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Abstract

In this paper we consider economies whose consumption spaces are subsets of a Hilbert space with

non-empty interior, and we introduce the Negishi approach to characterize the social equilibria

of these economies. Using Morse’s lemma, we analyze the main characteristics of two-agents-

economies, and classify them. We show that the characteristics of “similar economies”, in the

sense introduced in [Debreu,G. (1970)], can be very different from the structural stability point of

view. Finally, we show that the useful mathematical definition of structural stability is not enough

to characterize structural stability in economics.

Keywords: Structural stability, Morse functions, singular economies.

JEL classification D:50

Resumen

Es en este trabajo consideramos economı́as con 2 agentes y una cantidad finita de bienes, cuyos

conjuntos de consumo son subconjuntos de un espacio de Hilbert. La introducción del método de

Negishi permite analizar la repercusión de los cambios económicos en el comportamiento social de

los agentes de la econmı́a. Mostraremos que “economı́as similares” en el sentido de la definción

hecha en [Debreu,G. (1970)] pueden ser muy diferentes desde el punto de vista estructural y

su comportamiento después de perturbaciones pequeñas de sus fundamentos. El lema de Morse,

aplicado a la función exceso de utilidad, permite hacer una caracterización precisa de las diferentes

economı́as de dos agentes. Veremos que en la teoŕıa económica se precisa una definición más

restrictiva de estabilidad estructural que la dada en matemáticas.

Palabras claves: Estabilidad estructural, Lema de Morse, econmı́as singulares

Clasificación JEL: D:50
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1 The fundamentals of the economy

In [ Debreu, G. (1969)], a mathematical formalization of the intuitive concept of similar economies

is given. Intuitively, this concept means that two economies are similar if their endowments and

utilities are not very different. We characterize each economy as a set E = {X, ui, wi, i ∈ I}
where X ⊂ H is the consumption subset, and H is a Hilbert space, ui the utility function of the

i− th agent, wi its endowments, and I the finite set index, one for each agent. To fix ideas let us

suppose that the economies E and E ′ have the same utilities and consumption subsets, then they

are similar if their respective endowments are close, that is ‖w − w′‖ < ε where ε > 0 and small

enough. Economies will be different is they have different endowments so, each economy will be

represented by its endowments.

In this paper, we show that for a meager subset of economies, represented by its endowments

w and called singular economies, all “similar economy” can have very different characteristics from

the original one. This means that the structural characteristics of an economy represented by w,

can be very different of the same structural characteristics of all “similar economy,” w′, no matter

how close w and w′ are. Despite the fact that this set of economies is a meager subset, it plays a

crucial role in the theoretical economics. We do not argue that this set of singular economies has

the same importance as its topological complement, the set of regular economies. However, it is

not true that this topological meager set can be ignored without implications. For instance, great

economic changes, and then the existence of the economic crises, imply the existence of singular

economies.

Economic crises do not occur when the economies are regular, but they do occur. It is not

possibility to explain the existence of economic crises without to have recurse to the set of singular

economies. Recall that the subset set of regular economies is an open subset of the in the set of the

economies, see [Debreu, G. (1970) ]. This means that a small perturbation in the fundamentals

of a regular economy does not change the main structural characteristics, like the cardinality or

regularity of the walrasian equilibria. But in a small enough neighborhood of a singular economy

all economy is regular. So, small perturbation of the fundamentals of a singular economy implies

that this economy stop being singular, and this is not a trivial change. It may be that from a

mathematical point of view this set can be ignored, but this is not possible from the theoretical

economics points of view. Essential phenomena in nature or in society are frequently connected

with singularities or some other kind of meager subset.

To explain the importance of this singular set, we will consider a two-agents pure exchange

economy. In our model the commodity space is a Hilbert space symbolized by H. So, we can
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consider economies with contingent goods in time or in states of the world. In order to use

differential techniques we assume that the commodity space has a non empty interior positive

cone, (see for instance [Chichilnisky, G. and Zhou, Y. (1988)]). The utility functions ui : H+ → R

are smooth enough that is they belong to the set C∞(X; R), are Fréchet differentiable, and

strictly quasi-concave functions. We assume that endowments wi ∈ H++, i = 1, 2; where H+

is the positive cone of H and H++ its interior. The differential of ui, i = 1, 2, at x will be

denoted by dux. Recall that this is a function into the Banach space L(H+, R) of bounded linear

transformations from H into R. If ui is differentiable for all x ∈ H+ we say that ui is differentiable.

Respectively if du(x) is differentiable we denote d2u(x) = d(du(x)), and d2ux ∈ L(H+L(H+, R)).

2 The Negishi-approach for a two-agents economy

When the positive cone of the underlying commodity space has a non empty interior, the corre-

sponding price is extremely large, which is the reason that the excess demand function cannot be

well defined. To avoid using this function to characterize the walrasian equilibria we introduce

the Negishi approach. From this approach we introduce the excess utility function that allow us

to characterize the equilibria set without having to consider the excess demand function. On the

other hand this approach establishes an immediate relation between changes in the fundamen-

tals of an economy and changes in the social weights of the agents of the economy. In this way,

this approach allow us to analyze the social repercussions of the economic changes. This is a

complementary motivation to follow this approach.

In this work we consider only two-agents economies where the consumption subset X is the

positive cone of a Hilbert space.

So, an economy is a set symbolized by:

E = {X, ui, wi, i = 1, 2} .

Although originally the Negishi approach was used in the case of economies whose consumption

spaces are subsets of Rn, [Negishi, T. (1960)], we extend this method to the case where the

consumption space is a subset of a Hilbert space1.

We denote the simplex by: ∆ =
{
λ ∈ R2 : λ1 + λ2 = 1, λ1, λ2 ≥ 0

}

For each λ ∈ ∆, consider the following maximization problem:

Uλ(x) = λ1ui(x1) + λ2u2(x2)

s.t. x1 + x2 = w1 + w2;
(1)

1This method can be extended to a Banach lattice see [Accinelli, E.; Puchet, M (2005)].

3



Recall that a feasible allocation x̄∗ is a Pareto optimal allocation if and only if there exists

λ̄ ∈ ∆ such that

Uλ̄(x̄) ≥ Uλ̄(x)

for all feasible allocation, i.e. if and only if x∗ is a solution of the problem (1) where λ = λ̄. See

[Negishi, T. (1960)].

Now for each economy E we define the excess utility function. Let x∗(λ) ∈ H2 be a feasible

allocation solving the maximization of Uλ, then we define the function e(·, w, u) : R+ → R2 given

by: e(λ,w, u) = (e1(λ, w, u), e2(λ,w, u)) where ei(λ,w, u) = d[u(xi(λ))](xi(λ)−wi), i = 1, 2. Note

that the set of Pareto optimal allocations x∗(λ) solving (1), does not depend on the distributions

of the endowments, but only in the total resources of the economy.

The following properties of the excess utility function are given in [Accinelli, E.; Puchet, M (2005)]:

1. e(αλ,w, u) = e(λ, w, u), α ∈ R+, ∀ λ ∈ ∆+.

2. λe(λ,w, u) = 0 ∀ λ ∈ ∆+.

By means of ∆+ we symbolize the strictly positive elements of ∆. The existence of the function

x∗(λ) is an immediate consequence of the first order conditions of the maximization problem

and from the implicit mapping theorem for Banach spaces, see [Abraham, R.; Robbin, J. (1967)].

Property (1) allows us to consider the excess utility function as a function whose domain is ∆+,

that is e(·, w, u) : ∆+ → R2.

We say that λ ∈ ∆+ is a social equilibrium for the economy E if and only if e(λ) = 0. As it is

well known, there exists a one to one correspondence between the set of social equilibria and the

set of Walrasian equilibria, see for instance, ([Accinelli, E. (1994)]).

Theorem 1 The excess utility function e(·, w, u) : ∆+ → R2 is a differentiable map.

Proof: Consider the system of equations defined by the first order condition of problem (1)

combined with the social resources constraint, and define de function F : R2 ×H2 → R2 defined

by F (λ, x) = (F1(λ, x), F2(x)) where:

F1(λ, x) = λ1du1(x1)− λ2du2(x2)

F2(x) = x1 + x2 − w1 − w2

Suppose that at the point (λ∗, x∗) ∈ ∆+×H2
+ the equality F (λ∗, x∗) = 0 holds. It follows that

dxF (λ∗, x∗) ∈ L(H2, R2) is surjective. Since H2 is a Hilbert space, then the kernel of dxF (λ∗, x∗)

splits H2 and then from the surjective implicit function theorem, see [Zeidler, E. (1993)], it follows
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that there exist a relative neighborhood Λ ⊂ ∆+ of λ∗ such that x∗(·) : Λ → R is a Ck+2. Then,

it follows that the excess utility function is also a Ck+2 function in the relative Λ−neighborhood

of (λ∗).

Definition 1 (Similar economies) We say that two economies E and Ē are ε−similar if

(1) supi=1,2 {‖ui − ūi‖+ ‖wi − w̄i‖} ≤ ε,

where ‖ui − ūi‖ = supx∈H+ |ui(x) − ūi(x)| + ‖dui(x) − dūi(x)‖ + ‖d2ui(x) − d2ūi(x)‖ and,

‖wi − w̄i‖ is the inner product (< wi − w̄i, wi − w̄i >)
1
2 .

(2) The total resources are fixed, i.e. w1 + w2 = w̄1 + w̄2 = W.

Note that if e and ē are the excess utilities of two ε−similar economies, then ‖e(λ,w, u) −
ē(λ, w̄, ū)‖ ≤ ε.

3 Singular economies

Consider an economy parameterized by its endowments, suppose that utilities and consumption

spaces are given. Let us denote Eq(ū) =
{
(λ,w) ∈ ∆+ ×H2

++ : e(λ,w, ū) = 0
}

the set of social

weights and endowments, such that ei(λ,w, ū) = dūi(xi(λ))(xi(λ)− wi) = 0, i = 1, 2. We do not

consider economies where some λi = 0, i = 1, 2, because this suppose that the i− th consumer is

out of the market. From item (1) in the previous section it follows that the linear transformation

dλe(λ,w, ū) of the excess utility function has at most rank equal to 1, i.e, rank [dλe(λ, w, ū)] ≤ 1.

So we say that an economy E is singular if and only if rank [dλe(λ,w, ū)] = 0 for some λ ∈ ∆+

such that, e(λ,w, ū) = 0. Using the two properties of the excess utility function given in the

previous section, we can characterize a singular economy from a reduced excess utility function

ē(·, ·, ū) : (0, 1)×H2
++ → R given by ē = ē(λ,w, ū).

Characterizing the economies from their excess utility maps, we classified the economies as:

regular, singular no-degenerated or singular degenerated, such that the zero is regular, singular

no-degenerated or degenerated of the reduced excess utility function. So, an economy of two agents

is singular if the jacobian matrix of the excess utility function, in some λ ∈ ∆ : e(λ,w, u) = 0,

is a singular matrix. And it will be singular degenerate or no-degenerate if the hessian matrix at

some of these points is a singular matrix or not respectively.
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4 Morse’s lemma and the singular economies

The Morse theory investigates the local and global behavior of critical points of functions f : M →
R, where M is a manifold in Rn. The quadratics terms in Taylor expansions play a crucial role in

local investigations. Morse’s lemma characterizes the real and differentiable maps in three types:

regular maps, singular no-degenerate maps and singular degenerate maps. A map is regular if has

no singular points, and is singular or singular degenerate if has singular (no-degenerate) or singular

degenerate points, see [Golubistki, M. and Guillemin,V.(1973)]. As we characterize the economies

by means of their excess utility functions, we classify them according to the characteristic, of this

maps.

Definition 2 Let M be a smooth manifold of dimension n. A function f : M → R is called a

Morse function if every singular point is a no-degenerate singular point.

As it is well known, all real map is a Morse map or is close to one of these maps, i.e. the set

of Morse functions is a residual set in the set of differentiable real functions C(M, R) with the

Whitney topology. The following theorems are classical in mathematics, our main reference is

[Golubistki, M. and Guillemin,V.(1973)].

Theorem 2 ( Generalized Morse Lemma) Let M be a smooth manifold of dimension n, and

let f : U(x0) ⊂ M → R be a smooth function, x0 ∈ X is a no-degenerate singular point of f Then

there exists a local diffeomorphism ψ (in a neighborhood U(x0) of x0 such that:

f(ψ(y)) = f(x0) + d2f(x0)y2/2 (2)

is satisfied for all y ∈ U(p), where p = ψ(x0), and U(p) = ψ(U(x0)).

The significance of Morse’s Lemma is in reducing the family of all smooth real functions

vanishing at p ∈ M (f(p) = 0) in Rn with zero as a no-degenerate singular value, to just n + 1

simple stereotypes.

Consider now a no-degenerate singular economy Ē and the corresponding reduced excess utility

function ē(·, w̄, ū) : (0, 1) → R. Applying the Morse theorem to this function, where the manifold

M is the interval (0, 1) it follows that, in a neighborhood Uλ̄ of a social equilibrium λ̄ ∈ ∆+ of

a no-degenerate singular economy w̄, the reduced excess utility functions ē(·, w̄, ū) by a smooth

coordinate transformation, can be reduced just to a one of the 2 simple stereotypes, namely:

ē(ψ(ν), w̄, ū) = ±ν2 (3)
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So, it follows that only two kinds of no-degenerate singular economies exist, and they are

characterized by (3).

We will use the following three theorems, to show some of the main characteristics of the

no-degenerate singular economies.

Theorem 3 Let M be a smooth manifold. Let f : M → R be a smooth function with a no-

degenerate singular point p. Then there exists a neighborhood V of p in M such that no other

singular point of f are in V, i. e., no-degenerate singular points are isolates.

So, no degenerate singular points are isolates. Moreover, if we consider the economies param-

eterized by their endowments (utilities are fixed), generically in Ω, there exists only one λ such

that e(λ, w, ū) = 0 is a critical no-degenerate social equilibrium. This follows as a conclusion of

the next theorem:

Theorem 4 Let M be a smooth manifold. The set of Morse functions whose singular values are

distinct (i.e., if p and q are distinct singular points of f in M, then f(p) 6= f(q)) form a residual

set in C∞(X, R).

This means that if the economy E = {ui, wi, i ∈ 1, 2} is singular no-degenerate, then there

exists only one critical equilibrium2 λ ∈ Eq(w, u).

Theorem 5 Let M be a smooth manifold. Then the set of smooth proper mappings f : M → R

is open and dense in C∞(M,R) the space of real smooth functions.

Consider the subset Eu(·) = {X, ui, ·, I}, I = {1, 2} of economies with fixed utility functions

u = (u1, u2) parameterized by the endowments, i.e. for each w = (w1, w2) ∈ H2
++ we obtain

an economy Eu(w) = {X, ui, wi, I} , I = {1, 2} with its corresponding excess utility function

e(·, w, u), parameterized also by w ∈ H++. This can be symbolized by the next diagram:

w → Eu(w) → e(·, w, u).

So, the intuition of theorem (5) is the following: the excess utility functions are generically Morse

functions then, generically economies are regular or singular no-degenerates. Here generically

means that for fixed utility functions, there exists an open and dense set of w ∈ H++ such that
2Then, only if the economy is singular degenerate it is possible to obtain a continuous set of equilibria, in this

cases the excess utility function it is not a Morse function, and so it belongs to a subset nowhere dense in the smooth
functions set with the Whitney topology.
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the economy Eu(w) is regular or singular no-degenerate, i.e. for fixed utility functions all economy

is regular or singular no-degenerate, or is close to one of them.

A function f : M → N where M and N are m and n dimensional manifolds, is said to

be structurally stable if and only if there exists a neighborhood U(f) of f in the set of smooth

functions, such that if g in U(F ) then g is equivalent3 to f. The subset of Morse functions is

a structural stable set. Then the subset of excess utility function that are Morse’s functions

conform a structurally stable subset in C∞(M, R). We will see that this mathematical fact, it is

not enough to characterize as structural stable (in the economical sense) the set of no-degenerate

singular economies.

5 Structural stability in economics

The previous theorems (3), (4), (5) say that the subset of the Morse functions is an open and

dense subset of the smooth real functions and that for a given Morse function f : M → R :

1. All its singular values are distinct, and finite.

2. All singular values of g ∈ Nf (ε) are distinct.

3. There exists a neighborhood Nf (ε) of f and radius ε (in the Whitney topology) such that

all g : M → R ∈ Nf is a Morse function.

This means that the set of Morse functions is a structurally stable subset. Froma neconomical

point of view this means that the set of the economies E = {X, wi, ûi, I} , I = {1, 2}, whose

excess utility function e(·, w, û) are Morse functions are structurally stable. Because there exists

an ε−neighborhood Nw(ε) of w such that all excess utility function e(·, w′, û) with w′ ∈ Nw(ε) is

a Morse function too. Then, if the economy represented by w has a Morse excess utility function

e(·, w, û), then all similar economy w′ in an ε−neighborhood of w has a Morse excess utility

function, e(·, w′, û) associate. This means that this set of economies is structurally stable. This is

satisfactory from a strictly mathematical point of view, however this concept of structural stability

is no satisfactory from the economics point of view, because two economies whose excess utility

functions are Morse functions belonging to the same neighborhood N(ε) of radius ε (ε−similar),

can give place to very different equilibrium sets. Suppose that for a Morse excess utility function

e : ∆ → R, the point λ̄ verify that e(λ̄) = 0, and suppose also, that this is a singular point for

the excess utility function, from the fact that we are assuming that this is a Morse function, we
3Two smooth mappings f and g Rn → Rm are said to be equivalent if and only if there exists mapping φ and

ψ such that f = φ(g(ψ).
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know that there is the only one point with this property. For all other similar economies, the

point λ̄ will not be an equilibrium, because the singular equilibrium disappears or gives place to

two new regular equilibria. So, small changes in fundamentals of a singular economy give place to

a regular and strongly modified economy that shows a very different behavior from the structural

economics point of view, the singularity disappears after perturbations and similar economies

can have only regular equilibria. This means that the set of no-degenerate singular economies is

not a stable subset from the theoretical economics point of view. This is the main reason why

the structural stability criterium useful in mathematics is not enough to characterize structural

stability in economics.

Note that big changes in social characteristics, after perturbations in fundamentals of the econ-

omy can be observed if and only if the original economy is singular. Perturbations in fundamentals

of regular economies do not change the number of equilibria nor the topological properties of the

equilibrium sets, i.e. the topological properties of the λ ∈ ∆+ : e(λ) = 0 remain unchanged. This

means that small changes in the main characteristics of an economy, can be reversed by small

changes in the opposite direction if and only if the economy is regular. In both cases, regular

and singular economies small changes in fundamentals (perturbations) will give place to regular

economies. However the cardinality and main characteristics of the equilibrium set of the new

(after the perturbations occurs) “similar economies” change if the original (before the the pertur-

bations occurs) economy was a singular one. Perturbations in fundamentals transforms a regular

economy in a regular one, and big changes in the equilibrium sets does not occurs. But this is

not the case if the original economy is a singular one, where big changes in the structure of the

singular economies occurs after perturbations, and this process can not be reversed by means of

small modifications of the fundamentals in the opposite direction. On the other hand, the char-

acteristics of the new economies are not completely predictable by the actual theory. We know

that this new economies will be regular, but we can not know if the new economy will have one

equilibrium minus or two news regular equilibria appear (the singularity disappears). So, in these

case similar economies can show very different characteristics in the structure of the equilibrium

set.

Because the excess utility functions characterizing the economies are generically Morse func-

tions, and thus stable maps, from a mathematical point of view regular and no-degenerate singular

economies are structurally stable. This concept of structural stability does not consider the char-

acteristics of the equilibria set and the possibilities of big changes in this set, as a result of small

changes in the fundamentals of the economies. A definition of structural stability with economi-

cal significance must necessarily look for the characteristics of the equilibrium set of the similar

9



economies. To give a definition of structural stability with deeper economic meaning, let us con-

sider the following notation. Let E = {X, ui, wi, I} be an economy, where the consumption set

X is for each agent i ∈ I a subset of a non empty positive cone of a Hilbert space H. Let

ui ∈ C∞(X; R), ∀i ∈ I be a smooth utility function, and let wi ∈ H++, ∀i ∈ I be the endowments

of the i− th agent. Consider C∞(X, R) with the Whitney topology. Let U be a neighborhood of

the utility profile u = (u1, ..., un) in the product space (C∞(X, R))n with the Whitney product

topology, and let V be a neighborhood of w = (w1, ..., wn) in Hn.

Definition 3 (Structurally stable economies) We say that an economy E = {X, ui, wi, I} is

structurally stable if

1. There is a relative neighborhood VE ⊂ U ×V such that for all economy Ē in VE the respective

excess utility functions ei(·, u, w) and ēi(·, ū, w̄) are equivalent and if

2. there exists a bijective correspondence Nq : Eq(uw) → Eq(ūw̄), where

Eq(uw) = {λ ∈ ∆+ : e(λ, u, w) = 0} .

This definition, which is motivated by economical considerations, is stronger than the standard

concept of structural stability in differential topology. This means that if an economy is struc-

turally stable from this definition, it is also structurally stable considering the previous definition

of structural stability. We introduce in this definition a bijective correspondence Nq between

the equilibria set of similar economies, because in economics, structural stability must consider

the equilibrium sets of similar economies and to say that an economy is structurally stable, the

equilibrium sets of the perturbed economies must remain similar to the original one. If this is

not the case the main characteristics of the economies will be very different and there would no

sense in talking about stability from the economical point of view. From our definition it follows

that the only structurally stable subset of economies is the subset of the regular economies, be-

cause only for this subset of economies the cardinality of the equilibrium sets of similar economies

remain constant. This is a more realistic and useful definition of structural stability in eco-

nomics. Note that in our work, we consider a restriction of this definition to economies where

utilities are fixed u = (u1, u2) and I = {1, 2}. In definition (3) we consider stability under pertur-

bation on tastes and endowments, thus it is possible to extend our work considering changes

not only in endowments but also in tastes represented by utility functions, as considered in

([Accinelli, E.; Puchet, M; Piria A: (2003)]).
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6 Conclusions

Our main conclusion is the following: “similar economies” i.e. economies with close endowments

and the same utilities have similar excess utility functions, however the structural characteristics of

similar economies in a neighborhood of a singular economy are very different. From a mathematical

point of view regular and no-degenerate singular economies are structurally stable. But this

stability makes no sense from the economics point of view, because if we analyze the characteristics

of the equilibria sets (one of the main characteristics of an economy) of the similar economies

to a singular no-degenerate economy, we will see that they have important differences, and these

differences have a deeper economics sense. This make know that perturbations in its fundamentals

transform a singular economy in a very different economy. All similar economies to a regular

economy is a regular one, they have the same number of equilibria, and the equilibria of the original

and the perturbed economy are close, but this is not the situation if we consider a singular economy.

All similar economy to a singular one is a regular economy, thus small changes in the fundamentals

of a singular economy imply big changes in the characteristics and in the social behavior of this

economy. The equilibria set of a perturbed economy from a singular one, is very different from

the original one and the respective equilibria are no necessarily close. Moreover, some of the main

characteristics of the perturbed economy are structurally unforeseeable. Significative changes in

economics (like crises) can occur only for a singular economy, and these changes can occur from

the action of a central planner looking for gradual changes in the economy, and it will not be

possible to recover the initial situation with small changes in the opposite direction.
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