fo € CH(RHH™).

The time augmented response to u(t) is:

which is the solution of:

or



with i‘(to) = (0,$0,t0).

The time-augmented adjoint system, based on u(t) and Z(t), is

or
o =0
. aft ;
nj = — i=0 7]2%(1‘(15)715,%(75)) J = 1) ey 1

. o i
Mt = = Sio mi Sy ((t), £, u(t))
The time augmented Hamiltonian function is:

g(ﬁaiau) = WOfO(xawn+1vu) + ot nnfn(x’wn+1’u) + Mn+1 and

=

(71, &) = maxueo H (7, T, u).

We also write R . 3
xr = (faxn—’— )v n= (ﬁvnnJrl)

H(ﬁ7j>u) = H(ﬁ,i‘,t, U) + Mn+1

M(ﬁa j) = M(ﬁ? z, t) + Mn+1-
Now we show the existence of optimal controllers for non linear non autonomous processes
when the restraint set ) is compact. We consider the case where the initial and target sets are

nonempty compact sets at each time varying continuously, and we consider state constraints.
Theorem 60 Consider the nonlinear process in R™

(S) @ = f(x,t,u) in CL(R™T™TL)
the data are as follows:

The initial and target sets Xo(t), X1(t), are nonempty compact set at each time varying

continuously, for all t in a prescribed compact interval [to, t1].

The control restraint set Q(x,t) C R™ is a nonemptly compact set at each time varying

continuously, (z,t) € R™ x [to, t1].

The state constraints h'(z) > 0,...h" (x) > 0, are real continuous functions on R™.
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The family A of admissible controllers consists of all measurable functions on various time
intervals [to, t1] which associate response steering x(tog) € X (to) to x(t1) € X(t1) and u(t) €
Oz, t).

The cost functional for each u € A is

Clu) = g(z(t)) + ! FO(a(t),tu(t))dt + max y(x(t))

to to<t<t
where fO € CYR" ™) and g(x) and vy(x) are continuous in R".
Assume
e (a) There exists a uniform bond |x(t)| < b on [to,t1].

o (b) The extended velocity set V(x,t) = {fO(x(t), t,u(t)), f(z(t),t,u(t)) : u € Qz,t)} is con-
vex on R™ for each fized (z,t).

Then there exists an optimal controller u*(t) on to <t <ty in A minimizing C(u).

Proof: The proof of this theorem is given in [Lee, E.; Markus, L.] 260. (Idea of the demonstra-
tion) Since Q(z,t) lies within a bounded set in R™ and |z| < b all u(t) € A and z(t) are uniformly
bounded. Thus there is a finite lower bound for the costs of admissible controllers. Choose now a
sequence of controllers ug(t) € A with C(uy) decreasing monotonically to infC(u) Yu € A. Now
we select a subsequence uy. We must show that this subsequence leads to an admissible controller
u* € A realizing the minimun cost. To prove this we need the Ascoli’s theorem and the weak

convergence of ug(t) € Q(z,t).

Theorem 61 Consider the process in R" (S) & = f(x,t,u).
Let A be all bounded measurable controllers u(t) € Q@ C R™, on various finite time intervals
to <t < t1, steering some point xg € Xg to some point x1 € X1 as above with cost

c(u) = / o), £ u()dt.

to
If u*(t) on ty <t <t} with time-augmented response T*(t) is optimal in A, then there exists
a non trivial time-augmented adjoint response 7*(t) of A such that:

H(" (1), (), u* (1)) = M (7", 2°(t))  a.e.

and

M(7*,2*(t)) =0, no <0, everywhere onty <t <tj.
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These conclusions can also be written

and

The transversality conditions yield

M1 () = 1nya (1) = 0,
so,
Mi*(t7), 2" (7). t]) = 0.

If Xo and X (or just one of them) are manifolds in R™ with tangent spaces Tp, and Ty at xf and

x7, respectively, then 7*(t) can be selected to satisfy the further conditions (or at just one them)
n*(ty) transv Ty, n*(t]) transv Ti.

Proof: In the space R"™! of (z,2"*!) the control problem:
&= fla, 2" u)
it =1

with cost: "
Clu)= [ fOx(t), 2", u(t))dt

to
is an autonomous process as considered before. The initial and target sets are cylinders Xy x R!
and X7 x R!. Since #"*! = 1, each controller u(t) of this autonomous problem steers (z,%g) to
(z1,t1).

From the theorem for the autonomous process we obtain the necessary conditions

H( (1), (), u*(t)) = M(17", 2%(t))  ae.

and
M(7*, 3 () =0, 19 <0, everywhere onty <t <t.

The assertions H = M and

V= [ o o)
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follow directly from the definitions preceding this theorem and the calculation

ty 1
p(0) = [ 3w 6t (s i ()

to j=0
Transverslaty conditions follows directly. In fact 7*(¢) can be chosen in such a way that

*(t:i), Mns1(t:)) is ortogonal to the line zf x R! i = 1,2. This means that 7,41 =0,i=1,2.
n Tn+ +

Remark 62 1. For the monoautonomous problem but fized initial ty allowing various final
times t > t1, the necessary conditions and transversality conditions are the same, with the

exception that we can not assert that 0y vanishes.

2. We consider now the case of varying initial and target sets.

The mazimal principle holds as before. H = M and M = 0 with ny < 0. Again implies
H=M andM:jZ)l l 077283{;( *(s),s,u*(s))ds

The transversality conditions assert that:

t5) at (x,t;) i=1,2, in R"L

(0" (ti), nn+1(t:)) s transversal to X;(

If t; is fized only the transversal condition at t; is fulfilled, i # j,i,j € {1,2}.

The transversality conditions can be written as:

() g+ (8) =0 i =1,2.

where q; = &;(t7) is the velocity of the target (initial) point. In this case
M (4, 2" (8), 1) = 0" () @i

11 Sufficient condition for an autonomous process in R".

We now turn to sufficiency conditions for an optimal control

Consider a control precess in R", & = f(x,t,u). The cost functional is

Cw) = gfa) + [ (alt).tufo)i

where g, f, fV are in class C'. The admissible controllers u(t) are all bounded measurable m—uvector
functions on the fixed interval [to, T steering xo to some point in 7 and lying in some nonempty

restraint set 2 C R™.
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In the next two subsections we use a dynamic argument to derive the maximal principle. Al-
though the arguments are mathematically correct, the assumptions are such that most interesting
problems are ruled out. The purpose of these subsections is to give some insight to the concept
of the feedback control or optimal synthesis.

In the third subsection we shall give a sufficient criterium for optimality.

11.1 The method of dynamic programming

We shall seek a method for constructing a successful control for each initial state which can be
steered to the target, by a well determined pair (z(s),u(s)), to < s < T in such way that for some
function u®(n, s, ) = u(s) maximize H(n,x,t,u) for each fixed (n,z,t).

It is often said that in this case a synthesis has been effected in C, and that u°(n, s, z) is a

feedback control function in C.

Definition 63 The control process in R"™, & = f(x,t,u) with restraint set @ € R™ and the

hamiltonian function:
H(y, @, t,u) = —f(x,t,u) + f (2.t u).

has a feedback control u’(n,z,t) in case:
HO(n, z,t) = Igg&(ﬂ(n,x,t, u) = H(n,z,t,u’(n, z,t)).
We shall seek a feedback control u®(n,z,t) that mazimizes
H(n,x,t,u) = —fO(x,t,u) + nf (z, t,u),
for each (n,z,t) € R+

For each controller u(t) on [tg,T] with corresponding response z(t) and and steering zy to
z(T) € G. The cost is

to+0 T
Cw = [ P+ [t
to to+0

where § > 0 is an arbitrarily small number. Suppose that the minimal cost is; V (zo,%p) and

V(z,t)is C? for x € R™ and ty <t < T then the method of dynamic programming asserts that:

V(zo,tp) = min {

to+0
iind [ 1wt )t + Volto + ).t + 5)}
u ¢

0

72



Expanding the above functions in terms of the small §
V (2o, to) = min {fo(ﬂﬂoa to, u)d + V(xo.to) + 6[Va(zo, to) f + Vt]} :
This yields the functional equation for V(z,t)
— i 0
Vi, t) = min { (@, t,u) + Va(e, ) f(2, 1)}
If we write S(z,t) = —V(z,t) then

Sy = —max[—fO(z,t,u) + Sy f(z,t,u)]

u€e)

or Sy = —HY(S,,z,t). This equation is sometimes called the Bellman equation.

Thus the negative cost S(z,t) satisfies the Hamilton-Jacobi partial differential equation:

2S o (0S N\

with boundary data: S(z,t) = —g(z) for z € G.
11.2 The Hamilton-Jacobi equation

Theorem 64 Assume that for the optimal control problem with the conditions given above, there
exists a feedback controlu®(n, z,t) in C in R*" T 40 (n, 2, t) such that: HO(n,x,t) = H(n,z,t,u’(n, z,t))

(a) Let S(z,t) in C? for x € R™ and t < T be the solution of the Hamilton-Jacobi equation:
S; + HY(Sy,x,t) = 0, with S(z,T) = g(x) forx €G.

Assume that the control law: u(x.t) = u%(S.(z,t),x,t) determines a response T(t) steering
(zo,to) to (G, T). Then u(t) = u(Z(t),t) is an optimal controller, with cost:

C(u(t)) = —S(wo,t0)

(b) On the other hand, assume that there exists an optimal controller for each initial state
xo € R™ and arbitrary to < T (T fixed), leading to the target set 7 with minimal cost
V(xg,t9) € C?. Then S(z,t) = —V (x,t) satisfies

Sy + HY(S,,x,t) = 0, with S(z,T) = g(z) for v € G.

Remark 65 The existence of an appropriate solution S(x,t) of the Hamilton-Jacobi equation, in
a region W of the (x,t) space, is sufficient for the construction of a controller that is optimal

among all those with responses in W.
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Proof: 350 [Lee, E.; Markus, L.].

Corollary 66 Consider the autonomous process in R", & = f(x,u) with initial state xo and
target G = R"™. The cost functional is

Cw) = gla) + [ 1Ga(o) tulo)ar

where g, f, fO are in class C*. The admissible controllers u(t) are all bounded measurable m —

vectors functions on the fized interval [to, T| with values in the restraint set Q C R™ Assume:

(a) There exists a feedback control u®(n,x) in C1 € R™™ which yields the unique point u°

Q where:
H(n,z) = rggg[—fo +nf] = H(n,z,u’(n, x))

(b) Q is either an open set or else the closure of an open set with C' smooth boundary in R™.

Then an optimal controller w*(t) with response x*(t) is necessarily associate with and adjoint

response n*(t) that satisfies the Hamiltonian system

. _OH . 0H .
T; = 7]1':7,121,...,71

on;’ Ox;

with boundary conditions x*(0) = zo, n*(T) =0 and that mazimal principle

HO(n* (1), z*(t)) = H(n*(t), z"(t), u*(t))
holds almost everywhere in 0 <t <T.

Proof: We know that the optimal controller *(¢) has response z*(t) and n*(t) satisfying:

oH . OH _
o, (n,z,u*(t), = o, (n,z,u*(t)) i=1,..,n.

T; =

Note that transversality conditions allow us to assume n* = —1 and n(T") = 0.

The maximal principle also holds:

H (" (1)) = ma H (" (1), 2" (6),w) = HO('(8), 27 (1)), ace.

so u*(t) = u’(n*(t), 2*(t)).

We must show that (z*(t),n*(t)) is also a solution of the differential hamiltonian differential
system specified by the function H°(n, z). For this compute the derivatives
OH OH 0. . OH ou?
8—n(777‘r) a ("%ﬁU u )"‘%(77796“ )877 (777 )
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and
OH oud

(m,z,u’) + %(77,93,“ )%(77,55‘)

%(7775”) = o
If u*(t) lies in the interior to Q then (OH/0u) = 0 at (n*(t),z*(t),u) = (n*,x*,uO((n*, x*)),
thus the corollary is proved.
Suppose now that a point (n(t1),x(t1)) is a limit of points (n,z) in R™*" at which u°(n, z)
lies in the interior of €2 then the corollary follows from the continuity considerations.
In other case, there exists a neighborhood N of (n(¢1),z(¢1)) such that for all point (1, z) in N
u®(n, x) lies in the boundary of  : In this case observe that %—Z(n, z,u%(n, z) is a normal vector
to the boundary of Q. And the vectors %‘:(n, x) and %—f(n, x) are tangent ro the boundary of .

Then the corollary follows.

Remark 67 Under the hypotheses of the corollary , the search for an optimal control is reduced

to the solution of a nonlinear problem maxycq H(x,n,u) for each fixed value of x and 1.

11.3 Sufficient condition for a locally optimal controller.

The sufficiency theorem for optimality will involve the second variation of the cost functional and
will yield a local rather than global optimal controller.

The maximal principle for an autonomous control process in R™

T = f(z,u).

with initial state 2:(0) = x¢ and cost functional

C(u) = /OT £O(x, u)dt

with admissible controllers u(t) € €2 are bounded and measurable functions on the fixed time finite
interval 0 <t < T,

H(n"(8),27(¢), w'(t) = max H(n"(t), 27(t), u)

is a necessary condition for the optimality of w*(t), where the responses x*(t) and n*(t) satisfy:

i = 2L (n, 2, u* (1))

with 2(0) = xo,n(T") = 0. The hamiltonian function is here:
H(n* (1), 2" (1), w"(t)) = = fo(x, u) + nf(z,u).
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As we have seen the maximal principle, together with some convexity conditions on fO(x,u)
and f(x,u) yields a sufficient condition for an optimal controller w*(¢). We shall replace these
global conditions by local convexity conditions asserted in terms of second derivatives of f° and f

and the we shall seek a sufficient condition for a locally optimal controller.

Definition 68 A controller u*(t) is locally optimal in case there exists an € > 0 such that: for

every admissible controller u(t) with
[u*(t) —u(t)| <e on 0<t<T,
the cost is C(u) > C(u*).
Since we impose local convexity conditions, it is reasonable to assume that the candidate for

optimality u*(t) lies everywhere in the interior of the restraint set 2. Then the maximal principle

asserts that: .
O (@), (1), (1)) = 0.

Theorem 69 Sufficient conditions for optimal control. As we have seen the maximal prin-
ciple, together with some convezity hypotheses on f° and f wyields a sufficient condition for an
optimal controller. In the next theorem we replace these global convexity hypotheses by local con-
vexity conditions, and we shall seek a sufficient condition for a locally optimal controller.

Consider the autonomous process in R™,

&= f(z,u)

with initial state x(0) = xo and cost

Clu) = /OT £z, w)dt

where f and fO are in C? in R"*™. The admissible controllers are each bounded and measurable

functions u(t) on the fived interval 0 <t < T Let u*(t) be a controller interior to 2 and assume:

(1) 92" (0). %), u*() = 0 almost always
where: H(n, z,u) = —fO(x,u) + nf(z,u) and
(2) (17*’ ﬂj‘*) the (n + 1) vector ﬁ(t) = (na(t)) on 0 <t <T is the adjoint response, satisfy
B = B ), ut), @ = 0,1,

oy
. 5 o 0 afm
il = — Gk = ol (@ u(®) — ...~ §fa (@, u(t)
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We define
(3)
D’ + 25upa + foud® > (0 + &%)

for arbitrary real constant n and m-vectors p and q and for a fized constant ¢ > 0, where

these second partial derivatives are evaluated at almost every point (x*(t), u*(t)).

This implies that the symmetric matriz is positive definite

0
( foe T ) -0
(4) Either of the following two conditions hold along (z*(t),u*(t))

(@) f2=0.

Then u*(t) is a locally optimal controller.

Note that u(t) is called a mazimal controller even though it yields a minimun cost.
Proof: Vary the controller u*(t) to u(t) = u*(t) + €6(t), The response x(t) is then defined and
it is easy to compute |z*(t) — z(t)| = |Axz(t)| < ki1e where k; is a constant depending only on the

given data. Also:
Ax(t) = [y [, u) (@ (s) — (s)) + 5L (2%, u)eb(s)| ds

| |
Here the bar notation indicates that the second derivatives are evaluated at some point near

(@*(s), u*(s))-
If we define ¥(t) b

92 f 92f
A + 28x6u

(Az)(ed) + gif

?(60)2] ds.

.0 0
) = a—i(m*,u*)d} + 8—£(w*, u*)ed(s)

with ¢(0) = 0, then

Az —e(t) = /Ot lgi(w*,u*)(A:ﬁ —e(s)) + §2f)A + 2883:qu (Ax)(ef) + 82];( 6)%| ds.

Hence: A(x) = e)(t) + ka(t)e?, where the function ko(t) < ko.
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Now compute the variation in the cost integral due to the control variation 0(t).
AC = C(u* +eb) — Clu) = [ 95 (o, u) (27 () — () + G5 (2", u)eb(s) | ds +

/t [82]00 Ax? 42 O (Az)(ed) + s (60)21 ds.
0

0x?) dxdu ou?

The first variation of C'(u*) is (AC up to terms of order ¢)

0

60C = 6/0 [%(aﬁ ,uh)(s) + %(CC U )theta(s)] ds.
Use 0fY/0z = 0* +n*(0f/0x)(zT,u*) and integrate by parts:
T
0C = e/ fa—H(n*,J:*,u*)H(s)ds =0
0

The hypothesis (3) asserts that:

82_f0 A2 o 32—f0

0
0x?) dxdu (Az)(h) +

ou? (60)2 :

(|1Az]* + |eb]).
() If f2 =0 on (z*(t),u*(t)) then

c o [T 2
Aozge/‘w@yﬁ>o
0

e In other case, there appears the extra complication in he second order terms of Az — ey

arising in the simplifying of the expression for the first variation of 6C.
(6)) In this case
T
AczT@3+g¥/iW@Fﬁ>O
0

11.4 Examples

In order to clarify the nature of the maximal principle let us consider the statement of the principle

for autonomous linear control problem.
e & = Ax + Bu for real constant n x n matrix A and n X m matrix B
e Initial point zg and target 7 as the origin
e Compact convex restraint set Q C R"

o C(u) = gl dt = t; the time duration of control.
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In this case the Hamiltonian function is

H(n,2,u) = no + n[Az + Bu] = no + H(z;n, u)

where 7 is an n-row vector, and n(Ax + Bu) = H. Then:

M(,%) = o + nAx + maxnBu = o + M(, z),
U
where M = max,cqH.

If u(t) on 0 < ¢ <t; is maximal, then the response x(¢) and adjoint response 7(t) satisfy:

&= Az -+ Bu
77 = _77A7
and xg = t, o = constant.

The maximal principle requires that:
no + 1(8) Az (t) + n(t) Bu(t) = mo +n(t) Az(t) + maxn(t) Bu(t)

or

n(t)Bu(t) = maxn(t) Bu(t)

almost everywhere on 0 < ¢ < #;.
The second condition of the maximal principle asserts that:

o + 1) Az (t) + max(t) Bu(t) = 0

everywhere.

If n(t) vanished at one point on 0 < t < ¢; then it vanishes identically since its a solution of
the homogeneous linear system 7 = —nA.

But if n(t) vanished identically, then n9 = 0 and this contradicts the non-vanishing of the
(n+ 1) vector 7.

Therefore 7(t) is nowhere zero.

In this case, we can ignore the response components xg and 179 = constant, and find the
maximal controller in terms of H(n,z,u) and M (n, ).

It is important to notice that the adjoint response 7(t) satisfies the fixed differential system
7 = —nA whose coefficient does not depend on the control u(t) or the response z(t). Thus n(t) is
entirely determined by its initial conditions.

Consider the important case in where € is the m-cube |u’| < 1.
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Then

n(t)Bu(t) = maxn(t) Bu(t)

means that each component of the maximal controller u*(¢) should be chosen as +1 or —1
according to the sign of the corresponding component of the vector n(¢)B. That is the maximal

controller must satisfy
u(t) = [sign(n(t)B)]".

almost everywhere.

0 1 0 0
Example 70 LetA—lo 0] and B_[O 11

.i'lz.%'g
To = u

° }'c:Aar+Bu—>{

e _oatm =0
o u(t) = sgn(n(t)B) = sgn(n2(t)).

The optimal response from xqy to the origin must describe an arc of solution of the extreme

differential system:

ou:1—>{?1 - [A]

Tro = —1
ou:—lﬁ{z; Z ? [B]

Since the extreme differential systems [A] and [B] are autonomous we can construct extreme

responses ending at the origin, using a process that shifts as ¢ increases.

12  Controllability of non linear processes
Theorem 71 Consider the control process in R™
&= f(z,u) in C' inR"™,

with w = 0 in the interior of the restraint set 1 C R™.

Assume that:
e (a) £(0,0) = 0;
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e (b) rank[B,AB, ..., A" 1B] = n, where A = f,(0,0), B = f,(0,0).
Then the domain of controllability C = R".

Proof: (Idea) Consider the time reversed differential system:

T = —f(:v,u),

and then it is possible to prove that the set of endpoints (1) of responses of the time reversed
system initiating at x(0) = 0, covers an open neighborhood N about x = 0. Then, by reversing
the time sense again on each appropriate controller, we note that each point in N can be steered
to the origin along a solution of the original system. The proof is giving in [Lee, E.; Markus, L.]

pag. 366.

13 Some applications to economics: Intertemporal optimization

The tools of calculus of variations and optimal control theory have been used to analyze many
dynamic questions in economics. An early application of these tools to the topic of optimal
economic growth was due to Ramsey (1928). Then the problem was almost forgotten for some
time probably as a result of the Great Depression and the war. Then in 1950s there was a revival
of the problem, (Koopmans and Cass). In the early 1960s Cass formulated the problem in terms of
Pontriaguim’ s maximun principle. Solow have summarized more recently the work using modern
control theory.

Mathematically, optimal control theory is closely related with the calculus of variations, op-
timal control theory incorporates general constraints imposed on the problem in a direct and

natural way. Pontriaguin and his associates are chiefly responsible for this approach.

13.1 An illustrative example:
The optimal growth problem.
e The capital per unit of labor k(t) = K(t)/L(t).
° k:(t) represents the rate of change in capital per unit of labor.

e The initial value of the capital K(0) = K.

The consumption per unit of labor ¢(t) = C(t)/L(t)

Labor growths at the constant proportional rate n. So L(t) = Lge™.
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e The function of production is of the form Y (t) = F(K(t), L(t)) homogeneous of degree one.
e So, with the usual notation ¢(t) = f(k(¢)).
e We suppose a depreciation proportional to the capital stock 0K (t).

e The condition of equilibrium is Y (t) = C(t) + I(t) then it follows:

dK (t)

== K(t) = F(K(t),L(t)) — C(t) — 0K (¢).

As, k(t) = K(t)/L(t) substituting in the equilibrium condition, we obtain
k= f(R(t)) = e(t) — Ak(t)
where A =6 +n.
e It is assumed that:
fi(k(t) >0, f'(k(t)) <0, f(0)=0, f(o0)= o0,
lim f/(k(t)) = oo, lim J'(k(0)) = 0.

The general optimal control problem with finite horizon is given by: Maximize the welfare

function .
max/ u(e(t))e™dt
¢ Jo
subject to: '
k= f(k(t) = c(t) = Ak(2) (a)
0<c(t) < f(k(t)) (b) (24)

k(0) = ko, K(T)=kp k(t) >0, c(t) >0, (c)

where § is a discount rate, and utility per unit of consumption is given by wu(c(t)) u'(c) >
0, u”(c) < 0, represent positive but diminishing marginal utility (concavity of the utility function).

Observe that in the above problem there appears joint with the initial condition (24 c), a new
equation (24 b)that restraint the set of possible solutions. The control variable C' is confined to
every point of time to the control region [0, f(k)], which is just another way of saying that the
marginal propensity tu consume is restricted to the interval [0, 1].

By coincidence, it may happen that when we ignore this type of constraints and solve the given

problem as an unconstrained one, the optimal path lies entirely in the permissible area. In this
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event, the constraint is trivial. But we would expect the unconstrained path optimal to violate
the constraint.We shall consider this situation only further on when we consider the Hesteness’s
theorem.

We can consider this problem as a Control Optimal Problem; whose Hamiltonian function is
defined by:

H(k, e, t,n) = nou(c(t))e™ +n(t) [f(k(t)) — c(t) — Ak(?)]
The maximal principle implies

nou(c(t))e +n(t) [f(k(t)) — c(t) — Mk(t)]

< nou(e(t))e= +n(t) [f(k(t)) — a(t) — Me(t)] (25)
for all ¢(t) >0, 0<t<T.
Now if ng = 0 (recall that g is a constant) then n(t)c(t) > n(t)c(t) for all ¢(t) >0, 0 <t <T.

Since g and 7(t) cannot vanish simultaneously, we obtain 7(t) # 0.

e If n(t) > 0, it follows that ¢(t) < ¢(t) for all admissible ¢(t). Set ¢(t) = 0 then it follows that
c(t) = 0.

e If we impose the Koopmans condition lim,_,g z~0u(z) = —oo then ¢(t) = 0 V¢ cannot be
optimal. This assumptions means the existence of a strong incentive to avoid periods of very
low consumption as much as possible. If ¢(t) = 0 for any small time interval, the objective

integral diverges to —oo. In essence this condition guarantees an interior solution.

However we don’t need this condition to guarantee that c(¢) = 0 is not optimal. To see this
notice that from the conditions imposed to the production function it is possible to obtain
¢(t) > 0 and this path is better than ¢(t) = 0.

e Alternatively we can justified this by means of the Inada condition: lim, g z>0u'(z) = 0o

o If n(t) < 0, it follows that ¢(t) > c(t); for all ¢(t) > 0, thus we must consider as possible
optimal solution &(t) = f(k(t)) where k(t)) = koe™'. If at t = T the equality kr =g e—\T

follows then (¢, k) is the optimal solution.

So, a solution obtained from n = 0 exists in very particular cases. By another part recall that we
are using a necessary condition for the an optimal controller, but non-sufficient. Observe that this
solution can be discarded if we do not impose the restraint (24 b). This kind of solutions suppose

that there is not investment in capital in the predicted term of the process.
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Let us now consider the case ng > 0. We can choose 19 = 1 without loss of generality. The

inequality(25) can be rewritten as:

[u(e(t)) — ule(®))] e = n(t)e(t) — n(t)e(t) (26)

this inequality and the Koopman’s condition implies that ¢(¢t) > 0, V¢,0 < ¢ < T. So that we
have an interior solution.

The inequality (26) means that the consumer maximize his satisfaction from the consumption
along the optimal path for each instant of time, over those consumptions whose values do not

exceed the value at implicit prices 7(t) of the optimal consumption ¢(t) because we obtain that

[u(e(t)) = ule(t))] = 0

for all ¢(t) >0, 0 <t < T, such that n(t) [e(t) — c(t)] >0

And since

[u(e(t)) — u(c(t)] <0

for all ¢(t) > 0, 0 <t < T, then n(t) [¢(t) — c(t)] < 0. Then it follows that the consumer minimizes
at each instant his expenditure over those consumption paths which would give him satisfaction,
that is higher or equal than the satisfaction obtained form c(t).

In the above interpretations, it is clear that the Pontriaguin auxiliary variable, n(t) plays the
role of the implicit (or shadow) price.

The hamiltonian is seem to contain a hump, with its peak occurring at a ¢ between ¢ = 0 and
¢ = c1, where ¢; is the solution of the equation f(k(t)) —c(t) — Ak(t) = 0 it follows that ¢; < f(k).
Hence the maximun corresponds to a value of ¢ in the interior of the control region [0, f(k)]. We
can acordingly find the maximun of H by setting

%—I;[ =u'(c)e " —n(t) = 0. (27)

From this we obtain the condition u/(c) = ne®* which states that the optimal marginal utility of per-
capita consumption should be equal to the shadow price of capital amplified by the exponencial e’?.
The condition on the utility function guarantee the fact tha in this point H is indeed maximized.

The Hamiltonian system for the present problem is:

k= J(k() = O+ n)k(t) — c(t) (= %)
= —nlfk) - N (= %)

And from the maximal principle: %—Ig = 0 it follows:
n(t) = u'[e(t)]e”". (28)
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Since u/[z(t)] > 0 we obtain:

u//(c) g
u'(c) Lok

(k(t)) — (0 +n+9)
Define
P(t) =n [f/(k(t) = A].

That is P(t) is the present value of the net marginal productivity at time ¢ it verify n = —P(t).

13.2 Transversality conditions

Now suppose that we alter the above problem in such a way that the end state k(7T') is not a priori
specified, but T is fixed. With this modification, the above analysis hold as it is, except for two

crucial points:
1. We do not have to prove that 1y > 0 since ng = 1 for all ¢,and

2. the transversality condition on 7(T) = 0 (see theorem (69) ) implies u'(c¢(T))e™®" = 0. As
long as T is finite the condition u’(¢) > 0 (no satiation on consumption) should be modified.
See theorems (54) and (66).

However following, [Arrow, K.; Hurwitz, L.; Uzawa, H.] we can modify the objective functional

as follows: -
/ u(e(t))e™dt + k(T)
0
and we maintain the no satiation condition.
The transversality condition in this case should be rewritten as:

n(T) >0, and n(T)k(T) =0,

see section (13.2). So, u/(c¢(T))e " >0 and ' (z(T))k(T)e Pt = 0.

Hence if we have u/(¢(T)) > 0 for all « so that n(T") > 0 we must have k(7) = 0, this means
that is always better to eat up the capital to increase consumption for some period of time and
leave nothing after the planning horizon. Thus k(0) = k¢ and k(T") = 0 specifies the two boundary

conditions for the Hamiltonian system.

13.3 The Model with infinite horizon

Subsection (9.5) is the reference for the following application.
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Maximize the welfare function

c

max /OO u(e(t))e™dt
0

subject to:

k= f(k(t) —c(t) ~ M()  (a)
0 < cft) < F(k(E)) (b) (20)

E(0) = ko, k(t) >0, c(t) >0, (c)

where 0 is a discount rate, and utility per unit of consumption is given by u(c(t)) u'(c(t)) >
0, u”(c(t)) < 0, represent positive but diminishing marginal utility (concavity of the utility func-
tion).

As long as we do not specify the terminal stock k(7') when ¢ — oo, the problem is identical
with the usual growth problem, except in one important aspect: How should the transversality
condition be modified for the infinite horizon problem ¢ Observe that when T'— oo the problem
of non satiation discussed above does not arise, since n(7") = 0 when 7" — oo.

Although the condition n(7) — 0 as T' — oo may appear to be a natural extension of the
transversality condition n(7") = 0 for finite 7', counterexamples can be shown where this is not
true. However this condition is necessary and sufficient for linear systems, see section(7.6)

The real question here is whether such a condition indeed constitutes a condition for optimality.
In general, appropriate conditions for the infinite horizon problem, which replace the transversality
conditions for the finite horizon problem, are not known.

The question we have to ask is What is a transversality condition at infinite 7

In [Arrow, K.; Hurwitz, L.; Uzawa, H.] is pointed out the following condition, as long as § > 0 :

lim n(T) > 0, and Tlim n(T)k(T) = 0.

T—o00

However this condition is false when 6 = 0 The condition limy_. u'(¢(T))k(T) = 0 does not hold

in general. When § = 0 the following condition is necessary:

Tlgréo ' (e(T)) =u'(c1) and T}glgo E(T) = k1, (30)
Tim 9(T) = ulcr) and Jim n(TOKT) = o). (31)

Observe that condition 31 is a counterexample to the conjecture that the transversality con-

dition is simply extended to the infinite horizon problem by setting T — oo
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13.4 The steady state

In a steady state we should have k = 0. It follows that the capital per unit of labor will be constant
if & = 0, this will be truth on a curve ¢, (k) = fi(k) + (0 + n)ky, so that ¢, (k) < f;(k).

This curve has the following characteristics:
e It pass by the origin, k = ¢ = 0, with infinite derivative, because limy_.of'(k(t)) = oo

e It has a maximun at k* where %(k*) —6—n =0, that corresponds to the Golden Ruler. At
this point the marginal productivity of capital equalizes the rate of the population growth

and a maximization of the consumption per unit of labor is reached.

The condition of the stationary consumption per unite of labor ¢(t) = 0, is reached at the
point k& where

Q&a—we+n+®

ok N ’

this point corresponds to the modified Golden Rule .

e Consider the plans whose axes are k and ¢; the condition of the stationary evolution is
satisfied in the intersection of the vertical straightline trough k£ and the curve given by
c(k) = fi(k) = (6 + n)ke.

e For each kg there exists a unique initial level ¢y on the consumption, and an unique trajectory

that starting at this initial point, reaches the stationary point in an infinite time.

e A point like this is called a saddle-point, and the path is called the modified golden rule
path.

Note that since n(t) = u/[c(t)]e~%* ( the maximal principle) and specially u”(c) < 0 it follows

that the demand function is

where:
p(t) = n(t)e’ = ' (e(t), g= ()", g <0, forall p.
The condition lim,_, z~0 ©'(x) = oo allows us to assert that the solution is an interior point,
that is: ¢(t) > 0 for all ¢.

We can rewrite the Hamiltonian system as

k(t) = f(k(t)) = Ak(t) — g(p(t)) (32)



13.5 The saddle path

For any positive initial level of k£ there is a unique initial level of ¢ that is consistent with households’
intertemporal optimization. The function giving this initial ¢ as a function of k is know as the
saddle path. For any starting values of k, the initial ¢ must be the value on the saddle path. The
economy the moves along this saddle path to point. E..

A natural question is whether the equilibrium of this economy represents a desirable outcome.
The household’s optimization problem requires that paths where capital stock becomes negative
be ruled out, and also path that cause consumption to approach zero must be ruled out because
they do not maximize household’s utility. In short the solution is for the initial value of ¢ to be
given by the value on the saddle path, and for ¢ and k moving along the saddle path.

Once the economy has converged to the saddle point E capital, output, and consumption per
unit of labor are constant. Since y and ¢ are constant, the saving rate (y — ¢)/y, is also constant.
The capital stock, total output and consumption growth at rate n. The effectiveness of labor
remains the only possible source of persistent growth in output per worker. We shall consider this

point further on. See section (13.8).

13.6 Halkin’s counterexample for the condition: limy_ ., n(7T) = 0.

In view of the importance of the problem, we show in this section that the condition that n(T) = 0
as T — oo may fail to hold for the infinite horizon problem.

Consider a control problem which maximizes:

|-y

subject to y(t) = [1 — y(t)]v(t), —1 <wv(t) <1, and y(0) = 0.
Observe that

= ultd = [ g = im yo).
0 0 0o

By direct integration y(t) = 1 —e~V® where V (t) = fOT v(T)dr. Hence y(t) < 1, Vt. Hence any
election of v, —1 < v < 1 for which lim;_, V(t) = oo is optimal. For example v(t) = vo(constat)
is optimal.

The Hamiltonian for this problem is:

H =[1+n®)][1 —y(®)]o(?).

The maximal principle implies 0H/0v = [1 4+ n(t)][1 — y(t)] = 0 Hence n(t) = —1 for all ¢ since
y(t) < 1 for all ¢. Owing the continuity of 7(t),lim;—.. 7(t) = —1 and not 0.
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13.7 Optimal Growth with a linear objective function

Consider the objective integral defined as:
oo
J :/ c(t)e Ptdt, where p > 0.
0

The constraints, are: k = f(k(t)) — \e(t) — ¢(t), and c(t) > 0,k(t) > 0.
Let s(t) be the propensity to save at time ¢ :

y(t) —c(t) _ f(E@®)) —c(t)
y(t) J(k(t))

We rewrite the objective integral and the constraint as follows:

s(t) =

1= (1= s() £ k() tt,

k= s(t)f(k(t)) — Me(t); 0 < s(t) <1,k(t) > 1.

In this way the control variable is s and the state variable k. The problem is to choose the
time path of s(¢) so as to maximize J with a given ko.

The Hamiltonian for this problem is:

HIk(t), s(t), t,n(t)] = e~ (1 = s(t)) f(k(£)) +n(t)[s(t)f(k(t)) — Me(t)]
The hamiltonian system consists of the following equations:
k= s(t)f(k(1)) = Ak(t)
= —e (1= s(t)f"(k(t) +n(®)s(t)f(k(t) — N)]

and the transversality condition lim;—n(t) = 0.
Observe that the Hamiltonian is a linear equation in the control. Following the Pontriaguin

maximal principle we obtain a corner solution given by:
s(t)=1 if —e P 4+n(t)>0
s(t)=0 if —e Pt +n(t)<0

Define p(t) = n(t)e” then:
s(t)=1 if p(t)>1

s(t)=0 if p(t) <1
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Then 7)(t) = e P!p(t) — pe Pp(t). Then from the adjoint equation we obtain:
p(t) = (A+p)p(t) — =(t) f(k(1))

where 7(t) = (1 — s(t)) + s(t)p(t).

In terms of p(t) the transversality condition can be rewritten as
lim p(t)e ? =0
t—o0
And the Hamiltonian can be rewritten as: H = e P [m(t) f(k(t)) — M\k(t)p(t)].

e (1) Case s(t) = 1. The Hamiltonian system in this case is:

k= f(k)— Xk

p=—plf'(k) = A—p]
Let k and k* be respectively defined by the following equations:

F(k) = Ak
f'(E)=A+p

Assuming that the initial capital kg is less than k*, there exists a path (k(t), p(t)) which starts
in [ko, p(ko)] and reach in a finite time T the state: [k*,1]. Define now the path (k'(t), ¢'(¢)) which
is the same as the above path for the period 0 <t < T, but is (k*,1) for ¢t > T.

We may now examine when the path (k*, 1) satisfies the Hamiltonian system.

e First note that along this path k = p = 0 then the Hamiltonian system is reduced to:

0=s.f(k*) = Xk* and 0= (\+p) — f'(k")

e The second equation is obviously satisfied by the definition of k*. The first equation is verified

only if s; takes the value:
AK*

f(k*)

e Note that s* > 0 and that k* < k implies s* < 1. Hence (k*,1) verifies the restrictions and

st =8 = for all t.

the equations of the problem.

e Then the path (k!(¢),p'(t)) verifies all the conditions of the Pontriaguin Maximun Principle.
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e (2) Case s(t) = 0. The Hamiltonian system in this case is:

k= \k

p=pA+p) = f(k)
If ko > k* There exists a path (k(t),p(t)) starting at [ko, g(ko)] and reaching in a finite time
T’ the state: [k*,1]. Define now the path (k%(t),q?(t)) which is the same as the above path for
the period 0 < ¢t < T’, but is (k*,1) for t > T". Tt is easy to see that this path verifies all three

conditions of the maximun principle including the transversal condition: lim;_...p(t)e *t = 0.

Theorem 72 For the above model, given an arbitrary initial value of k, there is a unique optimal

attainable path which is characterized as follows:
1. ko < k*, s(t) =1, and after k(t) reaches k*, k(t) = k* for all such t.
2. ko > k*; s(t) = 0,and after k(t) reaches k*, k(t) = k* for all such t.

3. ko =k*: k(t) =k* for allt and s(t) = s* = f/}ii)'

In other words, the optimal attainable path is the one that reaches the modified golden rule
path where ¢* = (1 — s*) f(k*), with a maximun speed and stays thereafter on it.

Thus the solution path is such that if kg < k*, the economy maximizes saving from current
income until time 7', and after time 7" maintain a constant saving ratio s*. Analogously in the
case kg > k* the economies minimize saving from current income until time 7”7 and after time 7"

maintain a constant saving ratio s*.

Remark 73 It may be noted that even at the stationary point, the per-capita consumption becomes

constant, and its level cannot increased further over time.

e This is because a static production function Y =Y (K, L) is assumed on the model.

e To make possible a rising per-capita consumption, technological progress must be introduced.

13.8 Exogenous and endogenous technical progress

It is plausible that technological progress is the reason that more output can be produced today

from a given quantity of capital and labour than a century or two ago. To see this we introduce
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an explicit research and development or (R&D) sector. Following [Romer, D.] we consider a model

with four variables: labor (L), capital (K), technology (A) and output (Y). There are two sectors,

a goods production sector where output is produced and an R&D sector where additions to the

stock of knowledge are made.
The quantity of output produced at time t is: Y = F(K, L(t)), where Y = dy/dt > 0,

e the positive sign of the derivative, shows that technological progress take place, but it offers

no explanation of how this progress comes in to being.

An alternative is to introduce a technological variable explicitly.
Y = F(K, A()L(t)),n = AL

is referred to as effective labor where A(t) > 0, and Y4 > 0. So, we can write Y = F(k,n),
and k, = %, Yy = % and yy = ¢(keta). Now if we consider 7 rather than L as the
relevant labor input variable, then Y = F(K,n) can be treated mathematically just as a

static production function.

The optimal control problem is formally the same than in the static case, the steady state in

which Y, K and 7 all grow at the same rate is the intersection of ¢, = 0 and kn = 0.

e In the static model we had: ¢(t) = C/L constant in the steady state.

e Now we obtain: ¢,(t) = % which implies that % =cy(t)A

Thus as A increases as a result of technological progress, per-capita consumption C'/L will

rise over time.

To understand the role that the technical progress and the scientific knowledge play in growth

theory, we shall consider two simplified models:

1.

An exogenous growth model: following the spirit of the Solow model, where the saving rates

are taken as given, and

. an endogenous growth model: where the saving behavior is modeld arising from the choices

of optimizing individuals.
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13.8.1 Exogenous growth model

This model has nothing to do with optimal control theory however, we consider that it plays an
important role to understand the value of the scientific knowledge and technology in the growth
over time in the standards of living. And on the other hand, it is a good introduction to the next
model that is straightforward application of the optimal control theory.

We make two other major simplifcations. First, both the R&D and good production functions
are assumed to be generalized Cobb-Douglas functions. Second in the spirit of the Solow model,
the model takes the fraction of output saved s and the fractions aj of the labor force and the
fraction of the capital stock used in the R&D are exogenous and constant.

The quantity of output produced at time ¢ is thus:
Y(t) =[(1 - ax) KO [A®) (L —ar) L], 0<a <1, (34)

The production of news ideas depends on the quantities of capital and labor engaged in research

and on level of technology:
A(t) = Glax K (t),ar L(T), A(t)). (35)

Under the assumption of generalized Cobb-Douglas production this becomes:

A(t) = Blax K (1) lan L AR, B> 0,8 > 0,7 > 0. (36)
We denote g4 = %.
The dynamics of knowledge and capital. Following our assumptions the expression for

capital accumulation yields:
K(t) =s(1—ag)*(1 —ap) K ({t)*A@t)' " L(t) .
Dividing both sides by K (¢) and defining cx = s(1 — ax)*(1 — ar )~ gives us:

K(t) A(t)L(t)} e
)= ——= =cx | 2| .
Thus whether gy, is rising, falling, or holding steady depends on the behavior of AK/L. The growth
rate of this ratio is g4 +n — gx. Thus gx is rising if this ratio is positive, falling if it is negative
and constant if it is zero.

The major forces governing the allocation of resources to the development of knowledge are:

1. Support for scientific research.
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2. Private incentives for R&D and innovation.
3. Alternative opportunities for talented individuals.
4. Learning by doing.

e Support for scientific research Basic scientific knowledge has traditionally been made
available relatively freely, the same is true of the results of research undertaken in such
institution as modern universities and medieval monasteries. Thus this research is not
motivated by the desire to earn private returns in the market. Instead it is supported by
governments, charities, and wealthy individuals and is pursued by individuals motivated by
this support, by desire for fame, and perhaps even by love of knowledge. Since it is given
away at zero cost and since it is useful in production, it has a positive externality. Thus its

production should be subsidized.

e Private incentives for R&D and innovation. Many innovations or small improvements
in existing goods receive little or no external support and are motivated almost entirely
by the desire of private gain. The modelling of these private R&D activities and their
implications for economic growth has been the subject of considerable recent research. See
for instance [Romer, P. M. 1997].

e Alternative opportunities for talented individuals.

Several authors observe that major innovations and advances in knowledge are often the
result of the work of extremely talented individuals. These observations suggest that the
economic incentives and social forces influencing the activity of highly talented individuals

may be important to the accumulation of knowledge.

e Learning by doing. In this point, the central idea is that as individuals produce goods, the

inevitably think of ways of improving the production process. For example see [Arrow, K.].

13.8.2 Endogenous technological progress

The analysis in the previous section, following the spirit of the Solow model, takes the saving
rate as given. But we sometimes want to model saving behavior as arising from the choices of
optimizing individuals, particularly if we are interested in welfare. This model has two state

variables, A an K and to control variables (a, and s). Obtain an explicit solution is not simple.
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In this model the accumulation of knowledge explicitly depends on what amounts of resources

are devoted to inventive activity. If A(t) denotes the stock of knowledge:
Aty =oat)Y(t) —BA(t) (0<o<1,0<a<1,8>0) (37)

e where o is the research success coefficient, a(t) denotes the fraction of output channelled

toward inventive activity at time ¢, and [ is the rate of decay of technical knowledge.

Out of remaining resources, a part will be saved (and invested); then the variable K (¢) changes
over time according to:

K(t) = s(t)[1 - a()]Y (1) — 0K (1),

where s denotes the propensity to save and § denotes the rate of depreciation.

If the government seeks to maximize social utility then there arises the optimal control problem:

maxe s LCU(1—s)(1 —a)Y]e Fdt

subject to  A(t) = ca(t)Y (t) — BA(t)
(38)

and A(O) = Ao, K(O) = K().

Observe that the objective looks unfamiliar, but it is another way to express U(C)e "t because
C=Y—-aY -s(l-a)Y =(1-s)(1—-a).

Example 74 Consider the following control problem with two state variables, A and K with and
two control variables, C and S4. We consider S as skill or skilled labor (human capital). S can
be used for the production of the final good, Y, or for improvement of technology A. We have:
S = Sy + Sa. Technology A, is not fixed. It can be create by engaging human capital S4 as
follows:

A =0S54A,

where o is the research success parameter. The production function is assumed to be of the Cobb-
Douglas type:
Y = (Sy A)*(ALg)PK'—F,

We assume that L is constant.

Consider the specific case were




The control problem takes the form.:

maxc,s, [ Cl(t_);g e Pldt
subject to A= o0SsA
K = (Sy— S,)*AtPLIK1—o=F _ C
and A(0) = Ao, K(0) = K.
Then we have the current value Hamiltonian:

(7(t)19
1-6
where A = (So—S,)*A*TPLy)P K1~ H, = Hef', and A g = nae”’, \x = nie’’, are the shadow
prices of A and K.

H, =

+ )\A(O’SAA) + )\K(A — C),

We get the conditions:

%Iécche_)\K = 0792)\](

(39)
0e = AacA — Aga(So— S,)'A =0
AacA
= A= So —Sy).
Ao ( 0 y)
In addition to the A and K given in the problem statement, the P.M.P requires that :
A= 4 phg = —Xa0Sa — Axa(So — Sy)ATIA + pAa

(40)

}\K = %I]{(C + pAp = —/\K(l —o— ﬂ)KﬁlA + pAK.

The steady state

The basic feature is that the variables Y, K, A, and C al grow at the same rate:

Y_K_A_C_
Y K A ¢ 74
We can calculate: . .
by C
— =—0—==-0
" C oSa
and
AA___<W+@%_55>
A A «
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Then it follows that in steady state S4 is constant

ola+ ()Sy — ap

N (G

Parametrically expressed steady state growth rate is

Z_E_é'_g_a(a—l-ﬁ)so—ap
Y K A C  olad+p)

Visual inspection is sufficient to establish that human capital S— has a positive effect on the
growth rate, as does the research success parameter o. But a negative effect is exerted by the
discount rate p. More formally the effects of the various parameters can be found taking the
partial derivatives in this expression.

13.9 The discounting rate and bifurcations
Consider the general multi-sector optimal growth problem formulated by [Benhabib, J.; Nishimura, K.]

max, [ e~ (e(y, k))dt

sit. k= yi —nk;, 1=1,...n,

where y is the vector per-capita outputs y; in sector ¢ k as the vector of per-capita stock of
capital, ¢ is the consumption, U is the utility from consumption, § is the discounting rate and n
as the population growth rate.

The Hamiltonian function of this problem is:

H(y,k,n) = e C™U(c(y, k) + n(y — nk).

Then the current-value hamiltonian, denoted by H. can be written as:

He(y, k,\) = H(y, k,n)e® ™" = U(c(y, k) + Ay — nk)

where A = neld—")t,
By the maximal principle:
U de _ .
Oc 0y; Y
and from the assumption of perfect competition:
e _
dc 8kj -
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where w; is the product of price and rental price of good j. It follows that:

kj = y; — nk;

. — _9U 9c .

Aj =~ gc ok, T O
. — _0U Jc

)‘J ~ Oc Oy;

Consider the case U’ = 1. It follows that:
lej = y;(k,p) — nk;

p; = —w(k,p) + 6p;j.

To find the stability of the stationary point, we consider the jacobian matrix of this system:

9y _ 9y
o — nd ap
J =
ow ow
—o oy TOI

Exercise 10 Consider a Cobb-Douglas technology and assume perfect competition (a—’,‘c’ =0),

1. Show that depending of the value of § there exists the possibility of a Hopf bifurcation,
implying that closed orbits arise in a neighborhood of the fixed point y = p = 0.

2. Justify the following statement: the usual argument in justifying governmental interventions
into the markets processes point out in this case. To do this consider the possibility or a

political institution, influencing the discounting rate. f

3. Observe that, in spite of being considered fluctuations as non-optimal, it can appear naturally

like result of an optimization process.

13.10 Stationary equilibria and wealth distributions

The aim of this example is to analyze the effect of the initial wealth distribution on the dynamics of

equilibria in a continuous time model. A similar problem is considered in [Ghigliano, Ch.; Sorger, G.].
We consider a continuous-time model of one sector economy in which at time ¢ € [0, 00) output

is produced from capital K (t), and labor L(t) by the Cobb-Douglas technology

Y (t) = K(t)*L(t)' .
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Output is the numerary good and we denote by r(t) and w(t) the rate of capital and the wage

rate at time t. At every instant ¢, the representative firm maximizes the profits:
II(t) =Y (t) —r(t)K(t) — w(t)L(t).

Prices are taken as given.
We assume that there exist only two types of households and that the two types differ from
each other only in their initial wealth. The number of households of type i is n;, ¢ = 1,2. All

households have identical preferences described by the utility functional

J= /0 T U (ey(1))

we assume that the instantaneous utility function has the form:
A-1/6 _

V=15

+ Bin(1 —1),

where 6§ > 0 and 3 > 0. We shall denote by d > 0 the constant depreciation rate of capital, and by
r(t) — d the interest rate. Let k;(t) be the wealth of type i households, and let k;y the exogenously
given initial wealth of this household. With this notations the intertemporal budget constraint of

a type i household can be written as:
Ei(t) = [r(t) — 0)ki(t) + w(t) — ci(t), ki(0) = kqo
tlirgo o fot(r(s)—é)dski(t) —0
whereby the first equation describe the wealth accumulation while the second one is a transversality

condition. The factor markets are in equilibrium if:
K(t) = mki(t) + noka(t),  L(t) = nili(t) + nala(?). (41)
The output market is in equilibrium if:
Y(t) = K(t) + 0K (t) + C(t). (42)

Profit maximization under perfect competition implies that capital and labor earn theirs

marginal products, this yields:
r(t) =aK®)* L), wt)=(1—)K(H)*L(t)" "
The first order optimality conditions for the optimization problem of a type i household are:
ci(®)[w(t)/B°[1 = Li(1)]
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and

=0[r(t) —p—4].

The condition of Pareto optimality, for this problem implies, following the Negishi approach,
see [Accinelli, E] . that ¢1/ca = A1/A2 where \; is the welfare weight of corresponding to each
agent of type i.

The per-capita evolution of the capital stock is given by the equation:
b=k —c(t)— (n+d)k
where n denotes the rate of growth of the labor. The stationary state is given by:
k=0, and ¢ =0.
Let k; be the per-capita capital of type i households, so,

i — 7117;‘1 + 7%27;2
n1 + n2

then in the stationary state we should have the following equality:
_ nt =
by = —ko, Vi
n2

This implies that the initial distribution of wealth must satisfy this equation.

Now suppose that the government equalizes the wealth levels of all households by means of
a redistribution. Due to the fact that after the redistribution all households are identical, they
solve the same optimization problem. Since the utility is a strictly concave function, the solution
%, and make
the same same labor supply decisions. This implies that the economy is out of the stationary

is unique, all households choose the same consumption path, this implies A\ = Ao =

state.

On the other hand stationarity implies that

n1C1 + Naca
n1 + no

then, the welfare weights for the stationary equilibrium are A\; = anng and Ay = nffm

13.11 Appendix: The Solow growth model

Although this section has nothing to do with optimal control, we conisder that it plays an impor-

tant roll in the understanding of the neo-classical aggregate growth model that we have considered
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in previous sections. The Solow model focuses on three variables, output Y, capital K, and labor

L. The production function takes the form:

were t denotes time.

The model’s critical assumption is that the production function has constant returns to scale
in its two arguments: F(cK(t),cL(t)) = cF(K(t),L(t)). So, we can write y(t) = f(k(t)) where
y =Y/L is the output per capita, and k = K /I is the capital per capita.

We define s as the fraction of the output devoted to investment, and if in addition existing

capital depreciates at rate A the dynamic of the capital is given by:
K(t) = sY(t) — AK(t).

Observe that C(t) = (1 — s)Y (¢) and in this model s is given exogenously.

Considering capital per capita we obtain the equation:
k(t) = sf(k(t) = (n+ \)k(1)

where the population grows at rate n. If we consider k as a function of k and if we consider k* as
the value of k such that k:(k*) = 0, we obtain that, if initial capital £(0) < k* then k is positive
and k converges to k*, and, if initial capital k£(0) > k*, then k is negative, and remain constant
k(t) = k* if k(0) = k*.

The parameter of the Solow modelmost likely to be affected by plicy is the saving rate s. Since

k converges to k*, it is natural to ask how variations in this parameter affect the model.

1. The impact on capital. The increase of s shifts the actual line investment-capital, k:(k)
upward, and so k* rises. But k does not immediately jump to the new value of k*. Thus
k begin to rise until reaches the new value of k*. A permanent increase in the saving rate
produces a temporary increase in the growth rate of capital per worker, k increase for a time

but eventaully it increases to the the new k*.
2. The impact on consumption. Consider now the impact on consumption. Since:
¢ = fE*(t) = (A =n)k*(t),

thus e ok ( N
L B s,m,

. (43)
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We know that the increase in s raises k*. Thus whether the increase raises or lowers con-
sumption in the long run depends on whether the marginal product of capital f'(k*(s,n,\))

is more or less than n + A.

3. Impact on output. The long run effect of a rise in saving on output is given by:

oy*
ds

Ok*(s,m, \)
Os

(&) : (44)
From the condition k(k*) = 0 we obtain:

sf(k*(s,n,A) = (n+ AN)E"(s,n, \)

taking derivatives it follow that:

ok* f(k*)
Js  (n+A) +sf (k")

Multiplying both sides of (44 ) by s/y* and from these equalities we obtain that

s 0yt og(kY)
y* 0s 1 — oy (k¥)

where oy (k*) = k* f(k*) f (k*).

If markets are competitive and there are no externalities, capital earns its marginal product.
In this case, the total amount received by capital on the balanced growth path is k* f/(k*)

and if capital earns its marginal product, the share of total income that capital earn is ay.

In most countries, the share of income paid to capital is above one-third. It follows that the
elasticity of output with respect to the saving rate is one half. For example, a 10 percent of
increase in saving rate (from 20 to 22 percent for instance) raises output per worker in the
long run about 5 percent. So the impact of a substantial change in saving rate on output
is modest. Then the main differences in output per worker between different countries on
time in one country, have not its origin in the saving rate. The Solow model identifies two

possible sources of variation;

e Capital per worker K/L and

o cffectiveness of labor.

Following [Romer, D.], it is not possible to explain these differences in income between countries

on the basis of differences in capital. The requires differences in capital are far too large, and
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there is not evidence of such differences in capital stocks, Then the only possibility is to consider
differences in effectiveness of labor. This is represented by a new variable A in the model, this
variable can be interpreted as the education and skills of labor forces. Now the production function
takes the form Y = F(K, A(t)L(t)). Attributing differences in standards of living to differences in

the effectiveness of labor does not require huge differences in capital or in rates of return.

14 The proof of the Pontriaguin M.P.

In this section we prove the maximal principle for the general case of nonlinear autonomous control
system with moving targets and finite or infinite time horizon. We shall give the prove of theorem
(54). The PMP is a necessary condition for an extremal controller and as we have shown in section
(9 ), the maximal principle, together with the transversality conditions, is a necessary criterion
satisfied by an optimal controller.

As we saw in some cases the attainable set is a convex set, but unfortunately this is not true
in general. This is the main difficulty to obtain a necessary condition for an extremal controller.
Essentially what needs to be proved is that there is a supporting hyperplane for this set. To
overcome this difficulty, this set is replaced by a cone W with nonempty interior which is a subset
of K(t). Then we prove the PMP considering an hyperplane 7 in the vertex of this cone.

We start considering the basic geometric properties of the set of attainability. Next we prove
that all extremal control satisfies the maximal principle (we shall show only an sketch of the
proof), and finally we shall give the proof of the P.M.P.

Let us consider a non linear process defined by a differential system in R"
= f(atw), (L) (45)

where f is in C! in R"T'+™  The admissible controllers on the specified interval to <t < T, is a
family F of measurable m—vector functions. The initial point z¢ lies in a compact set Xy € R"
and we assume that each response z(t, zo, tg) = z(t) for u(t) € F exists on the interval to <¢ < T.

Suppose for each u(t) € F there is a bound

|z (t, zo,t0)| < b, and |f(z,t,u(t))] + ‘g—i(x,t,u(t))’ < m(t),

with ftf m(t)dt < oco. Then there exists an unique response x(t, zg,tp). In this case we say that
the control u(t) admits a bound for the response. If the bound B and the integrable function
m(t) can be chosen independently of the controller u, then the problem {(£),xo,F,to,T} has a

uniform bound.
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14.1 Geometric properties of the attainable set

1. If {(£), zo, F,to, T} has a uniform bound, then K(t) is a compact, continuously varying set
in R" for tg <t <T.

2. If there exists an uniform bound b such that |x(t, xo,t9)| < b, for all responses. and the set

V(z,t) = {F(z,t,u(: u € Q)}, the set of velocity vectors is convex, then:k(t)) is a compact,

continuously varying set in R™ for tg <t < T. Here (2 is a compact set.
See [Lee, E.; Markus, L.] 243 .

We define regular point of a control u, as a point 7 at which:

/TTE [f(x(t),u(t)) — f(z(r),u(r))|dt = oe)
[ st u)dt = fGar). u(r)e+ ofo)

Almost all points are regular. If the reader prefers to avoid meassure theory, he can assume
piecewise constant controls, and use non-jump points as regular points.
For convenience we first prove the maximal principle for an autonomous system in R", & =

f(x,u), the set of controllers 2 is not necessarily compact.

14.2 Displacement of tangent spaces along z(t)

Let u(t) be an admissible control with response Z(¢) on 0 < ¢ < T Along the flow @(t) = f(x, u(t))

there is a transport or displacement vector v along Z(t):

L _Of
U= %(a:(t),u(t))v.

Let n(t1) be the direction of the normal to the hyperplane m;, at x(t1) defines the solution 7(t)
of the adjoint system: 7 = —ng—i(iﬁ(t), u(t)) where n(t1)vy, = 0.
Then n(t)v(t) = 0 for all v(t) € my, since
d
dt

Thus each nontrivial solution 7n(t) of the adjoint system define a parallel displacement of the

[n(t)v(t)] = v +n0 =0

hyperplane 7; along Z(t), and every such parallel field 7; arises in this way.
A tangent vector z; in R" is determined by a differentiable curve z = ¢(¢) with ¢(0) = x;. Let

v; = ¢(0) be the components of this tangent vector. (Actually, a tangent vector can be defined

as a class of differentiable curves all of which have the same tangent components, v; at x.)
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Let z(t, z) be the solution of @(t) = f(x,u(t)) such that x(¢1,2) = z.
If ¢(€) = x(t1, ¢(€)) describes a tangent vector at x1 = Z(t1), we define the displaced A, ¢(€) =
x(t2, ¢(€). And we define the displacement of vy, the tangent vector of this curve at z(t1) as:

oz

2 (t2,2)|=00(0).

d
vg = Apyry 01 = %[Atztl(b(e)”G:O =

Thus the real n-dimensional tangent space based at x1 = Z(¢1) is displaced onto the tangent
space based at xo = x(t2) by the linear transformation Ay, which is described by the matrix
%th,xl). But:

d Oz 0 _ 0 _ 0
%%‘t,m = %f(x(thz)u(t)‘z:m = %f(x(thZ)“@))’x:x(tl,xl)%m(thZ)’z:m

and so (0z/0z)(t,z1) is the fundamental matrix solution of the variational differential system
o = 2 (z(t), a(t))v with (92/9z2)(t1,21) = I.

Therefore the displaced vector v(t) = Ay, ¢(0) is the solution of the variational equation
o = 2 (z(t),a(t))v with v(t1) = $(0).

14.3 The perturbation cone

The key idea is to perturb a basic control @(.) by changing its value to an admissible vector u over
any small time interval.

We pick a time 0 < ¢; < T, and near this time we perturb the controller u(t) changing its
value to some constat u; € €. For t; — el; < t < t; change the control from the optimal u* to
another admissible control u;. Here [ is a non negative constants. After t = ¢; we return back to

the optimal control wu.

Uy t & [t1 — elq,t1]

Here the perturbation data are w1 = {t1,l1,u1} for 0 <ty < T,l3 > 0, and v; € Q.

Ue = { u*(t), t¢[th—eli,t]

Select now a distinct set of times ¢1 < ... < t5 an a set of elementary transformation m; =
{ti, Ali,u;},i =1,...s. Where the perturbed function ur, (¢, €) is a well defined admissible controller
with response zr, (t, €) initiating at x, (0, €) = x¢. Moreover, it is easy to see that :

lim x, (t,€) = z*(t),

e—0
uniformly on 0 < ¢ < T.
The next step is to transfer a convex combination of these elementary perturbations along the
trajectory Z(t) from the starting point at time ¢; to another time ¢ using the control @ for both
of them.
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In order to appreciate the nature of this process, We shall do the following considerations.
Let ur,(t,e) be an elementary perturbation of u*(¢) at m; = {t;,l;,u;}. Then the corresponding

response T, (t, €) defines a tangent vector at ¢; by the curve ¢(e) = xr,(t;, €). Namely,

B(0) = limre, (1) — a(ts)] = f(a* (t:), us) — F(a* (t2), " ()]

This follows from the estimate:

t;
T, (ti€) = 2% (t; — 1) + /t.ilv f(zr, (t,€),u;)dt,
or
T, (ti,€) = & (t;) — f(2*(t:), ui)lne + f(a™(t:), w(t:)]lie + o(e).”

The tangent vector at Z(t;),

U (i) = [f(2™ (t:), us) — fa] (t:), u(ts)))l

is called the elementary perturbation vector for the data m; = left{t;,l;,u;). Note that the data
{ti, Ali,u;} for A > 0 yield a perturbation vector Av, (t1), and hence the elementary perturbation
vectors fill a cone in the tangent space at z(t;), that is, with each point of the cone the entire ray
trough that point also lies in the cone. As we saw before, the law by which this perturbation is
transferred along the trajectory Z(t) is given bay 0 = Ay, v, where: A = f,(Z,a).

Until now, we have considered a single perturbation from the optimal solution. We can find
other perturbations by changing the value of the perturbed control u; and time ¢ at which we
make the perturbation.

If we select a distinct set of times ¢; : tg < t; < ... < t, < T and perturb u*(.) near each ¢; by

u; as described above, then for any ¢ > ¢, the resulting response can be written:
(%) xx(t,€) = +e(A1v1 + Aav2 + ... + A\pvy) + 0(€)

The fundamental perturbation formula (*) shows that any convex combination of elementary
perturbations vectors (at distinct times) define a point Z(¢) 4 evr, which lies in the set of attain-
ability K () within an error of o(e). Where vy = > v, (t) is a convex combination of elementary
perturbation. Here m; = {t;,1;,u;} with 0 <t; <t I; > 0.

"This follows from:

2a(t,€) = x(t: — Lic) +/

t;—lie

t t

f(zx(t,e),ur)dt, and xz(t,€) = x(t; — li€) +/ f(Z(t,€),u)dt,

t;—lie

then
t

xﬂ(t7€) - x(t7 6) = / [f(mﬂvuﬂ) - f(j,ﬁ)dt] = [f(xw,u?f) - f(i'/&)dt]

ti—l;€
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Let K; be the tangent perturbation cone at any 0 < ¢ < T it is the smallest closed convex
cone in the tangent space at Z(t) containing all parallel displacements of elementary perturbation
vectors form Lebesgue (regular) times ¢; on 0 <¢; <t.

Note that Az Ky C Kj for t < t, and Kj = Ug;Ap K; in particular for the final limit cone
where

t=T =K = Uyct<TAT: K¢

Definition 75 Let vy, ..., v, be independent vectors in K, each arising as a convex combination of
elementary perturbation vectors vy, (t) i =1,2..m5. An elementary simplex cone, C consists

of all convex combination of vector vy, ..., Un.
The fundamental perturbation formula (*) asserts the existence of a response
x(t,e, N) = z%(t) + e(Av1 + ... + \yop) €C.

Lemma 76 Let v be a vector interior to K; ( the attainable set at t). Then there exists an

elementary simplex cone C which contains v in its interior.
This result of approximation can be founded in [Lee, E.; Markus, L.] 251.

Lemma 77 Let v be a nonzero vector interior to Ky. Then there exists an elementary simplex

cone C in K; such that:
1. C contains v in its interior.

2. C lies interior to K(t) as a macroscopic cone (that is, a truncation of C minus its vertez lies
interior to K(t) near z(t).)

14.4 The proof of the maximal principle.

In this section we prove that all extremal controller verify the maximal principle. That is a
response end points belongs to the boundary of the attainable set only if maximal condition
holds.

To prove the theorem, we proceed as follows. First we establish the effects of perturbations of a
control on the end points of the corresponding trajectory. Certain convex sets of perturbations are
then considered and it is shown that, to first order, the end points of the perturbed trajectories
generate a cone. As a consequence of the optimality assumptions, this cone is separated from

certain hyperplane. The analytic consequences of this separation constitue theoreme (54).
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14.5 Existence of extremal controller without magnitude restraints

We begin with an arbitrary control restraints u(¢) € € which need not be compact, and there
are neither state constraints nor on target constraints . If @(¢) is extremal, then there exists a

nontrivial adjoint response such that u(t) satisfies the maximal principle.

Theorem 78 Consider the autonomous control process in R"

&= flz,u)  (S)

with f(z,u) and O f /0z(z,u) continuous in R"T™. Let F be the family of all measurable controllers
u(t) on 0 <t < T that satisfy the restraint u(t) € @ C R™ and admit a bound for the response
x(t, zo) nitiating at t he point xo. Let u(t) € F have a response Z(t) with Z(T) on the boundary
of the set of attainability K(T'). Then there exists a non trivial adjoint response 7j(t) of

= ol (@0),8(0)  (A)

such that the maximal principle obtains, that is:

H(n,z,u) = M(7, ).

Further, if u(t) is bounded M (7*,Z) is constant everywhere.

Here the Hamiltonian function is:

H(Tla% u) = Uf(x,u) = ﬁlfl(% u) +..+ ﬁnfn(l“,u)

and

M (5, 3) = max H (7, 7,
(77, T) max (1, , )

Proof:
e Since Z(7T) lies on the boundary of K(T'), there is a sequence of points { P, } outside K (T)

such that P, — z(T") and the unit vectors along the segments z(T") to P,, approach a limit
unit vector w(T') at z(T).

e Now w(7T') cannot be an interior vector in the perturbation cone Kr; this cone minus its
vertex lies in the interior of K (T') (see 76), and this contradicts the assumption that all P,
lie outside K (7).
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e Thus there exists a hyperplane 7(T') at Z(T') such that 7(T") separates w(T) from Kp. Let
7(T) be the exterior unit normal to 7(7") at Z(T") and define 77(¢) as a solution of nonlinear

system A.

Then 7(T)&(T) < 0. Since £(t) verifies £ = 8% f(xz,u)¢ (is a parallel displacement) it follows
that
N(T)E(T) = n(t)E(t) <0, forallt <T,

Suppose that the maximal principle fails, ,that is

H(n(t), z(t), u(t)) < H(7(t), 2(t), u1(t))

for some u; € 2 on some duration of positive measure on 0 < ¢t < T. Let t; on 0 < t17 be a
Lebesgue time for f(z(t),7(t)) when

() f(2(t), altr)) < n(t) f(@(t), wr))-

Consider the elementary perturbation vector

o(ty) = [f(@(t1),u1) — f(Z(t1), U, )]-

Then the denial of the maximal principle yields: 7(¢1)v(t1) > 0, which contradicts the assertion
that 7(¢t)v(t) > 0, for all ¢ and all v(t) € K.
The final result that we have to establish is that the Hamiltonian is constant along the optimal

trajectory.

e When there is no restriction on the magnitude of the controllers and the optimal control is

regular the maximal principle shows that along the optimal trajectory: %—IZ =0.

It follows that
dH OH . N OH . 0
— = —17 —n =
dt ox on g
where we have used the state and coestate equations:
T=——, and = ———.

on Oz

However, we know that the optimal control is often discontinuous, therefore we need a more

refined argument.
e The general case. We show that M (7(t), Z(t)) has a zero derivative everywhere on 0 < ¢ < T
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Here we assume that @(t) is bounded, that is |a(t)] < S on 0 <t < T. Let:

= H
m(n, ) B (n, 2, u),

so M (n,x) > m(n,z) but M (7(t),z(t)) = m(n(t),z(t)) almost everywhere on 0 <t < T.
We first show that m(7(t)
R™ x R™ x RM containing (7(

(', 2’ u),

,Z(t)) is constant on 0 < ¢t < T. For (n,z) is a compact set @ in
t),z(t)) and all |u| < 3. We obtain for any two points (7, z,u) and

|H(777337u) - H(n/af’uﬂ < kd

where d = |n—n'| + |z — 2’| and k is a Lipschitz constant majorizing | f(x, u)| and \ng—i(x, w)| in Q
Let u and v’ in Q with |u] < 3, |u/| < 8 be selected so that:

m(n, ) = H(n,xz,u) and m(n',z') = H(y', 2’ , '),

Then
H(n,z,u') < H(np,z,u) and H(y',2',u) < H(n', 2", u').

Therefore, we compute on @
—kd < H(n,w,u') = H(y',2',u') < H(p,wou) = H(n', 2/, u') < H(n,z,w)H(n', 2 u') < kd

and
|m(na :E) - m(na :E,)| S kd.

Hence m(n, x) is Lipschitz continuous in ) and so m(t) = m((n)(t), z(t)) absolutely continuous
on 0 <t <T. (See Appendix below).

Let 0 < 7 < T be a point at which m(¢) and z(t) and 7(¢) all have derivatives. For
t" > 7 we compute: m(t') > H(7(t'),z(t'),e(r)) and: m(t') — m(r) > H([(t),z(t'),e(r)) —
H((Y), 3(r), 5(7))

+H((t'), z(7),u(r)) — H(n(r), 2(1), u(r)),
then m(t') —m(r) dm 0H OH
tl,lng s E‘t:T > %56 + 87777'7|t:7 =0

Using ¢ < 7 we compute %—T]t:T <0 so dd—T|t:T = 0 almost everywhere. Since m((n)(t), Z(t))
is absolutely continuous on 0 < ¢t < T with a zero derivative, then it is a constant m everywhere
on 0<t<T.

The reader should note that the PMP is valid for any extremal solution, that is any solution

that lies on the boundary of attainable set at time t;, in the extended state space. For linear
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processes a controller satisfies the maximal principle if and only if u(t) is extremal. For nonlinear
process the maximal principle does not guarantee that wu(t) steers z(t) to the boundary of the
set of attainability. Here the concept of frontier of K () as developed for linear process is not
significant. The frontier can not be convex, nor even simply connected. For an example where a

point (z,u) satisfies the PMP but is not extremal see [Lee, E.; Markus, L.] 257.

14.6 Appendix: Definitions and theorems

The following definitions and theorems were considered in the proofs of the PMP.

Definition 79 Let a,b € R,a < b. A function f : [a,b] — R is called absolutely continuous in
[a,b] if for each € > 0 there exists & > 0 such that for all finite partition {(z;,y;)}i=1" of [a,b]
such that

> (i — =) <6,
i=1

we have that: .

SO (wi) — fla)] <e.

i=1
Definition 80 Let f(t) a real function t € [a,b], define the total variation
k
varf(t) = sup > F(t),1) — 1)
j=0
where ty < 1, ..., t) is an arbitrary finite set of points, the supremun is computed over all such finite
sequences in [a,b]. We say that the function f(t) is of bounded variation in |a,b] if varf(t) < cc.

Theorem 81 If f : [a,b] — R if an absolutely continuous function, then f is of bounded variation.

Corollary 82 All absolutely continuous function f(t) on [a,b] have a derivative almost every-

where.

Theorem 83 Every Lipschitz continuous function an [a, b] is absolutely continuous on this inter-

val.

15 Variational Calculus and its relations with Control Theory.

In this section we investigate the relationship between the maximal principle and the first order

conditions in the calculus of variations. The calculus of variations, like ordinary calculus, requires
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for its applicability the differentiability of the functions that enter in the problem. More important
only interior solutions can be handled. We begin showing some typical problems of the variational
calculus and giving the main rules to solve them. In spite of being less general than the optimal
control one, this approach has value from itself . This approach allows us to solve in an efficient
way difficult problems of optimization, provided that we do not need to obtain the control. Also
in this section we examine the optimal control problem from the point of classical calculus of
variations and converselly, in the last subsection of this section, we show how the classical first
order necessary conditions in the calculus of variations can be obtained from the maximal principle.
On the other hand, if the set of controllers is not restricted, and the target is not a specified
point z(t¢), we can obtain from this approach necessary conditions for an extremal. In other case
the geometrical development is more general an completely correct in all mathematical details
For instance, the following simplfied version of the isoperimetric problem is a characteristic

problem that can be solved using variational methods. We shall show this problem farther on.

15.1 Example: A typical variational problem
For instance consider the problem of inding an extremum (maximum or minimum) in the space
of C1([to,t1]) function to the following functional:
t1
1% B(z) = L(t,x(t), x(t))dt + l(x(to)) + U(x(t1))
to

in a finite interval [to, t1], where L : Q — R, and such that the derivatives

Li(t) = g—ﬁ(t,x(t),a‘dt))

and
Le(t) = 21, 2(0), (1)
are continuous in [tg, 1], and Q C R3.

A rule for the resolution: If a function z is an extremum then it solves:

1. The FEuler equations

2. The Transversality Conditions

3. To find the admissible extremals solve this equations:
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4. Show that one of these extremals is the solution of the problem.

Example 84 The length of an arc through (xo,yo) and (x1,y1) is given by: l[y(z)] = [} /1 +ydx.
The extremal arc is a stright line y = C1x + Cy where the constants Cv and C — 2 are determined

from the initial and final conditions.

Example 85 The time that a point describing an arc y(x), joining the points A(xo,yo) and
B(x1,y1) whith velocity v(y') = % depends only on v, is given by the equation

Tl /1 12
tly(x)] :/ ﬁdaz.
w0 0(Y)
The extremal curve is an straight line.

Example 86 Show that there exists a minimun but not a mazimun to the following extremal

problem:

The necessary conditions are:
1. =40+ L, =0, & 242 +1=0.
L;i(to) = lgy, < ©(0)=0

Li(ty) = lgy, « 2(1) = —2(1).

[SM]

; Coa() — _t2
3. There is only one extremal: Z(t) = —% +
4. We shall show now, that this extremal is a local minimum.

Consider h € C1([tg,t1]) and: B(z + h) — B(z) =

1 1, 1
/ 25hdt +/ h2at —/ hdt + 27 (1)h(1) + h2(1).
0 0 0
Then we integrate by parts and since Z(t) = —% + 3, it follows that:
1.
Bz +h) — B(z) = / h2dth?(1) > O.
0

Then the admissible extremal is a minimum, Sy, = B(Z) = —% and it is easy to see that

Smaz = 00.
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The elemental isoperimetric problem consists is finding the curve enclosing the greatest
area among all closed curves of a given length. (Isoperimetric means with the same perimeter).

This symbolic expression is:
t1
maxS(z,y) :/ xydt,

to

with the initial and terminal conditions :

xs(ts) = Tg, y(xs) =ys s=1,2;

! Vi + g2 =1

to

and the isoperimetric equation:

The most elemental isoperimetric problem is to solve the maximun for S = fti)l ydzx, y(zg) =
Yo y(x1) = y1, with the isoperimetric equation fttol V14 ¢2dxz = [, and given initial and final
conditions.

We can solve this problem using the auxiliar functional:

t1
L(zg,21,y,\) = Y+ M\/1+ y2dw.

to

and using the Euler equation F, — E%F?j = 0.

15.2 A classical variational approach for the maximal principle

In this section we examine the optimal control problem from the point of view of the classical
calculus of variations and without any discussion of continuity or differentiability. Consider the

control process in R" ( z is a real n-vector):
&= f(z,u), x(0)=xg.

with controller u(t) € R™, on 0 <t <1, and with fixed initial state z(0) = zo, and with cost:

Cu) = /0 (e, w)dt.

We impose no restraint on u(t) or z(t). If the controller u(t) is restricted in magnitude, or
the target X (1) is specified, the variational techniques become much more complicated both from
a formal viewpoint and from a technical viewpoint. For these reasons we shall not follow the
classical calculus of variations.

Let u*(t) be an optimal controller minimizing C(u) and let x*(¢) be the corresponding optimal

response.
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Let u(t,e) = u*(t) + edu(t) be a one parameter family of perturbations, with corresponding
responses: z(t,e) = x*(t) + edx(t) + o(e), dz(0) =
Note that
u(t,0) =u*(t) and %(t,()) = du(t)
z(t,0) = a*(t) and %(t,()) = ox(t)

The variation in cost is:

% 50 = /0 1 [829 Sa(t) + Ggit) su(t)| dt.

Since C(u(-,€)) is minimized at € = 0 we obtain: §C(u*) = 0, for all variations du(t). This
necessary condition for the optimal controller will now be clarified.
The variation du(t) yields the response variation dx(t), which satisfies the variational differen-

tial equation:

ot = 8‘(7;5:)533( )+ a(J;ff)éu(t), 0x(0) = 0. (46)

From (46) it follow that

£) = /O t@(t)é_l(s)a‘(];—s)du(s)ds.

where the fundamental matrix satisfies:

. _Of(t) _
b="570, 0(0)=1.

Then

/ omel(s )ag( ) su(s)ds + ag(t)éu(t) dt. (47)
0 u u

o= [ [%7

We introduce the notation:

_ t Oh(s _
w0 = -2 0+ [ P06 (1
0 z
with the constant vector 7, so chosen that:

18h

(1) = —no®~ )@~ (1)ds =0,

This means that n*(¢) is the unique solution of the adjoint variational differential equation

. of oh
= 1) = 0.
N=—ng-+ o n(1) =0

Now defining the Hamiltonian function of 2n + m real variables:
H(n,z,u) =nf(x,u) — h(z,u),
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it follows that . 9H
n= ) "7(1) =0

T = %—Ig, z(0) = o,
are satisfied by n*(¢) and x*(t), when u = u*(t).
Using this notation we obtain:

1
5C = /0 _ [n*%it) - 823) Su(t)dt.

Since dC = 0 for all variation du(t) about the optimal w*(t), we find that

Of(t)  Oh(t)

- (#) ou ou =0

L (0,2 0,0 () =0,

A more detailed study of the variations about the minimizing controller u*(¢) shows that

u = u*(t) is a maximun rather than an arbitrary critical point of H(n,z, ). That is
H(n"(t),2™(t), w"(t)) = max H(n"(t), 2" (t), u(t))

this is the maximal principle. The system of equations

_oH . oH oM _
x_an’"_ ox’' Ou

are the Euler-Lagrange equations.

Remark 87 If the controller is restricted in magnitude, or the target x(1) is specified, the varia-
tional techniques become more complicated, for this reason we do not follow this viewpoint in our

presentation.

15.3 The Ramsey Model of Economic Growth

We consider here an economy in which a single homogeneous good is produced with the aid of
capital K (¢) which may depend on time ¢, and labor L; the total output Y'(¢) is either consumed
or invested. Thus C(t) is the total consumption. We have Y (t) = C(¢) + K'(¢). It is assumed
that there is not deterioration or depreciation of capital, and the production Y (¢) is a known
function Y = ®(K) of capital. We shall require that C' > 0, ®(K) > 0, while K’ may be positive

or negative. Since there is no depreciation or deterioration, the capital can be consumed. In order
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to produce its consumption goods, society incurs disutility of labor D(L), with nondecreasing
marginal utility D”(L) > 0. The net social utility at time ¢ is therefore; U(C') — D(L).
We assume that the objective of any planing concerns the standard of living, that is we should

try to maximize the global utility function

w = [“wcw) - D) (48)

t1

here C(t) = Y (t) — K'(t) and Y (t) = ®(K(t),L). The time interval is finite, but we need not
exclude t9 = 400, infinite horizon. We assume that U(C) is a smooth, positive nondecreasing
function of C for C > 0.

However observe that the improper integral, for infinite time interval, does not contain a
discount factor. This omission is not the result of neglect, it stems from the Ramsey’s view that it
is ethically undesirable for the current generation to discount utility of future generation. While
this may be plausible on moral grounds, the absence of a discount factor implies difficulties for
the convergence of the integral.

To overcome this difficulty in this case, Ramsey replaces (48) with the following substitute

problem:
minimize [ °[B — U(C(t)) + D(L)]dt
(49)
subject to K(t1) = K,
where B (for Bliss) is a postulate maximun attainable level of net utility. Intuitively, an optimal
plan should either take society to Bliss, or lead it to approach Bliss asymptotically. This substi-
tution of (48) for (49) is referred as the Ramsey device, and is widely accepted as sufficient for
convergence.
The solution of the model in a finite time interval [¢, 9] :
Replacing C(t) = Y (t) — K'(t) in (48) we have the problem of variations concerning the
maximun of Y
W = \ U(®(K(t),L) — K'(t)) — D(L)dt
We consider the two obvious constraints, K(¢t) > 0 and K’ < ®(K(t)). However, neither of
both cases K = 0 and K’ = ®(K, L) should be taken into consideration. We shall see that an
optimal solution will be in the interior of the domain.
Here we shall consider that the labor input is constant reducing the production function to

®(K). We have a free problem of calculus of variation with:

fo(K,K') = U(®(K) — K') forr = —U'(®(K) — K'),
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and the Euler equation for this case, fo + K'fox = ¢ becomes
U®K,L)- K') - KU (®(K,L)— K') =c, (50)

where c is a constant.

If we consider the particular choice for the function U(C) = U* — a(C — Cx)?. for =< C <
C*,a > 0 and U(C) = U* for C > C* (it can be said that the utility function U saturates at
C = C*.) Also we assume that the economy is bellow the point of saturation: 0 < C(t) < C* for
t; <t < ty. We shall choose for the production a linear function: ¥ = ®(K) = K, where [ is
a positive constant. The value of U* is not relevant for the case on finite time interval, and we
choose U* =0

Equation (50) becomes

—a(fK — K' — C*)? = 2aK'U'(®(K) - K')=c

or, with v = ¢/«
K? — (BK — C*)* = 7. (51)

This equation can be solved for K’ as soon as the arbitrary constant on the right-hand side
can be assigned a specific value. Note that this constant is to hold for all ¢ including ¢ — oo. The
convergence of the improper integral (49 ) implies that: K — K’ — C* tend to zero, this means
that v = 0. The by integration K(t) = K* — Dexp(—ft) where K* = C*/ and D is a constant.
For fixed K(t1) = K; we obtain:

K(t) = K* — (k—k)exp ™) ¢ <t < 0

But if we consider only cases where the time interval is finite, v is a positive constant, in
the phase plane (K, K') the set of optimal solutions represent a family of hyperboles with center
K =0,K = K* = C*/$ and asymptotes K' = +(8K — C*).

We take y = K — C*/3 = K — K*, ~v = 32H? and equation (51) becomes y"? = 3?(H? + y*)
Hence y(t) = —H sinh 3(t* — t) and the arc of trajectory is given by:

K(t)=K*— Hsinhg(t* —t) t; <t <t
where H = ~Y/23-1 and t*.

Exercise 11 Discuss Ramsey’s model with ®(K) = K and U(C) = —=Upe™ ¢, « constant.
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15.4 A control formulation of a classical problem of variational calculus

In this subsection we will obtain the classical Euler equation (the first order condition) from an
optimal formulation of a simple problem of the variational calculus.

The general simple problem in the calculus of variations V can be written as a control problem
by relabelling 4 as u. ( Recall that u denotes the control variable). Then this problem of the

variational calculus becomes the following control problem. Minimize:
Cu) = : Lt 2(t), u(t) (£))dt + U(a(to)) + [(x(t1))
subject to the state equations:
= u(t)
The function H in the present case is given by the formula
H(t,x,u,n) =n°fOt, z, u) + nu.

Let z* the solution of the variational problem, then (z*,u*) = (z*,4*) is a solution of the
corresponding control problem.
Observe that the pair (z*, u*) satisfies the maximal principle: There exists 7*(t) = {n"*,n*(t)} #
0 for all ¢ € [to,t1] and such that for a.e. t € [to, t1]
#(t) = Hy(t, 2", u*,7") = u*(t) (a)
(52)
= —Ha(to"u',7) = =™ (", (Du (1) (b)
and H(t,z,u,n) = n°fO(t, z,u) + nu is maximized with respect to u at (z*,u*).
We assert that 7% # 0, because in other case n*(t)u*(t) > n*(t)u for al u € Q. It follows that
in this case A(t) = 0, which can not be. Since n° # —1.
Since the mapping v — H (¢, x,u, ) is differentiable it follows:

H,(t,z*(t),u"(t),,—1,7) = 0.

and therefore
n*(t), = fO(t,z*(t), u*(t),) Vt € [to,t1].

From this equation and from the adjoint equation we obtain the Euler equation:

af(] * - % _ h 8f0 * -k
%(tv'x (t),2*(t)) = i %(SJC (s)),2%(s))ds
or afo . . d 6f0 . .
O 10,5 0) ~ L1200, 6]

For more details see [Berkovitz, L.D.].
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15.5 Optimal control formulation of the Bolza problem

The problem of Bolza in the calculus of variations differs from the simple problem in that in
addition to classical variational equations, new restraint conditions are required.

The problem to be considered is that of minimizing the function:

to

t1
satisfying a system of differential equations:
zi(t) = fi(t,z(t),u(t),b), (54)

¢a(t,$(t),’l£(t),b) é Oa 1 é « g m/7

(55)
balt,o(t) u(),b) =0, m' <a<m,
a set of initial and terminal conditions:
ts =T(b%), mi(ts) = Xis(b) (56)
and a set of isoperimetric relations:
I, <0
L=0 (57)
where .
2
I=9,0) = [ Ly(ta(®), u(t), byt (58)
1
We assume:

(A1) All functions are continuously differentiable on a set X of points in the (z,u, b, t)—space. The

set Xo of all elements in X satisfying (55) will be called the set of admissible elements.

(A2) The matrix (%,&-jgbj) has rank m at each element (x(t),u(t),b,t) € Xo, where d;; is the
Kroneker’s delta, and d¢/0u is the jacobian matrix of ¢ evaluated at (x(t),u(t),b,t)

If these conditions are satisfied, a complicate dependence of the response z(t) and the con-
trollers u(t) can be determined trough a dynamical differential equations, and the variational

problem becomes a control problem. For details see [Berkovitz, L.D.].
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16 The Hestenes’ Theorem.

Suppose that the arc xg(t),uo(t),bo, t1 < t < to affords a minimun to Iy Then there exist

multipliers:

Ao <0, A, pi(t), a(t),y=1,..,p;i=1,...,nja=1,..,m;
not vanishing simultaneously on ¢; <t < ¢9 and functions:
H(t,:n,u, b>p71u) = plfl - )\OLO - )"YL’Y - Ma¢a

g(b) = Aogo + )\797

such that the following relations hold:

e (1)The multipliers A, are constant and A\, > 0 with A, = 0 in case I, < 0.

(2)The multipliers p(t) are piecewise continuous and are continuous at each point of con-

tinuity of ug(t). Moreover for each aw < m/ the relation p,(t) > 0 holds and the equation

pra(t)Da (L, 20(t), uo(t), bo) = 0

holds on t1 <t < t9.

there are constants, ¢;, ¢ such that the relations

to to
pi=— H.ds+c¢, H=-— Hids +c¢, Hy, =0,
t1 t1

hold along x.

e (4) The transversality condition:

oG ors N 0xf 2 OH;
Aoz, [H o, +;pi(T )abjl =, an, =0

Where j=1,2,...,a, s =1,2, these are identities in b, on xg.
e (5) The inequality
H(t,zo(t), u,bo, p(t),0) < H(t,zo(t), uo(t), bo, p(t),0),

holds whenever (¢, zo(t),u, by) € Xp.
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(3) The multipliers p;(t) are continuous and have piecewise continuous derivatives. In fact

(60)

(61)



Equation (60) are equivalent to the statements that p;, H are continuous along zy and that
on each sub arc on which ug(t) is continuous we have,
dpi _ _ dH _ oh
a 7" dt ot
In the inequality (62) we have set p, = 0. If one wish to retain p, = pq(t) we shall write
the inequality:
H(t,xz0(t), u, by, p(t), 1) + pada(t, zo(t), u, by) <

< H(t7 .To(t), 'LL()(t), bpr(t)7 :u')

17 Some applications

In this section we consider three important applications of the control theory. By means of the first
example we illustrate the Hestenes’ theorem. We again consider the problem of optimal growth
because familiarity with this subject will help the reader to understand the theory developed in
the last section. The second example is an application of the optimal control to differential game

theory, and the last is the well know isoperimetric problem

17.1 Optimal growth once again

We begin discussing again, the optimal growth problem with explicit consideration to inequality
constraints.
Following the considerations that we did in 13.1, we can write the problem as follows:
Maximize the welfare function
o0
max/ u(e(t))e™dt
¢t Jo

subject to:

k= [(h(2)) = c(t) = Nk(t) (a)
0 < k(1) = c(t) —i(t) (b) (63)

k(0) = ko, k(t) >0, c(t) >0, (c)
where ¢ is a discount rate, and utility per unit of consumption is given by u(c(t)) u'(¢) >
0, u”(c) < 0, represent positive but diminishing marginal utility (concavity of the utility function).
We first proceed without explicit consideration of the state variable constraint (63, c). Intro-

ducing the multipliers n(t),r(t) and v(t) we define the function L as follows:
L= L{k(t), ¢t),i(t), t,n(t), r(t), v(t)] = (64)
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u(e)t)e™® 4+ n(t)(i(t) — Me(t) + () (f(k(t)) — e(t) = i(t)) + v(t)e(t).
Note that the rank constraint qualification (condition A2 in 15.5 )is trivially satisfied:

%[f(’f)—g(t)—i(t)] %[f(k)—i(t)—i(f)] _| -1 1 — 140,
br o L0

Then in view of the Hestenss Theorem the solution (k*,c*,i*) of the above problem must
satisfy

e (i) the following conditions:

: oL*(t) . OL(t)
ko) = o+ i) = =5 (65)
ag{;zt()t) ~0 aaLZZS) =0, where L= L(K*(t), ¢ (1), (6), t.n(0), (1), (1)), (66)
e (ii) The relations:
r(t) =0 r(f(k* () = e(t) — i(t))
(67)
v(t) >0 v(t)e(t)=0
o (iii)
H(E(t), ¢ (t), (), t,n(t)) = H(E*(t), c(t), i(£)t, n(t))
for all k*(t), c(t),i(t) which satisfy f(k*(t)) — c(t) —i(¢t) > 0 and ¢(t) > 0, where
H(k(t), c(t), i(t)t, ) = u(c(t)e™ " +n(t) (i — Mk (1))
e (iv) The right hand end-point condition
Jim p(t) >0, and  lim p(t)k* () =0, (68)

must hold.
These condition can be rewritten
1. (65) as: k(t) = i(t) — Mk(t) and 0(t) = Mp(t) — r(t)f'(k* (1))
2. (66) as: u/(c*(t))e % — r(t) + v(t) = 0, and n(t) —r(t) =0.

From item (3) and nonsatiation we obtain 7(t) > u/(c*(t))e™% > 0. Then 7(t) > 0 follows and
then f(k*(t)) — c*(t) —i(t) = 0. It is important to note that the equality constraint is obtained as
a result of the nonsatiation assumption.

If we assume that c(t) > 0, then we must have v(t) = 0, so we obtain: ne™% = u’(c(t).

The rest of the analysis is the same as that in (13.1).
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17.2 Differential games and dynamic optimization. Pursuit Games

The most important class of two-person zero-sum differential games is the pursuit games, , in which
player 1 is a pursuer and player 2 an evader. The games ends when the pursuer is sufficiently close
to the evader, at which point the pursuer is said to capture the evader, the time to capture being
the duration of the game. If the pursuer never comes sufficiently close to the evader to capture
him, then the evader escapes, and the time to capture is infinite. This description of the pursuit
game is general enough to cover diverse situations: pursuit of the runner in a football game or the
pursuit of a missile by an antimissile.

The simplest case is that of pursuit in the plane. The players are located at two points in the
plane and move at fixed velocities, the velocity of the pursuer exceeding the velocity of the evader.
The control variables are the directions in which the players move.

Line L is the reference direction, and line M passes trough the coordinates of both players at

any time. The state variable are chosen as those in the moving reference system:
x1 = distance between player 1 and player 2.
x9 = angle between L and M.
The control variables are the directions of movement:
u1 = angle between velocity vector of player 1 and L.
uo = angle between velocity vector of player 2 and L.

where player 1 (pursuer) moves with speed s1, player 2 (evader) moves with speed so (51 > s2)
and: 0 < wup < 2w, 0 < uo < 2.

The equations of motion are:

&1 = —s1 cos(uy — x2) + s1 cos(ug — x2)
(69)

—s1 sin(uy—x2) + s1 sin(uz—x2)
1

o =
Terminal time t; is free, it is the time at which the distance between the players is reduced to
a given distance D, such that x(t1) = D at which time the pursuer captures the evader.
The payoff of the pursuer is
t1

J=— [ dt=—(t, —t).

to

124



The Hamiltonian is therefore:

—sysin(ug — x2) + s1sin(ug — z2)

—1 4+ n1(—s1 cos(u; — x2) + s1 cos(ug — x2)) + M2 (70)

T

By the PMP, the Hamiltonian should be maximized with respect to u! and minimized with

respect to ug. The first order conditions are:

g—i =msisin(ur — x2) — Fs1cos(ur —a2) =0
(71)
g—g = mszsin(uz — 2) — Esscos(uz — x2) =0
Implying:
tan(u; — x2) = tan(ug — x2) = S (72)
mai
The adjoint system is:
= —OH 12 (g — i —
M= g0 = (—s1 sin(u; — x2) + sosin(ug — 2))
T = —g—g = —m (—s1sin(u; — x2) 4 sgsin(ug — x2)) + (73)

2 (s1sin(ur — 22) — sz cos(uz — x2)) .

From (72) y (73) it follows 72 = 0; i:e y2 is constant through time. Also as there is no constraint
on the terminal value xo we obtain that n2(t1) = 0 and then n2(t) =0 to <t < ;.
So substituting in (71) it follows that:

up =1 and ug = x9.

This is the case in which the pursuer moves directly toward the evader, ,and the evader directly
away from the pursuer. In this case the distance between the players follows from the differential
equation 1 = Sso — S1 SO:

x(t) = (s1 — s2)(to — t) + x(to).

n=t- (0,

51— 82

By definition of t¢; :

And the value of the game is:

l—xl(to)) '

§1 — 82

J*:—(tl—t):(

If for instance, the evader moves away from the pursuer forming a (non-null) angle with the

direction of straight line M, the pursuer catches the evader in a shorter time.
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17.3 The Isoperimetric problem from a Control Theory point of view

Suppose that we impose the following additional constraint on admissible pairs (u, x)
t1
hi(t,z(t),u(t))dt=c; i=1,..,r
to

where h = (hy, ..., hy) as the same properties as f (53), and ¢ = (cy, ..., ¢;) is a given vector. Let
H(t,Z,u,7,A) = H(t,Z,u,7) + M(z, ¢, u).

Exercise 12 Show that if g = 0 and if (u*,x*) is an optimal pair in the interval [to,t1], for the
isoperimetric problem just formulated, then the following maximal principle holds:
There exist a constant ng < 0, an absolutely continuous vector functions n* = (nj(t), ...,nk(t))

and a constant vector \* € R" such that the following hold:
1. The vector (n§,n*, \*) is never zero on [to,t1].

2. For a.et on [to,t1], B
B(t) = o H (6, T",u”, 7%, \)

n*(t) = —%ﬁ(t,i*,u*,ﬁ*,A*).

3. For any admissible u defined on [to, t1],

t1

H(t, 7 (), u* (t), 7 (t), \*)dt > / U 2(0), u(t), (), At

to to

4. If t — (f(t,x(t),u(t)), h(t,z(t),u(t)) is continuous then the following transversality condi-

tions are satisfied:

(H (i, 2(t:), w*(t:), 7" (i), A), —1(t:))
is orthogonal to the tangent hyperplane m; at X;,i =0, 1.
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